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Abstract 

The phenomenon of mode localization is explored theoretically and experimentally on two 

mechanically or electrostatically coupled beam resonators. Lumped parameter models are used to 

simulate the response of the systems. The eigenvalue problems are solved for both case studies 

under different stiffness perturbations and coupling strengths. The influence of the side electrode 

bias on the veering points is also explored. The dynamics of the systems are studied and 

compared using their frequency response curves under different perturbation and damping 

scenarios. The effect of damping for different elements of the coupled system is studied and 

proposed to improve sensitivity in high damping environments. It is observed that the 

exploitation of mode localization depends primarily on the choice of the resonator of the coupled 

system to be under direct excitation, its stiffness to be perturbed, and its response to be 

monitored. The revealed dynamic behaviors show great potential for applications in sensing and 

mechanical computing. The theoretical findings are validated using experimental case studies of 

two silicon doubly-clamped mechanically coupled microbeams and two electrostatically coupled 

microcantilevers. Electrothermal voltage is applied to the mechanically coupled resonators to 

introduce the stiffness perturbation in order to investigate mode localization. The theoretical and 

experimental results show good qualitative agreement. 

Keywords: mechanically coupled resonators, electrostatically coupled resonators, mode 

localization, curve veering, lumped parameter modeling 

1. Introduction 

Mode localization in micro/nanoelectromechanical systems (M/NEMS) has gathered significant 

attention over the past few years due to the potential to develop ultra-high sensitive sensors [1]. 

The phenomenon of mode localization [2, 3] is defined as the confinement of vibration energy to 

one of the members of the coupled system in response to an external stimulus, i.e., mass/stiffness 

perturbations. Another phenomenon that is closely related in coupled systems exhibiting mode 

localization is the eigenvalue curve veering [2]. Veering occurs when frequencies of two linearly 

coupled modes approach each other and deviate away interchanging the path trajectories as an 



external control parameter is varied. In the veering zone the respective modeshapes of the two 

modes are affected by each other and get hybridized. The veering phenomenon has been 

demonstrated experimentally in the first two symmetric modes of an initially curved (arch) 

MEMS resonator via electrothermal tuning of the resonance frequencies [4, 5]. The study in [5] 

exploits the nonlinear softening, hardening, and the veering phenomena (near crossing) of the 

arch beam to realize a bandpass filter. Furthermore, veering phenomenon is also investigated for 

straight and slacked doubly clamped carbon nano tubes (CNTs) [6, 7]. Several studies have 

investigated veering on clamped-clamped slightly curved (slacked) CNTs. More recently, the 

veering phenomenon is studied mostly as a consequence of the mode localization phenomenon 

[8-10]. Intrinsic localization of modes arising due to the presence of intrinsic nonlinearities 

within an array of resonators has been studied theoretically [11, 12]. The study in [11] 

investigates the relationship between the spatial profiles of intrinsic localized modes and forced 

nonlinear vibration modes. It also studies the presence and effect of one-to-one and three-to-one 

frequency relationships between adjacent oscillators. Similarly, the study in [12] investigated the 

localization response in the presence of cubic nonlinearities in the coupled arrays of nonlinear 

resonators. 

A mass sensor using mode localization was first proposed for two weakly-mechanically coupled 

cantilever beams [13]. The study in [13] demonstrated both theoretically and experimentally that 

the relative change in the eigenstates magnitude is twice as much compared to the relative 

change in the eigenfrequencies. Since then, different sensors have been developed using the 

phenomenon including mass sensors [14-16], force sensors [17], charge sensors [18, 19], and 

accelerometers [20-23].  

Significant attention has been devoted toward understanding and manipulating this energy 

confinement for better sensitivity [9]. Various output metrics have been proposed including 

monitoring the change in eigenstates [13], the ratio of the quotients of the amplitudes of the two 

modes of a single resonator [24, 25], and the ratio of vibration amplitude of a single mode at two 

resonators. Also algebraic relations, such as algebraic sums and product of amplitude ratios, have 

been proposed for linear sensing [26, 27]. Similarly, common mode rejection of mode-localized 

sensors [28] has been experimentally investigated to show resilience of such resonators against 

temperature [29] and pressure fluctuations [30]. 

