
Highlights

• Fully-discrete hp-adaptive entropy stable collocated discontinuous Galerkin method.
• Test cases of increased difficulty, ranging from non-smooth to turbulent flows.
• Extremely robust methods which do not require parameter tuning for each problem.
• Parallel SSDC solver can scale efficiently over 100,000 processes.



High-order accurate entropy-stable discontinuous collocated Galerkin1

methods with the summation-by-parts property for compressible CFD2

frameworks: Scalable SSDC algorithms and flow solver3

Matteo Parsania,1,∗, Radouan Boukharfanea,2, Irving Reyna Nolascoa,3, David C. Del Rey4

Fernándezc,4, Stefano Zampinia,7, Bilel Hadrib,6, Lisandro Dalcina,7
5

aKing Abdullah University of Science and Technology (KAUST), Computer Electrical and Mathematical Science6

and Engineering Division (CEMSE), Extreme Computing Research Center (ECRC), Thuwal, Saudi Arabia7
bKAUST Supercomputing Core Laboratory, Thuwal, Saudi Arabia8
cNational Institute of Aerospace, Hampton, Virginia, United States9

Abstract10

This work reports on the performances of a fully-discrete hp-adaptive entropy stable discontinu-
ous collocated Galerkin method for the compressible Naiver–Stokes equations. The resulting code
framework is denoted by SSDC, the first S for entropy, the second for stable, and DC for dis-
continuous collocated. The method is endowed with the summation-by-parts property, allows for
arbitrary spatial and temporal order, and is implemented in an unstructured high performance
solver. The considered class of fully-discrete algorithms are systematically designed with mimetic
and structure preserving properties that allow the transfer of continuous proofs to the fully discrete
setting. Our goal is to provide numerical evidence of the adequacy and maturity of these high-order
methods as potential base schemes for the next generation of unstructured computational fluid dy-
namics tools. We provide a series of test cases of increased difficulty, ranging from non-smooth
to turbulent flows, in order to evaluate the numerical performance of the algorithms. Results on
weak and strong scaling of the distributed memory implementation demonstrate that the parallel
SSDC solver can scale efficiently over 100,000 processes.

Keywords: Compressible Navier–Stokes equations, Fully-discrete entropy stability, Discontinuous11

collocated Galerkin methods, hp-adaptivity, Turbulent and nonsmooth flows12

∗Corresponding author
Email addresses: matteo.parsani@kaust.edu.sa (Matteo Parsani), radouan.boukharfane@kaust.edu.sa

(Radouan Boukharfane), irvingenrique.reynanolasco@kaust.edu.sa (Irving Reyna Nolasco),
dcdelrey@gmail.com (David C. Del Rey Fernández), stefano.zampini@kaust.edu.sa (Stefano Zampini),
bilel.hadri@kaust.edu.sa (Bilel Hadri), dalcinl@gmail.com (Lisandro Dalcin)

1Assistant Professor
2Postdoctoral Fellow
3Ph.D. student
4Research Scientist
5Research Scientist
6Computational Scientist
7Senior Research Scientist

Preprint submitted to Elsevier September 22, 2020



1. Introduction13

In the near future, the next generation of computing hardware will provide an unprecedented14

opportunity to transform computational science into a fully predictive science [37]. However, code15

optimization and incremental improvements of current algorithms will not be sufficient to satisfy16

the accuracy, robustness, and fidelity required for such a transformation. More complex physical17

models, accurate discretizations, and algorithms with better mathematical and numerical proper-18

ties must be developed to account for the ambitious physical phenomena being modeled and the19

emerging heterogeneous data-centric computing hardware. A tangible example of this transforma-20

tional need is represented by the aerospace industry. The ability to simulate aerodynamic flows21

using computational fluid dynamics (CFD) has progressed rapidly over the past three decades and22

has fundamentally altered the aerospace and aeronautics design process [93]. However, during the23

last decennium, algorithmic investment has been dramatically curtailed, and as a result, the flow24

solvers in use today by many commercial entities or national laboratories are based on technology25

designed and developed more than twenty years ago [93].26

In the exascale era and beyond, numerical methods for flow simulations are likely to rely27

on efficient, compact, high order, and adaptive formulations on unstructured grids. High-order28

discretizations feature much smaller numerical errors than low-order methods, both in terms of29

dispersion and dissipation [1, 24, 51, 102], and as a result, are generally more accurate per degree30

of freedom (DOF) [39, 57]. Low dispersion and dissipation errors are crucial for direct numerical31

simulation (DNS), large-eddy simulation (LES) or detached large-eddy simulation of smooth and32

non-smooth compressible separated turbulent flows characterized by a broad range of length and33

time scales. These numerical features are also key elements in the simulations of vortex-dominated34

flows that must be resolved over long distances and in aeroacoustics where the required level35

of engineering accuracy is difficult to achieve with low-order discretizations. Compact high-order36

accurate schemes are natural candidates for next-generation hardware because they feature smaller37

communication to computation ratios, for a given level of accuracy, as compared to low-order38

methods; see, for example, the work of Hutchinson et al. [57], Vincent et al. [101], Hadri et al. [49],39

and Fischer et al. [39], Merzari et al. [73].40

Among modern, unstructured high-order methods, discontinuous Galerkin, spectral difference,41

and flux reconstruction methods are some of the possible candidates. Although these methods42

are well suited for smooth solutions, they are generally designed in the context of linear stability43

and therefore, numerical instabilities often occur if the flow contains under-resolved physical fea-44

tures (e.g., under-resolved turbulent flows) [13, 47] or discontinuities (e.g., shocks). As a result,45

most commercial and industrial software still relies on robust, nominally second-order accurate46

discretizations. A variety of mathematical stabilization strategies are commonly used to alleviate47

instability, e.g., filtering [52], artificial dissipation, polynomial de-aliasing through over-integration48

[47, 72], and weighted essentially non-oscillatory limiters [106], to cite a few. However, such stabi-49

lization techniques possess several drawbacks since i) they reduce accuracy [102], ii) they usually50

require tuning parameters for each problem configuration, and iii) they do not possess rigorous51

stability proofs.52

While development of non-linearly robust discretizations has a long and rich history, in recent53

years there has been renewed interest in extending classical robustness techniques to high-order54

methods. For systems of non-linear conservation laws, such as the compressible Navier–Stokes55

equations, the entropy stability framework (see Tadmor [98]) closely mimics properties of the56

continuous system itself. This has led to the development of entropy-stable high-order methods57
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[2, 16, 19, 23, 25, 41, 48, 53, 70, 80, 92] which are provably non-linearly stable (entropy stable) as58

long as positivity of the thermodynamic variables is preserved. High-order entropy stable schemes59

are often based on the well known nodal formulation collocated at quadrature points; see, for60

instance, [52] for a clear introduction of nodal discontinuous Galerkin methods.61

Given that integration by parts is an essential ingredient in many continuous stability proofs for62

PDEs, it is natural to look for methods that discretely preserve this property. One such class, are63

methods having the summation-by-parts property; these methods have as a primary design goal the64

discrete preservation of integration by parts and can therefore be used to mimic, in a step-by-step65

fashion, continuous stability proofs. SBP operators were first developed in the context of finite-66

difference schemes [68] and later transferred to other frameworks such as finite-volume schemes67

[78], discontinuous-Galerkin schemes [16, 46], and several other discretizations [19, 23, 29, 31, 54].68

In particular, the methods used in this work are based on collocated Legendre–Gauss–Lobatto69

(LGL) quadrature rules in one space dimension and the corresponding discrete SBP operators70

on curvilinear, unstructured tensor product elements. Furthermore, these operators are endowed71

with suitable inter-element and boundary coupling procedures using simultaneous-approximation-72

terms (SAT) for the imposition of interface coupling [16, 34–36, 81, 82] and boundary conditions73

[27, 80, 97]. The reader is referred to the review papers of Svärd and Nordström [96] and Del74

Rey Fernández et al. [30] for a general presentation of SBP operators and theory.75

By constructing schemes that are discretely mimetic of the continuous stability analysis, the76

need to assume exact integration in the stability proofs is eliminated (see, for example, the work of77

Hughes et al. [55]). These ideas have been extended to include p- and hp-adaptive discontinuous-78

Galerkin methods (sometimes referred to as discontinuous collocated spectral elements) [32, 35, 36],79

modal based schemes [19, 20], schemes on general elements [23, 25, 33], and fully discrete entropy-80

stable algorithms [43, 85]. Here, we use the hp-adaptive methods presented in [32, 35, 36] and the81

relaxation Runge–Kutta schemes introduced in [85], which allow the construction of fully-discrete82

entropy stable discretizations with a method-of-lines approach. The spatial discretizations are83

equivalent to discontinuous collocated Galerkin methods with the summation-by-parts property84

