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Optimized Explicit Runge–Kutta Schemes for Entropy Stable
Discontinuous Collocated Methods Applied to the Euler and

Navier–Stokes equations

R. Al Jahdali ∗, R. Boukharfane †, L. Dalcin ‡, and M. Parsani §
King Abdullah University of Science and Technology (KAUST), Computer Electrical and Mathematical Science and
Engineering Division (CEMSE), Extreme Computing Research Center (ECRC), 23955-6900, Thuwal, Saudi Arabia

In this work, we design a new set of optimized explicit Runge–Kutta schemes for the
integration of systems of ordinary differential equations arising from the spatial discretization
of wave propagation problems with entropy stable collocated discontinuous Galerkin methods.
The optimization of the new time integration schemes is based on the spectrum of the discrete
spatial operator for the advection equation. To demonstrate the efficiency and accuracy of the
new schemes compared to somewidely used classic explicitRunge–Kuttamethods, we report the
wall-clock time versus the error for the simulation of the two-dimensional advection equation
and the propagation of an isentropic vortex with the compressible Euler equations. The
efficiency and robustness of the proposed optimized schemes for more complex flow problems
are presented for the three-dimensional Taylor–Green vortex at a Reynolds number of Re =
1.6 × 103 and Mach number Ma = 0.1, and the flow past two identical spheres in tandem at a
Reynolds number of Re = 3.9 × 103 and Mach numberMa = 0.1.

I. Introduction
Spatially high-order accurate discretizations demonstrate much smaller numerical errors than low-order methods, in

terms of dispersion as well as dissipation [1–4]. Consequently, they tend to be more accurate per degree of freedom
(DOF) [5, 6]. In addition, from a high performance computing perspective, compact high-order accurate schemes are
very good candidates for the current and next-generation hardware, due to their smaller communication-to-computation
ratios; see, for example, the works of Hutchinson et al. [6], Vincent et al. [7], Hadri et al. [8], Fischer et al. [5], and
Merzari et al. [9]. However, high-order spatial discretizations suffer from numerical instabilities when the flow contains
discontinuities (e.g., shocks) or under-resolved physical features (e.g., turbulence structures). As a result, during the last
two decades, starting from the work of Tadmor [10], a lot of effort has been devoted to the design of high-order entropy
stable methods for compressible flows. The discrete entropy stability framework of [10], closely mimics some important
nonlinear stability properties of the continuous system of nonlinear partial differential equations. The extension of
Tadmor [10] and LeFloch ideas [11] to general high-order accurate discretizations has led to the development of a wide
range of spatial discretizations [11–21] that can be proved to be nonlinearly stable (entropy stable) as long as positivity
of the thermodynamic variables is preserved. Noticeably, high-order entropy stable algorithms offer a high level of
robustness [22, 23] and, when carefully implemented, scale well on large supercomputers [24].

When numerically solving partial differential equations, stability constraints often limit the time step size of classical
temporal methods when used in combination with spatially high-order accurate algorithms. Therefore, substantial effort
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has been dedicated to the design of time integration schemes that admit larger stable time step sizes, while retaining a
small local truncation error [25–30], and a small memory footprint [26, 27]. Runge–Kutta methods (RK) are one of
the most widely used family of methods applied to initial value problems. The stability polynomial of a RK methods
controls its linear stability and accuracy [31, 32]. To enlarge the absolute stability regions of a time integration scheme,
numerous techniques that encapsulate better the spectrum of a spatial discretizations have been developed [25, 27, 28].
The focus of this work is on the design of optimized explicit Runge–Kutta (ERK) schemes for the integration of systems
of ordinary differential equations that arise from the spatial discretization with entropy stable high-order collocated
discontinuous Galerkin methods on tensor product elements. Summation-by-part (SBP) operators constructed on the
Legendre–Gauss–Lobatto (LGL) points [13, 14, 33–36] are at the core of the spatial discretizations implemented in the
scalable SSDC framework [37].

The paper is organized as follows. In Section II, an overview of the spatial discretization and the description of the
partial differential equations used to generate the spectra for the ERK optimization procedure are given. In Section III,
the description of the optimization process used to construct the new ERK is provided. Section IV is devoted to the
performance study of the proposed methods, whereas Section V presents the performance analysis of the schemes for
two viscous flow problems of increasing complexity. Finally, the conclusions are drawn in Section VI.

II. Preliminaries
In this work, the spatial discretization is performed using entropy stable discontinuous collocated Galerkin methods

based on summation-by-parts and simultaneous approximation term operators [13, 15, 18, 38–40]. The one-dimensional
SBP operators are applied to discretize the derivatives in each element. These operators can be defined as the following
[41, 42].

Definition 1 A matrix operator, Db ∈ R#×# , is an SBP operator of degree ? approximating the derivative m
mb

on the
domain b ∈ [U, V] with nodal distribution / having #; nodes, if

1) Db / 9 = 9/ 9−1, 9 = 0, 1, . . . , ?;
2) Db ≡

(
Pb

)−1 Qb , where the norm matrix, Pb , is symmetric positive definite;
3) Qb ≡

(
Sb + 12Eb

)
, Sb = −

(
Sb

)T, Eb =
(
Eb

)T,
Eb = diag (−1, 0, . . . , 0, 1) = e# e

T
#
− e1e

T
1 , e1 ≡ [1, 0, . . . , 0]

T, and e# ≡ [0, 0, . . . , 1]T.
A degree ? SBP operator is hence one that differentiates exactly monomials up to degree ?.

