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a b s t r a c t 

Phase diversity phase retrieval (PDPR) has been a popular technique for quantitatively measuring wavefront 

errors of optical imaging systems by extracting the phase information from several designated intensity measure- 

ments. As the problem is inverse and non-convex in general, the accuracy and robustness of most such algorithms 

rely greatly on the initial conditions. In this work, we propose a new strategy that combines Limited-Memory 

Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) with the initial points generated by k-means clustering method and 

three various channels to improve the overall performance. Experimental results show that, for 500 different 

phase aberrations with root mean square (RMS) value bounded within [0.2 𝜆, 0.3 𝜆], the minimum, the maximum 

and the mean RMS residual errors reach 0.017 𝜆, 0.066 𝜆 and 0.039 𝜆, respectively, and 84.8% of the RMS residual 

errors are less than 0.05 𝜆. We have further investigated and analyzed the proposed method in details to quanti- 

tatively demonstrate its performance: statistical results reveal that our proposed PDPR with k-means clustering 

enhanced method has excellent robustness in terms of initial points and other influential factors, and the accuracy 

can outperform its counterpart methods such as classic L-BFGS and modified BFGS. 

1. Introduction 

In most optical imaging systems, the resolution as well as imaging 
quality is typically limited by various wavefront aberrations. Generally, 
wavefront aberrations come from a plurality of factors such as lens fab- 
rication error, optical component misalignment, variations in the media 
where light propagates, and other surface figure errors due to assembly 
stress or thermal effect [1,2] . To ensure a good imaging performance of 
as-built optical systems, the related aberrations need to be minimized 
and/or compensated, which all greatly relies on the precision of wave 
front aberration sensing and measurement. Therefore, metrology tech- 
niques that can provide a quantified result of aberrations, such as in- 
terferometry [3] , ShackHartmann sensor [4] and curvature sensor [5] , 
are of great importance to find applications in characterizing optical 
systems. 

Phase diversity phase retrieval (PDPR) is one of the wavefront re- 
trieval techniques based on recorded images [6–9] . Using the multiple 
images recorded by different imaging channels, as well as the prior ex- 
actly known phase difference in each channel which is referred as phase 
diversity, the unknown phase aberration is retrieved through numer- 
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ical calculation. This technique has very few additional requirements 
on hardware and has been applied to many wavefront determination 
problems [10–13] ; especially in the field of telescopic imaging [14–16] , 
PDPR has proven to be a very effective way to improve image quality 
accompanied by other compensation techniques such as adaptive op- 
tics [16] . Besides, PDPR is theoretically a promising method for optical 
imaging system aberration sensing and measurement [17–19] . 

However, applying PDPR to optical imaging system aberration mea- 
surement is more challenging compared to the above mentioned applica- 
tions. Firstly, only with high retrieval accuracy can the technique serve 
as a tool for optical wavefront measurement. According to Maréchal’s 
theory, an optical imaging system is regarded as well-corrected when the 
root mean square (RMS) departure from its reference ideal wave front 
is less than 0.071 𝜆 [20] , which demands a phase retrieval technique 
with an accuracy better than 0.071 𝜆 for fine wave front measurement. 
As a rule of thumb, an accuracy of 0.05 𝜆, which is common for interfer- 
ometry, is reasonable and sufficient in most applications. Secondly, the 
technique should be robust for all aberrations to avoid failures in cer- 
tain cases, which is usually difficult for current PDPR method since it 
is easily trapped in a local minimum or even fails in convergence when 
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facing a bad objective condition [21] . Although many efforts have been 
made during the last few years to promote its overall performance [22–
27] , various limitations still exist. For example, the stagnation prob- 
lem in Particle swarm optimization (PSO) may result in a wrong solu- 
tion [24,25] ; higher computation burden in BroydenFletcherGoldfarb- 
Shanon (BFGS) [23] is required; and a large number of accurate training 
samples are demanded in deep learning based method [27] . In addition, 
to the best of our knowledge, none of these works has given statistical 
experimental results to show the robustness of these methods. A robust 
approach is still lacking in the literature that is supported by sufficient 
evidence from a large number of experimental data. Therefore, how to 
achieve high retrieval accuracy with high confidence validated by ex- 
periments still remains to be solved. 

In this paper, we propose a new approach to improving retrieval ac- 
curacy and robustness of PDPR for wavefront error measurements. The 
approach is an enhanced PDPR method with carefully chosen initial con- 
ditions by k-means clustering method and a Limited-Memory Broyden- 
Fletcher-Goldfarb-Shanno (L-BFGS) solver. We quantitatively compare 
and analyze key influential factors to the accuracy and robustness of 
the PDPR algorithm, i.e. the amount of initial points, phase diversity se- 
lection, regularization weight, aberration level, k-means clustering and 
coefficient distribution to trade off between the amount of input data 
and total time cost. We demonstrate that the proposed method could 
offer the accuracy required by the Maréchal criterion with a high prob- 
ability with just three phase diversity channels. 