[34, 46].85

Until recently, the superior robustness of entropy stable discretizations was investigated only86

for inviscid flows [48, 83, 104] or low-speed viscous flows [42, 65]. Recently, Rojas et al. [87]87

have demonstrated that low- and high-order entropy stable discontinuous spatial discretizations88

based on SBP–SAT operators provide a credible step toward a reliable and robust technology89

for both under-resolved turbulent flow simulations at different compressibility regimes and flows90

with discontinuities. However, Rojas and co-authors [87] focused on “canonical” flow problems,91

including the viscous Taylor–Green vortex, the compressible homogeneous isotropic turbulence,92

and the flow past a supersonic bar with square cross-section.93

Here, we further verify and validate low- and high-order entropy stable discontinuous spatial94

discretizations based on SBP–SAT operators with challenging test cases. We numerically demon-95

strate that these algorithms do not need to be stabilized for practical simulations, do not require96

tuning parameters for each specific problem configuration, can deliver solutions with engineering97

accuracy with smaller or comparable number of DOFs than many widely used schemes, and, there-98

fore, have reached a level of maturity such that they can gradually be incorporated into the next99

generation of CFD tools [71]. In fact, as we will show, these methods are extremely robust, and100

do not require parameter tuning for each specific problem configuration.101

The algorithms used here are implemented in the fully unstructured entropy stable discontinu-102
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ous collocated Galerkin (SSDC) solver that is under development at King Abdullah University of103

Science and Technology (KAUST). The algorithmic details and the verification of the spatial and104

temporal components of the SSDC solver have been reported in several proof-of-concept publica-105

tions. Application of the spatial discretizations for p- and hp-nonconforming interfaces and inviscid106

and viscous flows have been published in [35, 36]. Optimization and verification of the metric terms107

in the context of entropy-stable spatial discretizations are reported in [86]. Under-resolved turbu-108

lent flow simulations at different compressibility regimes and flows with discontinuities for canonical109

viscous flow problems have been investigated in [87]. Entropy-stable adiabatic wall-boundary condi-110

tions have been verified in [27, 80]. Accuracy studies of the fully-discrete entropy-stable algorithms111

in the context of relaxation Runge–Kutta methods are published in [84, 85].112

Finally, we remark that the nonlinear stability of a spatio-temporal discretization is a first113

step towards a provably convergent numerical scheme. In the context of the compressible Navier–114

Stokes equations, entropy stability must be complemented with positivity arguments in order to115

obtain a complete stability proof. Further fundamental issues must also be addressed in order to116

construct provably convergent numerical schemes. First, the well-posedness of the compressible117

Navier–Stokes equations must be established; second, proofs of the sufficiency of entropy stability118

(the type we discuss in this paper) for the convergence of the discrete scheme, or at the very least,119

the correct first step, are still missing. We do not have answers for these questions and we believe120

that they are important problems for the CFD community to continue to work on. However,121

these existential problems are currently faced by all and solved by none. The results presented122

herein demonstrate that the proposed algorithms have preferential properties, relative to standard123

low-order methods, for the class of problems we consider.124

The paper is organized as follows. Section 2 gives a brief overview of the key elements of125

the fully-discrete hp-adaptive entropy stable discontinuous collocated Galerkin method for the126

compressible Naiver–Stokes equations. Section 3 presents the numerical results for a large set of127

complex problems. Some of the configurations considered are part of the advanced test case suite128

proposed in the 5th International Workshop on High–Order CFD Methods (HiOCFD5) [18], while129

the last test case is the challenging NASA juncture flow experiment of an aircraft [64]. In Section 4,130

we provide an overview of the parallel performance of the SSDC solver considering weak and strong131

scaling tests. Finally, conclusions are drawn in Section 5.132

2. Algorithm overview133

In this section, we review the main components of the spatial and temporal discretizations134

implemented in the SSDC solver as applied to the compressible Navier–Stokes equations; for addi-135

tional details, readers are referred to [16, 32, 35, 36, 80, 81]. A cornerstone of the SSDC algorithms136

and flow solver are their provable stability properties. In this context, entropy stability is the137

tool that is used to demonstrate non–linear stability for the compressible Navier–Stokes equations,138

which is the starting point of this section. Next, we give a brief review of the entropy stability139

analysis for this system of mixed hyperbolic/parabolic equations and provide a high-level overview140

of the discretization techniques implemented in our solver.141
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2.1. A brief review of the entropy stability analysis142

The compressible Navier–Stokes equations in Cartesian coordinates read143 
∂q
∂t +

3∑
m=1

∂fIxm
∂xm

=
3∑

m=1

∂fVxm
∂xm

, ∀ (x1, x2, x3) ∈ Ω, t ≥ 0,

q (x1, x2, x3, t) = g(B) (x1, x2, x3, t) , ∀ (x1, x2, x3) ∈ Γ, t ≥ 0,

q (x1, x2, x3, 0) = g(0) (x1, x2, x3) , ∀ (x1, x2, x3) ∈ Ω,

(1)

where the vectors q, fIxm , and fVxm are denoted as the conserved variables, the inviscid fluxes,144

and the viscous fluxes, respectively. The boundary data, g(B), and the initial condition, g(0), are145

assumed to be in L2(Ω), with the further assumption that g(B) coincides with linear, well–posed146

boundary conditions, prescribed in such a way that either entropy conservation or entropy stability147

is achieved.148

The vector of conserved variables is given by

q = [ρ, ρU1, ρU2, ρU3, ρE ]T ,

where ρ denotes the density, U = [U1,U2,U3]T is the velocity vector, and E is the specific total149

energy. The inviscid fluxes are given as150

fIxm = [ρUm, ρUmU1 + δm,1P, ρUmU2 + δm,2P, ρUmU3 + δm,3P, ρUmH]T , (2)

where P is the pressure, H is the specific total enthalpy and δi,j is the Kronecker delta. The
required constituent relations are

H = cPT +
1

2
UTU , P = ρRT , R =

Ru
Mw

,

where T is the temperature, Ru is the universal gas constant, Mw is the molecular weight of the
gas, and cP is the specific heat capacity at constant pressure. Finally, the specific thermodynamic
entropy is given as

s =
R

γ − 1
log

(
T
T∞

)
−R log

(
ρ

ρ∞

)
, γ =

cp
cp −R

,

where T∞ and ρ∞ are the reference temperature and density, respectively.151

The viscous fluxes FV
xm are given by152

fVxm =

[
0, τ1,m, τ2,m, τ3,m,

3∑
i=1

τi,mUi + κ
∂T
∂xm

]T

, (3)

while the viscous stresses are defined as153

τi,j = µ

(
∂Ui
∂xj

+
∂Uj
∂xi
− δi,j

2

3

3∑
n=1

∂Un
∂xn

)
, (4)

where µ(T ) is the dynamic viscosity and κ(T ) is the thermal conductivity.154
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The compressible Navier–Stokes equations given in (1) have a convex extension (a redundant155

sixth equation constructed from a nonlinear combination of the mass, momentum, and energy156

equations) that, when integrated over the physical domain, only depends on the boundary data157

and on negative semi-definite dissipation terms. Such convex extension provides a mechanism for158

proving stability in the L2 norm; it depends on an entropy function, s, that is constructed from159

the thermodynamic entropy as160

s = −ρs, (5)

where s is the thermodynamic entropy. The entropy variables, w, are an alternative variable161

set related to the conservative variables via a one-to-one mapping. They are defined in terms of162

the entropy function s by the relation wT ≡ ∂s/∂q and they are extensively used in the entropy163

stability proofs of the algorithm presented herein; see for instance [16, 36, 82]. In addition, they164

simultaneously symmetrize the inviscid and the viscous flux Jacobians in all three spatial directions.165

We note again that the entropy stability is not a full measure of nonlinear stability because it relies166

on the assumption of positivity of the thermodynamic variables. Positivity of the thermodynamic167

variables is necessary for maintaining the convexity of the entropy entropy function and hence, for168

establishing a one-to-one mapping between the conservative variables and the entropy variables169

[98].170

Entropy stability of the viscous terms in the compressible Navier–Stokes equations (1) is readily171

demonstrated by exploiting the symmetrizing properties of the entropy variables. Thus, the viscous172

fluxes are recast in terms of the entropy variables as173

fVxm =
3∑
j=1

Cm,j
∂w

∂xj
, (6)

with the flux Jacobian matrices satisfying Cm,j = (Cj,m)T and Cm,j ≥ 0 (see [40, 80] for their174

construction). For further details on continuous entropy analysis, see, for example, [17, 26, 80].175

2.2. Discretization176

The approximation of the compressible Navier–Stokes equations proceeds by partitioning the177

domain Ω into K non-overlapping elements. On the κ-th element, the generic entropy stable178

discretization of (1) reads179

dqκ
dt

+

3∑
m=1

2DI,κxm ◦ Fxm (qκ, qκ)1κ =

3∑
m,j=1

DV1,κxm [Cm,j ]θj + SATI + SATV + dissI + dissV1 , (7)

where the vector qκ is the discrete solution at the mesh nodes, and the vectors dissI and dissV180

are interface dissipation terms for the inviscid and viscous portions of the equations, respectively.181

