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Abstract  13 

There is a growing interest in leaner burning internal combustion engines as an enabler for higher 14 

thermodynamic efficiency. The extension of knock-limited compression ratio and the increase in specific 15 

heat ratio with lean combustion are key factors for boosting efficiency. Under lean burning conditions, there 16 

is emerging evidence that certain fuels exhibit unusual heat release characteristics. It has been reported that 17 

fuel/air mixtures undergo three-stage heat release or delayed high temperature heat release: starting with an 18 

initial low temperature heat release, similar to the one observed in two stage ignition, followed by an 19 

intermediate stage where thermal runaway is inhibited, and then advances to a relatively slow third stage 20 

of combustion. The focus of this study is to examine the conditions under which various fuels exhibit three 21 

stage ignition or delayed high temperature heat release. The auto-ignition of hydrocarbons/air mixtures is 22 

simulated in a closed adiabatic homogenous batch reactor where the charge is allowed to auto-ignite at 23 

constant volume vessel under predefined initial temperature and pressure. The simulations cover pressures 24 

of 10-60 bar, temperatures of 600 K-900 K, and fuel to air ratio from stoichiometry (equivalence ratio) of 25 

0.3 - 1.0. Tangential stretching rate (TSR) and the computational singular perturbation Slow Importance 26 

Indices for temperature are used to identify important reactions contributing to the temperature growth rate 27 

at critical time instants of the auto-ignition process. Overall, three-stage ignition or delayed high 28 

temperature heat release is found to be present for most fuels under lean fuel/air mixtures, high pressures, 29 

and low temperature conditions. The radical termination reactions of H, OH, and HO2 during the high 30 

temperature heat release are leading factors for the distinct separation of heat release stages. 31 

Keywords: three-stage heat release, auto-ignition, constant volume adiabatic batch reactor, driving 32 
timescale, sensitivity analysis 33 

  34 
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1. Introduction 35 

Combustion systems are being constantly pushed towards lower pollutant emissions and higher thermal 36 

efficiency.  One approach to improve the combustion performance with respect to stringent requirements 37 

is to operate under lean (equivalence ratio 0.5-0.9) or ultra-lean (equivalence ratio below 0.5) conditions or 38 

increase the dilution ratio.  For example, lean premixed combustion, which could be flameless-based, offers 39 

the potential for gas turbines with high efficiency and low NOx emissions [1].  Similarly, reciprocating 40 

internal combustion engines for ground-based transport can benefit from operating under lean conditions 41 

[2]. 42 

A common challenge with lean combustion in all the aforementioned applications is combustion instability, 43 

which make it challenging to control flame ignition and extinction [3, 4], or more simply heat release rates.  44 

These problems are exacerbated under ultra-lean conditions.  The heat release phenomenon is governed by 45 

both fluid mixing and chemical kinetic phenomena.  There is a lack of studies on the fundamental chemical 46 

kinetics of ultra-lean combustion [5], and this study is concerned with improving our understanding of 47 

chemical kinetics governing heat release under lean and highly diluted conditions. 48 

In a recent study, Sarathy et al. [6] showed that heat release under ultra-lean conditions is remarkably 49 

different than that at stoichiometric conditions for n-heptane/air mixtures in a homogenous gas phase batch 50 

reactor.  They discussed the presence of three stages of heat release at equivalence ratios of 0.3, whereas 51 

stoichiometric n-heptane/air mixtures displayed only two stages of heat release.  The chemical kinetics of 52 

three-stage heat release for lean n-heptane/air mixtures were attributed to a delay in high temperature heat 53 

release by suppressing CO oxidation (via CO+OH=CO2+H), and further elaborated below. 54 

Multiple stages of heat release have been observed in several studies, but the underlying governing 55 

phenomena are notably different than those presented in [6]. Intermediate temperature heat release (ITHR) 56 

observed in lean homogenous charge compression ignition (HCCI) engine studies [7-9] is typically 57 

attributed to competition between alkylperoxy (RO2) radical chain branching, propagation, and termination 58 

pathways.  Three-stage oxidation of n-heptane/air mixtures reported by Yamamoto et al. [10] in a micro 59 

flow reactor appear to be more similar to the aforementioned ITHR phenomenon in engines.  Several HCCI 60 

engine studies report delayed high temperature heat release leading to three distinct stage of heat release 61 

when burning gasoline fuels containing alkanes and aromatics.  Shibata and Urushihara [11, 12] stated that 62 

dual phase high temperature heat release (HTHR) occurs when CO oxidation is suppressed due to the 63 

presence of benzyl radicals derived from toluene in the fuel.  Therefore, the separation of heat release stages 64 

was attributed to complex interactions within the radical pool [13] generated by alkanes and aromatics in 65 

the fuel. Similar trends were reported by Dec [14] and Sjoberg and Dec [15] where the HTHR splits in two 66 
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stages under extreme dilution conditions in an HCCI engine. This behavior was attributed to suppression 67 

of reaction CO-to-CO2 due to bulk-gas quenching at lean conditions.  Machrafi and Cavadias [16] compared 68 

HCCI engine experiments and chemical kinetic modeling of n-heptane/iso-octane and n-heptane/iso-69 

octane/toluene mixtures with air to conclusively demonstrate the role of toluene in creating three-stage 70 

ignition. Farouk et al. [17] recently reported three-stage burning regime through experiments and 71 

simulations of large n-alkane droplet at elevated pressure coupled with helium dilution.  The presence of 72 

this unique burning behavior characterized as hot, warm, and cool flames was attributed to the competition 73 

between heat release rates at low-temperature and NTC kinetic regimes and losses due to radiation and 74 

diffusion. To reiterate, the phenomena described in the aforementioned papers are qualitatively different 75 

than that presented by Sarathy et al.[6], as the latter showed delayed HTHR in a single fuel (i.e., n-heptane) 76 

in the absence of fuel mixture effects and did not attribute the three-stage burning to any transport or 77 

radiation phenomena.  78 

A number of studies have also been performed on the heat release phenomena at low temperatures.  For 79 

example, low temperature auto-oxidation under lean conditions can lead to high oxygenated molecules that 80 

decompose to release heat [18-20].  Thion et al. [21] were the first to show that a highly reactive fuel such 81 

as di-n-butylether displays double negative temperature coefficient behavior, which was not reported in 82 

earlier studies [22, 23]. The team of Ju et al. [24-27] demonstrated the ability to stabilize cool flames and 83 

warm flames by balancing heat release rates and transport phenomenon.  Premixed flame studies by Agnew 84 

et al. [28] with diethylether (DEE) showed multiple luminescent regions, corresponding to heat release and 85 

flames; a third yellow luminescent regime was observed under rich conditions, which could be due to soot 86 

formation. Similar flame studies [29-31] utilized spectroscopy to identify cool and hot flames under varying 87 

equivalence ratios, albeit three or more stages of heat release were not reported. 88 

The purpose of this work is to extend upon our recent investigation of three-stage heat release observed in 89 

n-heptane/air mixtures under constant volume and constant pressure adiabatic batch reactor conditions.  We 90 

utilize chemical kinetic simulations to further investigate the effects of mixture temperature, pressure, and 91 

equivalence ratio to identify regimes under which three-stage heat release can be observed.  Furthermore, 92 

additional fuels varying in carbon number and molecular structure (normal, branched, and cyclic) are 93 

simulated.  The influence of the aforementioned parameters on three-stage heat release or delayed HTHR 94 

are discussed in detail with the aid of tangential stretching rate (TSR) and computational singular 95 

perturbation (CSP) analysis [32, 33].  96 

The paper is structured as follows.  Sections 2 and 3 provide background knowledge on three-stage heat 97 

release and TSR and CSP analysis.  Section 4 presents the numerical methodology.  Section 5 discusses the 98 
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results obtained and insights into the effects of fuel type and reactor conditions (e.g., temperature, pressure, 99 

equivalence ratio).  The conclusions are provided in Section 6. 100 

2. Background of Three-stage Heat Release and Delayed HTHR 101 

The process of three-stage heat release in lean n-heptane/air mixtures was explained by Sarathy et al. [6] 102 

using CSP analysis to identify reactions that contribute to the explosive time scale, which according to 103 

