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Abstract—A microwave imaging algorithm based on contrast-
field equations is developed for sparse domains. The proposed
algorithm is inspired by machine learning optimization schemes.
More specifically it is based on Adam approach which is a first-
order gradient optimization algorithm that has been studied
intensively in optimizing artificial neural networks. To enforce
sparsity constraint, the permittivity contrast at each iteration
is subjected to a projection operator. The proposed algorithm
has faster convergence than another state of art steepest descent
approach used for microwave imaging.

Index Terms—Microwave Imaging, Inverse Scattering, Sparse
Contraint, Machine Learning

I. INTRODUCTION

Electromagnetic (EM) imaging has been studied in the
last few decades and successfully implemented in various
applications ranging from medical imaging [1]–[3], crack and
mine detections [4], hydrocarbon reservoir exploration [5], to
through-wall imaging [6]. The forward operator of the problem
that computes the scattered electric field given the permittivity
profile is nonlinear. For applications with high permittivity
profiles, the nonlinearity gets stronger as the multi-scattering
field intensity grows to higher levels. Inverse electromagnetic
imaging schemes can be classified based on their nonlinearity
level. For weak scatterers with low permittivity the EM non-
linear operator is relplaced by a first order approximation like
in Born approximation, Rytov approximation [7], diffraction
tomography [8], and backpropagation [9]. For scatterers with
high permitivitty, nonlinearity has to be accounted for fully,
hence algorithms like those based on Newton [10]–[15] and
nonlinear steepest descent [16], [17] are used. The full wave
scattering EM schemes have been considered under two forms,
the contrast-field [17], and contrast-source [10].

Besides the problem of nonlinearity, the forward operator
consists of convolution smoothing integrals. Smoothining due
to these integrals makes the scattered field insensitive to high
frequency changes on the permittivity and renders the problem
ill-conditioned [18]. To tackle the ill-conditioning, various
regularization strategies have been considered. Different reg-
ularization operators make different assumptions regarding
the smoothened high frequency components of the solution.
Second norm regularizers remove the high frequency compo-
nents from the solutions causing the reconstructed solution to

have a smooth signature. However, for most applications, the
reconstructed image of permittivity is not smooth, rather it
contains sharp variations and/or sparse content [19]. For such
problems, total variation (TV) is applied to promote profiles
with sharp variations or piece-wise discontinuity signature
[20]. On the other hand, for sparse images, images with few
non-zero pixels, the first and zero norms have been adapted
to promote sparseness of the solution [13], [17], [21].

In this work, a full wave inverse scattering scheme is
proposed based on accelerated version of nonlinear steepest
descent algoritm known as ADAM [22] which has been
intensively studied to find the hyperparameters of artificial
neural networks. The scattering equations are formulated in
the contrast-field form. To enforce the sparsity constraint,
the solution in each iteration is projected into a first-norm
constraint subset.

The rest of the paper is organized as follow. Section-II-A
describes the forward EM scattering problem that express the
scatteres field in term of the material properties. Section-II-B
discusses the optimization problem assuming sparse investi-
gation domain. Section-II-C introduces the projected sparse
ADAM algorithm. Section-III provides numerical examples
to compare proposed scheme to the well-known nonlinear
Landweber algorithm.

II. FORMULATION

A. EM forward model

Fig. 1 shows the problem configuration. An investigation
domain Dinv that contains the object(s) under test is dis-
cretized into N -cells. NT number of line source (transmitter)
antennas polarized along z-axis illuminate Dinv from multiple
angles around Dinv . Due to the object(s) inside Dinv , the
incident fields are scattered and measured at NR number
of receivers locations (represented as domain Dmeas). The
measured scattered fields for a single source excitation are
expressed as:

Ē
sca
j = fj(t̄) = H̄(Ī− F̄D{t̄})−1Ēincj (1)

where Ēscaj is NR × 1 vector, that stores the scattered field
for all receivers due to transmitter j, j ∈ {1, 2, ...., NT}. H̄
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Fig. 1. Problem configuration.

is NR ×N observation matrix, and F̄ is N ×N data matrix.
The elements of H̄ and F̄ are expressed as

H̄(m,n) = k2
0

∫
r′∈Sn G2D(rm, r

′)dS′, rm ∈ Dmeas

F̄(m,n) = k2
0

∫
r′∈Sn G2D(rm, r

′)dS′, rm ∈ Dinv (2)

where G2D(r, r′) = H
(2)
0 (k0|r−r′|)/4j is the 2D scalar Green

function, k0 = ω
√
µ0ε0 is the background wavenumber, ω

is the angular frequency, µ0 is the background permeability,
and ε0 is the background permittivity. In (1), t̄ is an N × 1
vector stores entries of the contrast values of the discretized
cells in Dinv . The operator D{.} produces a diagonal matrix
with entries equal to the input vector. Finally, Ēincj is N × 1
vector stores entries of the incident field of the jth transmitter
computed at the centers of the discretized cells on Dinv . To
account for all scattered fields generated by all the transmitters,
Eq. (1) is cascaded for all j

Ēsca = [Ēsca1 , Ēsca2 , ....., ĒscaNT ]

f(t̄) = [f1(t̄), f2(t̄), ....., fNT(t̄)].