To mimic the continuous entropy stability analysis, the derivatives of the inviscid fluxes are ap-182

proximated in a special way [36], i.e.,183

∂fIxm
∂xm

≈ 2DI,κxm ◦ Fxm (qκ, qκ)1κ, (8)

where DI,κxm is a differentiation matrix for the xm direction, ◦ is the Hadamard product (entry-184

wise multiplication), Fxm (qκ, qκ) is a two-point flux function matrix, and 1κ is a vector of ones.185
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Numerically, we solve PDEs in computational coordinates, (ξ1, ξ2, ξ3) ⊂ R3, where each cell is lo-186

cally transformed to the reference element using a pull-back curvilinear coordinate transformation.187

The matrix DI,κxm is an SBP operator constructed by discretizing the skew-symmetric split of the188

Cartesian derivative [36], i.e.,189

∂f

∂xm
=

J−1

2

3∑
l=1

(
∂

∂ξl

(
J
∂ξl
∂xm

f

)
+ J

∂ξl
∂xm

∂f

ξl

)
, (9)

where J is the metric Jacobian. The equality in (9) holds because the metric terms satisfy the190

following geometric conservation laws (GCL) [36, 86]191

3∑
l=1

∂

∂ξl

(
J
∂ξl
∂xm

)
= 0, m = 1, 2, 3. (10)

The differentiation matrix DI,κxm is constructed as192

DI,κxm ≡
1

2
J−1
κ

3∑
l=1

(
Dξl

[
J ∂ξl
∂xm

]
κ

+

[
J ∂ξl
∂xm

]
κ

Dξl

)
, (11)

where Jκ denotes the determinant of the discrete Jacobian, Dξl is an SBP operator approximating193

∂
∂ξ , while

[
J ∂ξl
∂xm

]
κ

denotes the discrete metric terms that need to satisfy a discrete version of the194

GCL conditions (10). On the other hand, the differentiation matrix, DV1,κxm , is constructed as195

DV1,κxm ≡ J−1
κ

3∑
l=1

Dξl

[
J ∂ξl
∂xm

]
κ

. (12)

Furthermore, the derivative of the entropy variables, w, is approximated as196

θa = DV2,κxa wκ + SATV2 ≈ ∂w

∂xa
. (13)

The differentiation matrix DV2,κxj in (13) is defined as197

DV2,κxj ≡ J−1
κ

3∑
a=1

[
J ∂ξa
∂xj

]
κ

Dξa . (14)

The metric terms
[
J ∂ξl
∂xm

]
κ

and
[
J ∂ξa
∂xj

]
κ

have been color-coded to highlight that these terms can198

be computed in different ways. In the SSDC solver, these metrics terms are computed based upon199

the optimization procedure of Crean et al. [25]. Algorithmic details for conforming interfaces are200

given in [86]; for p- and hp-nonconforming interfaces, the interested reader is referred to [32, 35, 36].201

The terms SAT are the Simultaneous Approximation Terms that weakly couple neighboring
elements (see, for instance, [36, 81]) or impose boundary conditions (see, for instance, [27, 80]).
Here, they are composed of an inviscid and a viscous contribution, i.e., SAT = SATI + SATV ,
and are generically constructed from the difference of the flux on the element boundary Γκ and a
numerical flux, in order to properly approximate∫

Γκ

v
(
fxm − f∗xm

)
nxmdΓ,
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where nxm is the m-th component of the outward facing unit normal, and v is a smooth test202

function. Moreover, f∗xm is the unique (for conservation) numerical flux function. The specific203

form of this flux function will depend on what type of SAT is being enforced, i.e., interface or204

boundary condition. In addition, SAT terms are designed to extend the mimetic properties of the205

scheme and its stability from the element level to the full discretization. Stability proofs also hold206

in the presence of p- and hp-nonconforming interfaces between elements by using SBP-preserving207

interpolation operators and non-standard approximations of the metric terms; see [32, 35] for208

p-nonconforming interfaces, and [36] for hp-nonconforming interfaces.209

At the beginning of the simulation, the metric terms are computed in order to satisfy the210

discrete GCL conditions. Explicit Runge–Kutta schemes are then used to integrate the system211

of nonlinear ordinary differential equations (ODEs) arising from the spatial discretization of the212

compressible Navier–Stokes equations. Within a Runge–Kutta stage, the right-hand side of the213

ODE system is computed using the following steps:214

1. Construct the gradient of the entropy variables, θj ;215

2. Compute the inviscid terms, 2Dxm ◦ Fxm (qκ, qκ)1κ;216

3. Compute the viscous terms, Dxm [Cm,j ]θj ;217

4. Compute the interface and boundary SAT and diss terms.218

To obtain a full space-time entropy stable discretizations, the base Runge–Kutta schemes are219

extended with a relaxation procedure [85].220

Remark 1. In analogy with the continuous case, the discretely entropy stable scheme results in221

a stability statement only under the assumption of positivity of the thermodynamic variables. We222

remark that for all the test cases considered in this manuscript, none of the runs violated the223

positivity assumption.224

2.3. Software implementation225

The SSDC solver used in this work is being developed in the Advanced Algorithms and Nu-226

merical Simulations Laboratory (AANSLab), which is part of the Extreme Computing Research227

Center (ECRC) at King Abdullah University of Science and Technology (KAUST).228

Our framework is built on top of the highly-scalable Portable and Extensible Toolkit for229

Scientific computing (PETSc) [5], its mesh topology abstraction (DMPlex) [66], and its scal-230

able differential-algebraic equation solver components [3]. The spatial discretization features hp-231

adaptive capabilities on unstructured quadrilateral/hexahedral meshes. Support for nonconforming232

meshes relies on the p4est software library [14, 58] and its bridge to PETSc’s DMPlex [59]. Lever-233

aging the capabilities of the PETSc library allows support for different mesh formats including234

fluent, Exodus II, CGNS and GMSH. Triangle/tetrahedral meshes are converted on the fly into235

quadrilateral/hexahedral elements; uniform and non-uniform mesh refinements algorithms are also236

available.237

3. Numerical results238

In all the verification and validation test cases presented here, we use the 3(2) Runge–Kutta239

pair proposed by Bogacki and Shampine [6] endowed with adaptive time-stepping based on digital240

signal processing techniques [94, 95]. This time integration scheme is extended with a relaxation241

procedure [85] to preserve in time the entropy stability property of the spatial discretization. In242
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the test cases presented next, static hp-adaptive capabilities are used for simulating the flows. The243

relative and absolute tolerances used for time adaptivity are set both to 10−8 for all test cases. All244

the grids are constructed using the commercial software Pointwise V18.3 released in September,245

2019; solid boundaries are always described using quadratic meshes. Contour plots and three-246

dimensional renderings are created with ParaView [4]. We use the term DOFs to indicate the247

number of collocated grid points.248

Finally, we highlight that for the cases involving adiabatic wall boundary conditions, the po-249

sition of the first LGL point off the wall is set to y+ ≈ 1, using the flat-plate boundary layer250

theory.251

3.1. Two-dimensional supersonic flow around a circular cylinder252

Many studies have shown that the supersonic flow in the wake of a stationary circular cylinder253

contains interesting features and complex structures, including shocks of different strengths. Fur-254

thermore, at high Reynolds’ numbers, the unsteady flows feature a large asymmetric recirculation255

zone and a vortex shedding downstream of the cylinder [9].256

In this section, we carry out inviscid simulations of supersonic flow past a two-dimensional257

circular cylinder of diameter D, placed in a channel at a Reynolds number Re = 104 and a Mach258

number Ma = 3.5. The computational domain extents are x1/D ∈ [−20, 20] and x2/D ∈ [−3, 3].259

Figure 1 shows an overview of the computational domain together with the distribution of the260

solution polynomial degree, p. The regions upstream and around the bow shock are discretized261

with p = 1; the region that surrounds the bow shock is further refined in space with one level262

of nonconforming h-refinement. The cylinder’s boundary layer and wake regions are discretized263

with p = 4 and one level of nonconforming h-refinement; a background degree p = 2 is used264

elsewhere. The total number of elements and degrees of freedom (DOFs) are ≈ 5.067 × 103 and265

≈ 33.95×103, respectively. Entropy stable adiabatic no-slip wall boundary conditions are enforced266

on the cylinder surface [27, 80]. Inviscid (slip) wall boundary conditions are imposed on the top267

and bottom horizontal boundaries, whereas far-field boundary conditions are used for the (left)268

inlet and the (right) outlet boundaries.269

x1

x2

C
y
li
n
d
erD

U
=

(U
∞
,

0
)

6D

Inviscid slip wall

30D10D

p = 4

p = 3

p = 3p = 2p = 2

p = 1

Figure 1: Computational domain, hp−nonconforming grid, and solution polynomial degree distribution, p, for the
simulation of the supersonic flow past a circular cylinder.