Tingas et al. [34, 35] is the characteristic time scale for auto-ignition. The initial heat release stage follows 104 

the same reaction pathways as the low temperature heat release in a typical two stage ignition [36, 37]. The 105 

ignition is promoted through intra molecular isomerization of RO2 radical to QOOH, which then oxidizes 106 

and isomerizes to produce OH radical. The aforementioned pathway competes with these two reactions 107 

QOOH → RO2 and RO2 → Olefins + HO2 that opposes the explosive nature.  108 

In the second heat release stage, the ignition propensity is controlled by a competition between hydrogen 109 

and carbon related chemistry. The two OH radicals produced from H2O2 can go either termination route 110 

through H2O2 + OH → H2O + HO2 and then to HO2 + HO2 → H2O2 + O2 or explosive carbon root through 111 

C2H4 + OH → products, in which its exothermic nature drives the system to thermal runaway. However, 112 

the hydrogen termination route dominates at the later parts of the second stage supported by this reaction 113 

OH + HO2 → H2O + O2 that inhibits the reactivity of the second stage.  114 

Hydrogen and CO-to-CO2 related chemistry dominate the third heat release stage. The radical termination 115 

pathway OH + HO2 → H2O + O2 from the second stage still dominates throughout the third stage. This 116 

reaction competes with the exothermic reaction CO + OH → CO2 + H and the endothermic reaction HO2 117 

→ H + O2, which are both possessing explosive character. Therefore, the OH and HO2 radical termination 118 

reaction leads to a delayed HTHR.  A slow decay of CO throughout the third stage was observed by Sarathy 119 

et al. [6] in both rapid compression machine (RCM) experiments and simulations, and is attributed to the 120 

inhibitive nature of the radical pool under ultra-lean conditions. The reaction that contributes the most to 121 

reactivity of the third stage is H + O2 → O + OH that elevates the temperature of the system. These reactants, 122 

however, can also follow a chain termination pathway through H + O2→ HO2. 123 

3. Time Scale Sensitivity Analysis 124 

The tangential stretching rate (TSR) concept, introduced in Valorani et al. [32, 33] and Malpica Galassi et 125 

al. [38], selects the most active modes of a dynamical system, that is the slow modes with the highest energy 126 

content. The TSR is the (reciprocal of the) driving timescale of the system and is evaluated as an average 127 

of the system eigenvalues with weights that also depend on the mode amplitudes [33, 39]. Note that the 128 

TSR can assume both positive and negative values, and in so doing, it is able to discriminate between the 129 
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explosive or contractive nature of the system. The TSR has been shown to be a valuable marker of 130 

combustion regimes in homogeneous reactors, premixed, non-premixed flames [32, 39, 40], and mild 131 

combustion [41, 42]. 132 

In this work, the TSR is employed to identify representative thermochemical states along the multi-stage 133 

ignition evolution of the system. Next, at each selected representative thermochemical state, we evaluated 134 

the CSP Slow Importance Index for temperature [43] to identify the reactions most contributing to the rate 135 

of growth of the temperature.  This strategy aims at investigating the thermal reactivity of the system, which 136 

is the focal point of this study.  137 

In short, the TSR index finds the important time instants of the auto-ignition process and the Slow 138 

Importance Indices for temperature identify the reactions important for the thermal reactivity of the system. 139 

Note that the sign of the Slow Importance Index indicates that the contribution of the considered reaction 140 

is such as to increase/decrease the rate of change of temperature.  141 

Both the TSR and the Slow Importance Indices require the evaluation of just one Jacobian matrix and one 142 

eigen system analysis per each selected time instant. This relatively low cost of the analysis allowed us to 143 

carry out a parametric investigation of the system over a number of initial conditions and fuel types. 144 

4. Simulation Methodology 145 

4.1 Chemical Kinetic Simulations 146 

The auto-ignition of hydrocarbons was simulated in closed adiabatic homogenous batch reactor in 147 

CHEMKIN PRO [44]. The premixed air/fuel charge was allowed to auto-ignite adiabatically at constant 148 

volume vessel under predefined initial temperature and pressure. The volumetric heat production rate 149 

(HPR) and the evolution of relevant species including CO, CO2, and H2 are monitored simultaneously as 150 

the exothermic reaction proceeds. The ignition delay time (IDT) of each heat release stage (i.e., first stage, 151 

second stage, and third stage) is defined as the time corresponding to the peak of the volumetric HPR, as 152 

illustrated in Fig. 1.  153 

A number of comprehensively validated chemical kinetic models were selected to explore the presence of 154 

multiple stages of heat release in hydrocarbons. Zhang et al.’s [45] updated model for n-heptane was used 155 

to study the combustion of C3-C7 n-alkanes, as it includes recently developed models for n-pentane [46] 156 

and n-hexane [47] with AramcoMech 2.0 [48, 49] base chemistry. The presence of multiple stages of 157 

ignition in other hydrocarbons, such as cyclopentane and 2-methylhexane were examined using kinetic 158 

models from Al Rashidi et al. [50], and Mohamed et al. [51], respectively. In this way the individual effects 159 
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of carbon number in n-alkanes, ring structure in cyclopentane, and methyl substitution in 2-methylhexane 160 

were investigated. Simulations covered pressures from 10 to 60 bar, temperatures from 600 K to 900 K and 161 

fuel to air equivalence ratio from 0.3 to 1.0.  162 

The main objective of this study is to examine the conditions at which fuels exhibit (or do not exhibit) 163 

pronounced three-stage ignition, so parameters to quantify heat release rate at various points are needed to 164 

establish a basis for comparison. The heat release evolution is used to calculate two parameters for each 165 

case analyzed in the study. These parameters are (i) the ratio of the second heat release maximum to the 166 

third heat release maximum h* = h2/h3 and (ii) the time delay between the third and second heat release 167 

stages t*=t3-t2, as exemplified in Fig. . The aforementioned parameters give an insight to the characteristics 168 

of the high temperature heat release stages where h* is their relative magnitude and t* is the time delay.  169 

4.2 Time Scale Analysis  170 

As presented in Sec. 3, a combined CSP and TSR analysis is performed to identify reactions contributing 171 

the most to the evolution of the temperature at each of the three auto-ignition stages for a range of fuels and 172 

initial conditions. As an exemplary case, we show how the CSP and TSR metrics, evaluated at each state 173 

point, are applied to study ignition characteristics of a n-heptane and air mixture at equivalence ratio of 0.3, 174 

pressure of 20 bar, and temperature of 700 K. 175 

Figure 2 shows the time evolution of the eigenvalues with negative real part (grey marker) and positive real 176 

part (green line), the associated TSR (red markers), temperature (black line) and CO mass fraction (blue 177 

line) evolution for the selected test case. Figure 3 shows enlargements of the three auto-ignition stages, with 178 

the addition of the heat release rate (magenta), the dimension M of the fast subspace (orange) and blue 179 

markers on top of the (M+1)-th eigenvalue λM+1.  180 

The real part of the system eigenvalues λ and the TSR in Figs. 2 and 3 are plotted in terms of a function 181 

defined as Sign(λ) Log10(max (1, |λ|)) as well as Sign(TSR) Log10(max (1, |TSR|)). 182 

The temperature evolution, T(t), exhibits five time instants, tip, at which the second derivative of the 183 

temperature evolution is zero, (inflection points, T’’(tip)=0).  These inflection points can be categorised in 184 

two types, (i) the first type features a positive T’’(t) before the inflection point, T’’(tip-)>0, and negative 185 

after it, T’’(tip+)<0 , and (ii) the second type features a negative T’’(t) before the inflection point, T’’(tip-186 

)<0 and negative after it, T’’(tip+)>0. In Fig. 3, the inflection points of Type 1 are marked by red hollow 187 

circles, while the inflection points of Type 2 are marked by blue hollow circles. 188 
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Note that the evolution of the second derivative of the temperature is tightly connected with the evolution 189 

of the heat release rate (T’∽HRR) as demonstrated in Fig.3, and thus HRR features an extremal value at 190 

each inflection point: a maximum at the inflection point of Type 1, and a minimum at inflection points of 191 

Type 2.  192 

Therefore, the number of inflection points of Type 1 is an indicator of the number of heat release stages. 193 

For the presented conditions, we observe three stages. 194 

As shown in Figs. 2 and 3, the TSR exhibits an evolution characterised by a stage at which it is 195 

positive/negative, roughly in correspondence of a positive/negative T’’(t), albeit a short transitional time 196 

period. The TSR features maxima (points A, C, E) at about the inflection points and minima (points B, D, 197 

