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Relay Assisted OFDM with Subcarrier Number
Modulation in Multi-Hop Cooperative Networks

Shuping Dang, Member, IEEE, Jiusi Zhou Student Member, IEEE, Basem Shihada, Senior Member, IEEE, and
Mohamed-Slim Alouini, Fellow, IEEE

Abstract—Orthogonal frequency-division multiplexing
(OFDM) with subcarrier number modulation (OFDM-SNM)
manifests its superior nature of high spectral efficiency (SE)
and low complexity for signal estimation. To exploit the spatial
gain of OFDM-SNM, we propose a relay assisted OFDM-SNM
scheme for multi-hop cooperative systems in this letter. It is
stipulated that a relay operated by decode-and-forward (DF)
and half-duplex (HD) protocols exists in each hop. We analyze
the outage performance of the relay assisted OFDM-SNM
system. The average outage probability is approximated in
closed form. Moreover, to reveal the diversity and coding gains
of relay assisted OFDM-SNM, we explore the asymptotic outage
performance at high signal-to-noise ratio (SNR) by power series
expansion. To verify the improvement on outage performance
abd energy efficiency, we carry out the comparison among
different multi-hops systems with traditional OFDM-SNM fixing
a certain distance from source to destination. Simulation results
corroborate the derived outage probabilities and provide insight
into the proposed system in this letter.

Index Terms—OFDM-SNM, multi-carrier system, cooperative
relaying, performance analysis, multi-hop network.

I. INTRODUCTION

In recent years, spectrum scarcity has become one of
the main barriers hindering the improvement of the quality
of service (QoS) for wireless communications, which many
researchers believe would soon lead to even a crisis on the
corner [1], [2]. Index modulation (IM) cooperating with multi-
antenna systems and multi-carrier systems result in the well-
known spatial modulation and orthogonal frequency-division
multiplexing with IM (OFDM-IM), respectively. Both can
effectively mitigate the spectrum scarcity problem [3]–[5].
Spatial modulation requires multiple antennas and thereby
multiple radio frequency (RF) chains, which will undoubtedly
render an increased system complexity and physical size of
communication device. Unfortunately, the requirements of
high system complexity and large physical size of device might
not be affordable by a number of new network paradigms
where nodes are small, simple and power/complexity limited,
e.g., wireless sensor networks (WSNs) [6]. OFDM-IM suffers
from a relatively high estimation complexity and difficulty of
codebook design [7], [8]. In light of this challenge, OFDM
with subcarrier number modulation (OFDM-SNM) was pro-
posed, which is able to provide a higher spectral efficiency
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(SE) than OFDM-IM at a comparable level of error perfor-
mance [9]–[11].

As a cognate alternative to OFDM-IM, OFDM-SNM em-
ploys the number of activated subcarriers to indicate the extra
transmitted bit sequence instead of the indices of subcar-
riers. This results in a new number dimension in addition
to conventional signal amplitude and phase dimensions for
signal transmission. On the other hand, unlike spatial modu-
lation, OFDM-SNM suffers from the low energy efficiency
and coverage without multiple antennas and accompanying
beamforming functionality, which is also a major drawback
with OFDM-IM. To mitigate the shortcomings in OFDM-
IM, cooperative relaying is employed to collaborate with
OFDM-IM, which yields the relay assisted OFDM-IM [12]–
[15]. Researchers have shown that by employing cooperative
relaying, the performance of OFDM-IM can be improved by a
considerable level, and the formed systems are easy to modify
so as to involve various advanced techniques for transmission
reinforcement, e.g., codebook optimization and relay selection
[16]–[21].

Since cooperative relaying works very well with OFDM-
IM, it naturally comes to the idea that we can also in-
volve cooperative relaying to OFDM-SNM for performance
enhancement. To concrete this idea into an actual form, we
propose the relay assisted OFDM-SNM in this letter and
analyze its outage performance. In particular, because the
transmitted bit sequence by OFDM-SNM has a variable length,
we approximate the average outage probability by averaging
over all cases with different numbers of activated subcarriers.
Furthermore, to reveal the diversity and coding gains of relay
assisted OFDM-SNM, we utilize the power series expansion
assuming that the ratio of transmit power to noise power
becomes large and derive the asymptotic expression of average
outage probability at high signal-to-noise ratio (SNR). All
analytical results derived in this letter are substantiated by
Monte Carlo simulations. We also discuss the impacts of
a series of crucial parameters and settings on the outage
performance by observing the numerical results from Monte
Carlo simulations.