The content is organized as follows. Section 2 describes the basic 
principle of PDPR and the modified enhanced method used in this work. 
Section 3 gives the details over the experimental setup, numerical pro- 
cessing and statistical results over 500 different phase aberration tri- 
als. Influential factors to the accuracy and robustness of the proposed 
method are discussed in Section 4 . The conclusions are summarized in 
Section 5 . 

2. Theory 

In this section, we briefly reviews the basic principle of classic phase 
diversity phase retrieval approach, and then presents our modified op- 
timization strategy to promote precision and robustness. 

2.1. Principle of phase diversity phase retrieval 

The term phase diversity phase retrieval (PDPR) means to estimate 
exit pupil aberrations by multiple images, each of which is obtained 
from a slightly different pupil plane. These phase differences from var- 
ious pupil planes must be exactly known in advance and are referred 
to as phase diversity [6–8] , and they are generally known by optical 
aberrations such as defocus, astigmatism, coma and so on. A simple im- 
plementation of this technique is to record one image in the focal plane 
and take a second image in a defocused plane (with a known defocus 
value). The image in the focal plane is generated as the convolution of 
the object by the point spread function (PSF) with a certain noise model 

𝑖 1 ( 𝐫 ) = 𝑜 ( 𝐫 ) ∗ ℎ 1 ( 𝐫 ) + 𝑛 1 ( 𝐫 ) , (1) 

where r represents the 2D position coordinates in the image plane, o ( r ) 
is the object to be observed and h 1 ( r ) is the PSF in the focal plane, and 
n 1 ( r ) is the additive noise. For coherent illumination, i 1 ( r ) and o ( r ) re- 
fer to complex amplitude distribution, while for incoherent illumination, 
i 1 ( r ) and o ( r ) refer to intensity distribution. In this case, only coherent 
illumination is taken into consideration. Under the near-field approx- 
imation, the Fourier transform of the generalized pupil function gives 
the coherent PSF in the focal plane as [28] . 

ℎ 1 ( 𝐫 ) =  { 𝑃 ( 𝐮 ) ⋅ exp [ 𝑗𝜙( 𝐮 ) ] } , (2) 

where  operator denotes a 2D Fourier transform from pupil coordinate 
u to image coordinate r , P ( u ) is the binary aperture function, and 𝜙( u ) is 

the unknown phase aberration. The symbol j stands for imaginary part. 
Similarly, the image in the defocused plane is given by 

𝑖 2 ( 𝐫 ) = 𝑜 ( 𝐫 ) ∗ ℎ 2 ( 𝐫 ) + 𝑛 2 ( 𝐫 ) , (3) 

and the coherent PSF is calculated by 

ℎ 2 ( 𝐫 ) =  

{
𝑃 ( 𝐮 ) ⋅ exp 

[
𝑗 
(
𝜙( 𝐮 ) + 𝜙𝑑 ( 𝐮 ) 

)]}
, (4) 

where 𝜙d ( u ) is the known phase diversity aberration, which is defocus 
aberration. To find an estimation of the unknown phase aberration 𝜙( u ), 
an error metric function which derives from the maximum likelihood 
estimation in the Fourier domain is adopted as [7] 

𝐸 = 

∑
𝐮 

{ [
𝐼 1 ( 𝐮 ) − 𝑂 ( 𝐮 ) 𝐻 1 ( 𝐮 ) 

]2 + 

[
𝐼 2 ( 𝐮 ) − 𝑂 ( 𝐮 ) 𝐻 2 ( 𝐮 ) 

]2 } 

, (5) 

where I, O and H denote Fourier transform of i, o and h , respectively. 
Take the derivative of the error metric function with respect to object 
O , and set it equal to zero. Then the error metric function can be written 
as [7] 

𝐸 = 

∑
𝐮 

(||𝐼 1 ( 𝐮 ) ||2 + 

||𝐼 2 ( 𝐮 ) ||2 
)
− 

∑
𝐮 

𝐼 1 ( 𝐮 ) 𝐻 

∗ 
1 ( 𝐮 ) + 𝐼 2 ( 𝐮 ) 𝐻 

∗ 
2 ( 𝐮 ) (||𝐼 1 ( 𝐮 ) ||2 + 

||𝐼 2 ( 𝐮 ) ||2 
)
+ 𝛾

, (6) 

where 𝛾 is a non-negative regularization parameter, preventing the 
wide oscillation in the case of negligible denominator and noise am- 
plification [22] . Therefore, the unknown phase aberration is estimated 
through minimizing the error metric function, namely to find a global 
minimum from the error metric of the phase aberration. 

The unknown phase aberration is often described parsimoniously by 
expanding into a finite set of Zernike polynomials [9] 

𝜙( 𝐮 ) = 

𝐾 ∑
𝑘 =1 

𝑎 𝑘 𝑍 𝑘 ( 𝐮 ) , (7) 

where Z k ( u ) is the Zernike basis for the expansion terms of the phase 
and a k is the corresponding coefficient. The first term of the Zernike 
bases is called piston ( Z 1 ), standing for the average optical phase and 
has no influence on the PSF, the second and third terms ( Z 2 , Z 3 ) are 
tip/tilt phase terms that stand for the position of the PSF [9] . Since these 
three terms are of no importance for the image quality, Eq. (7) usually 
starts with 𝑘 = 4 . Then the estimation problem is transferred to seek the 
optimal coefficient set { a k } that minimizes the error metric function, 
and many standard gradient-based nonlinear optimization algorithms 
have been applied to this solution. 