In this work, the SBP operators are extended to multiple dimensions by using tensor products (⊗).

A. Spatial discretization of hyperbolic conservation laws
Consider a general system of hyperbolic conservation laws written using the three-dimensional Cartesian coordinates

system


mq
mC
+
3∑
<=1

mLG<
mG<

= 0, ∀ (G1, G2, G3) ∈ Ω, C ≥ 0,

q (G1, G2, G3, C) = g(�) (G1, G2, G3, C) , ∀ (G1, G2, G3) ∈ mΩ, C ≥ 0,

q (G1, G2, G3, 0) = g(0) (G1, G2, G3, 0) , ∀ (G1, G2, G3) ∈ Ω,

(1)

where the vectors @ and LG< are the conserved variables and the inviscid fluxes, respectively, and g(0) and g(�) represent
the initial and boundary conditions. The approximation of the conservation law system (1) starts with the division of the
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domain Ω into  non-overlapping elements. Using tensor-product elements, we can discretize the physical domain
Ω ⊂ R3 with boundary mΩ. The generic (linear or entropy) stable discretization of (1) on the ^th element, written as:

dq^
dC
+
3∑
<=1
2D� ,^G< ◦ FG<

(
q^ , q^

)
1^ = SATI + SATBC + diss� , (2)

where the vector q^ is the discrete solution at the collocated nodes, and the vectors diss� is added interface dissipation
(the construction of this is detailed in [13, 24]). The SATI and SATBC are utilized to weakly couple neighboring
elements and impose boundary conditions, respectively. The specific construction of the interface coupling term, SATI,
depends on whether the interface is conforming or nonconforming. For more details on conforming interfaces, please
refer to [33], and for nonconforming interfaces refer to [39]. Equation (2) shows that the inviscid flux derivatives are
approximated in a particular way, i.e.,

mLG<
mG<

≈ 2D� ,^G< ◦ FG<
(
q^ , q^

)
1^ , (3)

where D� ,^G< is a differentiation matrix for the G< direction, ◦ is the Hadamard product (entry-wise multiplication),
FG<

(
q^ , q^

)
is a two-point flux function matrix (the construction of this matrix is detailed in [24]), and 1^ is a vector of

ones. Approximation (3) enables us to mimic the continuous nonlinear (entropy) stability analysis at the semi-discrete
level [36]. The system of conservation laws (1) is solved in computational space in the SSDC solver. The differentiation
matrix D� ,^G< is therefore constructed as the following:

D� ,^G< ≡
1
2

J−1^
3∑
;=1

(
Db;

[
J mb;

mG<

]
^

+
[
J mb;

mG<

]
^

Db;

)
, (4)

where J−1^ is the determinant of the Jacobian, whereas
[
J mb;
mG<

]
represent the metric terms. These terms appear in the

discretization of the PDEs in curvilinear coordinates and have to satisfy discrete geometric conservation law constraints.
We computed these metric terms as described in Reyna Nolasco et al. [43] for conforming interfaces. It is then possible
to integrate the system of ordinary differential equations (2) in time with, for example, an B stage (explicit or implicit)
Runge–Kutta method. Herein, the ERK schemes are optimized using of the spectrum of the operator used to discretize
the two-dimensional advection equation.

B. Spectrum of the two-dimensional advection equation
The linear convection equation in Cartesian physical coordinates is written as

mU
mC
+
2∑
<=1

m (0<U)
mG<

= 0, (5)

where (0<U) and 0< denote the inviscid fluxes and the (constant) components of the convection speed, respectively,
while 0< satisfies

√
021 + 0

2
2 = 1. The computational domain is G1 ∈ [0, 1], and G2 ∈ [0, 1]. On all the boundaries of

the spatial domain, we imposed periodic boundary conditions. The spatial discretizations referred to in the previous
section are used to discretize the advection operator. By varying the velocity vector angle in the range [0, 90◦], we
compute multiple spectra of the global spatial discretization matrix. Approximately 1.44 × 104 DOFs, for all the order
of accuracy was used. Elements with an aspect ratio of one (i.e., squares) comprise the grid. The numerical technique
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that used to optimize explicit Runge–Kutta schemes given a set of eigenvalues of spatial discretization is described in
the next section.