II. SYSTEM MODEL

In this letter, a multi-hop relay assisted cooperative system is
taken into consideration, where there is one source-destination
pair connected by L − 1 decode-and-forward (DF) relays
in series. For simplicity, the direct transmission link and
cross-hop transmission links between non-adjacent relays are
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omitted in this system. This is a common case for mobile
cellular networks, e.g., WiMAX [22]. To simplify the analysis
and be representative, we focus on only a single group of
N subcarriers, which form the set N . In general, through
the inverse fast Fourier transform (IFFT), N is normally a
power of two in OFDM systems, though not necessarily. In
OFDM-SNM, the purpose of employing these N subcarriers is
twofold. First, a subset N (k) of the N subcarriers will be ac-
tivated and the cardinality of the subset N (k) (i.e., the number
of activated subcarriers) is denoted as T (k) = Card(N (k)),
which is used for indicating the heading bit stream p1. k is
the index of the transmission pattern. The total number of
transmission patterns in OFDM-SNM can be easily calculated
by Ξ =

∑N
ζ=1M

ζ = M(MN−1)
M−1 , where M is the amplitude

and phase modulation (APM) order.
It is obvious that we have the relation between p1 and

N : p1 = blog2(N)c, where b·c is the floor function, which
can be removed iff N is a power of two. Then, for each
activated subcarrier, we can employ the M -ary phase-shift
keying (M -PSK) to load APM constellation symbols on
them, which are mapped from a k-dependent subsequent bit
stream with a variable length p2(k) = T (k) log2(M). There-
fore, the entire variable-length bit stream for transmission is
p(k) = p1 + p2(k), which is assumed to be equiprobable
and uncorrelated in this letter. The average transmission rate
in bit per channel use (bpcu) over all cases with different
numbers of activated subcarriers can therefore be written as
p̄ = E

k
{p(k)} = blog2(N)c + N+1

2 log2(M), where E{·}
denotes the expectation operation over the random variable
enclosed.

To characterize a subcarrier activation pattern (SAP), we
can involve the k-dependent activation state vector written
as S(k) = [s(k, 1), s(k, 2), . . . , s(k,N)]T ∈ {0, 1}N×1,
where s(k, n) is a k-dependent binary indicator of the ac-
tivation state of the nth subcarrier, which is completely
determined by p1. Then, with S(k) and p2(k), we can re-
sort to IFFT by the standard OFDM scheme to yield an
OFDM block for transmission purposes, which is given by
x(k) = [x(k, 1), x(k, 2), . . . , x(k,N)]T ∈ CN×1, where

x(k, n) =

{
χn, if n ∈ N (k)

0, otherwise
and χn denotes the com-

plex constellation symbol and for simplicity it is normalized
by χnχ∗n = 1 without loss of generality.

Subsequently, the received OFDM block at the first DF
relay is given by y1(k) =

√
Pt
T (k)H1x(k) + w1 ∈ CN×1,

where Pt is the aggregate transmit power at the source
and relay nodes (assuming that they are homogeneous) and
should be evenly allocated to T (k) activated subcarriers;
Hi = diag{hi(1), hi(2), . . . , hi(N)} ∈ CN×N represents
the channel state matrix for the ith hop, and hi(n) is the
channel coefficient on the nth subcarrier, which is mutually
independent ∀ n ∈ N ; wi = [wi(1), wi(2), . . . , wi(N)]T ∈
CN×1 represents the additive white Gaussian noise (AWGN)
vector at the receiver (relay or destination) in the ith hop, and
wi(n) ∼ CN (0, N0) is the noise sample on the nth subcarrier
and N0 is the average noise power.