In Figure 2, we provide snapshots of the simulated scalars within a crop of the computational270

domain; we can clearly identify the bow shock pattern, its multiple reflections on both top and271

bottom boundaries of the channel, as well as the downstream unsteady structures. The normalized272
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(a) Density, ρ.

(b) Temperature, T .

(c) Velocity component in the x1 direction, U1.

(d) Velocity component in the x2 direction, U2.

Figure 2: Instantaneous scalar fields for the supersonic flow past a circular cylinder.

distance between the shock and the cylinder leading-edge obtained from the SSDC simulation is273

0.30. This value is in agreement with the analytical distance Λx/D ≈ 0.2 exp
(
4.67/Ma2

)
= 0.293274

reported by Boiron et al. [7].275

A quantitative analysis of the computational results can be performed, using the oblique shock276

wave theory [91]. At an oblique shock, the flow changes direction and there are three directions277

of interest: the upstream and downstream flow directions and the shock wave direction itself. The278

most useful relation of oblique shock wave theory is the one providing the deflection angle, θ, as a279

function of the shock wave angle, β, and local Mach number, Ma:280

tan (θ) = 2 cot (β)

[
Ma2 sin2 (β)− 1

Ma2 (γ + cos (2β)) + 2

]
. (15)

The shock wave angle, with respect to the incoming flow, may be evaluated at each location,281

whereas the flow deflection angle can be determined along the shock wave abscissa, s, from the282

local simulated flow properties upstream and downstream of the detached shock wave. Figure 3283
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compares the pair θ(s)-β(s) computed by post-processing the solution obtained with the SSDC284

solver against the results obtained with oblique shock-wave theory and the numerical results with285

the M4 mesh, with ≈ 1.04× 106 grid points, as reported in [9]. In that work, the viscous fluxes are286

approximated with an eighth-order accurate centered finite difference scheme, while an improved287

seventh-order accurate hybrid upwinded WENO scheme is used for the inviscid fluxes. The solid288

surface is described using an immersed boundary method. It can be seen that the SSDC results289

are in very good agreement with the theoretical curve and the numerical data set.290

20 22 24 26 28 30 32 34 36 38

40

60

80

θ

β

Shock wave theory

Numerical results [9]
SSDC solver

Figure 3: θ-β-Ma plot for the supersonic flow past a circular cylinder.

3.2. Shock wave past a two-dimensional wedge291

In this section, we numerically reproduce the experiment of Schardin [90], i.e., the flow gener-292

ated by a planar shock hitting a finite wedge. This type of configuration arises, for example, when293

a valve or membrane is suddenly opened and the resulting shock hits an obstacle while propagating294

downstream. Such interaction generates a complex flow pattern characterized by multiple Mach295

stems and triple points, reflected and scattered shock waves, slip lines, acoustic waves, and vortices,296

many of them interacting with each other. The shock-vortex interaction is conveniently divided297

into two stages [21]: the first stage extends to the point where the reflected shock is scattered in298

the form of accelerated and decelerated shocks by the vortex, and the second stage starts when the299

decelerated shock interacts with the vortexlets developed along the slip layer of the main vortex. As300

time passes, acoustic waves are generated and scattered, while the decelerated shock is attenuated.301

In our numerical experiment, we simulate a shock Mach number Mas = 1.34 impacting an302

equilateral triangle with a front vertex angle of 55◦ and a side length denoted by `. The Reynolds303

number, based on the length of the wedge-face, the shock speed, the density, and the viscosity of304

the low pressure side shock, is Re = 2.15 × 105. For this configuration, both experimental and305

computational results are available; see, for instance, [9, 21, 90]. The computational domain is set306

to x1/`× x2/` ∈ [−5, 6]× [0, 9], with half of the wedge placed at the center of the lower horizontal307

boundary, as illustrated in Figure 4. The front vertex of the triangle is placed at x1/` = 0. The308

domain is sufficiently large to keep the reflected waves away from the region around the wedge. The309

regions near and downstream of the wedge are discretized with a solution polynomial degree p = 3,310
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Figure 4: Computational domain, mesh, and solution polynomial degree distribution, p, for Schardin’s problem.
p = 3 inside the dashed box and p = 2 elsewhere.

whereas in the rest of the domain, we use a polynomial degree p = 2 (see Figure 4). The total311

number of elements and DOFs are ≈ 88.29× 103 and ≈ 1.291× 106, respectively. Entropy stable312

adiabatic no-slip wall boundary conditions are applied to the wedge surface [27, 80]. Symmetry313

boundary conditions are imposed on the bottom boundary, whereas far-field boundary conditions314

are used elsewhere. The initial condition is a right-moving shock at Ma = 1.34, located in front of315

the wedge at x1/` = −1.316

Figure 5 shows the comparison of the instantaneous experimental shadowgraph of Chang and317

Chang [21] and the numerical Schlieren computed with the SSDC solver at t = 138 µs (t = 0318

correspond to the instant at which the incident shock reaches the wedge nose). The flow topology319

downstream of the wedge, including the bow shock, the tip vortices, the first downstream shock320

triple point, and the contact surfaces that extend between the tip vortices and the second shock321

triple point, are in very good agreement with the experimental measurements.322

Figure 5: Comparison of the experimental shadowgraph [21] (top-half) and the numerical Schlieren computed with
the SSDC solver (bottom-half) at t = 138 µs for Schardin’s problem.
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Figure 6: Triple point trajectory and locus of vortex center for Schardin’s problem.

Figure 6 compares the present simulation against the Ray-shock theory [103], the experiments323

of Chang and Chang [21], and the numerical results of Boukharfane et al. [9] and Chaudhuri et al.324

[22]. Specifically, Chaudhuri et al. [22] use a fifth-order WENO scheme in conjunction with a325

fourth-order compact central differencing formula for the diffusive terms. A Cartesian grid based326

immersed boundary method is used to describe the solid boundaries. We observe that the time327

evolution of the two triple points (TP1 and TP2) and the locus of vortex core (V) are in good328

agreement with the experimental and numerical results reported in the literature [9].329

3.3. Three-dimensional sub-critical flow past a circular cylinder330

In this section, we report on the scale–resolving capabilities of our solver by considering the flow331

past a circular cylinder at Re = 3.9× 103, 2.0× 104, and 1.4× 105, based on the cylinder diameter332

D, and the freestream velocity U∞. For all test cases, the Mach number is set to Ma = 0.1. The333

flow past a circular cylinder characterized by Re = 3.9 × 103 is perhaps the most documented334

benchmark case in the literature [77, 79]. For the Reynolds numbers considered in this study,335

the flow is in the sub–critical regime where the separation is laminar and the turbulent transition336

occurs in the free shear–layer. Furthermore, by increasing the Reynolds number, the transition337

location moves towards the cylinder [105]. Periodicity of the flow is assumed in the span-wise338

direction, and entropy stable adiabatic wall boundary conditions are imposed on the cylinder wall339

[27, 80]. Far-field boundary conditions are imposed on the remaining boundaries.340

Figure 7 shows the distribution of the solution polynomial degree in the computational domain,341

ranging from p = 2 to p = 5. This statically chosen p-refinement strategy increases the degree342

according to the complexity of the flow, with higher polynomial degrees used in the region where343

the boundary–layer becomes thinner and the separated shear–layer transitions to a strong fully–344

turbulent vortex shedding. The total number of elements and DOFs are ≈ 8.910 × 104 and ≈345

1.432× 107, respectively.346

To appreciate how the numerical schemes implemented in the SSDC solver capture the mean347

features of the flow at these Reynolds numbers, in Figure 8, we plot the isosurfaces of the second348

invariant of the velocity deformation tensor (Q-criterion), colored by the streamwise velocity U1. In349
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Figure 7: Computational domain, grid, and distribution of the solution polynomial degree, p, for the subsonic flow
past a circular cylinder.

Re = 3.9× 103

Re = 2.0× 104
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Figure 8: Flow structure view behind the circular cylinder. Isosurfaces of the second invariant of the velocity
deformation tensor (Q-criterion) colored by the module of the velocity component U1.

agreement with the flow visualization results of de la Llave Plata et al. [28] and Tremblay [100], we350

observe a shrinkage of the recirculation bubble and an increase of intensity of the vortex shedding351
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Figure 9: Velocity statistics on the wake centerline and near-wake velocity statistic for the subsonic flow past a
circular cylinder at Re = 3.9× 103.