2.2. Enhanced PDPR method 

In this paper an optimization algorithm named Limited-Memory 
Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) is used [29,30] . L-BFGS is 
a representative of the well-known quasi-Newton method for solving 
unconstrained nonlinear minimization problems with fast convergence 
and good stability. Besides, L-BFGS method requires low storage by 
approximating the Hessian matrix with reduced memory requirement, 
which makes it suitable for large-scale problem comparing to classic 
Broyden-Fletcher-Goldfarb-Shanno (BFGS) method [29] . However, sim- 
ilar to other gradient-based nonlinear optimization methods, L-BFGS al- 
gorithm is easily trapped in a local minimum when the objective func- 
tion is nonconvex. Though some BFGS variants focus on improving the 
nonconvex convergence [31,32] , there is not any convincing method 
that demonstrates completely success in solving nonconvex problems. 
Given the PDPR method, the phase aberration metric function is a com- 
bination of a finite set of 2D Zernike polynomials, and when the estima- 
tion is up to high terms (e.g. 𝐾 = 15 ), the optimization turns out to be a 
large-scale nonconvex problem with a high probability, and the solution 
tends to be trapped in a local minimum and thus easily fails. 

The proposed enhanced approach is inspired by the phenomenon 
that the final solution of a gradient-based optimization algorithm is 
largely related to the initial points, which determines the searching 



Z. Zhou, Y. Nie and Q. Fu et al. Optics and Lasers in Engineering 137 (2020) 106335 

range of all possible solutions. Under this phenomenon, an appropri- 
ate initial point can result in the global minimum while an improper one 
leads to a local minimum or a failure in convergence. Therefore, an more 
efficient way to enhance the usage of L-BFGS algorithm in PDPR method 
is to choose considerable initial points. After that, the L-BFGS enhanced 
algorithm searches from those various initial points and choose the one 
with the minimal error metric as the optimal initial point. Since total 
processing time increases linearly with respect to the number of initial 
points, the key to achieve a good performance lies in an effective selec- 
tion among the large amount of initial points. Here the popular k-means 
clustering method is adopted to generate initial points [33] . The details 
are described as follows. 

The unknown Zernike coefficient solution space is 𝐚 = {
𝑎 1 , 𝑎 2 , ⋯ , 𝑎 𝐾 

}
, suppose the coefficient boundary are known as 

| a k | < A , then a series of random points can be generated 

𝐚 𝑖 = 

{
𝑎 𝑖 1 , 𝑎 𝑖 2 , ⋯ , 𝑎 𝑖𝐾 

}
𝑖 = 1 , 2 , ⋯ , 𝑁, (8) 

where N is the number of random points (for example, 𝑁 = 2 𝐾 ). | a k | < A 

and the coefficients have a uniform distribution with zero mean. By 
this means, large amount of random points are distributed uniformly in 
the solution space. Generally, if we increase the number of the random 

points, the probability of the optimized solution that approaches the 
global minimum is rising. 

However, a large number of initial points would bring unbearable 
processing time cost. To cope with this issue, the large number of ran- 
dom points are categorized into several clusters using k-means algo- 
rithm, which is a popular unsupervised method for data clustering. The 
category criterion of different clusters is to compute the Euclidean dis- 
tance of each point from its corresponding cluster center and calculate 
the sum of these distances for all points [33] . Then the center of each 
cluster is set as a new point 

𝐛 𝑗 = mean 
{
𝐚 𝑗 |𝑎 ∈ cluster 𝑗 

}
𝑗 = 1 , 2 , ⋯ , 𝑀 − 1 , (9) 

where mean operator denotes arithmetical average and 𝑀 − 1 is the 
number of clusters. After that 𝑀 − 1 points 𝐛 𝑗 = 

{
𝑏 𝑗1 , 𝑏 𝑗2 , ⋯ , 𝑏 𝑗𝐾 

}
dis- 

tributing uniformly in the solution space with boundary | b jk | < A are 
obtained. Since the mean value of natural random coefficients usually 
tends to be zero, the zero point is also selected as one particular fixed 
initial point, and the M points are the final generated multiple initial 
points for L-BFGS optimization. Fig. 1 shows an example of the initial 
points generation for 𝐾 = 3 , indicating that totally 4096 random points 
distributes uniformly in { a 1 , a 2 , a 3 } bounded in the interval [−0 . 5 , 0 . 5] . 
Those points are categorized into four clusters distinguished in four 
different colors: green, blue, yellow and cyan, respectively. For each 

Fig. 1. An example of using k-means algorithm to generate considerable initial 

points for 𝐾 = 3 , four categorized-cluster center points as well as the zero point 

are the final generated initial points. 

cluster, we calculate the arithmetical average value as the center point, 
which is denoted as the red solid circle in Fig. 1 . As we can see that the 
usage of the L-BFGS in this approach can greatly increase the searching 
speed. 