To benchmark the performance and provide the insight into
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Fig. 1: Multi-hop relay assisted OFDM-SNM system and the trans-
mitter design.

relay assisted OFDM-SNM systems, the maximum-likelihood
(ML) estimation method is utilized at all L − 1 relays and
the final destination to estimate the received OFDM block.
The ML estimation criterion for a received OFDM block
at the receiver over the ith hop is given by x̂i(k̂i) =

arg min
ẋ(k̇)∈X

∥∥∥yi(ki)−√ Pt
T (k̇)

Hẋ(k̇)
∥∥∥
F

, where
∥∥·∥∥

F
denotes the

Frobenius norm of the enclosed matrix/vector; X is the set
of all legitimate OFDM blocks in OFDM-SNM with the
cardinality of Card(X ) = Ξ, which is the search space
scale of OFDM block estimation and defines the estimation
complexity. Therefore, for the receivers from the second to
the last hops, the received OFDM block is given by yi(k̂i) =√

Pt
T (k̂i)

Hix̂i(k̂i) + wi ∈ CN×1. We present the multi-hop
relay assisted OFDM-SNM system and the transmitter design
in Fig. 1 for clarity.

By normalizing the transmitted constellation symbol, we can
derive the received SNR on the nth subcarrier at the receiver
(relay or destination) in the ith hop to be1

SNRi(k̂i−1, n) =

{
PtGi(n)S−α

i

T (k̂i−1)N0
, n ∈ N (k̂i−1)

0, otherwise
(1)

where Si is the distance of the ith hop; α is the path loss
exponent; Gi(n) is the channel power gain pertaining to the
nth subcarrier over the ith hop due to small-scale fading and
is modeled as an identically distributed (i.i.d.) exponentially
distributed random variable with unit mean. Therefore, the
probability density function (pdf) and cumulative distribution
function (cdf) are given by fi(g) = e−g and Fi(g) = 1−e−g .
We can easily have |hi (n)|2 = Gi (n)S−αi .

III. OUTAGE PERFORMANCE ANALYSIS

To simplify the performance analysis, we simply assume
that as long as the subcarrier-wise received SNR at the receiver
is larger than a predetermined outage threshold ξ, the constel-
lation symbol conveyed on that subcarrier can be successfully
decoded and re-transmitted, which refers to the DF relaying

1An exceptional notation is given for the first hop and thereby we denote
k̂0 = k for simplicity.
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protocol. Meanwhile, we assume a half-duplex transmission
mechanism is adopted at all DF relays, which indicates that
an end-to-end transmission from source to destination through
L−1 DF relays in series requires L orthogonal time slots. With
both assumptions, we can decompose the outage performance
analysis in terms of subcarrier and hop and therefore simplify
the derivation of the end-to-end outage probability.

A. Definition of End-to-End Performance Metric
To evaluate the system reliability in a comprehensive man-

ner, we first formulate the subcarrier-wise per-hop conditional
outage probability on SAP k̂i−1 for the nth subcarrier in the
ith hop, which is the probability of the random event that
SNR(k̂i−1, n) < ξ, ∀ n ∈ N (k̂i−1). Mathematically, the
subcarrier-wise per-hop conditional outage probability on k̂i−1

is given by

Φi(k̂i−1, n) = P
{

SNRi(k̂i−1, n) < ξ
}
, (2)

where P {·} represents the probability of the random event
included.

In general, the information carried on activated subcarriers
has specific relations for error detection, error correction,
and synchronization. They pose a stringent demand on multi-
carrier signal estimation. It stipulates that all correctly acti-
vated subcarriers have to be detected with SNRs exceeding
the predetermined outage threshold ξ [23]. Meanwhile, be-
cause of the bottleneck effect and error propagation for DF
cooperative relaying, we formulate the end-to-end conditional
outage probability over L hops in (3) at the top of the next
page. Furthermore, to consider all cases with different SAPs,
we give an explicit definition of the average outage probability
by averaging Φ(k) over SAP k and have Φ = E

k
{Φ(k)}. This

metric is employed in this letter to characterize the system
reliability of the proposed relay assisted multi-hop OFDM-
SNM system.

B. Approximation
To determine the average outage probability formulated in

the last subsection, we can start from the very beginning
by deriving the subcarrier-wise per-hop conditional outage
probability on SAP k according to (1) and (2) to be

Φi(k̂i−1, n) = P

{
Gi(n) <

T (k̂i−1)N0ξ

PtS
−α
i

}

= Fi

(
T (k̂i−1)N0ξ

PtS
−α
i

)
.