352

Figure 9(a) shows the evolution of the mean velocity component, 〈U1〉, along the entire trail353

(x2 = 0 line) located in the plane x3/D = 2. In the same plot, we also provide a comparison against354

the experimental PIV results of Parnaudeau et al. [79] and the LES simulations of de la Llave Plata355

et al. [28], obtained using a variational multi-scale discontinuous Galerkin method. The experi-356

mental 〈U1〉 distribution, which first decreases to a minimum value, then recovers monotonically in357

the far wake region, and eventually converges towards the external velocity Uext, is well captured358

by both solvers. In the recovery region up to x1/D ≈ 4, we observe a good agreement between the359

SSDC solution and the reference PIV data reported in Parnaudeau et al. [79]. Further validations360

of the wake statistics for both solvers are reported in Figure 9(b-c-d).361

Figure 10 presents the mean pressure coefficient distribution, CP = 2(〈P〉 − P∞)/(ρ∞U2
1 ),362

computed on the surface of the cylinder for Re = 2.0 × 104. The angle θ = 0◦ corresponds to the363

front stagnation point, whereas θ = 180◦ corresponds to the back of the surface. For symmetry364

reasons, results for the lower half of the cylinder are not reported. We compare our results with365

the experiment of Norberg [77] and the numerical results of Moussaed et al. [76] obtained with366

a variational multi-scale approach combined with the wall-adapting local eddy-viscosity (WALE)367

model. The overall agreement is good. The location of the minimum pressure coefficient and the368

extent of the region, along the back of the cylinder where the pressure coefficient is essentially369

constant, are well reproduced.370
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Figure 10: Distribution of the mean pressure coefficient, CP , along the surface of the cylinder; Re = 2.0× 104.
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Figure 11: Velocity statistics on the wake centerline and wake velocity statistics at x1/D = 1 for the subsonic flow
past a circular cylinder at Re = 1.4× 105.

The mean streamwise velocity along the centerline of the cylinder, as well as the mean cross-371

flow velocity statistics at x1/D = 1.0, are shown in Figure 11, for Re = 1.4 × 105. Figure 11(a),372

we observe that the length of the recirculation region is well captured and is in good agreement373

with the experimental results of Cantwell and Coles [15]. However, due to the lower resolution374

in the recirculation region, the streamwise velocity underpredicts the experimental data. As can375

be seen in Figure 11(b-c), the wake statistics at x1/D = 1.0 are in good agreement with the376

experiments of Cantwell and Coles [15] and the numerical results of de la Llave Plata et al. [28].377
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The discrepancies observed in the statistics of the shear stress 〈U ′1U ′2〉 are in accordance with the378

mesh-independent findings of Breuer [12] (see Figure 11(d)). These discrepancies might be due to379

the different conditions between the experiment and the simulations, e.g. realizing zero turbulence380

at the inlet in the physical setup.381

3.4. Flow past two spheres in tandem382

In this section, we investigate the flow past two identical spheres of diameter D, located at383

separation distances of 10D, at a subcritical/transitional flow regime with a Reynolds number384

equal to Re = U∞D/ν = 3.9 × 103, and a near-incompressibility Mach number Ma = 0.1. Here,385

we use the upstream flow conditions of the first sphere to define the similarity parameters, e.g.,386

U∞ is the freestream velocity. This configuration is part of the benchmarks proposed for the 5th
387

International Workshop on High-Order CFD Methods (HiOCFD5) [18].388

Despite the simplicity of the geometry, capturing the flow in this regime is quite challeng-389

ing. The complexity of the flow field is clearly visible in Figure 12 where the isosurfaces of the390

Q-criterion colored by the streamwise velocity component U1 are plotted. We observe that the391

vortex rings immediately behind the first sphere and the vortical structure in the near wake are392

very similar to those observed numerically by Dorschner et al. [38]. The coexistence of a thin shear393

layer that develops from the front sphere, the laminar transition of the wake of the first sphere that394

impacts and interacts with the flow past the second sphere, and the complex unsteady multiscale395

flow features at these low Mach and transitional Reynolds numbers together pose various numerical396

difficulties that have to be carefully handled and resolved by both the spatial and temporal integra-397

tion algorithms. Therefore, this is an interesting benchmark for assessing the accuracy, robustness,398

and efficiency of the SSDC solver.399

Figure 12: Isosurfaces of the Q-criterion colored by the magnitude of vorticity for the flow past two spheres in
tandem.

We perform the numerical simulations using one of the high-order grids in Gmsh format (namely400

TandemSpheres-HexMesh2P2.msh) provided by Steve Karman of Pointwise for the HiOCFD5 [18].401

In this study, this mesh is used in combination with four different solution polynomial degrees p =402

2, 4, 6, 8. The combinations are labeled as QUADp, where the abbreviation QUAD indicates that the403

boundary faces used to describe the spherical geometries are represented by a quadratic polynomial.404

The integer p associated with the labels corresponds to the solution polynomial degree of the SSDC405

scheme. The four simulations have respectively ≈ 5.300 × 105, ≈ 2.450 × 106, ≈ 6.740 × 106, and406

≈ 1.432×107 DOFs. The time-averaged collection of data is performed within the non-dimensional407

convective time scale tU∞/D ∈ [100, 200].408

Figure 13(a) shows the variation of mean streamwise velocity along the centerline for p = 2, 4, 6,409

and 8. We observe that, as the polynomial degree increases, the mean streamwise velocity converges410

to a well-defined distribution. In particular, for p = 6, the minimum velocity, as well as the size411

of the recirculation zone, matches the results computed with the most refined solution, i.e., p = 8412
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Figure 13: (a) Mean streamwise velocity, and (b) mean density (solid line) and temperature (dashed line) along the
tandem spheres centerline.

on the finest grid. The negative values of the streamwise velocity in the recirculation bubble is413

higher for the second sphere than for the first sphere. When the regime goes from subcritical to414

fully turbulent, the velocity deficit in the wake increases as the size of the bubble decreases (see415

Figure 12). Similar conclusions can be drawn from Figure 13(b), where the variation of density416

and temperature along the same centerline are plotted.417

The convergence study for the mean average pressure coefficient, CP , is shown in Figure 14(a).418

First, as expected, the distribution of the pressure on the surface of the sphere is symmetric, since419

the incoming flow and the geometry of the problem are both symmetric. Second, we observe that420

by increasing the solution polynomial degree, the coefficient CP also converges to a well-defined421

distribution computed by the SSDC solver, using p = 8 on the finest grid. We also observe that422

the angular position of the minimum value of CP is well-captured for all the polynomial degrees,423

whereas the back pressure is slightly underestimated for the lower polynomial degrees. Furthermore,424

it appears that the flow past the second sphere requires more time to reach a converged CP425

distribution in the back region.426

The wake mean flow normalized cross Reynolds stresses 〈U ′1U ′2〉/U2
∞ are depicted in Figure 14(b).427

These stress distributions reveal the near-wake structure associated with the changes in the base-428

suction coefficient. In particular, they highlight that the recirculation region of the first sphere is429

relatively large whereas a smaller region is present behind the second sphere, for which the flow430

regime is completely turbulent. For high p, peaks in the stresses are displaced at a distance < 4D,431

and their levels are found to be higher in the wake of the second sphere. This is consistent with432

the higher level of turbulence intensity passing through the second sphere.433

3.5. Homogeneous isotropic turbulence434

We use a homogeneous isotropic turbulence test case to assess the resolution capabilities of435

the SSDC solver for broadband turbulent flows. The assessment is quantitatively measured by436

the predicted turbulent kinetic energy spectrum. Isotropic turbulence is an idealized turbulent437

flow, and different possible states at any specified point in the flow field are equally probable. We438

consider the decaying of compressible isotropic turbulence with an initial turbulent Mach number439

of Mat = 0.1 (near-incompressible regime) and Mat = 0.3 (nonlinear subsonic regime), both at a440
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Figure 14: (a) Mean pressure coefficient, CP , on the surface of the first sphere (solid lines) and of the second sphere
(dashed lines) at a symmetry plane passing through the centers of both spheres. (b) Normalized Reynolds stresses
〈U ′1U ′2〉/U2

∞ on transverse sections x1/D = 2, 4, 6, 8, 12, 14, 16 and 18, for the flow past two spheres in tandem.