To improve the performance of PDPR, another influential factor is 
the optimal selection of phase diversity, mainly about the diversity value 
and channel number. Theoretically, PDPR needs at least two recorded 
images with known phase diversity in an appropriate range. If the phase 
diversity is too small or too large, the method might not be able to find 
the solution. Studies have shown that if the Peak to Valley (PV) value of 
optical path difference between in-focus and defocus wave front approx- 
imately equals to 𝜆, the method can provide more accurate results [34] . 
To step further, more recorded images by increasing image channel 
number with known phase diversities contain more abundant informa- 
tion that helps to find the solution and improve the accuracy [35] . 

Note that, too many image channels with different phase diversities 
might conversely lead to accuracy degradation due to overfitting. Previ- 
ous study [35] has shown that a bi-symmetric defocused phase diversity 
performs better than a single defocused diversity that deals with large 
scales and high frequency aberrations. Taking these factors into con- 
sideration, in this work we have recorded three image channels from 

known diversity phases for the enhanced PDPR method: the first chan- 
nel is recorded in the focal plane while the second channel is recorded 
in the defocused plane in front of the focus plane with 1.0 𝜆 PV value 
(denoted as −1 . 0 𝜆 PV), and the last is recorded in the defocused plane 
behind the focus plane with 1.0 𝜆 PV value (denoted as 1.0 𝜆 PV). 

3. Laboratory experiment 

We used a spatial light modulator (SLM) to simulate defocus diver- 
sities as well as phase aberrations in the laboratory experiment. The 
schematic illustration of the optical setup used in the experiment is 
shown in Fig. 2 . A 532 nm green laser module (CPS532, Thorlabs. Typi- 
cal output power: 4.5 mW ) is used as the light source. The output beam 

then goes through a broad band absorptive neutral density filter (Opti- 
cal density is 0.1) for attenuation. Afterwards, the beam is polarized by 
a polarizer, whose polarization direction is along the long display axis 
of the SLM for pure phase modulation. A couple of reflective mirrors 
mounted in precision kinematic mounts are used to adjust the incident 
beam with respect to the following objective lens (GCO-0112M, Daheng 
Optics. × 40, NA = 0.65) axis. The focused light is filtered by a pinhole 
spatial filter (CGO-110, Daheng Optics. 25um) and collimated by an 
achromatic doublet (GCL-0106, Daheng Optics. 𝑓 = 100 𝑚𝑚 ). A reflective 
Lcos-SLM (PLUTO-2-VIS-016, Holoeye. 8-bit phase levels, 1920 × 1080 
pixels and 8.0 𝜇m pixel pitch) calibrated for a 2 𝜋 phase shift at the wave- 
length 532nm is used for phase modulation. The modulated beam is 
then re-focused by another achromatic doublet (GCL-0106, Daheng Op- 
tics. 𝑓 = 100 𝑚𝑚 ) and recorded by a CMOS camera ( 𝑎𝑐𝐴 3088 − 57 𝜇𝑚, 
Basler. 12-bit grey levels, 3088 × 2064 pixels and 2.4 𝜇m pixel pitch) 
which is placed at the focal plane of the achromatic doublet. A non- 
polarizing beamsplitter cube transmits and reflects the incoming beam. 
A ring-actuated iris diaphragm is used to adjust the collimated beam 

aperture so that it synchronizes to the SLM. The collimated beam diam- 
eter is about 6mm and the sampling rate is larger than two to ensure 
that the re-focused light intensity can be adequately sampled by the de- 
tector [18] . 

The SLM simulated phase aberration added to the light path is a 
linear combination of Zernike polynomials, and Zernike polynomials 
up to 15th term are used here, so the computed coefficient space is 
𝐚 = 

{
𝑎 4 , 𝑎 5 , ⋯ , 𝑎 15 

}
, with a 1 , a 2 , a 3 set to zero. Referring to the Zernike 

coefficient ranges in practical optical applications [16,23] as well as 
previous studies [24,26,35] , a series of random Zernike coefficients are 
generated by the MATLAB random number generator, being uniformly 
distributed in the interval [−0 . 25 , 0 . 25] . By carefully selecting the coeffi- 
cients, the combined phase aberration RMS value is within [0.2 𝜆, 0.3 𝜆] 
and PV value is within [1.0 𝜆, 1.5 𝜆]. The defocused value used for phase 
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Fig. 2. The schematic illustration of the experimental setup for the 

proposed PDPR metod. 

Fig. 3. Examples of phase maps and corresponding recorded im- 

ages. (b) is the random phase map to be retrieved and (a), (c) are 

the phase maps with −1 . 0 𝜆 and 1.0 𝜆 defocused PV value with 

respect to (b), respectively. (d), (e), (f) are the corresponding 

recorded images of phase map (a), (b), (c). (h) is the blank phase 

map for background retrieval and (g), (i) are the phase maps 

with −1 . 0 𝜆 and 1.0 𝜆 defocused PV value with respect to (h), re- 

spectively. (j), (k), (l) are the corresponding recorded images of 

phase map (g), (h), (i). 

diversity for the second and the third observation is −1 . 0 𝜆 and 1.0 𝜆 PV, 
respectively. Then the phases are mapped into 8-bit greyscale PNG im- 
ages of 1920 × 1080 pixels, and the actual phase region is over a circle 
with diameter of 750 pixels, which fits the collimated light beam diame- 
ter. An example of the phase maps (focused and defocused, truncated to 
800 × 800 pixels) as well as the corresponding recorded images (trun- 
cated to 120 × 120 pixels) is shown in Fig. 3 . Taking the original aber- 
ration of the optical system into consideration, a blank phase map (see 

also Fig. 3 ) is applied to estimate the original aberration. The estimated 
original aberration is treated as the background and all the estimated 
wave-front aberrations need to subtract the background. 

