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Abstract. Many parallel computing benchmarks specify a specific algo-
rithm that should be used to solve a specific problem, with much effort
focused on machine specific optimization of a reference implementation.
Since the solution of linear systems of equations, is often the most time
consuming part for many problems in high performance scientific com-
puting, a number of recent benchmarks for high performance computers
suggest the use of an iterative method for solving sparse linear systems
of equations to rank computer performance. Particular methods used in-
clude multigrid and conjugate gradients, though other methods such as
the fast Fourier transform are also applicable in some cases. The best
choice of method may vary with the problem chosen and the hardware
the implemented software solution is executed on. Furthermore in solving
a scientific computing problem, the level of accuracy can also be impor-
tant, with some numerical methods being efficient for low accuracy sim-
ulations, but others more efficient for high accuracy simulations. Some
of these tradeoffs are examined in the numerical solution of the one di-
mensional Klein Gordon equation on a single core of an x86-64 CPU and
a single core of a NEC SX-ACE vector processor.

Keywords: Benchmarks · Numerical Methods · Computer Architec-
ture.

1 Introduction
One use case of high performance computing is for the rapid numerical simulation
of partial differential equations. It can be a challenge to determine the best
computer architecture to use for solving a particular type of partial differential
equation. The choice of numerical method may also depend on the computer
architecture being chosen. While there has been significant effort on numerical
analysis of different computational methods, there is less work comparing the
effectiveness of a particular parallel numerical methods. In this work, several
numerical methods for solving the one dimensional Klein Gordon equation on a
single core are reviewed and their effectiveness evaluated.
⋆ BKM was partially supported by HPC Europa 3 (INFRAIA-2016-1-730897).
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2 Motivation

The solution of linear systems of equations is a time consuming process in nu-
merical simulation of partial differential equations, and has motivated a number
of benchmarks[2, 4, 6, 11]. The solution of many partial differential equations re-
quires a choice of discretization methods, in space and typically also in time,
each of which presents numerous choices, each of which may have different rel-
ative performance on different computer architectures[1, 5, 9, 10, 15, 18–20, 24].
The Klein Gordon equation is chosen as a mini-application because it is rel-
atively simple, can be used to evaluate different time stepping methods and
spatial discretization methods, and is representative of seismic wave solvers, and
weather codes, all of which use a large amount of high performance computing
time[1, 10, 21, 28]. As a prelude to a three dimensional study of parallel solvers,
a comparison of solvers for the one dimensional Klein Gordon equation on two
architectures is presented showing the effects of discretization method on time
to solution for a specified accuracy on a single core. Such a method can be in-
formative in choosing where to run an application to get the most cost efficient
results.

3 Time Stepping Algorithms

The equations will be discretized first in time, and then in space. The Klein Gor-
don equation has a conserved energy. Numerical schemes which either conserve
energy may still have phase errors, but have typically been found to be useful
for preserving qualitative properties of the phenomena being simulated over long
time periods[22].

3.1 Semi-Implicit Second Order Leap Frog Method

The leap frog method is a common algorithm for wave equations, and can also
be applied to the real cubic Klein Gordon equation
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The method is second order accurate and is semi implicit. It has the summation
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which gives a discrete conserved energy. This scheme requires the solution of a
constant coefficient linear system of elliptic equations at each timestep.
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3.2 A Semi-Implicit Compact Fourth Order Leap Frog Method

To obtain a fourth order algorithm consider,

un+1 − 2un + un−1

δt2
= (∆− 1)un + u3

n (3)

for which time stepping error comes from approximating utt. As explained in
among other places, [1], it is possible to approximate the leading order error
term,
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One can subtract the leading error term to obtain a compact fourth order in
time scheme

un+1 − 2un + un−1

δt2

= (∆− 1)un + u3
n (5)

+
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n

)
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This scheme requires the solution of a non-constant coefficient linear elliptic
system of equations at each timestep.

4 Spatial Discretizations

In all cases, uniform grids are used. In schemes that use the Fast Fourier trans-
form, time stepping is done in Fourier space, and the nonlinear term is calculated
in real space, no de-aliasing is done. Derivatives in spectral space are calculated
by multiplying by the wave number. Descriptions of implementations of spectral
methods can be found in [7, 8, 13, 26, 27]. For the compact time stepping scheme,
fixed point iteration is used to calculate the nonlinear term.