Reynolds number based on the Taylor microscale of Reλ = 72. These parameter values have been441

investigated by Samtaney et al. [89] using DNS with a tenth-order accurate Padé scheme. Here,442

Mat and Reλ are, respectively, defined as443

Mat =
U ′

〈c〉
= Ma

U ′

〈
√
T 〉
, (16)

444

Reλ =
U ′λ〈ρ〉
〈µ〉

= Re
U ′λ〈ρ〉√

3〈µ〉
, (17)

where the root mean square (RMS) of the velocity magnitude fluctuations is computed as U ′ =445

〈UiUi/3〉1/2, and the normalized Taylor microscale λ is defined by446

λ =

√√√√√ U ′2〈(
∂U1
∂x1

)2
+
(
∂U2
∂x2

)2
+
(
∂U3
∂x3

)2
〉 , (18)

where 〈·〉 denotes a volume average over the computational domain Ω. The simulation domain is447

a triply periodic box of length 2π. The initial hydrodynamic field is divergence-free and has an448

energy spectrum given by449

E(k) = A0k
4 exp

(
−2k2/k2

0

)
, (19)

where k, k0, and A are the wave number, the spectrum’s peak wave number, and the constant450

chosen to get a specified initial turbulent kinetic energy, respectively. Here, we set k0 = 8 and451

A0 = 0.00013. The thermodynamic field is specified in the same manner as the cases D1 and D5452

presented in [8, 89]. For the decaying of compressible turbulence, as time evolves, both Mat and453

Reλ decrease. Therefore, the flow fields are smooth without strong shocklets.454

In Figure 15, the path lines on the computational domain boundaries are plotted using the455

line integral convolution technique. The velocity field at t/τ = 2 clearly contains smaller scales456

19



(a) t/τ = 0. (b) t/τ = 2.

Figure 15: Path lines on the boundary surfaces of the velocity field colored by the magnitude of vorticity computed
with the SSDC solver using p = 7 on a grid with 163 hexahedral elements; Mat = 0.3 and Reλ = 72.

than the initial field. Herein, τ = L1/U ′ is the initial large-eddy turnover time with L1 being the457

integral length scale.458

Figure 16 shows the decaying history of the resolved turbulent kinetic energy EK = 1/2〈ρUiUi〉,459

the Reynolds number based on Taylor microscale, and the normalized RMS density fluctuations460

versus t/τ . Except for slight underpredictions for t/τ < 1 due to the initialization, we observe461

a very good agreement between the SSDC solutions computed with 323 hexahedral elements and462

p = 3, 163 hexahedral cells and p = 7, and the reference solution of Samtaney et al. [89]. The latter463

is computed using a tenth-order accurate Padé method on a grid of 1283 points. Figures 16(d-h)464

show the longitudinal velocity derivative skewness S3 = 〈(∂u3/∂x3)3〉/〈(∂u3/∂x3)2〉3/2, which is465

a typical quantity used to characterize the rate of vorticity production by vortex stretching [74].466

The transition region in which the skewness evolves from zero to an average value of about −0.45467

is clearly visible. This value is in good agreement with data available in the literature [99].468

3.6. Flow around a Valeo controlled-diffusion blade469

In this section we present simulations of the flow around the 3D Valeo controlled-diffusion470

(Valeo-CD) blade featuring a thin and cambered airfoil [75]. The simulation around this geometry471

is intended to be a test for aeroacoustic analysis of the noise generated at the trailing edge of any472

lifting surface by the scattering of boundary-layer vortical disturbances into acoustic waves. Such473

noise, also known as broadband self-noise, can become the dominant source of noise generated by474

rotating machines such as fans, turbo-engines, wind turbines and other high-lift devices [10, 75].475

The setup of the simulations is based on the experiments and numerical simulations reported in476

Boukharfane et al. [10]. The domain extends ten airfoil chords, 10c, in both the streamwise and477

wall-normal directions from the airfoil to allow for a velocity inlet boundary condition to act as478

free-stream. A sufficiently long spanwise domain size Lx3 is important for the proper development479

of three-dimensional turbulent structures, and the associated turbulent statistics. Boukharfane480

et al. [10] presented a comprehensive methodology to estimate its values and recommended a481

spanwise size of Lx3 which is adopted in all our simulations to capture correctly large-scale turbulent482

structures. The 3D mesh of the blade is obtained by extruding a 2D grid over a clean airfoil in the483

spanwise direction.484
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Figure 16: Compressible isotropic turbulence; (a-b-c-d) Mat = 0.3 and Reλ = 72, and (e-f-g-h) Mat = 0.1 and
Reλ = 72.
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Case Ma = U∞√
γRT∞

Re = U∞c
ν AoA Lx3 Ncells p #DOFs

AOA4p2 0.3 8.30× 105 4◦ 10% c 8.500× 105 2 2.295× 107

AOA4p6 0.3 8.30× 105 4◦ 10% c 6.864× 104 6 2.354× 107

AOA7p3 0.3 8.30× 105 7◦ 10% c 8.500× 105 3 5.440× 107

AOA7p7 0.3 8.30× 105 7◦ 10% c 1.086× 104 7 5.558× 107

Table 1: Main parameters used for the simulations of the Valeo-CD blade.

Table 1 reports the Mach and Reynolds numbers, Ma and Re, the angle of attack (AoA), the485

extrusion length in the x3 direction, Lx3 , the number of hexahedral elements, Ncells, the solution486

polynomial degree, p, and the total number of DOFs for the four simulations considered. The487

similarity parameters Ma and Re are based on the undisturbed upstream flow conditions (denoted488

with the subscript ∞) and the chord length of the airfoil, c.489

For each angle of attack, we perform two different simulations by varying the polynomial490

approximation while trying to keep the number of DOFs fixed. In order to obtain a uniform491

distribution of cells in the far-field, we consider a circular-shaped inlet boundary, as shown in492

Figure 17. Adiabatic no-slip wall boundary conditions are applied to the airfoil surface, whereas493

symmetry boundary conditions are used in the spanwise direction. Far-field boundary conditions494

are imposed on the other boundaries.
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Figure 17: Sketch of the numerical set-up and computational domain (α stands for AoA).

495

The flow topology obtained with the SSDC solver is first illustrated in Figure 18 by using496

a typical instantaneous contours of a constant Q–criterion factor, colored by an instantaneous497

streamwise velocity, which shows the level of vorticity and the size of the turbulent structures in498

the flow. For both angles of attack, the boundary layer is laminar in the lower pressure side of the499

airfoil, whereas the upper part features a transitional and turbulent boundary layer. The 4◦ case500

(top plot of Figure 18) shows a late transition from a laminar to a turbulent state in the shear layer501

compared with the 7◦ case (bottom plot), where such transition then results in a more massive502

generation of vorticity downstream of the leading edge, with larger vortices shed from the suction503

side of the blade.504
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(a) Global view for the case AOA4p6 (top) and AOA7p7 (bottom).

(b) Top view for the case AOA4p6. (c) Top view for the case AOA7p7.

Figure 18: Instantaneous visualization of the flow field described by the Q-criterion (= 400s−1 isocontours), colored
by the streamwise velocity component, U1, for the Valeo-CD blade.

In Figure 19, we compare the computed mean static pressure distribution, CP , with the wind-505

tunnel measurements and LES computations presented in [10, 11] and performed with an unstruc-506

tured finite-volume code employing a grid-adaptive reconstruction strategy, blending a high-order507

polynomial interpolation with low-order upwind fluxes [50]. The SSDC results are in very good508

agreement with the experiments for both angles of attack and each solution polynomial degree.509

Note that the lower polynomial degree solutions appear to be in better agreement with the ex-510

periment near the leading edge than with those from the higher order simulations8. However, the511

higher order accurate solutions are closer to the highly wall-resolved LES of Boukharfane et al.512

[10], for both angles of attack. This behavior is due to small differences in the numerical solutions513

in the region of the separation bubble. Differences in the length of the separation bubble between514

the two approximation degrees may be caused by the fact that our simulations, as well as those515

performed by Boukharfane et al. [10], do not account for i) the jet shear layer, ii) the possible516

introduction of the freestream turbulence, and iii) the effect of acoustic forcing terms on the shear517

layer instability that may lead to a reduction in the length of the separation bubble and, therefore,518

affect the experimental values of CP reported in [60]. Obviously, the agreement between the sim-519

8It is noteworthy that the design of the mesh was performed in such a way that the high order polynomial solutions
contains more LGL point than the low order solutions.
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ulations with low-order polynomial solution and the experiment at the leading edge is fortuitous.520

Nevertheless, it is interesting to note that the simulations of flow over such lifting surfaces, which521

feature an earlier transition to turbulence near the leading edge, require careful grid design to take522

into account all the essential flow scales [67]. In fact, establishing grid independence, especially in523

the leading edge region, is important for trustworthy simulations.
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Figure 19: Mean pressure coefficient, CP , for flow past the Valeo-CD blade.

524

A more detailed description of the mean flow topology is given in Figures 20 and 21 which show525

the profiles of the time-averaged velocity field and of the diagonal components of the Reynolds526

tensor in the near-wall region. The agreement with the numerical results of [10] is, in general, good527

for the time-averaged velocity. As shown in Figure 21, the trend followed by all of the Reynolds
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Figure 20: Mean velocity profiles at four different stations at the suction side (x1/c = 0.2, 0.4, 0.6 and 0.8) for the
AOA4p2 case.