Fig. 4 (a) shows the optimized Zernike coefficients of original back- 
ground aberration through recorded images listed in Fig. 3 (j), (k), (l), 
and the corresponding combined phase aberration is shown in Fig. 4 (b). 
The previous three Zernike terms, namely astigmatism at 45 ∘, defocus 
and astigmatism at 90 ∘, make a major contribution to the aberration. 
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Fig. 4. Original background aberration estimation and compensation. (a) The 

first 15 Zernike coefficients of the original phase aberration. (b) Original pupil 

phase map. (c) and (d) are the recorded images corresponding to the original 

and compensated aberrations, respectively. 

To evaluate the performance of the estimation, a phase aberration op- 
posite to the estimated aberration is applied to the SLM to compen- 
sate for the background aberration. The recorded compensated image is 
shown in Fig. 4 (d) and the recorded image corresponding to the origi- 
nal aberration is illustrated in Fig. 4 (c) for comparison. Obviously, the 
compensated light spot outperforms the original one, with its nearly cir- 
cularly symmetric intensity distribution that conforms to circular pupil 
diffraction, and its more concentrated energy distribution. The compen- 
sated spot diameter is about 21.6 𝜇m (9 pixels), and theoretically the 
diffraction-limited spot size is 

𝜎 = 2 𝑓 × 1 . 22 𝜆
𝐷 

= 21 . 63 𝜇𝑚. (10) 

Fig. 6. Statistical results of the RMS residual errors in solving 500 different 

aberrations with developed method. 

The calculation shows that after compensation an output close to 
diffraction-limit is obtained and the estimated background aberration is 
compatible with the ground truth. 

An example of phase aberration retrieval is illustrated in Fig. 5 . The 
phase aberration ( Fig. 5 (e)) is combined by the Zernike polynomials 
up to 15th term with random coefficients (RMS = 0.21 𝜆, PV = 1.50 𝜆), 
and the estimated phase aberration ( Fig. 5 (f)) is optimized through 
the triple recorded images ( Fig. 5 (a), (b), (c)). We can see that high 
accuracy has been achieved by the proposed method, where the RMS 
phase residual error is about 0.017 𝜆. The optimized Zernike coefficients 
are also in good consistent with the ground truth ( Fig. 5 (d)). 

To evaluate the robustness and comprehensive performance of 
the proposed method, 500 different phase aberrations by a combina- 
tion of Zernike polynomials with random coefficients ( 𝐾 = 15 , 𝑅𝑀𝑆 ∈
[0 . 2 𝜆, 0 . 3 𝜆] , 𝑃 𝑉 ∈ [1 . 0 𝜆, 1 . 5 𝜆] ) are sent to SLM to generate desired wave 
front, and then recorded by the imaging sensor. Each of those coefficient 
set is solved using the developed method. Fig. 6 shows the statistical re- 

Fig. 5. An example of phase aberration re- 

trieval experimental result. (e) is the random 

phase aberration loaded on the SLM and (b) is 

the recorded image, (a), (c) are the recorded 

images of phase aberrations with −1 . 0 𝜆 and 

1.0 𝜆 defocused PV value with respect to (e), 

respectively. (f) is the retrieved phase aber- 

ration and (d) shows the Zernike coefficients 

differences. 
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Table 1 

System performance comparison using PD with k-means clustering, PD with random 

initial points and classic PD. 

Method M RMS residual error ( 𝜆) Time cost (s) 

Max Min Mean < 0.05 < 0.071 

Ours (k-means) 50 0.066 0.017 0.039 84.8% 100% 95.10 

20 0.066 0.017 0.039 84.8% 100% 35.75 

10 0.555 0.017 0.045 83.0% 97.8% 16.89 

5 0.857 0.017 0.060 78.0% 91.6% 8.85 

Random 50 0.066 0.017 0.039 84.8% 100% 96.20 

20 0.365 0.017 0.042 83.6% 98.4% 35.38 

10 0.984 0.017 0.068 77.0% 90.4% 17.58 

5 0.880 0.017 0.072 74.8% 88.2% 8.22 

Classic 1 1.656 0.017 0.157 56.4% 67.2% 1.44 

sults of the RMS residual errors in the solutions. The minimum, the max- 
imum and the mean RMS residual errors are 0.017 𝜆, 0.066 𝜆 and 0.039 𝜆, 
respectively. 84.8% of the RMS residual errors are less than 0.05 𝜆 and 
the rest errors are less than 0.071 𝜆. 