F) soon later the inflection points.   198 

The correspondence between the sign of the TSR and the sign of T’’(t) can be understood as follows. 199 

The temperature is increasing when TSR and T’’(t) are positive, but also when TSR and T’’(t) are negative. 200 

The variation between the aforementioned cases lies in the rate of growth of temperature. Following 201 

Williams [52], one can refer to the ignition regime with a positive/negative second order time derivative of 202 

the temperature, T’’(t), as super/sub critical regime. This implies that a temperature increase can be related 203 

to both a positive or a negative real part of an eigenvalue (or of linear combination of eigenvalues, i.e., the 204 

TSR), albeit this increase is “fast” - in the super-critical ignition regime - when the eigenvalue is positive 205 

(positive second order time derivative, as in the points A, C, and E) or “slow” - in the sub-critical ignition 206 

regime - when the eigenvalue is negative (negative second order time derivative, as in the points B, D, and 207 

F).  The interested reader can find a detailed CSP and TSR analysis of the super-critical and sub-critical 208 

ignition regimes with reference to a simple two species model in Sec.6 of [33].  209 

Fig. 4 presents a qualitative sketch of the TSR evolution for a typical three-stage auto-ignition case.  The 210 

TSR evolution suggests that the kinetics after the explosive period (TSR>0) of each auto-ignition stage, 211 

identified by positive eigenvalues (red lines in Fig. 4), aims at relaxing along negative eigenvalues (blue 212 

lines in Fig. 4), towards exponentially attracting slow invariant manifolds (grey lines denoted by M1, M2, 213 

M3 in Fig. 4), whose dimension is connected to the number M of exhausted modes (orange markers) as 214 

shown in Fig. 3 (the SIM dimension is N-M).  However, the explosive reactions controlling the second and 215 

third stages force the kinetics to leave the intermediate manifolds M1 and M2 . The kinetics will proceed 216 

towards the equilibrium state only after it reaches the manifold M3, since M3 emanates from the fixed point 217 

(equilibrium state) of the kinetic system.  218 
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Quantitatively, we observe in Fig. 3 that past the first ignition, the dimension of the fast subspace M1 is 219 

about 650. It is worth noting that the state space has the dimension of 1268, i.e., the number of species 220 

included in the detailed kinetic mechanism for n-heptane. Beyond the second ignition, the fast subspace has 221 

dimension M2 of about 1000, and finally the fast subspace dimension M3 is about 1200 past the third auto-222 

ignition stage. The criterion used to identify the number of exhausted modes is an extension of the criterion 223 

adopted in the standard CSP theory, which has been first introduced in [53]. The relative and absolute error 224 

tolerances adopted in this work are 10-2 and 10-8, respectively. 225 

Note in Fig. 3 that the number M of exhausted modes at points A and B is roughly the same, and is roughly 226 

the same in C and D, as well in E and F. This means that the transition from A to B (or C  D and E  F) 227 

occurs within the same slow manifold.  This suggests that the set of controlling reactions at any one of the 228 

3 pairs will be approximately the same. What will discriminate the super-critical kinetics at A from the sub-229 

critical kinetics at B is the rate of growth of temperature, as indicated by the change of sign of T’’(t). Thus, 230 

the super-critical and sub-critical regimes differ in the “magnitude” of the time rate of change and not 231 

necessarily in the set of reactions that cause the time rate of change. 232 

Pictorially, all the fast/slow scales are found above/below the absolute value of eigenvalue λM+1 , this being 233 

the eigenvalue associated with the fastest of the slow modes (blue markers) in Fig. 5, which reports in 234 

absolute value the same observables of Fig.3.  Note that (i) λM+1 is always negative, and (ii) the TSR is 235 

always enclosed in the slow subspace irrespective of its sign. Also note that it never happens that the TSR 236 

and λM+1 coincide; indeed, the CSP theory provides no prescription on how to identify the driving scale 237 

within the slow subspace. The TSR concept equips CSP with this type of information. 238 

In Figs. 3 and 5, we marked the time instants at which the two real and distinct eigenvalues, λ+,fast and λ+,slow 239 

merge into a pair of complex conjugates eigenvalues, or the reverse process, with a hollow green circle, 240 

and the letter mj with j=1,7. On this regard, the careful reader could note in Fig. 3(a) that the TSR before 241 

the merging point m1 coincides with the positive real part of the fastest eigenvalue, λ+,fast, while past m1, the 242 

TSR keeps growing until point A, and in this doing, it departs from λ+,fast.  243 

This happens because the TSR magnitude depends on the modulus of the eigenvalue that is from both the 244 

real and imaginary parts. Past m1, it is the imaginary part that grows and so does the TSR. Indeed, between 245 

m1 and m2, the two eigenvalues having a positive real part form a pair of complex conjugates. 246 

In the literature [54-56], it has become customary to assume the ansatz that the driving time scale of the 247 

system coincides with the explosive time scale, if such is present. However, multiple positive eigenvalues 248 

can develop throughout the whole auto-ignition as can be appreciated in the enlarged views of Fig. 3 and 249 
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5.  Incidentally, soon before the merging point m4 in Fig. 3(b) and 5(b), there exist 4 eigenvalues (two real 250 

and two complex conjugates) with a positive real part. 251 

Therefore, this might cause an ambiguity in the selection of the correct positive eigenvalue when following 252 

the approach indicated in [54-56].  253 

Moreover, it can be noted that at point B, when the TSR has a negative peak, there exist two real positive 254 

eigenvalues between m2 and m3.  The question then arises whether at this epoch the driving scale coincides 255 

(a) with the fastest positive eigenvalue, λ+,fast, or (b) with the negative TSR. Answers (a) and (b) cannot be 256 

possibly both correct. 257 

However, the definition of the TSR - inheriting its validity from the vector dynamics as discussed in [33] - 258 

allows to identify the actual driving time scale on the basis of both the magnitude of all eigenvalues and 259 

mode amplitudes. This way, the identification of the currently active timescale can be carried out 260 

unambiguously at all time instants, thereby making the TSR a reliable marker of the driving kinetics.  261 

One takeaway of the discussion above is that the dynamics is characterized by a negative TSR when the 262 

ignition is of the sub-critical type that is when the second time derivative of the temperature is negative. 263 

Under this circumstance, it is always possible to observe the simultaneous presence of one, or more, positive 264 

eigenvalue, whose mode amplitude is however small enough to make it irrelevant. 265 

Each ignition stage can thus be readily associated with a transition from a positive/explosive TSR to a 266 

negative/contractive TSR (labeled as A-B, C-D, E-F in Figs. 2, 3, and 5). It is therefore tempting to assume 267 

as the most representative time instants of the three-stage ignition those at which a local positive/negative 268 

peak of TSR occurs, since these are the time instants at which the highest rate of growth/decay of the active 269 

dynamics occur, respectively.  270 

The magnitude of the positive TSR decreases from point A to C to E. This indicates that the reactivity (if 271 

measured by the local characteristic time scale estimated with the reciprocal of the TSR, with higher 272 

reactivity associated with smaller characteristic time scales) decreases from point A to C to E, as already 273 

noted in [6]. 274 

At each ignition (or heat release) stage, more specifically at each positive/negative TSR peak, the CSP Slow 275 

Importance Indices of reactions for the temperature evolution identify the driving chemical reactions 276 

responsible of the thermal mixture reactivity.  277 
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Nine different case studies have been considered to compare the contribution of reactions at each heat 278 

release stage. The cases are grouped in different classes according to simulated parameters being 279 

investigated: (a) variation of the initial conditions (pressure, temperature, and equivalence ratio). (b) 280 

variation of n-alkane chain length. (c) variation of molecular structure (cyclisation and substitution). The 281 

conditions for which the analyses were carried out are summarized in Table 1.  282 

For each case, the CSP Slow Importance Indices for the temperature of each reaction have been evaluated 283 

at the six thermochemical states (A, … ,F), each of which corresponds to the most explosive and most 284 

contractive time instants of the three heat release stages. They are highlighted in Fig. 2a as point A (the 285 

TSR maximum) and point B (the TSR minimum) bracketing the first heat release stage. Similarly, the 286 

reactions driving the high temperature heat release stages are studied by analysing points C and D for the 287 

second heat release stage and points E and F for the third heat release stage.  288 