528

tensor components is correctly captured at different locations, with a maximum deviation of ≈17%529

with respect to the results reported in [10]. Velocity profiles in the various regions (laminar bubble,530

transition to turbulence, turbulent reattachment, and turbulent boundary layer development) are531

well reproduced by the AOA4p2 simulations, whereas prediction capabilities are reduced downstream532

of x1/c ≈ 0.9. Such degradation is possibly due to the short spanwise extent that artificially enforces533

the relatively large turbulent structures in the upper part of the boundary layer to approach an534

unphysical two-dimensional configuration.535
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Figure 21: R11 (solid line), R22 (dashed line) and R33 (dotted line) profiles: comparison against the numerical
results of Boukharfane et al. [10] at four different stations at the suction side (x1/c = 0.2, 0.4, 0.6 and 0.8) for the

case AOA4p2.

3.7. Flow around delta wing536

In order to assess the performance of the code at high Reynolds number flows, we next inves-537

tigate a subsonic flow around a 65◦ swept delta wing using the geometry proposed by Hummel538

and Redeker [56] for the Second International Vortex Flow Experiment (VFE-2). This new delta539

wing model was manufactured based on a NASA wing geometry that served as reference configu-540

ration [62]. We compare the SSDC solutions with the experimental data presented by Furman and541

Breitsamter [44].542

In wind tunnel models, the delta wing is composed of a flat inner plate and an interchangeable543

leading edge to ease the testing of different geometries. Here, we consider the flow past two544

different leading edge configurations, namely a sharp leading edge (rLE/c̄ = 0) and a medium545

radius leading edge (rLE/c̄ = 0.0015), where c̄ = 0.653m. The delta wing has a mean aerodynamic546

chord of ` = 0.667m, a root chord length of cr = 1.47`, and a wing span of b = 1.37`. Furthermore,547

it has no twist or camber, and the central region is flat. A Cartesian coordinate system is set at548

the apex of the delta wing with the x1 coordinate pointing downstream, the x2 coordinate pointing549

in a span-wise direction, and the x3 coordinate perpendicular to the flat plate section. The sting550

is kept downstream as part of the geometry up to the position x1/cr = 1.758.551

The grids consist of ≈ 9.209 × 104 hexahedral cells for the rounded leading edge model and552

≈ 8.713 × 103 for the sharp leading edge model. The grids are subdivided into three blocks, as553

shown in Figure 22, with each block corresponding to a different solution polynomial degree. In554

particular, we use p = 2 in the far-field region, p = 5 in the region surrounding the delta wing and555

its support, and p = 3 elsewhere. Given the degree of the solution and the number of cells in each556

block, the number of DOFs is ≈ 1.435× 107 and ≈ 1.706× 107 for the round leading-edge and the557

sharp leading-edge test cases, respectively.558

The simulations are carried out for an angle of attack of AoA =13◦, a Mach number Ma = 0.07559

and a Reynolds number of Re = 106, based on the mean aerodynamic chord. The undisturbed flow560
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Figure 22: Solution polynomial degree distribution, p, computational domain and boundary mesh elements for the
65◦ swept delta wing test case.

field conditions upstream of the wing (denoted with∞) are used to define the similarity parameters.561

The simulation is initialized with constant freestream values in the entire domain. Entropy stable562

adiabatic no-slip wall boundary conditions are applied to the wing and sting surfaces, whereas563

freestream far-field boundary conditions are applied at the inlet and outlet planes. Due to the564

symmetry of the problem in the span-wise direction, half span of the flow is modeled through a565

symmetry boundary condition. On the rest of the boundary planes, entropy stable inviscid wall566

boundary conditions [80] are prescribed.567

Figure 23 show the instantaneous flow field for both the sharp and the rounded leading-edge568

configurations. The flow around a delta wing is peculiar. When the angle of attack exceeds 7◦,569

typically, flow separation occurs at the leading edge. This behavior is the opposite of what generally570

happens in a rectangular wing where the flow separation occurs downstream near the trailing-edge.571

The roll up of the leading-edge vortices, as shown in Figure 23, induces low pressure on the upper572

surface of the wing and enhances the lift. This phenomenon is called vortex lift and contributes to

CP

U3 ‖U2,3‖

(a) Round leading edge.

CP

U3 ‖U2,3‖

(b) Sharp leading edge.

Figure 23: Average flow field past the 65◦ swept delta wing: stream-lines (left) and mean axial velocity (right) at
x1/cr=0.2, 0.4, 0.6, 0.8, and 0.95. Wing surface is colored based on the average pressure coefficient, CP .
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a delayed high-stall angle compared to the stall angle of a rectangular wing. The vortices start at573

the wing apex and progress downstream where they eventually breakdown due to a high adverse574

pressure gradient. For relatively low angles of attack, the vortex burst occurs downstream of the575

trailing-edge, as reproduced by the simulations. However, when the angle of attack increases, the576

location of the vortex breakdown moves towards the apex, to a point where it occurs over most of577

the wing surface, reducing the lift and causing the wing to stall.578

We observe a primary vortex, originating at approximately one-third chord length for the round579

leading edge (see Figure 23(a)) and at approximately one-fifth chord length for the sharp leading580

edge (see Figure 23(b)), an apex vortex, and a counter rotating trailing-edge vortex.

CP

(a) Round leading edge.

CP

(b) Sharp leading edge.

Figure 24: Contour plot of the mean pressure coefficient, CP , on the surface of the 65◦ swept delta wing.

581

The vortex system leads to the characteristic pressure coefficient distribution on the upper582

surface of the wing with a suction peak below the axis of the primary vortex; see Figure 24.583

Additionally, we observe that the primary vortex separation occurs farther from the apex for the584

round leading-edge geometry, with a corresponding displacement in the suction peaks. Figure 25585

compares the computed average pressure coefficient distribution, CP , as a function of η = x2/s(x1)586

(s(x1) being the local semi-span) with the experimental measurements reported by Furman and587

Breitsamter [44], at two wing cross-sections (x1/cr = 0.80 and 0.95) in the chord direction, for588

both rounded and sharp leading edges. At both locations, the agreement between the two data589

sets is good. In particular, both the position of the peak and its value are well predicted, for both590

type of leading-edge geometries.591

3.8. NASA juncture flow experiment592

In this section, we perform the simulation of the NASA juncture flow experiment [64], which is593

specifically designed to collect validation data in the juncture region of a wing-body configuration594

[88]. Multiple junctures are present on almost all civilian and military air vehicles, and very595

few experimental details are available for such flows, partly because of the difficulties related with596

measuring flow field data in the proximity of the walls. Some efforts aimed at improving knowledge597

of these flow physics can be found in [45], but significant research is still needed.598

Current turbulence models routinely used in Reynolds-averaged Navier–Stokes CFD solvers are599

inconsistent in predicting corner flow separation in aircraft juncture regions; thus, experimental600
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(d) Sharp leading edge.

Figure 25: Mean pressure coefficient, CP , at two chord stations (x1/cr = 0.8 and 0.95), for the flow past the 65◦

swept delta wing.

data in the near-wall region is useful both for assessment as well as for turbulence model improve-601

ment.602

Here, we use the NASA juncture flow with a wing based on the DLR-F6 geometry and a leading603

edge horn to mitigate the effect of the horseshoe vortex over the wing-fuselage juncture [69]. A604

general view of the geometry is shown in Figure 26(b). The model crank chord is ` = 557.1 mm,605

the wing span is 77.89` and the fuselage length is f = 8.69`. The origin in the frame of reference is606

placed at the tip of the nose of the fuselage. The x1 axis is aligned with the fuselage centerline, the607

x2 axis denotes span-wise direction, and the x3 axis is the vertical direction. The wing leading edge608

horn meets the fuselage at x1 = 3.45`, and the wing root trailing-edge is located at x1 = 5.31`.609

In the wind tunnel, the model is mounted on a sting aligned with the fuselage axis. The sting is610

attached to a mast that emerges from the wind tunnel floor. The Reynolds number is Re = 2.4×106
611

and the freestream Mach number is Ma = 0.189. The angle of attack is AoA = −2.5◦.612

We perform simulations in free air conditions, ignoring both the sting and the mast. The613

computational set-up is shown in Figure 26. We impose a uniform inflow boundary conditions,614

far-field boundary conditions at the outlet, entropy stable inviscid wall boundary conditions at the615

lateral boundaries, and entropy stable adiabatic no-slip wall boundary conditions on the model616

surfaces. As shown in Figure 26(b), the grid is subdivided into three blocks, corresponding to617

three different approximation degrees, p, for the solution field. In particular, we use p = 1 in the618

far-field region, p = 3 in the region surrounding the model, and p = 2 elsewhere. The total number619

of hexahedral elements and DOFs are ≈ 6.762× 105 and ≈ 4.091× 107, respectively. We highlight620

that the boundary layer thickness over the fuselage for x = 1, 000-2, 000 mm is about 16 mm, while621

it is about 20 mm over the wing upstream of the separation bubble [61]. In the present simulation622
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Figure 26: Solution polynomial degree distribution, computational domain and boundary mesh elements for the
NASA juncture experiment.

we use 8/9 LGL points in the boundary layer thickness, δ99.623

Figure 27(a) depicts the vortical features captured by the grid using isocontours of the Q-624

criterion colored by the normalized instantaneous horizontal velocity contours, U1/|U∞|. Unsteady

U 1
/|
U ∞
|

(a) (b)

Figure 27: (a) Vortical features for NASA junction experiment visualized using isocontours of the Q-criterion
colored by normalized instantaneous velocity U1/|U∞|. (b) Slice of the time-averaged streamwise velocity field at

x2 = 236.9 mm close to the trailing edge for the NASA junction experiment.