III. Design of the optimal explicit Runge–Kutta schemes
In this section, new optimized explicit Runge–Kutta (ERK) schemes are developed for linear wave propagation

problems discretized with entropy stable collocated discontinuous Galerkin methods with the SBP property. Based on
the method of line approach, the spatial discretization of time-dependent partial differential equations leads to an initial
value problem of the form

� ′(C) = � (�), � (0) = �0, (6)

where � (C) : R → R#
dof and � : R#

dof → R#
dof are the vector of the unknowns and the vector of the residuals,

respectively. The symbol #dof = # × (? + 1)3 denotes the number of degrees of freedom (DOFs), where # is the
number of cells used to discretize the domain, Ω, whereas ? is the solution polynomial degree used in each cell. Note
that only conforming interface elements are considered here, and therefore, ? is the same for all cells in the domain.
The time discretization of the system (6) with an ERK scheme with B stages yields the following time step iteration

H8 = �
= + ΔC

B∑
9=1
08 9 �

(
C= + 2 9ΔC, H 9

)
, 8 = 1, . . . , B, (7a)

�=+1 = �= + ΔC
B∑
8=1

18 � (C= + 28ΔC, H8) , (7b)

where H8 represents the 8-th stage value of the ERK method. The composition of the coefficients matrix � ∈ RB×B , the
weights 1 ∈ RB , and the nodes 2 ∈ RB gives the Butcher tableau [31]. We design new ERK schemes that maximize the
stable time step size while minimizing the leading truncation error constant and achieving low storage requirements. The
convex optimization technique and the bisection algorithm described in [26, 27] are the key elements of the optimization
procedure we use here. These algorithms are implemented in RK-Opt [44], a package for the design of numerical ODE
solvers.

A. Stability polynomial
Consider the following linear constant-coefficient initial value problem

� ′(C) = _ �, � (0) = �0, (8)

where _ ∈ C. By using a Runge–Kutta scheme to integrate in time Equation (8), we have the following iteration

�=+1 = ' (ΔC_) �=, (9)

where ' = ' (ΔC_) = '(I) denotes the stability function and the argument ΔC is the (time) step size. The expression
of '(I) depends on the coefficients of the Runge–Kutta method [31, 45]. For an B-stage ERK scheme, the stability
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function is a polynomial of degree B in the variable I,

'(I) =
B∑
9=0

V 9 I
9 . (10)

At each time step, the solution can be obtained by (9), as the stability of the method depends on |'(I) | [31]. Then, the
absolute stability region, (, of the scheme is given by

( = {I ∈ C : |'(I) | ≤ 1}, where I ≡ ΔC_ ∈ (. (11)

It is clearly demonstrated (see, for instance, [26, 27]) that when an ERK time integration scheme is applied to a linear
constant coefficients system of ODEs, such as the one obtained by applying the aforementioned entropy stable SBP-SAT
spatial operator to the advection equation, the following iteration is given

�=+1 = ' (j_8) �=, for 8 = 1, . . . , #dof. (12)

In Equation (12), the symbol j represents the Courant–Friedrichs–Lewy (CFL) number, whereas the _8 , 8 = 1, . . . , #dof

form the spectrum of the discrete spatial operator. Therefore, the solution of the ODE system is stable if (j_8) ∈ ( for
1 ≤ 8 ≤ #dof. Given a mesh and a spatial discretization, the maximum absolutely stable CFL number (and hence step
size) should satisfy

jBC01 = max
{
j ≥ 0 : |'(j_8) | ≤ 1, for 8 = 1, . . . , #dof} . (13)

For a ?th order ERK, the first ? + 1 terms (0 ≤ 9 ≤ ?) of the stability polynomial (10) must be identical to the
exponential function, which is the exact solution of Equation (8) [31]. Thus, R(I) is expressed as follows,

R(I) =
?∑
9=0

1
9!
I 9 +

B∑
9=?+1

V 9 I
9 . (14)

Consequently, the optimal stability polynomials can be obtained by selecting the coefficients
[
V 9

] 9=B
9=?+1 in (14) that

maximize jBC01 . Therefore, given the ODE system (6), the optimization problem for the ERK schemes can be stated as

Problem 1 Given the spectrum of the Jacobian of � (�), i.e., f = {_8 , 8 = 1, . . . , #3> 5 },

maximize
V?+1, . . . , VB

j

subject to |R(j_8) | ≤ 1 for all _8 ,

R(I) − exp(I) = O(I?+1).

(15)

The convex optimization technique and bisection algorithm described in [26, 27] with respect to the CFL number, j, are
applied to optimize the coefficients of the ERK method. Specifically, we fix j and solve the resulting convex feasibility
problem to determine whether there exists a choice of coefficients V that satisfy the constraints. The upper bound for the
initial bisection interval is 10B, and we use a monomial basis. The bisection search is carried out to an accuracy of 10−7.
This technique allows us to optimize methods with large numbers of stages in order to improve the maximum absolutely
stable time step, jBC01 .
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The optimization is carried out for second- to fifth-order accurate schemes, where the order in time matches the
order in space. The set of eigenvalues used for the optimization process is obtained by the union of the spectra of test
problem (see Section II.B). The stability region and the scaled set of eigenvalues (ΔC_) of fifth-order accurate methods
for the advection equation is shown in Figure 1. Specifically, the fifth-order optimized scheme with sixteen stages and
the traditional Runge–Kutta–Fehlberg six-stage fifth-order accurate method are plotted. It is evident that all the scaled
eigenvalues (ΔC_) fall inside the stability regions. In Figure 1b, we also observe that a larger step size can be used with
the optimized explicit Runge–Kutta schemes. However, as the Section III.C shows, the method’s efficiency should be
measured relatively to the number of stages B (i.e., considering the effective time step).