4. Analysis 

In the modified enhanced PDPR method, the final performance is re- 
lated to some key factors that deserve a thorough analysis as discussed 
below. We perform a detailed study from the perspectives of the amount 
of initial points, phase diversity selection, regularization weight, aber- 
ration level, k-means clustering, coefficient distribution and system per- 
formance comparison to illustrate the trade-off and accuracy of the pro- 
posed method. 

4.1. Amount of initial points 

In the PD method, the number of initial points has a big impact 
on the system performance. Empirically, enlarging the number of ini- 
tial points can increase the probability of the optimization reaching the 
global minimum, but the processing time also increases simultaneously. 
To demonstrate the robustness of our developed PD method compared to 
classic PD method, we have performed the following experiments with 
different initial point numbers. All the experiments were carried out on 
a computer with AMD Ryzen 5 PRO 2600 Six-Core Processor (3.40GHz) 
and 8GB RAM. 

Table 1 shows statistical results of optimization of the 500 phase 
aberrations using different numbers of initial points. For the proposed 
PD method with k-means clustering, the system achieves the best perfor- 
mance in terms of accuracy with initial point number 𝑀 = 20 , while the 
min, the max and the mean RMS residual errors are 0.017 𝜆, 0.066 𝜆 and 
0.039 𝜆 respectively, and 84.8% of the RMS residual errors are less than 
0.05 𝜆 and the rest errors are less than 0.071 𝜆. The average processing 
time is 35.75 seconds. With more initial points 𝑀 = 50 , the accuracy 
stays the same but the processing time increases by about 1.7 times 
unnecessarily. With fewer initial points 𝑀 = 10 , the max RMS residual 
error ascends up to 0.555 𝜆, while 83% of the RMS residual errors are 
still less than 0.05 𝜆. The deviation implies that the solver degrades little 
in terms of overall performance, but it tends to fail in certain phase aber- 
rations. As a comparison, for the classic PD method with only one initial 
point (i.e. at the original point), though the average processing time is 
much less (1.44 seconds), the percentage of the RMS residual errors be- 
low 0.05 𝜆 drops to 56.4% and the max RMS residual error ascends up to 
1.656 𝜆. The result indicates that our proposed method improves overall 
retrieval accuracy remarkably at the cost of about 25 times ( 𝑀 = 20 ), 
12 times ( 𝑀 = 10 ) and 6 times ( 𝑀 = 5 ) processing time increment. 

To verify the effect of the proposed initial point generation method 
based on k-means clustering, system performance with multiple initial 
points selected randomly of different numbers is also shown in Table 
1 for comparison. The initial points are generated using the MATLAB 

function 𝑐 1 × rand ( 𝑀 − 1 , 𝐾 ) + 𝑐 2 with 𝑐 1 = 0 . 4 and 𝑐 2 = −0 . 2 , so that M 

initial points (the zero point is also included) with uniform distribu- 
tion in the solution space { a 4 , a 5 , ⋅⋅⋅, a 15 } with boundary | a k | < 0.2 are 
obtained. As it can be seen, only with the largest initial point number 
𝑀 = 50 can the solver with random initial points achieve highly suc- 
cessful retrieval rate, i.e. 100% of the RMS residual errors are less than 
0.071 𝜆, with about 1.7 times processing time increment compared with 
our k-means method ( 𝑀 = 20 ). In addition, the solver with random ini- 
tial points appears to suffer from different degrees of degradation for 
𝑀 = 20 , 10 , 5 compared with the proposed k-means method. For exam- 
ple, the percentages of the RMS residual errors below 0.071 𝜆 and 0.05 𝜆
for 𝑀 = 20 are 83.6% and 98.4%, respectively, only similar to those of 
our k-means method with fewer points 𝑀 = 10 (83.0% and 97.8%, re- 
spectively); the percentages of the RMS residual errors below 0.071 𝜆 and 
0.05 𝜆 for 𝑀 = 10 are 77.0% and 90.4%, respectively, inferior to those of 
our method with fewer points 𝑀 = 5 (78.0% and 91.6%, respectively). 
The result implies that the proposed k-means clustering method is more 
efficient in searching the solution space, achieving higher or similar ac- 
curacy with less initial points and time cost. 

4.2. Phase diversity selection 

The phase diversity selection also plays an important role on the sys- 
tem performance, including the channel number and the diversity value. 
Empirically more diversity channels can provide more information that 
helps to find the solution and improve the accuracy, but too many chan- 
nels might on the contrary lead to a lower accuracy due to overfitting. 
Table 2 shows the statistical results of optimization of the 500 phase 
aberrations using different phase diversity selections. The initial point 
number is 𝑀 = 20 . With phase diversity is set to { − 𝜆, 0 , 𝜆} , the system 

Table 2 

System performance with different phase diversity selections. 

phase diversities RMS residual error ( 𝜆) time (s) 

Max Min Mean < 0.05 < 0.071 

{− 𝜆, 0 , 𝜆} 0.066 0.017 0.039 84.8% 100% 35.75 

{0, 𝜆} 0.588 0.026 0.110 12.8% 46.0% 29.21 

{− 𝜆, 0} 0.632 0.019 0.086 26.8% 60.6% 29.34 

{− 𝜆, 𝜆} 0.486 0.022 0.081 29.4% 60.0% 29.74 

Table 3 

System performance with different regularization weights. 

regularization parameter RMS residual error ( 𝜆) 

Max Min Mean < 0.05 𝜆 < 0.071 𝜆

10 −10 0.066 0.017 0.039 84.0% 100% 

10 −6 0.066 0.017 0.039 84.8% 100% 

10 −5 0.273 0.017 0.039 85.0% 99.8% 

10 −4 0.460 0.017 0.046 82.2% 97.0% 
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Table 4 

RMS residual errors of aberrations with different RMS and PV ranges. 