625

vortical features can be observed after ∼ 3/4` near the wing surface, indicating that the flow has626

tripped to turbulence. To provide more insights into the topology of the flow, mainly the separation627

zone, in Figure 27(b), we provide a zoom of the temporal average streamwise velocity U1 in a x1−x3-628

plane located at x2 = 236.9 mm. We observe the presence of a separation bubble, corresponding to629

negative values of the streamwise velocity. Figure 28 depicts the pressure distributions obtained by630

the SSDC solver, in comparison with the experimental data [64]. There is a good agreement between631

the measured and simulated data, confirming that the present low-grid resolution is sufficient to632
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provide reliable results.
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Figure 28: Mean pressure coefficient, CP , distribution at several cross sections of the NASA juncture experiment
wing; AoA = −2.5◦, Re = 2.4× 106, and Ma = 0.189.

633

Finally we provide the computational cost to run the simulation and gather the statistics.634

The simulation is started from scratch using a uniform flow as initial condition and is run for 15635

(transient) + 15 (statistics). We chose to limit to CFL ≈ 1.0. However, current ongoing simulations636

indicate that we can use larger CFL values. The computational cost for the simulation is calculated637

as the number of processors × number of hours = 4, 096 × 5.5 = 22, 528 core hours, to run the638

simulation for one `/U∞ period of time.639

4. SSDC solver performance study640

In this section, we report on the parallel efficiency of the SSDC solver. We first consider an641

idealized weak scaling setup to assess the quality of the implementation and we then report on a642

strong scaling test using the NASA junction configuration presented in Section 3.8. The scaling643

results are obtained with Shaheen XC40, the petascale supercomputer hosted at KAUST, which644

features 6,174 dual socket compute nodes based on 16 core Intel Haswell processors running at645

2.3GHz. Each node is equipped with 128GB of DDR4 memory running at 2.3GHz. Overall, the646

system has a total of 197,568 processor cores and 790TB of aggregate memory.647

In the weak scaling test, the computational load per processor core is kept fixed, while an648

increasing number of compute nodes is employed to simulate an increasingly refined computational649

domain. In an ideal case, we expect computing times to not increase as the amount of computing650

resources are increased. In our weak scaling study we simulate a fixed number of time steps in a651

freestream configuration on a structured unit cube mesh with periodic boundaries. We consider652
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two different types of mesh partitioning strategies: one based on an optimal subdivision of the unit653

cube mesh in box subdomains (denoted by OPT in what follows), and another employing a fully654

unstructured two-stage partitioning algorithm (denoted by MS) designed to maximize data locality655

and based on the general purpose graph partitioning algorithms of METIS [63].9 In addition, for656

each configuration we consider two different solution polynomial degrees, p = 3 and p = 7, and we657

construct a set of grids in such a way the total number of DOFs is kept constant. In the OPT case,658

the number of cells per process is 65,536 for the p = 3 case and 8,192 for the p = 7 case. With the659

largest configuration, the total number of DOFs is 559 billion.660

The weak scaling results are summarized in Table 2, where we report on computational times661

in seconds per right-hand side evaluation (as discussed at the end of section 2.2) and on the parallel662

efficiency (in parenthesis), together with the number of processes used (N), the total DOFs, and the663

number of cells per mesh dimension of each run. The parallel efficiency is almost ideal up to 16,384664

processes for each configuration. When using 131,072 processes (2/3 of the entire machine), the665

efficiency drops to 83-84% for the p = 3 cases and to 75-79% for the p = 7 cases. Such degradation666

is expected at this scale and can be attributed to network congestion, since those runs have not667

been performed in dedicated mode, and the SSDC solver had to share network resources with other668

applications running concurrently on the supercomputer.669

p = 3 p = 7

N DOFs

32 1.34e8
256 1.07e9

2,048 8.58e9
16,384 6.87e10

131,072 5.59e11

Mesh OPT MS

128 5.32 (1.00) 5.37 (1.00)
256 5.39 (0.99) 5.44 (0.98)
512 5.43 (0.98) 5.62 (0.95)

1,024 5.57 (0.96) 5.68 (0.94)
2,048 6.38 (0.83) 6.41 (0.84)

Mesh OPT MS

64 5.41 (1.00) 5.45 (1.00)
128 5.46 (0.99) 5.50 (0.99)
256 5.48 (0.98) 5.73 (0.95)
512 5.54 (0.97) 5.85 (0.93)

1,024 6.85 (0.79) 7.28 (0.75)

Table 2: Weak scaling results: average time per residual evaluation (in seconds) and parallel efficiency (in
parenthesis) for an increasing number of processes (N) and with different mesh partitioning strategies.

We close this section by reporting on the results of a strong scalability test, where we fix the670

configuration and increase the computational resources used for the simulation. In contrast to671

the weak scaling tests, where we considered a structured mesh with uniform solution polynomial672

degree, here we use the NASA junction configuration, featuring an unstructured mesh and a variable673

solution polynomial degree; see Section 3.8. To account for a greater resolution of the boundary674

layer region, we further split each boundary layer cell in two, obtaining a total of 9.86 × 105
675

hexahedral elements and 6.07 × 107 DOFs. The unstructured mesh is partitioned using our two-676

stage METIS-based partitioning algorithm.677

The strong scaling results are reported in Table 3. For each run, we report the number of cores678

used (N) and the time needed to simulate 100 time steps with an adaptive time stepping strategy,679

as well as the speedup (S) and efficiency (E) with respect the baseline results obtained with 32680

cores (one compute node of Shaheen XC40). The results confirm the scalability of the SSDC681

solver in the strong scaling regime. In fact, doubling the computational resources always leads to682

a decrease in computing time. Indeed, the speedup is close to ideal behavior up 512 cores and683

then it starts decreasing as the ratio of communication to computation increases. In the interval684

9Note that the labels OPT and MS stands for “optimal” and “multi-stage”, respectively.
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ranging from 4,096 to 16,384 cores, the computing times are perfectly halved as the computing685

resources are doubled, therefore the strong scalability is ideal. At larger number of processes, the686

computing times eventually flat out and we observe a drop in efficiency for 32,768 and 65,536 cores,687

corresponding to an average number of cells per core of around 30 and 15, respectively.688

N Time (s) S E

32 927.25 1.00 1.00
64 461.42 2.00 1.00

128 242.46 3.82 0.96
256 126.15 7.35 0.92
512 68.08 13.61 0.85

1,024 35.75 25.93 0.81
2,048 18.07 51.29 0.80
4,096 9.88 93.81 0.73
8,192 4.97 186.47 0.73

16,384 2.47 373.92 0.73
32,768 1.51 611.27 0.60
65,536 1.36 680.27 0.33

Table 3: Strong scaling results: average time per residual evaluation (in seconds), speedup (S), and parallel
efficiency (E) for an increasing number of processes (N) and with the two stage partitioning algorithm. Total

number of cell: 9.86× 105.

5. Conclusion689

In computational fluid dynamics, the demand for reliable increasingly multidisciplinary simu-690

lations, for both analysis and design optimization purposes, requires transformational advances in691

individual components of future solvers. We provided numerical evidence of the competitiveness,692

adequacy, and maturity of provably entropy-stable, adaptive, high-order accurate methods for the693

next generation of CFD tools. These methods are extremely robust, and do not require parameter694

tuning for each specific problem configuration.695

This work clearly shows that the development of novel robust numerical techniques such as696

hp-adaptive fully–discrete entropy-stable schemes and their extension to complex multi-scale and697

multi-physics problems, offers the possibility to radically advance computational fluid dynamics in698

terms of robustness, fidelity, and efficiency.699
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[89] R. Samtaney, D. I. Pullin, and B. Kosović. Direct numerical simulation of decaying compressible turbulence912

and shocklet statistics. Physics of Fluids, 13(5):1415–1430, 2001.913

[90] H. Schardin. High frequency cinematography in the shock tube. The Journal of Photographic Science, 5(2):914

17–19, 1957.915

[91] A. H. Shapiro. The Dynamics and Thermodynamics of Compressible Fluid Flow. Number 1 in Engineering916

special collection. Ronald Press Company, 1953.917
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