B. Sparse Optimization

In this work the sparse optimization problem is constructed
as [23]

arg min
t̄

∥∥f(t̄)− Ēmeas
∥∥2

2
s.t. |t̄|1 ≤ l1 (3)

where Ēmeas = Ēsca + η̄ is the scattered field measured the
receiver locations and is assumed to be equal to the computed
scattered field Ēsca plus additive white Gaussian noise η̄. The
optimization problem in (3) minimizes the data misfit or data
discrepancy subjected to a first norm constraint of the solution
bounded by l1 ball.

C. Projected Adam

The nonlinear least square minimization in (3) is carried
out using an enhanced nonlinear steepest descent algorithm
known as Adam which has been explored intensively in
training artificial neural networks [22]. Further, the first-norm
sparseness constraint is enforced via a thresholding projection

operator [17]. The proposed projected Adam algorithm to
solve the optimization problem (3) reads as follow:

Algorithm 1 Projected Adam
Input: β1, β2, γ

1: Initialization: t̄0 = x̄
(1)
0 = x̄

(2)
0 = 0

2: for i = 1 to N iter do
3: δC̄ = δt̄if(f(t̄)− Ēmeas)

4: x̄
(1)
i = β1x̄

(1)
i−1 + (1− β1)δC̄

5: x̄
(2)
i = β2x̄

(2)
i−1 + (1− β2)δC̄2

6: ȳ
(1)
i = x̄

(1)
i /(1− βi1)

7: ȳ
(2)
i = x̄

(2)
i /(1− βi2)

8: t̄i = t̄i−1 − γȳ(1)
i /

√
ȳ

(2)
i + ε

9: t̄i = P l1(t̄i)
10: end for
11: return t̄N iter

The parameters β1 and β2 are selected to determine the first
and second momentum effect on the iterative solution which
is thought as an object while the gradient is thought as its
velocity vector. The gradient at each iteration is computed at
Step 3. Steps 4-5 compute the first and second momentum
effects while Step 8 computes the iterative solution based on
the first and second momentum effects. Step 9 is the projection
of the solution t̄i into first norm ball with l1 radius. The
algorithm of the projection operator is detailed next:

Algorithm 2 First Norm Projection Operator
Input: t̄

1: x̄ = sort(|t̄|)
2: Find k s.t.∥∥Thrx̄(k){x̄}

∥∥
1
≤ l1 ≤

∥∥Thrx̄(k+1){x̄}
∥∥

1
3: µ = x̄(k) − (l0 −

∥∥Thrx̄(k){x̄}
∥∥

1
)/k

4: P l1(t̄) = Thrµ(t̄)
5: return P l1(t̄)

Step 1 sorts the input vector t̄ in a descent manner based on
its absolute values. At Step 2, Thrδ(x̄) is a soft thresholding
operator with thresholding level δ and is computed using [23]:

{Thrδ(x̄)}(n) = {x̄}(n)

max{|{x̄}(n) − δ|, 0}
max{|{x̄}(n) − δ|, 0}+ δ

Step 2 searches for index k such that the first norm ball l1 will
lie within the first norm thresholding operator with x̄(k+1) and
x̄(k) as their thresholding levels. Step 3 computes the required
level of thresholding µ that achieves l1 projection. Finally.
Step 4 executes this thresholding.

III. NUMERICAL RESULTS

In this section the projected Adam algorithm is compared
to an enhanced version of thresholded nonlinear landweber
(NLW) iterations using a numerical expermint [16]. The
enhanced NLW version uses the projection operator described
in this work to promote sparseness in the solution rather than
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Fig. 2. (a) Relative reconstruction error for PADAM and PNLW. (b) Actual
permitivity profile for Austria along with transmitter-receiver locations (c)
PADAM reconstruction profile at 7.54 seconds with 33% relative norm error.
(d) PNLW reconstruction profile at 7.5 seconds with 43.7% relative norm
error. (e) PNLW reconstruction profile on convergance at 36.9 seconds.

simply imposing soft-thresholding. The use of projected NLW
is indeed show that the improvement is due to the nature of
Adam algorithm rather than the projection operation.

Figure 2 shows the reconstruction results for the Austria
profile. Fig. 2(a) shows the relative norm error for the projected
Adam (PADAM) and projected nonlinear Landweber (PNLW).
Fig. 2(b) shows the actual profile of Austria that has been
used to generate measurments with 25dB noise. Fig. 2(c)
shows the PADAM reconstruction profile at 7.54 sec while
fig. 2(d) shows the reconstruction profile around the same
time obtained using PNLW approach. Finally, fig. 2(e) shows

PNLW at convergence which is obtained after 36.9 sec.
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