−15 −10 −5 0
Re(z)

−10

−5

0

5

10

Im
(z

)

(a) ERKF(6,5)

−15 −10 −5 0
Re(z)

−10

−5

0

5

10

Im
(z

)

(b) ERK(16,5)

Figure 1 Stability region (red line) and scaled spectrum (blue dots) for the advection equation.

B. Coefficients of the Runge–Kutta schemes
The stability polynomial computation is the first step of the numerical technique to design the optimal ERK methods.

The selection of stability polynomial does not fully determine the method. The ERK method with B stages has B(B + 1)/2
coefficients and only B of them are constrained by the stability polynomial. The second step is therefore the computation
of the Butcher coefficients �, 1, and 2 of the schemes [31, 45] that correspond to the stability polynomial coefficients
described in the previous section. Additional nonlinear order conditions can be satisfied using the remaining degrees of
freedom [31] to obtain a low-storage implementation, and ensure that the truncation error coefficients are not too large.
The stability polynomial determines the linear accuracy of the method, whereas the nonlinear accuracy depends on a
larger set of order conditions g (A )

8
(A, b) = 0, where 0 ≤ A ≤ ? [31]. We ensure that those conditions are satisfied up to

order ?. Here, we use a low-storage form with three registers per stage [46] that aims at reducing the memory footprint
when a large number of stages, B, is used (see Algorithm 1). The storage conditions are imposed on the scheme to be
written in the minimum-storage form, which is given by Γ(A, b) = 0. Finally, the Euclidean norm of the truncation
error coefficients of order ? + 1,

� (?+1) =

(∑
8

g
(?+1)
8

)1/2
,

6



Algorithm 1 Low storage implementation (3S*)
1: (3 ← D=

2: (2 ← 0
3: (1 ← D=

4: for 8 = 1 : B do
5: C ← C= + 28 ΔC
6: (2 ← (2 + X8 (1
7: (1 ← W1,8 (1 + W2,8 (2 + W3,8 (3 + V8 ΔC � ((1)
8: end for
9: D=+1 ← (1

is also minimized [31, 45]. In summary, the optimization problem reads [27]

Problem 2 Given the optimal stability polynomial coefficients V 9

minimize
�, 1

� (?+1)

subject to g
(A )
8
(A, b) = 0, (0 ≤ A ≤ ?),

b)A 9−1e = V 9 , (0 ≤ 9 ≤ B),

Γ(A, b) = 0.

(16)

To solve problem (2), we used RK-Opt, a package for the design of numerical ODE solvers [47].

C. Efficiency and CFL number
The relative efficiency of two ERK methods of order ? can be measured by ZBC01 (or Z022), if stability (or accuracy)

is the more restrictive concern. The expression of ZBC01 and Z022 are given by

ZBC01 =
f j1/B1
f j2/B2

=
j1/B1
j2/B2

, Z022 =

(
�
(?+1)
2

�
(?+1)
1

) 1
?

B2
B1
, (17)

where j1,2 and � (?+1)1,2 denote the maximum effective stable CFL number and the principal error norms of the two ERK
schemes, respectively. The symbol f represents a safety factor applied to both schemes. Figure 2 shows ZBC01 and Z022
for second- to fifth-order accurate optimized ERK schemes versus the “traditional” ERK schemes [31]. The “traditional”
ERK methods considered here are the mid-point rule two-stage second-order accurate (ERK(2,2)) scheme, the Heun’s
three-stage third-order accurate (ERK(3,3)) method, the classical four-stage fourth-order accurate (ERK(4,4)) scheme,
and the Runge–Kutta–Fehlberg six-stage fifth-order accurate (ERKF(6,5)) method. In Figure 2 the new schemes are
optimized using the eigenvalues of the discrete spatial operator of the advection equation. The maximum stable CFL
number jBC01 is also plotted in Figure 2, and indicated by the green dots curve.

The blue dots curve and the red dots curve indicate the stability efficiency, ZBC01 , and the accuracy efficiency, Z022 .
We demonstrate that, due to the poor numerical conditioning of the problem for very large values of B, our optimized
schemes are tailored for B ≤ 16. There is a practical reason: for B > 16 a degradation of the performance of the
optimization toolbox is observed, which results in unreliable schemes. This is shown in Figure 2 and in the table
included in the Appendix VI, where sudden changes in performance or an oscillatory behavior is noticed. However, it
is necessary to note that adding more stages does not cause a significant improvement in efficiency. The asymptotic
gain that may be achieved by adding stages is indeed bounded, as the classical CFL condition implies that the scheme
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(a) 2nd optimized ERK vs. ERK(2,2) scheme.
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(c) 4th optimized ERK vs. ERK(4,4) scheme.
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(d) 5th optimized ERK methods vs. ERKF(6,5)
scheme.

Figure 2 Efficiencies and maximum linearly stable CFL number.

cannot be stable for a CFL number greater than B [48]. Furthermore, we can see that the global error efficiency of the
optimized schemes decreases as the number of stages increases for the optimized methods. The low-storage coefficients
and the values of ZBC01 and Z022 of the optimized ERK methods are included in the Appendix VI.