Note that the contributions of each reaction presented from CSP-TSR analysis is reported as the CSP (not 289 

TSR) importance indices of the temperature multiplied by 100. 290 

5. Results and Discussion 291 

5.1 n-Heptane Ignition  292 

Following our previous work on three-stage auto-ignition of n-heptane [6], we first present a comprehensive 293 

analysis on the effect of initial conditions on three-stage heat release. A sweep of different conditions 294 

(temperature, pressure, and equivalence ratio) were simulated in a constant volume adiabatic batch reactor.  295 

The IDT difference between the third and second heat release (t* = t3-t2), and the heat production rate of 296 

the second to third stage (h* = h2/h3) were determined to quantity the prominence of the three-stage ignition 297 

for each condition. The conditions examined are pressures of 10-60 bar, temperatures of 600K-900K, and 298 

equivalence ratios of 0.3-1.0. Since the mechanism of the initial low temperature heat release is the same 299 

as that extensively studied in two-stage chemistry literature, quantities similar to t* and h* for the first and 300 

second stages have not been analyzed in this work. These quantities are presented in the Supplementary 301 

Materials (Figures S1-S3). In addition, time scale analysis was performed to study the effect of varying 302 

temperature, pressure, and equivalence ratio (cases 1-4 in Table 1) on the three-stage chemistry.  303 

5.1.1 Sensitivity to Initial Conditions of the Heat Release Rate   304 

The effect of initial temperature on promoting three-stage heat release appears to be significant. The 305 

volumetric heat production rate of n-heptane auto-ignition at two different initial temperatures is shown in 306 

Fig. 6, for a prescribed pressure (P = 10 bar) and equivalence ratio (ϕ = 0.3). The heat production rates for 307 
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all the three stages is higher for the highest initial temperature of 700K; also note that the heat production 308 

rate of the third stage is the highest rate compared to the other two stages.  309 

A small kink is noticeable in the temperature profile during the first heat release stage for the case T = 600 310 

K (Fig. 6). This suggests a delayed or two-stage low temperature heat release rate. While this phenomenon 311 

has been observed at several other conditions, we do not delve further into the underlying chemical 312 

phenomena because of limited experimental evidence to support the numerical predictions.  In addition, the 313 

two low temperature heat release stages were observed only at low initial temperatures where kinetic 314 

models lack experimental validation. Finally, such low initial temperatures result in long ignition time 315 

scales (e.g., hundreds of ms) not typically found in engines.  For these reasons, we stopped any further 316 

investigation of the observed two-stage low temperature heat release. 317 

The effect of temperature is further explored in Fig. 7 where parameters relevant to the three-stage ignition 318 

are examined. Both IDT difference (t*) and heat release rate ratio (h*) decrease as temperature increases. 319 

The slope at which t* and h* decrease with temperature remains relatively the same for different predefined 320 

pressure and equivalence ratio values. As discussed in detail later, increasing the initial temperature 321 

eliminates inhibiting radical termination reactions at the second stage heat release and promotes thermal 322 

runaway. 323 

The sensitivity to pressure of three-stage heat release is demonstrated in Fig. 8. The second stage heat 324 

release peak increases dramatically as pressure increases, which translates to an increase in h* for all cases. 325 

This trend is opposite to the observed one with temperature increase, wherein h* drastically decreases. The 326 

change in h* as a function of pressure is the greatest for the leanest and low temperature conditions. The 327 

delay between the third and second stages (t*) remains relatively invariant regardless of the initial 328 

temperature and equivalence ratio, with the only exception being the first case (T = 600 K, ϕ = 0.3) where 329 

t3-t2 slightly reduces.  330 

Increasing the equivalence ratio has the strongest effect in suppressing three-stage ignition phenomenon. 331 

The third stage heat release rate increases rapidly when the equivalence ratio is increased. This increase in 332 

the magnitude of the third stage relative to the second stage, as observed in Fig. 9, causes the h* ratio to 333 

drop exponentially. An exponential drop with increasing equivalence ratio is also observed for the IDT 334 

difference between the third and second stage (t*). Increasing the equivalence ratio increases the availability 335 

of free radicals, which drives the explosive nature of the system and in turn causes the merging the second 336 

and third stages closer together.  337 
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In summary, the sensitivity analysis reported in this section identifies the temperature, pressure and 338 

equivalence ratio regions where three-stage heat release becomes more pronounced. The phenomenon is 339 

more prominent in lean air/fuel mixtures with equivalence ratio of 0.3-0.4 and relatively low initial 340 

temperatures of 600-750 K. n-Heptane exhibits three-stage heat release for all the pressure conditions 341 

analyzed herein (10-60 bar). 342 

5.1.2 Time Scale Analysis for n-Heptane 343 

We carried out a time scale analysis based on the TSR and the Slow Importance Indices to study the effect 344 

of varying the initial conditions (temperature, pressure, and equivalence ratio) on the three-stage chemistry. 345 

Specifically, starting from a baseline case (Case #1, n-heptane constant volume combustion at T = 800 K, 346 

P = 20 bar, and ϕ = 0.3), three cases have been selected by perturbing the initial temperature and pressure, 347 

and the equivalence ratio. Table 1 details the baseline case (Case #1), and the cases where the effect of 348 

reducing the intake temperature to 700 K (Case #2), decreasing the intake pressure to 10 bar (Case #3), and 349 

enriching the fuel to ϕ = 0.4 (Case #4) were considered. The contribution of important reactions to the 350 

temperature evolution for each of the heat release stages have been analyzed. Six points were considered 351 

(A-F), which correspond to the TSR local maxima and minima around the three heat release stages, as 352 

indicated in Figs. 2, 3, and 5. 353 

The reactions that contribute to the first heat release stage (Point A) under varying the initial conditions 354 

study (cases 1-4 in Table 1) are highlighted in Fig. 10. A species dictionary showing the chemical structure 355 

of species denoted in the figure is provided in the Supplementary Material. The three main classes of 356 

reactions driving the reactivity of the mixture at early stages are second oxygen addition via 357 

QOOH+O2=O2QOOH, KetoHydroPeroxide (KHP) decomposition, and H-atom abstraction. In the 358 

baseline case (Case #1), reactions in the QOOH+O2=O2QOOH class are found to contribute the most to 359 

the system dynamics, followed by those in the KHP decomposition reaction class. H-atom abstraction by 360 

OH radical has a varying effect depending on the location of the H-atom in the n-heptane chain. Extracting 361 

the H-atom from the first n-heptane branch hinders the thermal reactivity of the mixture, whereas the 362 

thermal reactivity increases when OH radical attacks the H-atom located at either the second, third, or fourth 363 

sites. The overall contribution of the H-atom class of reactions with their competitive nature has negligible 364 

net effect in the baseline Case 1. The competition prevails when lowering the intake temperature (Case 2) 365 

wherein reactions with negative contribution become dominant. Lowering the intake pressure (Case 3) 366 

shows a negligible overall impact as compared with the baseline case. However, increasing equivalence 367 

ratio (Case 4) shifts all H-atom abstraction reactions to become drivers for reactivity. Lowering either the 368 

initial temperature or pressure increases the significance of KHP decomposition class of reactions in driving 369 
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the reactivity. The contribution of KHP decomposition reactions in the high equivalence ratio Case 4 is 370 

similar to that in the baseline Case 1. The only difference is the additional effect of 371 

C7KET13=C7KET13O+OH reaction, which shows a slight negative contribution. The contribution of 372 

reactions under the QOOH+O2=O2QOOH class increases as the initial temperature is reduced. However, 373 

it decreases with either lowering initial pressure or increasing fuel/air ratio.  374 

At Point B, the most contributing reactions are shown in Fig. 11. The contribution of KHP decomposition 375 

reactions increase in magnitude with respect to the baseline case to the extent that this class of reactions 376 

become dominant over QOOH+O2=O2QOOH. A similar trend has been reported with fuel enrichment 377 

where KHP decomposition reactions become the main reactivity driver. At low initial temperature or 378 

pressure, the contribution of KHP decomposition is at the same level noted at Point A. In fact, the 379 

contribution of KHP decomposition is the highest for the low pressure case as noted at Point A. The effect 380 

of the class of reactions QOOH+O2=O2QOOH retains their characteristics as observed at Point A for the 381 

baseline case. Their contributions increase with initial temperature reduction but slightly decrease with 382 

either low pressures or high equivalence ratio. Unlike the observations reported at Point A, the H-atom 383 

abstraction reactions have an overall higher contribution with respect to the baseline case. A similar trend 384 

has been observed when lowering the initial pressure. Moving towards lower initial temperature, the H-385 

atom abstraction reduces the reactivity. For the higher equivalence ratio case, more pronounced negative 386 

contribution from primary H-atom abstraction of n-heptane has been reported.  387 