RMS ( 𝜆) 

[0.20, 0.22) [0.22, 0.24) [0.24, 0.26) [0.26, 0.28) [0.28, 0.30) 

PV ( 𝜆) [1.00, 1.10) 0.031 (2) 0.037 (5) 0.037 (7) 0.031 (8) 0.033 (12) 

[1.10, 1.20) 0.038 (6) 0.038 (7) 0.036 (19) 0.040 (30) 0.042 (27) 

[1.20, 1.30) 0.048 (2) 0.035 (9) 0.039 (21) 0.039 (39) 0.042 (56) 

[1.30, 1.40) 0.040 (6) 0.039 (7) 0.040 (18) 0.041 (37) 0.038 (56) 

[1.40, 1.50) 0.038 (2) 0.042 (4) 0.039 (17) 0.038 (38) 0.043 (65) 

Table 5 

System performance comparison for different initial centroid selection methods. 

Centroids M First run Second run Third run 

< 0.05 𝜆 < 0.071 𝜆 < 0.05 𝜆 < 0.071 𝜆 < 0.05 𝜆 < 0.071 𝜆

Random 20 84.8% 100.0% 84.8% 100.0% 84.8% 100.0% 

10 83.0% 97.8% 83.8% 98.8% 83.0% 97.6% 

5 78.0% 91.6% 79.4% 94.2% 77.6% 90.8% 

k-means + 20 84.8% 100.0% 84.8% 100.0% 84.8% 100.0% 

10 84.2% 98.8% 84.6% 99.4% 83.8% 98.6% 

5 78.4% 92.0% 78.0% 92.4% 78.6% 92.6% 

achieves the best performance for accuracy. With phase diversities are 
set to {0, 𝜆}, { − 𝜆, 0 } and { − 𝜆, 𝜆} , the proportions of RMS residual errors 
less than value 0.05 𝜆 are 12.8%, 26.8% and 29.4%, respectively. The 
data demonstrate that incorporating a third diversity channel can im- 
prove the PDPR solver robustness significantly for various aberrations 
with small processing time increment (approximately from 29 seconds 
to 36 seconds) comparing to common method with two channels. Be- 
sides, the two-phase defocused diversity aberration with −1 . 0 𝜆 PV value 
seems to outperform that with 1.0 𝜆 PV value. 

4.3. Regularization weight 

One of the most effective techniques used to overcome the noise am- 
plification problem is the regularization technique, and the key lies to 
a reasonable regularization weight selection. To minimize the influence 
from noise amplification, we have investigated several constant regular- 
ization weights, namely 10 −10 , 10 −6 , 10 −5 and 10 −4 , which are selected 
by referring to related work [23] . Table 3 shows the statistical results 
of the solver performance under different regularization weights on the 
condition that 𝑀 = 20 and the phase diversity is { − 𝜆, 0 , 𝜆} . It seems that 
there are trivial differences among the system performances with differ- 
ent regularization weights, while 10 −6 is slightly superior than others 
for accuracy. 

4.4. Aberration level 

Table 4 shows RMS residual error distribution with respect to aber- 
rations with different RMS and PV ranges. The number of aberrations 
belonging to a specific level is shown in brackets and the average of the 
corresponding errors is counted (unit: 𝜆). Though the results slightly in- 
dicate residual error gets larger towards larger levels of RMS and PV 

value, there are not many differences among the residual errors with 
different RMS and PV levels, probably because the scales of the RMS 
and PV value are not large enough to make significant differences. 

4.5. K-means Clustering 

In the k-means clustering, the initial random points, the number of k 
and the position of initial centroids all affect the clustering result. To ex- 
plore the repeatability of the optimization results under these factors, we 
use 𝑁 = 4096 random points to generate initial points with 𝑘 = 19 , 9 , 4 
(corresponding to 𝑀 = 20 , 10 , 5 ), respectively. In addition, two methods 
to select the k initial centroids are applied here. The first is to randomly 

Table 6 

Representative Zernike coefficient sets used in the experiments. 