IV. Performance of the optimized schemes
For the efficiency and accuracy of the optimized ERK schemes to be assessed, a convergence study is shown in this

section for the advection equation and the propagation of an isentropic vortex with the compressible Euler equations.
The analysis is provided for reference and some optimized ERK methods.

A. Convergence study
Here we present the optimized ERK scheme convergence study for some selected classic and optimized ERK

methods. For this study to be carried out, a system of nonlinear non-autonomous system of ODE is implemented, as
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proposed by Stanescu and Habashi [49] and Niegemann et al. [50],

3@1
3C

=
1
@1
− @2

4C
2

C2
− C

3@2
3C

=
1
@2
− 4C2 − 2 C 4−C2 ,

(18)

with the following initial conditions: @1 (C0) = 1, and @2 (C0) = 4−1. The time interval is C ∈ [C0 = 0, C4 = 1.4], and the
analytical solution given as @1 (C) = 1/C, and @2 (C) = 4−C

2 . The error modulus is used in this study and is defined as

Y(C4) = (&1 (C4) − @1 (C4)) + (&2 (C4) − @2 (C4)) , (19)

where &1 and &2 represent the numerical solutions. Figure 3 demonstrates that all the schemes attain the theoretical
convergence rate, and the new optimized methods display notably smaller errors than the reference schemes.

10−4 10−3 10−2 10−1

∆t

10−10

10−6

10−2

102

106

||ε
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∞
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Optimal ERK(4,2)

Optimal ERK(8,2)

(a) 2nd ERK schemes.
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(b) 3rd ERK schemes.
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(c) 4th ERK schemes.
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(d) 5th ERK schemes.

Figure 3 Convergence study of the optimized ERK methods.
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B. Error and computational cost
The performance of some numerical simulations is required in order to assess the superior efficiency and accuracy of

the new optimized schemes compared to the classic ERK methods selected. The advection equation and the propagation
of the isentropic vortex are used here as numerical simulation test cases. The maximum norm of the error is reported. A
time interval [C0 = 0, C4 = 2] is applied to all the simulations, and a constant number of 4 × 104 DOFs for all the orders
of accuracy is used. The angle that the convective velocity vector forms with the horizontal axis equal to 45◦ sets in the
advection equation simulation, where the computational domain is the same as this described in II.B. For the second test
case, the compressible Euler equations in Cartesian coordinates read

mq

mC
+
3∑
<=1

mLG<
mG<

= 0, (20)

where q are the conserved variables and LG< are the inviscid fluxes. The exact solution of the isentropic vortex test case
is given as



G (G1, G2, G3, C) = 1 −
{[ (
G1 − G1,0

)
−U∞ cos (U) C

]2 + [ (
G2 − G2,0

)
−U∞ sin (U) C

]2}
,

d = )
1
W−1 ,

U1 = U∞ cos(U) − na (
G2−G2,0)−U∞ sin(U)C

2c exp
(
G
2

)
,

U2 = U∞ sin(U) − na (
G1−G1,0)−U∞ cos(U)C

2c exp
(
G
2

)
,

U3 = 0,

) =

[
1 − n2aMa2∞

W−1
8c2 exp (G)

]
.

whereU∞,Ma∞, and
(
G1,0, G2,0, G3,0

)
denote the modulus of the free-stream velocity, the free-stream Mach number,

and the vortex center, respectively, where following values are fixed: U∞ = Ma∞2∞, na = 5, W = 1.4, and(
G1,0, G2,0, G3,0

)
= (0, 0, 0). The computational domain is G1 ∈ [−5, 5], G2 ∈ [−5, 5], and G3 ∈ [−5, 5]. The angle of

the vortex propagation and the background flow Mach number are set to U = 45◦, andMa∞ = 0.5, respectively. The
step size control is applied for all simulations here, and takes the form

ΔC= = fCFL min
8

ΔG8

E8
, (21)

CFL is the desired CFL number, ΔG8 represents a mesh-spacing local measurement, and E8 represents the maximum
local wave speed measurement, in relation to the largest eigenvalue of the flux Jacobian (in magnitude). The space and
time discretization details are the factors that need to be considered to select the optimal CFL; we used jBC01 in this
work, which is the maximum CFL number reached during the procedure of optimization (see Section III.C). The local
mesh spacing ratio and the maximal speed at a node 8 is estimated in this case as

ΔG8

E8
= W

�8∑3
9=1 | (�mGb 9 )8 · Ẽ8 |

, (22)

where 3 is the number of spatial dimensions, Ẽ8 is the velocity, �8 the determinant of the grid Jacobian mGb at node
8, (�mGb 9 )8 is the contravariant basis vector in direction 9 at node 8 [51], and W is a normalizing factor depending on
the polynomial degree ? which is selected so that a real stability interval of 2, which is characteristic of the Heun’s
method [52], corresponds to CFL = 1. A safety factor of f = 0.95 is used for all the simulations in (21). Tables 1
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ERK Schemes !∞ Wall-clock time [s] Function evaluations
(2,2) 3.4145e-02 1.5046 596.0
(4,2) 3.4145e-02 1.4351 596.0
(8,2) 3.4333e-02 1.4257 600.0
(3,3) 3.8940e-04 2.4771 1272.0
(5,3) 4.8652e-04 2.1954 1155.0
(11,3) 9.3474e-04 1.9439 1023.0
(4,4) 2.5376e-05 4.1705 2064.0
(6,4) 2.5838e-05 3.4634 1728.0
(15,4) 5.8703e-05 2.774 1365.0
(6,5) 1.5259e-06 5.7688 2862.0
(8,5) 1.5188e-06 4.7388 2360.0

Table 1 The !∞ norm of the error, wall-clock time in seconds, number of function evaluations of each
schemes for the advection equation.