Fig. 12 summarizes the reactions that take part in the second heat release stage (Point C, positive TSR). 388 

H2O2 decomposition to OH radicals is the main reactivity contributor, which is consistent with the CSP 389 

analysis reported in Sarathy et al. [6] . It accounts for more than 25% of the system reactivity for all cases, 390 

which guides the mixture to higher temperature levels. The contribution of the reaction H2O2=2OH reduces 391 

slightly with lowering initial intake temperature and pressure and increasing equivalence ratio. The 392 

recombination reaction H+O2=HO2 is the main reactivity inhibitor at the second heat release stage. The 393 

negative contribution the reaction of H+O2=HO2 increases in magnitude as the temperature at Point C 394 

increases. The reactions C2H4+OH=C2H3+H2O and O2+H=O+OH also increase the reactivity of the 395 

system. The reaction CH2O+OH=HCO+H2O inhibits reactivity for all the cases at similar level except 396 

when lowering the intake temperature where it has negligible effect.  397 

At Point D, the important reactions are similar to those at Point C, albeit with different contributions (Fig. 398 

13). The contribution of H2O2 decomposition retains its significance at point D but reduces in magnitude 399 

for all the cases compared to point C. The only exception is the lowering of initial temperature case where 400 

the contribution H2O2 decomposition reaction increases from 28% to 38%. The reaction H+O2=HO2 retains 401 
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its characteristic as the main reactivity inhibitor. For all the cases, the contributions of this hindering 402 

reaction increase compared to those at Point C. The contribution of reaction C2H4+OH=C2H3+H2O is 403 

maintained at approximately 5% regardless of the initial conditions. The inhibiting reaction 404 

CH2O+OH=HCO+H2O shares similar contributions as described for Point C. The lower initial temperature 405 

case shows a higher negative contribution of CH2O+OH reaction than the observed at Point C. 406 

O2+H=O+OH reaction has slightly higher contribution than presented for Point C. In summary, Point D 407 

shows a reduction in the TSR (corresponding to a longer characteristic time scale) compared to Point C, 408 

which can be attributed to the lower contribution of reactivity promoting H2O2 decomposition and higher 409 

contribution of reactivity inhibiting H+O2=HO2 recombination. 410 

Fig. 14 compares the effect of initial conditions on the contribution of various reactions at the third heat 411 

release stage (Point E, positive TSR). Two reactions prevail that compete with each other: O2+H=O+OH 412 

as driver for reactivity and H+O2=HO2 as an inhibitor. The contribution of these two reactions reduce as 413 

the initial temperature and pressure are lowered or equivalence ratio is increased. CO to CO2 conversion 414 

plays a prominent role to increase the temperature of the system at the start of the third heat release stage. 415 

The contribution of CO oxidation reaction shares values similar to the baseline case when increasing 416 

equivalence ratio or lowering the initial temperature. However, its contribution slightly reduces as the initial 417 

pressure of the mixture is lowered. The radical termination reaction OH+HO2=H2O+O2 acts as reactivity 418 

inhibitor. It has the greatest contribution for lower initial temperatures.  419 

At Point F (negative TSR), there is a shift in the drive of reactivity from reaction O2+H=O+OH to reaction 420 

CO+OH=CO2+H (see Fig. 15). There is, in fact, a correlation in the CO conversion reaction with the 421 

temperature of the cases at Point F. CO-to-CO2 oxidation accounts for approximately 70% of the overall 422 

contribution at the higher equivalence ratio case, which has the highest Point F temperature (TpointF= 423 

1970K). There is an inverse correlation in the contribution of reaction O2+H=O+OH with the system 424 

temperature at Point F. The reaction H+O2=HO2 is the main reactivity inhibitor, and it has a greater effect 425 

at the cases with lower temperatures (Baseline and Low T cases). The radical termination reaction 426 

OH+HO2=H2O+O2 has a minor inhibition effect for all the cases compared to the other reactions.  427 

In summary, KHP decomposition, QOOH+O2=O2QOOH, and H atom abstraction class of reactions have 428 

the largest share in controlling the fate of the first heat release stage. The supply of OH radicals to drive the 429 

second heat release stage to explosiveness originates mainly from H2O2 decomposition. The increasing 430 

importance of H2O2 decomposition as pressure increases justifies the continuous increase in h* (relative 431 

magnitude of second to third heat release stage h2/h3) as noted in Fig. 8.  The inhibiting reaction H+O2=HO2 432 

acts the main inhibitor of reactivity throughout the high temperature heat release stages (second and third). 433 
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It is indeed the main contributor for attaining pronounced three-stage heat release with higher initial 434 

pressure. The reaction O2+H=O+OH drives the reactivity at early phases of the third heat release stage but 435 

shifts toward reaction CO+OH=CO2+H. The large contribution of the aforementioned reactions is reflected 436 

on the rapid depletion in the magnitude of h* with increasing temperature and equivalence ratio (Fig. 7 and 437 

Fig. 9). It is worthwhile to correlate the decrease in t* for the high T and ϕ cases and the temperature at 438 

which Points C-F exist. The present analysis highlights a change in contribution of reaction classes with 439 

the variation of initial conditions (temperature, pressure, and equivalence ratio). In some cases, the 440 

contributions can be correlated with the system temperature at the analyzed zone.  441 

5.2 Sensitivity to n-Alkanes Chain Length  442 

The analysis of three-stage heat release was extended to other hydrocarbon fuels capable of exhibiting this 443 

phenomenon. n-Alkanes with shorter chain lengths than n-heptane, namely n-hexane, n-pentane, and n-444 

butane, were examined in this study. We repeated the same analysis done for n-heptane by considering 445 

different temperature, pressure, and equivalence ratio conditions in a closed adiabatic homogenous batch 446 

reactor. The n-heptane kinetic model by Zhang et al. [45] was used to perform this analysis. For each case, 447 

the ratio of the second to third heat release rate peak (h* = h2/h3) and the IDT difference between the third 448 

and second stage (t* = t3-t2) were studied. The combined TSR-CSP analysis was utilized to compare the 449 

three-stage chemistry of C4-C7 n-alkanes. C1-C3 n-alkanes have been eliminated from this analysis due to 450 

their low reactivity especially at extremely lean conditions. Samples of the heat release rate for the analyzed 451 

n-alkanes are included in Figures S4-S7 in the Supplementary Materials.  452 

5.2.1 Heat Release Rate Characteristics   453 

Since the analysis has three independent variables (temperature, pressure, and equivalence ratio), the results 454 

are presented in 3-D plots by fixing one variable and varying the other two. Fig. 16 shows the temperature 455 

and pressure effect on t* and h* at equivalence ratio of 0.3 for C4-C7 n-alkanes. For all fuels, the h* ratio 456 

peaks at the low temperature/high pressure condition, beyond which it gradually drops. The fuel n-butane 457 

displays substantially higher h* ratio at the peak condition compared to the other n-alkanes, and then they 458 

all collapse together at higher temperature and pressure conditions. On the contrary, t* for all fuels reaches 459 

a global maxima at low pressure and low temperature conditions.  460 

The equivalence ratio and temperature effect was analyzed by fixing the pressure at 20 bar for all the n-461 

alkanes, as shown in Fig. 17.  Both of the h* ratio and t* peak at low temperature and equivalence ratio 462 

values. Similar to the constant equivalence ratio analysis, n-butane reaches higher values of t* and h* than 463 

other fuels at peak conditions, followed by n-hexane and n-heptane, and then n-pentane having the lowest 464 
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of them all. In summary, n-butane has the highest heat release ratio (h*) and IDT difference (t*) at the 465 

corresponding optimum temperature-pressure-equivalence ratio conditions while n-pentane lies at the lower 466 

bounds.   467 

5.2.2 Time Scale Analysis for Different n-Alkanes 468 

Further understanding of three-stage heat release in n-alkanes can be gained from the combined TSR-CSP 469 

time scale analysis of the cases 5, 6 and 7 highlighted in Table 1. The reaction palette that contributes the 470 

most to the reactivity of the first heat release stage (Points A and B) is shown in Figures S10 and S11 in the 471 