Coefficient Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 

a 4 0.0660 -0.0016 0.0307 0.0413 -0.1519 -0.1259 

a 5 -0.0841 0.0160 -0.1581 0.0621 -0.0124 -0.1024 

a 6 -0.0456 0.0255 -0.1593 -0.0082 -0.0707 0.1248 

a 7 -0.0426 -0.0302 -0.0052 -0.0171 0.0010 -0.0531 

a 8 0.0757 0.0355 -0.0509 -0.0389 0.0256 -0.0056 

a 9 -0.0259 0.1937 0.0719 0.0300 -0.0035 0.1358 

a 10 0.0579 -0.0059 -0.0367 -0.0156 0.0125 0.1263 

a 11 0.0843 0.0190 -0.0500 0.0273 0.0328 0.0418 

a 12 -0.0642 -0.0478 -0.0082 -0.1746 0.0150 0.0458 

a 13 0.0242 0.2019 0.0134 -0.0134 -0.1679 0.0212 

a 14 -0.0765 -0.0217 0.0057 0.1537 -0.0273 -0.0610 

a 15 0.0320 -0.0116 0.0651 0.0263 -0.0754 -0.0308 

select from some initial points; the second is to adopt the famous k- 
means++ algorithm [36] , where a point p is chosen as a new centroid 
with the probability proportional to p ’s distances to existing centroids. 
For each combination between k and the method to select initial cen- 
troids, the process, which includes random points generation, k-means 
clustering and retrieval of the 500 different phase aberrations, is re- 
peated 3 times. Table 5 shows the statistical results. The k-means++ 

method seems to be slightly superior in performance when 𝑘 = 9 , 4 (or 
𝑀 = 10 , 5 ), which can be explained by the fact that k-means++ can 
outperform standard k-means with optimal clustering [36] for small k . 
For 𝑘 = 19 (or 𝑀 = 20 ), the two methods show no difference. 

4.6. Coefficient distribution 

To seek the optimal Zernike coefficients, appropriate and specific 
prior knowledge as well as constraints can help to speed up the search- 
ing and improve the accuracy with high probability. However, selecting 
appropriate constraints are far from being trivial. As we know that opti- 
cal systems for distinct applications exhibit different wavefront aberra- 
tions. From the practicability point of view, an equal distribution with 
a specified bound makes the method more accommodating for distinct 
applications. Therefore, we treat the Zernike coefficients equally dis- 
tributed in the clustering. 

Additionally, although the coefficients we set for the experiments 
are generated uniformly, only 12 random numbers are generated, and 
the coefficient values differ from each other greatly. Each set of coef- 
ficients are with different magnitudes. In Table 6 we list 6 exemplary 
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Table 7 

Statistical comparison for different PD methods for 500 phase 

aberrations. 

Method RMS residual error ( 𝜆) 

Max Min Mean < 0.05 < 0.071 

Ours(k-means) 0.066 0.017 0.039 84.8% 100% 

MBFGS [23] 1.739 0.017 0.147 58% 68.2% 

classic PD [30] 1.656 0.017 0.157 56.4% 67.2% 

cases to show how the magnitudes of the coefficients differ from each 
other, although they are generated uniformly in the specified range. The 
experimental result shows that, under the equally distributed assump- 
tion in the initial stage, the system is still able to achieve the same per- 
formance dealing with equally distributed and non-equally distributed 
coefficients. 

4.7. System performance comparison 

In Table 7 we compare the performance statistically for 500 phase 
aberrations in terms of accuracy for our proposed method against some 
existing PD methods, i.e. the modified BFGS method (MBFGS) [23] to 
improve the PD solution accuracy with both convex and nonconvex 
functions, and the classic PD with the L-BFGS algorithm [30] . The re- 
sult shows that although MBFGS improves the accuracy compared to 
the classic PD method with L-BFGS, it still fails in lots of cases when 
handling large numbers of different phases statistically. Our proposed 
method greatly improves the accuracy, though at the cost of processing 
time, which in our opinion is acceptable because accuracy is more im- 
portant than real-time demand in most of cases for optical aberration 
retrieval. 

5. Conclusion 

In this paper, we developed an effective approach to improve the 
accuracy and robustness of phase diversity phase retrieval (PDPR) by 
adding the global searching with k-means clustering into the optimizer. 
With considerable initial points distributed uniformly in the solution 
space for L-BFGS algorithm and triple- phase diversities { − 𝜆, 0 , 𝜆} , the 
system achieves a very good performance with highly acceptable ac- 
curacy and robustness validated by experiments and thoroughly quan- 
titative analysis. For 500 random wavefront aberrations (denoted by 
Zernike polynomials up to 15th term), the mean RMS residual error 
is 0.039 𝜆 and 84.8% of the RMS residual errors are less than 0.05 𝜆. 
This work investigates how to improve PDPR overall performance with 
various factors into consideration (initial point amount, phase diversity 
channels, regularization weights, Zernike coefficient selection, etc.), and 
the analysis results can be a good indicator for the researchers who are 
using PDPR in their work. We further demonstrate the high robustness 
of the developed method by testing up to 500 different phase aberra- 
tions, and the large sampling number has been rarely investigated in 
other PDPR methods according to our knowledge. By comparing with 
classic L-BFGS and MBFGS methods, our proposed method can greatly 
improve the accuracy. 

Given that the developed enhanced PDPR approach has good accu- 
racy, strong robustness and high reliability, it can be a very promising 
method for optical system wavefront aberration measurements and op- 
tical imaging system alignments. Future work will be focused on how 

to make an additional improvement so that 100% of the RMS residual 
errors are less than 0.05 𝜆. 
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