ERK Schemes !∞ Wall-clock time [s] Function evaluations
(2,2) 3.4409e-03 2.293 302.0
(4,2) 3.4361e-03 2.1937 292.0
(8,2) 3.4360e-03 2.2715 296.0
(3,3) 1.4068e-04 3.9003 645.0
(5,3) 1.4082e-04 3.4274 565.0
(11,3) 1.4141e-04 3.1176 495.0
(4,4) 1.1954e-05 6.4908 1052.0
(6,4) 1.1954e-05 5.1901 840.0
(15,4) 1.1953e-05 4.4329 660.0
(6,5) 1.3277e-06 9.6865 1464.0
(8,5) 1.3285e-06 6.7479 1000.0

Table 2 The !∞ norm of the error, wall-clock time in seconds, number of function evaluations of each
schemes for the isentropic vortex propagation.

and 2 show that, as the order of the discretization increases, the error decreases. In contrast, the number of function
evaluations increases for higher-order accurate methods, so the wall-clock time also increases. Therefore, the most
efficient temporal integration scheme depends on the error tolerance targeted. The optimized schemes were clearly
observed to increase the speed of the simulations over the standard methods. Specifically, the new fourth- and fifth–order
methods with fifteen and sixteen stages respectively, provide a speed-up of approximately 35% for both the advection
equation and the isentropic vortex propagation. It is notable that the optimized schemes also yield a decrease in the
error of approximately one order of magnitude.
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V. Application to viscous flows

A. Taylor–Green vortex problem
In this section, we validate the efficiency and accuracy of the new temporal schemes for the compressible Navier–

Stokes equations by simulating the three-dimensional Taylor–Green vortex (TGV) problem at a Reynolds number of
Re = 1.6 × 103, and Mach numberMa = 0.1. The initial condition is obtained by



d = d0 + W "
2
0

16 [cos(2G1) + cos(2G2)] [cos(2G3) + 2],

U1 = sin(G1) cos(G2) cos(G3),

U2 = − cos(G1) sin(G2) cos(G3),

) = )0,

(23)

where d,U1,U2, and ) denote the density, temperature, and the velocity, respectively. The parameters for this test are
)0 = 1, d0 = 1, and W = 1.4. Periodic conditions are enforced at all boundaries of the spatial computational domain.
The number of DOFs is kept constant for all simulations and equal to 8 × 106, where the grids are equally spaced
Cartesian grids with 1003, 603, 503, and 403 number of elements for polynomial order ? = 2, 3, 4 and 5, respectively.
Simulations are carried out at a time interval from C0 = 0 to C 5 = 20 time units. For second- to fourth-order accurate
scheme simulations, we use a safety factor of f = 0.95. However, for fifth-order accurate schemes, it is harder to get a
tight bound on the CFL scale factors. Thus, we use a safety factor of f = 0.85 for 5th schemes. To analyze the accuracy
of the new optimized schemes, the relative error in the kinetic energy dissipation rate is computed, where the predicted
maximum stable CFL number is used, for the reference and the optimized ERK schemes. The evolution of the kinetic
energy dissipation rate can be computed

n�: (C) = −
3�:

3C
. (24)

where �: (C) is the temporal evolution of the integrated kinetic energy,and is obtained by

�: (C) =
1
d0Ω

∫
Ω

d
U .U
2

3Ω (25)

Figures 4 and 5 show the evolution of the integrated kinetic energy and the kinetic energy dissipation, respectively, for
reference and the optimized ERK schemes. All the simulations are stable at their respective predicted CFL numbers. �:
predictions are almost identical for the different schemes, while n�: predictions improve with increase of grid density.

The analytical solution is not available for this test problem. Therefore, we numerically compute the reference
solution by solving the problem with a constant number of 3.43 × 108 DOFs for all the order of accuracy. Figure 6
shows the relative error in the kinetic energy dissipation rate at the final time C 5 = 20 for the reference and the optimized
methods. Clearly, both traditional and optimized high order accurate methods deliver a substantial improvement in
accuracy.

In Figure 7, we measure the wall-clock time and the number of function evaluations for all simulations in order
to verify the performance of the new temporal schemes. As we can see in Figure 7, by increasing the order of the
accuracy, the new optimized schemes speedup the simulations compared to the traditional because they require fewer
function evaluations. These results demonstrate that the performance of the new optimized schemes are much better
than the traditional schemes in terms of the cost and the level of error. Specifically, the computational time saving for
the ERK(4,2), ERK(11,3), ERK(15,4), and ERK(16,5) methods is 27%, 42%, 46%, and 44%, respectively.
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(a) Second-order ERK methods.
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(b) Third-order ERK methods.
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(c) Fourth-order ERK methods.
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(d) Fifth-order ERK methods.