Supplementary Materials. The reaction classes that are important at the first low temperature heat release 472 

stage (Points A and B) are KHP decomposition, QOOH+O2=O2QOOH, and H-atom abstraction. The n-473 

alkanes fuels with lower carbon chains than n-heptane share similar reaction classes that control the 474 

reactivity of the mixture at the first heat release stage.  475 

Proceeding towards the second heat release stage (Points C and D) yields a similar reaction palette for all 476 

n-alkanes, as illustrated in Fig. 18 and 19. The OH radical production reaction from H2O2 is dominating 477 

throughout the second stage, as expected, with a contribution of more than 25% for all the n-paraffins. All 478 

other classes of reactions have an order of magnitude lower contribution than H2O2 decomposition. The 479 

reactions H+O2=HO2 and CH2O+OH=HCO+H2O have similar contribution to inhibit the reactivity, 480 

where the former reaction doubles in contribution at Point D. On the other hand, the reactions 481 

C2H4+OH=C2H3+H2O and O2+H=O+OH have similar contribution magnitudes as the aforementioned 482 

reactions but to promote the system reactivity. The contribution of reactions appears to be insensitive to the 483 

n-alkane chain length. This can be attributed to the similarity of temperature zones in which all the n- alkane 484 

exist at Points C and D.  485 

At the explosive region of the third heat release stage (Point E), the importance of H2O2 decomposition to 486 

OH radicals is phased out (Fig. 20). It is replaced by reaction O2+H=O+OH as the main reactivity enhancer 487 

with a contribution that goes up to 30%. Reaction H+O2=HO2 inhibits the reactivity at the same levels as 488 

the O2+H=O+OH. It is worthwhile to report the correlation between the absolute contributions of reactions 489 

O2+H=O+OH and H+O2=HO2 and the chain length. It is in fact an inverse correlation with the temperature 490 

at Point F for each n-alkane. CO oxidation emerges at this stage as a reactivity enhancer with the 491 

reactionOH+HO2=H2O+O2 hindering the reactivity at similar levels.  492 

As the mixture proceeds to the contractive region of the third heat release stage (Point F), the effect of 493 

reaction H+O2=HO2 elevates compared to the previous levels and maintains its contribution regardless of 494 

the n-alkane used (Fig. 21). Unlike the observations reported for n-heptane combustion, the contribution of 495 
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reaction O2+H=O+OH is dominating in some cases or it shifts towards reaction CO+OH = CO2+H in other 496 

cases. It has been reported that CO oxidation dominates for n-heptane auto-ignition at Point F regardless of 497 

the initial conditions.   498 

In summary, the three-stage heat release characteristics of all the n-alkanes have similar features, wherein 499 

reaction H+O2=HO2 is the main inhibitor throughout the second and third heat release stages. It competes 500 

with H2O2 decomposition at earlier parts of second heat release stage followed by CO-to-CO2 oxidation 501 

and reaction O2+H=O+OH that dominate at the third stage. The aforementioned observations are supported 502 

by the similarity in the t* and h* values for all the n-alkanes at the initial conditions P = 20 bar, T = 800 k 503 

and ϕ = 0.3.  504 

5.3 Ignition of Other Classes of Hydrocarbons  505 

The presence of three-stage heat release was further explored in other hydrocarbon classes, namely iso-506 

alkanes (2-methylhexane) and cycloalkanes (cyclopentane). For each fuel, simulations have been performed 507 

for a range of temperatures (600K- 900K), pressures (10-60 bar), and equivalence ratios (0.3-0.5) to find 508 

the heat release ratio h* = h2/h3 and IDT difference t* = t3-t2. The combined TSR-CSP analysis was carried 509 

out to identify variations in the three-stage chemistry between these classes of hydrocarbons and n-heptane. 510 

Samples of the heat release rate for the hydrocarbons analyzed in this study were included in Figures S8 511 

and S9 in the Supplementary Materials. 512 

5.3.1 Heat Release Rate Characteristics   513 

A similar analysis to that for n-alkanes was implemented to study other hydrocarbons, wherein the three-514 

stage ignition parameters have been presented in 3-D plots.  515 

Fig. 22 shows the temperature and pressure effect on t* and h* at equivalence ratio of 0.3 for n-heptane, 2-516 

methylhexane, and cyclopentane. For all the fuels, the h* ratio peaks at low temperature/high pressure point 517 

at which point it begins to gradually drop. n-Heptane has substantially higher h* ratio at the peak conditions 518 

compared to the other hydrocarbons, and then they all collapse together at conditions away from low 519 

temperature and high pressure. In contrast, t* reaches global maxima at low pressures while maintaining 520 

the low temperature conditions. 2-Methylhexane has the widest time gap between the third and second heat 521 

release stages with n-heptane and cyclopentane having slightly lower t* magnitude.  522 

The effect of temperature and equivalence ratio on parameters relevant to three-stage ignition for the other 523 

hydrocarbon components is demonstrated in Fig. 23. Similar to the conclusions drawn from earlier analysis, 524 

the heat release ratio and IDT difference maximize at lean air/fuel mixture under the application of low 525 
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temperatures. The variation of t* between the fuels analyzed is marginal but n-heptane and cyclopentane 526 

have slightly higher h* ratio than 2-methylhexane at peak conditions.  527 

5.3.2 Time Scale Analysis of Other Hydrocarbons 528 

The combined TSR-CSP time scale analysis was adopted to analyze the other hydrocarbon classes. The 529 

conditions used to perform the analysis for the hydrocarbons are labeled as Cases 8, and 9 in Table 1. Due 530 

to the wider differences in the molecular structure of these hydrocarbons, new reaction classes emerge as 531 

contributors for the low temperature heat release. Tables S1-S3 in the Supplementary Materials list the 532 

important reactions that control the first stage heat release at Points A and B. As n-heptane and 2-533 

methylhexane are isomers, they share similar reaction classes at early phases of auto-ignition. KHP 534 

decomposition and H-atom abstraction have been found to have substantial impact to Points A and B. The 535 

radial termination reaction of HO2+OH=H2O+O2 is the main reactivity inhibitor of 2-methylhexane during 536 

the first heat release stage. For cyclopentane, the isomerization of OOQOOH and decomposition of 537 

carbonyl hydroperoxide class of reactions enhance the reactivity of the mixture with the concerted 538 

elimination of HO2 is the main reactivity inhibitor.  539 

As the molecular structure of the hydrocarbons breaks via pyrolysis to primary molecules and intermediates 540 

at high temperature stages, the hydrocarbons share similar reaction pathways driving their reactivity. In 541 

fact, they share similar features from Points C to F as highlighted in the n-heptane and n-alkanes analyses. 542 

This is highlighted in Fig. 24 and 25 where the contributions of hydrocarbons are compared at the explosive 543 

and contractive stage of the second heat release (Points C and D). The production of OH radicals from H2O2 544 

decomposition is the main promoter of reactivity at early stages of the high temperature heat release even 545 

for 2-methylhexane and cyclopentane. Its contribution reduces with 2-methylhexane and cyclopentane 546 

compared to n-heptane. The contribution levels reduce in magnitude proceeding to the latter parts of the 547 

second heat release stage where n-heptane and 2-methylhexane experience the greatest reduction. Other 548 

reactions that were observed in n-heptane auto-ignition are found to contribute also for 2-methyhexane and 549 

cyclopentane. These reactions H+O2=HO2 and CH2O+OH=HCO+H2O act as inhibitors whereas reactions 550 