(4)

In order to facilitate the following analysis and obtain an
insightful expression, we make an assumption that as long
as all SNRs regarding the subset of activated subcarriers in
the ith hop are larger than the predetermined threshold ξ,
the activation pattern index k̂i can be correctly detected. This
assumption reduces (3) to be

Φ(k) ≈ P

 ⋃
i∈{1,2,...,L}

 ⋃
n∈N (k)

{SNRi(k, n) < ξ}


 .

(5)

Subsequently, we can approximate Φ(k) in terms of Φi(k, n)
given k̂1 = k̂2 = · · · = k̂L−1 = k by fundamental relations in
probability theory as

Φ(k) ≈ 1−
∏

i∈{1,2,...,L}

 ∏
n∈N (k)

(1− Φi(k, n))


(a)
= 1−

∏
i∈{1,2,...,L}

(1− Φi(k, n))
T (k)

,

(6)

where (a) is justified by the homogeneity of subcarrier as-
sumed in this letter.

Finally, according to the mapping relation between incom-
ing bit stream and SAP stipulated in Section II, we can easily
derive the average outage probability by Φ = E

k
{Φ(k)} to be

Φ =

N∑
ζ=1

Υ(ζ)Φ(k)|T (k)=ζ =
1

N

N∑
ζ=1

Φ(k)|T (k)=ζ , (7)

where Υ(ζ) = P {T (k) = ζ} = 1/N represents the probabil-
ity that ζ subcarriers are activated, which is resulted by the
equiprobable and uncorrelated p(k)-bit stream.

C. Asymptotic Analysis

To reveal the diversity and coding gains of relay assisted
OFDM-SNM and provide insightful information, the asymp-
totic expression for average outage probability in the high
SNR region (Pt/N0 →∞) is derived as follows by wielding
power series expansion in this subsection. According to (4),
it is evident that when Pt/N0 → ∞, Φi(k, n) → 0. By
this property, we can first reduce the approximate end-to-end
conditional outage probability Φ(k) given in (6) at high SNR
to be

Φ(k) ≈ T (k)
∑

i∈{1,2,...,L}

Φi(k, n), (8)

and the detailed proof is shown in Appendix A. By power
series expansion, the subcarrier-wise per-hop conditional
Φi(k, n) can be expanded at high SNR as Φi(k, n) ∼ T (k)N0ξ

PtS
−α
i

,

which can be substituted into (8) to yield Φ(k) ∼ T (k)2N0ξ
PtSΣ

,
where SΣ = 1∑L

i=1 S
α
i

is the average end-to-end channel power
gain. Finally, substituting the asymptotic expression of Φ(k)
into (7) produces a neat asymptotic expression for the average
outage probability in the high SNR region:

Φ ∼ N0ξ(N + 1)(2N + 1)

6PtSΣ
. (9)

IV. NUMERICAL RESULTS AND DISCUSSIONS

To corroborate the analysis and discover the proposed relay
assisted OFDM-SNM system, we present and discuss the
simulation results generated by Monte Carlo methods in this
section. In the first place, we initialize the simulation platform
by setting up system parameters. Here, for the purposes of
verifying the improvement of relay assisted multi-hop OFDM-
SNM, we specify two application scenarios to study the
outage performance and energy efficiency respectively. We
fix the total transmission distance between source node and
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Φ(k) = P


 ⋃
i∈{1,2,...,L}

 ⋃
n∈N (k̂i−1)

{
SNRi(k̂i−1, n) < ξ

}
⋃

 ⋃
i∈{1,2,...,L−1}

{
k̂i 6= k

}
 (3)

destination via different numbers of relay nodes by ΣiSi = 5
and set α = 2 and ξ = 1. In this first case, we consider the
same ratio of transmit power to noise power at all transmitters
of the source and relays to investigate outage performance. In
the second case, we uniformly allocate the ratio of transmit
power to noise power to all transmitters to facilitate the
analysis of energy efficiency.