Figure 4 The evolution of the kinetic energy of the reference and optimized ERK methods for the TGV.
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(c) Fourth-order ERK methods.

0 5 10 15 20
t

0.0000

0.0025

0.0050

0.0075

0.0100

0.0125

−
d

E
k
/d
t

ERKF(6,5)

Optimal ERK(8,5)

Optimal ERK(16,5)

(d) Fifth-order ERK methods.

Figure 5 The evolution of the kinetic energy dissipation of the reference and optimized ERK methods for the
TGV.
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Figure 6 Relative error in kinetic energy dissipation rate for the reference and the optimized schemes.
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Figure 7 Wall-clock time in seconds, and number of function evaluations to simulate Taylor-green vortex test
case.

B. Flow past two identical spheres in tandem
The flow past two identical spheres of diameter D is tested in this section. The spheres are located at separation

distances of 10D. The testing for this problem was performed at a subcritical/transitional flow regime with a Reynolds
number equal to Re = U∞D/a = 3.9 × 103, and a near-incompressibility Mach numberMa = 0.1. The upstream flow
conditions of the first sphere are used to set the similarity parameters, e.g.,U∞ is the freestream velocity. Although the
geometry is relatively straightforward, it remains quite difficult to capture the flow in this regime [24]. Thus, this is an
interesting test case for assessing the accuracy, robustness, and efficiency of the new time integration schemes. We
used one of the high-order grids in Gmsh format created by Steve Karman [53], to perform the numerical simulations.
For our study, the grids comprise ≈ 1.9656 × 104 hexahedral cells. These spatial schemes remain constant for all the
numerical simulations. The order of accuracy of the spatial discretization matches the order of accuracy of the time
integration scheme in every simulation. If the degree of the solution and the number of cells in each block are given,
we can determine the number of DOFs, which in this case is approximately 2.457 × 106. We imposed entropy stable
adiabatic wall boundary conditions on the sphere surfaces. Far-field boundary conditions are applied to the remaining
boundaries. For all the simulations, the safety factor is set to f = 0.95. This value of the safety factor is optimal because
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the schemes have been optimized by considering the spectra generated from uniform grids, and they have been applied
in this test case that is highly unstructured grids. The contour plots are plotted using fifth-order accurate ERK time

(a) ERKF(6,5)

(b) ERK(8,5).

(c) ERK(16,5).

Figure 8 Contour plots of the velocity magnitude for the reference and the optimized schemes.

integration schemes in Figure 8. It is evident that similar patterns and flow features are obtained for all schemes. The
reference ERK scheme (i.e., ERKF(6,5)) and the new optimal schemes ERK(8,5) and ERK(16,5) do not display any
obvious discrepancies, as shown in Figure 8. The wall-clock time was measured, and the number of function evaluations
was counted for the reference and the optimized ERK schemes to verify the performance of the optimized schemes. The
predicted maximum stable CFL number was used for each method. The results are shown in Figure 9. We can observe
that by increasing the order of accuracy, the optimized schemes yield a greater speedup because they require fewer
function evaluations. Therefore, the results shown in Figure 8 and Figure 9, lead us to conclude that the new schemes
proposed can improve the overall solver performance. Specifically, the computational time saving for the ERK(4,2),
ERK(11,3), ERK(15,4), and ERK(16,5) methods is 1%, 21%, 35%, and 32%, respectively. For the second–order
schemes, the gain is positive; however, it is minimal. It is significant to note that the new temporal schemes, designed by
linear advection equation on a uniform grid, achieves good results for a nonlinear system of PDEs and unstructured
mesh.
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Figure 9 Wall-clock time in seconds, and number of function evaluations to simulate flow past identical
spheres in tandem.

VI. Conclusions
New explicit Runge–Kutta schemes optimized for entropy stable collocated discontinuous Galerkin methods have

been proposed. The new schemes allow for a larger stable time step sizes and accurate solution, while admitting a
low-storage implementation. To show the efficiency and the robustness of the new temporal schemes, the performance of
the optimized methods for the three-dimensional Taylor–Green vortex problem at a Reynolds number of Re = 1.6 × 103,
and the flow past two identical spheres in tandem at a Reynolds number of Re = 3.9 × 103 have been reported. The
results indicate that the proposed schemes enhance the overall solver performance compared to widely used classical
time integration schemes.
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Appendix

Efficiency and CFL number of the ERK schemes optimized using the eigenvalues of the advection equation