C2H4+OH=C2H3+H2O and O2+H=O+OH act as promoters of reactivity. 551 

The reactions that contribute to the explosive and contractive portions of third heat release stages are 552 

summarized in Fig. 26 and 27, respectively. The mixture starts to be dominated by reaction O2+H=O+OH 553 

as reactivity driver at Point E but shifts towards reaction CO+OH=CO2+H at later stages of the third stage 554 

heat release. Reaction H+O2=HO2 persists as the main reactivity inhibitor in both of the explosive and 555 

contractive portions of the heat release. The radical termination reaction OH+HO2=H2O+O2 plays an 556 

important role to inhibit the reactivity at Point E but reduces in significance towards Point F. The 557 
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contributions overall maintain similar values for the classes of hydrocarbon tested even with the deviation 558 

in the temperature zones in which they exist. It highlights that even with their significant difference in their 559 

molecular structures, they share similar heat release characteristics at the high temperature heat release 560 

stages. It is supported by the similarities in the reaction palette from the TSR-CSP analysis and h* and t* 561 

values.  562 

6. Conclusions 563 

This work investigated an unusual heat release characteristic where the energy of certain fuels is released 564 

in three distinct auto-ignition stages. We identified the pressure, temperature, and equivalence ratio 565 

conditions where the three-stage ignition is more pronounced by running extensive closed adiabatic 566 

homogenous batch reactor numerical simulations. The occurrence of three-stage heat release was then 567 

explored in n-alkanes fuels with different chain lengths and different hydrocarbon classes. The main 568 

takeaways of this study are summarized in Fig. 28. 569 

Three-stage heat release was observed for n-heptane at lean equivalence ratios of 0.3-0.4 and low 570 

temperatures ranging from 600 to 750 K. For all the pressure conditions examined, n-heptane exhibited 571 

three-stage heat release. The phenomenon becomes more pronounced in terms of the ratio of the second to 572 

third heat release peaks (h* = h2/h3) at high pressures and low temperatures and equivalence ratios. 573 

However, high pressures reduce the time gap between the third and second heat release stages (t* = t3-t2). 574 

It is worthwhile to note that trends reported herein may alter depending on the uncertainties of the n-heptane 575 

chemical kinetic model, especially in regions with poor experimental validation.  Even with such 576 

uncertainties, presenting such phenomenon is essential, as it may motivate future studies. It is recommended 577 

to seek further experimental data evidence of three-stage heat release under various conditions and with a 578 

range of fuels. 579 

The important reactions driving the reactivity of a mixture exhibiting three-stage heat release were extracted 580 

from the present analysis based on combining different merits of the TSR concept and the CSP Slow 581 

Importance Indices. The aforementioned analysis was found to match the ones obtained from computational 582 

singular perturbation (CSP) tool from Sarathy et al. [6]. The significant lower computational cost of the 583 

present approach with respect to the one pursued in [6] allowed us to explore a broader range of ignition 584 

conditions. The first stage heat release was driven by reactions similar to the low temperature reactions 585 

found in a typical two-stage ignition. It is very sensitive to the molecular structure of the fuel. Much of the 586 

fuel oxidation occurs within the first heat release stage, beyond which the reactivity is controlled by primary 587 

molecules and intermediates.  The reactivity of the mixture at the second stage is mainly driven by H2O2 588 

decomposition to OH radicals and counteracted by two major inhibiting reactions: H + O2 (+M) => HO2 589 
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(+M) and CH2O+OH => HCO + H2O, which deviates to conclusions drawn from the CSP analysis. At the 590 

third heat release stage, the drivers for thermal runway are the reaction H + O2 => O + OH and CO + OH 591 

=> CO2 + H with reaction H + O2 (+M) => HO2 (+M) being the major inhibiting reaction.  592 

Three-stage ignition was detected for n-alkanes with lower carbon content than n-heptane. However, there 593 

was no a direct link between prominence of three stage heat release and the n-alkane chain length, as it 594 

involves complex intermolecular interactions which may not be adequately captured by present chemical 595 

kinetic models. For the other classes of hydrocarbons studied here, namely 2-methylhexane and 596 

cyclopentane, the second stage heat release was found to deviate from n-heptane not in terms of the 597 

reactions involved but for their individual contributions to the mixture reactivity. There is a clear reduction 598 

in the contribution of H2O2 decomposition to two OH radicals due to the lower reactivity 2-methylhexane 599 

and cyclopentane and hence the temperature at which they exist when compared to n-heptane. The third 600 

stage chemistry of all the analyzed components was found to be similar. Hence, even hydrocarbon isomers 601 

(n-heptane vs. 2-methyhexane) can have different characteristics of three stage heat release.  602 
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Tables 747 

Table 1. Test case matrix for the time scale analysis 748 

 Case # Components Mechanism ϕ T [K] P [bar] 

Baseline 1 n-Heptane Zhang et al. [43] 0.3 800 20 

Variation of the 

initial conditions 

2 n-Heptane Zhang et al. [43] 0.3 700 20 

3 n-Heptane Zhang et al. [43] 0.3 800 10 

4 n-Heptane Zhang et al. [43] 0.4 800 20 

Variation of n-

alkanes chain 

length 

5 n-Hexane Zhang et al. [43] 0.3 800 20 

6 n-Pentane Zhang et al. [43] 0.3 800 20 

7 n-Butane Zhang et al. [43] 0.3 800 20 

Other classes of 

hydrocarbons 

8 2-Methylhexane Mohamed et al. [49] 0.3 800 20 

9 Cyclopentane AlRashidi et al. [48] 0.3 800 20 

 749 

  750 
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Figure Captions 751 

Fig. 1. Volumetric heat production rate (HPR) of n-heptane/air mixture at =0.3, 750 K, and 20 bar. 752 

Fig. 2. Temperature (black), CO mass fraction (blue), eigenvalues with positive real part (green), 753 

eigenvalues with negative real part (grey), and TSR (red) time evolution; n-heptane/air mixture at ϕ = 0.3, 754 

P = 20 bar, and T = 700 K 755 

Fig. 3. Enlarged view about the three ignition stages for a n-heptane/air mixture at ϕ = 0.3, P = 20 bar, and 756 

T = 700 K. Temperature (black); eigenvalues with positive real part (green), eigenvalues with negative 757 

real part (grey); TSR (red); eigenvalue λM+1 (blue markers); heat release rate (magenta), fast subspace 758 

dimension M (orange); inflection points of type 1/2 (red/blue hollow circles and vertical dashed lines); 759 

positive eigenvalues merging points mj (green hollow circles). 760 

Fig. 4. A sketch of the three-stage auto-ignition. The red/blue lines relate to eigenvalues with 761 

positive/negative real part. The grey lines represent the three slow invariant manifolds (SIM) towards 762 

which the system is attracted after each explosive stage. The SIM denoted with M3 emanates from the 763 

fixed point (equilibrium state) of the kinetic system. 764 

Fig. 5. Enlarged view about the three auto-ignition stages for a n-heptane/air mixture at ϕ = 0.3, P = 20 765 
bar, and T = 700 K. Temperature (black), number of exhausted modes M (orange); absolute value of 766 
eigenvalues with positive real part (green), with negative real part (grey); absolute value of TSR (red); 767 
absolute value of eigenvalue λM+1 (blue markers); inflection points of type 1/2 (red/blue hollow circles 768 
and vertical dashed lines); positive eigenvalues merging points mj (green hollow circles).  769 

Fig. 6. Volumetric heat production rate of n-heptane at P = 10 bar, ϕ = 0.3, and (a) T = 600 K, (b) T = 700 770 
K.  771 

Fig. 7. Temperature effect on t* and h* at (a) P = 10 bar, ϕ = 0.3, (b) P= 30 bar, ϕ = 0.3, and (c) P = 30 772 
bar, ϕ = 0.4 773 

Fig. 8. Pressure effect on t* and h* at (a) T = 600 K, ϕ = 0.3, (b) T = 700 K, ϕ = 0.3, and (c) T = 600 K, 774 
ϕ= 0.4. 775 

Fig. 9. Equivalence ratio effect on t* and h* at (a) T = 600 K, P = 10 bar and (b) T = 600 K, P = 30 bar. 776 

Fig. 10. CSP Slow Importance Indices (multiplied by hundred) at the first heat release stage (Point A, 777 
positive TSR); the numbers printed within the bars are meant to replace the xx, x-x, or x suffixes in the 778 
class reactions printed in the upper right corner of the figure.  779 

Fig. 11. CSP Slow Importance Indices (multiplied by hundred) at the first heat release stage (Point B, 780 
negative TSR); the numbers printed within the bars are meant to replace the xx, x-x, or x suffixes in the 781 
class reactions printed in the upper right corner of the figure. 782 

Fig. 12. CSP Slow Importance Indices (multiplied by hundred) at the second heat release stage (Point C, 783 
positive TSR). 784 
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Fig. 13. CSP Slow Importance Indices (multiplied by hundred) at the second heat release stage (Point D, 785 
negative TSR). 786 