High order finite difference discretizations for the one dimensional laplacian
operator are described in [14] and given in table 1. A second iteration is not
required to compute the nonlinear term, since the time discretization requires a
variable coefficient elliptic equation to be solved at each timestep, for which the
iterative conjugate gradient method is well suited, though multigrid methods
can also be used.
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Table 1. Stencils for high order finite difference schemes for the one dimensional
Laplacian operator[14]

Order Approximation for uxx

2nd 1
(δx)2
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4th 1
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5 Hardware Description

For the tests, two platforms have been used4. Hazelhen is a Cray XC 40 super-
computer with Intel Haswell E5-2680v3 chips with a nominal speed of 2.5 GHz
and 30 Mb L3 Cache. Each node has 24 cores per node (2 chips with 12 cores
each) with 136 Gb/s bandwidth and 960 Gflops per node peak performance.
Kabuki is a NEC SX Ace supercomputer. Each node has 4 cores with 256 GB/s
bandwidth and 256 Gflops peak performance. Each chip has a nominal speed of
1 GHz and each core has 1Mb vector Cache.

6 Numerical Experiments

In cases where iterations are required, both for the conjugate gradient algorithm
and for fixed point iterations using the FFT, the solution at the previous time
step is used as an initial starting guess. For these programs, memory bandwidth is
a limiting factor and to minimize the number of memory accesses, the coefficients
are programmed using a matrix free approach[24]. The example programs are
written in Fortran and can be found at [23]. Accuracy is evaluated by comparing
to the exact travelling wave solution

u =
√
2sech

(
x− ct√
1− c2

)
(6)

for c = 0.5, t ∈ [0, 5] and x ∈ [−9π, 9π) with periodic boundary conditions.
The finite difference programs were compiled and run, without much fur-

ther tuning other than the choice of compilation flags. The programs which use
the Fourier transform differ in the choice of Fast Fourier transform library, on
Hazelhen, FFTW 3[12] was used, and on Kabuki, MathKeisan’s FFT[25] was
used. Two sets of results are shown, accuracy against computation time for both
Hazelhen (Fig. 1) and Kabuki (Fig. 2). For each of the implementations that was
tested a final plot comparing the efficiency frontiers for Kabuki and Hazelhen is
shown in Fig. 3.
4 A third platform is currently being tested and results will be reported if accepted

for presentation.
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Fig. 1. Time to solution against accu-
racy for solution of the one dimensional
Klein Gordon equation for a single In-
tel Haswell E5-2680v3 core. S gives the
order of the spatial discretization for fi-
nite differences, while S: F indicates a
Fourier spatial discretization. T gives
the order of the temporal discretiza-
tion.

Fig. 2. Time to solution against ac-
curacy for solution of the one dimen-
sional Klein Gordon equation for a sin-
gle NEC SX-ACE core. S gives the or-
der of the spatial discretization for fi-
nite differences, while S: F indicates a
Fourier spatial discretization. T gives
the order of the temporal discretiza-
tion.
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Fig. 3. A figure comparing efficiency frontiers for single Intel Haswell E5-2680v3 on
Hazelhen and a NEC SX-ACE core on Kabuki for time to solution against accuracy
for approximation of the one dimensional Klein Gordon equation.
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Finite difference methods have a low computational intensity, thus high or-
der methods which reuse data are able to produce much more accurate results
without significant increases in computational time. The Fast Fourier trans-
form requires significant data movement, thus the eighth order finite difference
method can sometimes be more efficient in getting high accuracy results within
a specified time – though only fourth order time stepping schemes are tested
here, results may differ for higher order time stepping schemes.

The NEC SX-ACE allows for all the bandwidth to be utilized by a single
core, which is not possible on the Intel Haswell E5-2680v3. This largely explains
the greater single core performance. Other studies have found that on a sin-
gle node, the performance advantage of the NEC SX-ACE is much reduced[3].
Performance evaluation for single nodes, and multiple nodes, in particular for
three dimensional implementations would be good extensions of this work. In
addition, comparisons of energy consumption to solution would also be helpful
as this becomes an important consideration for large scale simulation.

7 Conclusions

High order methods can take advantage of multiple floating point units and
not require much more computation time and give smaller error than low order
methods, and so should be encouraged in the numerical approximation of par-
tial differential equations, this hold also for spectral element methods[18]. For
benchmarks based on mini-applications, compute resources to solution at speci-
fied accuracy may be a good metric to use in evaluating performance rather than
speed of performing a fixed set of operations. This would allow for architecture
specific flexibility and can minimize cost to solution, though may require some
programming effort.
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