We first vary the target parameter Pt/N0 with various
numbers of subcarriers and hops to substantiate the analyti-
cal results regarding outage performance derived in (7) and
(9) when binary PSK is in use. The simulation results are
illustrated in Fig. 2. By observing Fig. 2, most importantly,
we can corroborate the analytical results pertaining to outage
performance derived in (7) by the perfectly matched numerical
and analytical curves. Also, the asymptotic curves can also
well match the numerical curves at a moderate range of SNR,
which testifies the feasibility of (9). Meanwhile, all cases have
the same diversity order due to the one-diversity system model
stipulated in this letter, but different numbers of subcarriers
and hops N and L will lead to a considerable coding shift.

Concerning the effects of N and L, further investigations are
worthwhile. The relation between average outage probability
and N as well as L is simulated under the same configurations
as for Fig. 2 and shown in Fig. 3. From this figure, it is
evident that increasing N or decreasing L will lead to a higher
average outage probability. Meanwhile, Fig. 3 illustrates the
outage performance comparison with equal transmit power
over all nodes, which verifies the improvement on outage
performance by introducing multi-hop relaying to OFDM-
SNM. On the other hand, with an increasing number of relays,
the brought improvement on outage performance gradually
decreases. This forms a trade-off between the improvement
on outage performance and relay implementation cost. This
trade-off is of particular importance for practical relay assisted
OFDM-SNM systems and worth investigating as future work.

Then, with different α, we simulate the proposed system
by fixing the total ratio of transmit power to noise power and
allocating it uniformly to all transmitters to explore the energy
efficiency in Fig. 4. It is clear that the energy efficiency is also
enhanced by introducing multi-hop relaying, as increasing the
number of hops results in a lower average outage probability.

V. CONCLUSION

In this letter, we proposed a relay assisted multi-hop OFDM-
SNM scheme and analyzed its outage performance. Specif-
ically, we approximated the average outage probability of
the proposed system in closed form, which is defined in a
comprehensive manner capturing the unique features of multi-
carrier and multi-hop communications. In addition, we per-
formed power series expansion on the approximate expression
and obtained the asymptotic expression in at high SNR. All
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Fig. 2: Relation between the average outage probability and Pt/N0,
given the same transmit power at all nodes.

analyses have been validated by the simulation results. Based
on simulation results, we also discussed the effects of the
numbers of subcarriers and hops on the outage performance.
Based on the comparison with traditional OFDM-SNM with-
out the support of relay, we verified the outage performance
improvement brought by the multi-hop architecture. Besides,
by fixing the total transmit power used throughout the en-
tire network, we also verified the improvement on energy
efficiency by introducing multi-hop relaying to OFDM-SNM.
On the other hand, it is admitted that introducing such a
multi-hop relaying architecture inevitably raises the system
complexity. In order to measure the incurred complexity
and study the performance-complexity trade-off, a cross-layer
system model of multi-hop relay assisted OFDM-SNM should
be constructed, which is worth investigating as future work.

APPENDIX A
By the approximation given in (6), we can easily derive the

asymptotic expression of Φ(k) when Φi(k, n)→ 0 to be

Φ(k) = 1 −
∏

i∈{1,2,...,L}

(1 − Φi(k, n))T (k)

=1 −
∏

i∈{1,2,...,L}

T (k)∑
j=0

(
T (k)

j

)
(−Φi(k, n))j 1T−j


(b)
≈1 −

∏
i∈{1,2,...,L}

[
1∑

j=0

(
T (k)

j

)
(−Φi(k, n))j 1T−j

]
=1 −

∏
i∈{1,2,...,L}

(1 − T (k)Φi(k, n))

(c)
≈1 − [1 − T (k)Φ1(k, n) − · · · − T (k)ΦL(k, n)]

=T (k)
∑

i∈{1,2,...,L}

Φi(k, n),

(10)



5

2 4 8 16 32 64 128 256
10

-4

10
-3

10
-2

10
-1

10
0

(a) Number of subcarriers N

2 3 4 5 6 7 8

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

(b) Number of hops L
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Fig. 4: Relation between the average outage probability and numbers
of subcarriers N for different path loss exponents, given the total
transmit power uniformly allocated to all transmitting nodes.

where (b) is approximated by keeping the two dominant terms
of the binomial expansion since Φi(k, n) → 0; (c) is derived
by keeping the first order terms of Φi(k, n).
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