Fig. 14. CSP Slow Importance Indices (multiplied by hundred) at the third heat release stage (Point E, 787 
positive TSR). 788 

Fig. 15. CSP Slow Importance Indices (multiplied by hundred) at the third heat release stage (Point F, 789 
negative TSR). 790 

Fig. 16. Pressure and temperature effect on t* and h* at ϕ = 0.3 for C4-C7 n-alkanes. 791 

Fig. 17. Equivalence ratio and temperature effect on t* and h* at P = 20 bar for C4-C7 n-alkanes. 792 

Fig. 18. CSP Slow Importance Indices (multiplied by hundred) to n-paraffins chain length at the second 793 
heat release stage (Point C, positive TSR). 794 

Fig. 19. CSP Slow Importance Indices (multiplied by hundred) to n-paraffins chain length at the second 795 
heat release stage (Point D, negative TSR). 796 

Fig. 20. CSP Slow Importance Indices (multiplied by hundred) to n-paraffins chain length at the third heat 797 
release stage (Point E, positive TSR). 798 

Fig. 21. CSP Slow Importance Indices (multiplied by hundred) to n-paraffins chain length at the third heat 799 
release stage (Point F, negative TSR). 800 

Fig. 22. Pressure and temperature effect on t* and h* at ϕ= 0.3 for different hydrocarbons. 801 

Fig. 23. Equivalence ratio and temperature effect on t* and h* at P = 20 bar for different hydrocarbons. 802 

Fig. 24. CSP Slow Importance Indices (multiplied by hundred) of other classes of hydrocarbons at the 803 
second heat release stage (Point C, positive TSR). 804 

Fig. 25. CSP Slow Importance Indices (multiplied by hundred) of other classes of hydrocarbons at the 805 
second heat release stage (Point D, negative TSR). 806 

Fig. 26. CSP Slow Importance Indices (multiplied by hundred) of other classes of hydrocarbons at the 807 
third heat release stage (Point E, positive TSR). 808 

Fig. 27. CSP Slow Importance Indices (multiplied by hundred) of other classes of hydrocarbons at the 809 
third heat release stage (Point F, negative TSR). 810 

Fig. 28. Summary of the three-stage heat release mechanism. 811 
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Figures 813 

 814 

Fig. 1. Volumetric heat production rate (HPR) of n-heptane/air mixture at =0.3, 750 K, and 20 bar. 815 
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 817 

Fig. 2. Temperature (black), CO mass fraction (blue), eigenvalues with positive real part (green), 818 
eigenvalues with negative real part (grey), and TSR (red) time evolution; n-heptane/air mixture at ϕ = 0.3, 819 
P = 20 bar, and T = 700 K 820 

  821 



  30 

 822 

Fig. 3. Enlarged view about the three ignition stages for a n-heptane/air mixture at ϕ = 0.3, P = 20 bar, 823 
and T = 700 K. Temperature (black); eigenvalues with positive real part (green), eigenvalues with negative 824 
real part (grey); TSR (red); eigenvalue λM+1 (blue markers); heat release rate (magenta), fast subspace 825 
dimension M (orange); inflection points of type 1/2 (red/blue hollow circles and vertical dashed lines); 826 
positive eigenvalues merging points mj (green hollow circles).  827 

  828 
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 829 

Fig. 4. A sketch of the three-stage auto-ignition. The red/blue lines relate to eigenvalues with 830 
positive/negative real part. The grey lines represent the three slow invariant manifolds (SIM) towards which 831 
the system is attracted after each explosive stage. The SIM denoted with M3 emanates from the fixed point 832 
(equilibrium state) of the kinetic system. 833 
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  835 

Fig. 5. Enlarged view about the three auto-ignition stages for a n-heptane/air mixture at ϕ = 0.3, P = 20 836 
bar, and T = 700 K. Temperature (black), number of exhausted modes M (orange); absolute value of 837 
eigenvalues with positive real part (green), with negative real part (grey); absolute value of TSR (red); 838 
absolute value of eigenvalue λM+1 (blue markers); inflection points of type 1/2 (red/blue hollow circles and 839 
vertical dashed lines); positive eigenvalues merging points mj (green hollow circles).  840 
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 842 

Fig. 6. Volumetric heat production rate of n-heptane at P = 10 bar, ϕ = 0.3, and (a) T = 600 K, (b) T = 843 
700 K.  844 
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 846 

Fig. 7. Temperature effect on t* and h* at (a) P = 10 bar, ϕ = 0.3, (b) P= 30 bar, ϕ = 0.3, and (c) P = 30 847 
bar, ϕ = 0.4 848 
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 850 

Fig. 8. Pressure effect on t* and h* at (a) T = 600 K, ϕ = 0.3, (b) T = 700 K, ϕ = 0.3, and (c) T = 600 K, 851 
ϕ= 0.4. 852 
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 854 

Fig. 9. Equivalence ratio effect on t* and h* at (a) T = 600 K, P = 10 bar and (b) T = 600 K, P = 30 bar. 855 
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 857 

Fig. 10. CSP Slow Importance Indices (multiplied by hundred) at the first heat release stage (Point A, 858 
positive TSR); the numbers printed within the bars are meant to replace the xx, x-x, or x suffixes in the 859 
class reactions printed in the upper right corner of the figure.  860 
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 862 

Fig. 11. CSP Slow Importance Indices (multiplied by hundred) at the first heat release stage (Point B, 863 
negative TSR); the numbers printed within the bars are meant to replace the xx, x-x, or x suffixes in the 864 
class reactions printed in the upper right corner of the figure. 865 

  866 



  39 

 867 

Fig. 12. CSP Slow Importance Indices (multiplied by hundred) at the second heat release stage (Point C, 868 
positive TSR). 869 
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 871 

Fig. 13. CSP Slow Importance Indices (multiplied by hundred) at the second heat release stage (Point D, 872 
negative TSR). 873 
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 875 

Fig. 14. CSP Slow Importance Indices (multiplied by hundred) at the third heat release stage (Point E, 876 
positive TSR). 877 
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 879 

Fig. 15. CSP Slow Importance Indices (multiplied by hundred) at the third heat release stage (Point F, 880 
negative TSR). 881 
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  883 

Fig. 16. Pressure and temperature effect on t* and h* at ϕ = 0.3 for C4-C7 n-alkanes. 884 
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 886 

Fig. 17. Equivalence ratio and temperature effect on t* and h* at P = 20 bar for C4-C7 n-alkanes. 887 
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 889 

Fig. 18. CSP Slow Importance Indices (multiplied by hundred) to n-paraffins chain length at the second 890 
heat release stage (Point C, positive TSR). 891 
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 893 

Fig. 19. CSP Slow Importance Indices (multiplied by hundred) to n-paraffins chain length at the second 894 
heat release stage (Point D, negative TSR). 895 
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 897 

Fig. 20. CSP Slow Importance Indices (multiplied by hundred) to n-paraffins chain length at the third 898 
heat release stage (Point E, positive TSR). 899 
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 901 

Fig. 21. CSP Slow Importance Indices (multiplied by hundred) to n-paraffins chain length at the third 902 
heat release stage (Point F, negative TSR). 903 
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 905 

Fig. 22. Pressure and temperature effect on t* and h* at ϕ= 0.3 for different hydrocarbons. 906 
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 908 

Fig. 23. Equivalence ratio and temperature effect on t* and h* at P = 20 bar for different hydrocarbons. 909 
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 911 

Fig. 24. CSP Slow Importance Indices (multiplied by hundred) of other classes of hydrocarbons at the 912 
second heat release stage (Point C, positive TSR). 913 
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 915 

Fig. 25. CSP Slow Importance Indices (multiplied by hundred) of other classes of hydrocarbons at the 916 
second heat release stage (Point D, negative TSR). 917 
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 919 

Fig. 26. CSP Slow Importance Indices (multiplied by hundred) of other classes of hydrocarbons at the 920 
third heat release stage (Point E, positive TSR). 921 
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 923 

Fig. 27. CSP Slow Importance Indices (multiplied by hundred) of other classes of hydrocarbons at the 924 
third heat release stage (Point F, negative TSR). 925 
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 927 

Fig. 28. Summary of the three-stage heat release mechanism. 928 
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