Comparison with ERK(2,2)
Z BC01 Z 022

B ΔC � (?+1) (ΔC/B)�' (2,2) = 4.4474e-02 (�) (?+1)
�' (2,2) = 1.7180e-01

3 4.1292e-02 6.9407e-02 0.93 1.05
4 4.4194e-02 4.1667e-02 0.99 1.02
5 4.3537e-02 2.6023e-02 0.98 1.03
6 4.4194e-02 1.8519e-02 0.99 1.02
7 4.4003e-02 1.3507e-02 0.99 1.02
8 4.4194e-02 1.0417e-02 0.99 1.02
9 4.4185e-02 7.9652e-03 0.99 1.03
10 4.4194e-02 6.6776e-03 0.99 1.01
11 4.4190e-02 5.4290e-03 0.99 1.02
12 4.4196e-02 4.7559e-03 0.99 1.00
13 4.4194e-02 4.1119e-03 0.99 0.99
14 4.4214e-02 4.0072e-03 0.99 0.94
15 4.4216e-02 3.5651e-03 0.99 0.93
16 4.4556e-02 4.7107e-03 1.00 0.75
17 4.5834e-02 5.7527e-03 1.03 0.64
18 4.5899e-02 5.4584e-03 1.03 0.62
19 4.6286e-02 5.9409e-03 1.04 0.57
20 4.6577e-02 6.3495e-03 1.05 0.52

Table 3 Stability, Z (BC01) , and accuracy, Z (022) , efficiencies of the optimized second-order explicit
Runge–Kutta methods for the advection equation.

Comparison with ERK(3,3)
Z BC01 Z 022

B ΔC � (?+1) (ΔC/B)�' (3,3) = 1.2981e-02 (�) (?+1)
�' (3,3) = 4.6296e-02

4 1.4049e-02 1.7116e-02 1.08 1.04
5 1.5048e-02 9.7231e-03 1.16 1.01
6 1.5813e-02 6.0108e-03 1.22 0.99
7 1.6253e-02 4.7343e-03 1.25 0.92
8 1.6586e-02 3.1911e-03 1.28 0.91
9 1.6807e-02 2.6676e-03 1.29 0.86
10 1.6970e-02 2.1056e-03 1.31 0.84
11 1.7066e-02 1.4424e-03 1.31 0.87
12 1.7185e-02 1.5090e-03 1.32 0.78
13 1.7295e-02 1.2013e-03 1.33 0.78
14 1.7323e-02 1.0058e-03 1.33 0.77
15 1.7343e-02 8.6886e-04 1.34 0.75
16 1.7380e-02 8.2931e-04 1.34 0.72
17 1.7419e-02 7.4780e-04 1.34 0.70
18 1.7448e-02 6.5893e-04 1.34 0.69
19 1.7448e-02 5.8280e-04 1.34 0.68
20 1.7500e-02 5.1419e-04 1.35 0.67

Table 4 Stability, Z (BC01) , and accuracy, Z (022) , efficiencies of the optimized third-order explicit Runge–Kutta
methods for the advection equation.
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Comparison with ERK(4,4)
Z BC01 Z 022

B ΔC � (?+1) (ΔC/B)�' (4,4) = 6.3141e-03 (�) (?+1)
�' (4,4) = 1.4505e-02

5 7.2582e-03 3.5061e-03 1.15 1.14
6 7.6215e-03 1.5399e-03 1.21 1.17
7 8.0226e-03 9.6963e-04 1.27 1.12
8 8.3386e-03 6.7518e-04 1.32 1.08
9 8.6656e-03 5.0212e-04 1.37 1.03
10 8.8650e-03 3.7695e-04 1.40 1.00
11 9.0605e-03 3.1170e-04 1.43 0.95
12 9.2223e-03 2.5031e-04 1.46 0.92
13 9.4103e-03 2.1119e-04 1.49 0.89
14 9.4945e-03 1.8101e-04 1.50 0.85
15 9.6058e-03 1.6113e-04 1.52 0.82
16 9.7010e-03 1.3771e-04 1.54 0.80
17 9.7389e-03 1.7754e-04 1.54 0.71
18 9.7754e-03 1.0544e-04 1.55 0.76
19 9.8542e-03 1.2798e-04 1.56 0.69
20 9.8902e-03 5.5130e-02 1.57 0.14

Table 5 Stability, Z (BC01) , and accuracy, Z (022) , efficiencies of the optimized fourth-order explicit
Runge–Kutta methods for the advection equation.

Comparison with ERKF(6,5)
Z BC01 Z 022

B ΔC � (?+1) (ΔC/B)�' � (6,5) = 3.6732e-03 (�) (?+1)
�' � (6,5) = 3.3557e-03

7 4.1152e-03 1.5340e-03 1.12 1.00
8 4.4558e-03 9.4552e-04 1.21 0.97
9 4.7240e-03 6.2796e-05 1.29 1.48
10 4.9236e-03 1.2186e-04 1.34 1.16
11 5.0647e-03 2.5424e-05 1.38 1.45
12 5.1825e-03 1.9784e-05 1.41 1.40
13 5.2668e-03 1.1512e-05 1.43 1.44
14 5.3464e-03 3.0884e-05 1.46 1.09
15 5.4026e-03 4.9569e-05 1.47 0.93
16 5.4610e-03 4.8870e-05 1.49 0.87
17 5.5103e-03 2.6513e-05 1.50 0.93
18 5.5592e-03 8.9630e-06 1.51 1.09
19 5.6006e-03 8.9630e-06 1.52 1.03
20 5.6400e-03 1.0084e-05 1.54 0.96

Table 6 Stability, Z (BC01) , and accuracy, Z (022) , efficiencies of the optimized fifth-order explicit Runge–Kutta
methods for the advection equation.
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