Even though some theoretical insight has been provided [9, 31, 32], most of the previous works 

focused on experimentally demonstrating applications. Furthermore, compound structures of 

complex behaviors, such as double ended tuning fork resonators, have been used to show mode 

localization and utilized for sensing applications [9, 17, 18, 23, 26, 31-33]. Hence studying these 

structures may not present an easy approach to understand the phenomenon. The forced vibration 

of two weakly coupled systems has been tackled recently under the single and double drive 

resonator schemes [32]. However, the effect of the choice of the resonator under 

excitation/perturbation is not considered, which is fundamental to the understanding of mode 

localization in MEMS.  

There is a lack of comprehensive theoretical and experimental studies on mode localization 

based on simple structures like microbeam resonators, especially accounting for the effect of 



electrostatic forcing. In this work, we present theoretical and experimental investigation based on 

two case studies of two microbeam resonators under electrostatic actuation coupled (i) 

mechanically and (ii) electrostatically. For the theoretical analysis, lumped parameter models 

based on spring-mass-damper systems are used. The eigenvalues of the two coupled systems are 

analyzed under different side electrode bias values. The effect of the side electrode bias on the 

veering zone is thoroughly demonstrated. The dynamic response of the two coupled systems is 

investigated under different stiffness perturbations and coupling strengths, and compared against 

each other. Further, the effect of damping for different elements of the coupled system is studied 

and proposed to improve sensitivity in high damping environments. The rest of the manuscript 

comprises of the following sections. Section 2 introduces the spring-mass-damper model for the 

two case studies. Section 3 presents the theoretical results. Section 4 shows the experimental 

validation of the theoretical results. Finally, Section 5 presents summary and conclusions. 

2. Background 

Lumped parameter models are used for the theoretical demonstration for the mechanically and 

electrostatically coupled resonators, Fig. 1. Fig. 1(a) represents the mechanically coupled system 

comprising of two identical resonators. The equations of motion for such a system are given by 

( )1 1 1 1 1 2( ) ( ) ( ) ( ) 0mx t c x t k k x t kx t + + + − =    (1) 

( )2 2 2 2 2 1( ) ( ) ( ) ( ) 0mx t c x t k k x t kx t + + + − =    (2) 

where m  is mass, ic  is the damping coefficient, ik  is the stiffness, t is time, and ix  is the 

displacement of the ith resonator (i=1,2). k  is the coupling strength of the mechanical coupling 

element. Next, we introduce the following nondimensional variables: 
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where d is the maximum allowable displacement or the operating gap. Substituting Eq. (3) into 

Eq. (1) and Eq. (2) results into the following nondimensional equations: 
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For the case of electrostatically coupled system comprising of two identical resonators, Fig. 1(b), 

the equations of motion are given by  
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where 
1,2y  are the displacement of resonator 1, 2, A is the overlap area,   is the permittivity of 

air, and Vc is the DC electrostatic coupling voltage applied between the two resonators that 

defines the coupling strength. Next, we introduce nondimensional variables: 
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Substituting Eq. (8) into Eq. (6) and Eq. (7) results in the following nondimensional equations 
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                                               (a)                                                                                       (b) 

Fig. 1. Schematic of two coupled resonators represented by spring-mass-damper systems. (a) Mechanical coupling, 

(b) electrostatic coupling.  

3. Theoretical Results 

As a case study for the theoretical analysis for both the electrostatically and mechanically 

coupled systems, we assume two identical clamped-clamped silicon microbeams of length 

600µm, width 30µm, thickness 3µm, and an operating gap “d” of 4µm. Assuming a distributed 

electrostatic load, the stiffness of the resonators is calculated using 
3

384EI
k

l
= [34], where E is 

the Youngs modulus of Si, I is the moment of inertia of the beam, and l is the length. Note here 

that for a symmetric system 1 2k k k= = . Although for a clamped-clamped microbeam the cubic 



nonlinearity from mid-plane stretching can be significant, we choose to neglect this effect here to 

highlight further the effect of the quadratic electrostatic nonlinearity.   

3.1. Eigenvalue Analysis 

To start, the associated eigenvalue problems for the coupled systems are solved. First, we 

consider the mechanically coupled system. As classically known, the solutions result into two 

eigenmodes corresponding to in-phase and out-of-phase motions of the two masses. Fig. 2(a) 

shows the change in the two natural frequencies associated with the two eigenmodes in response 

to stiffness perturbation in resonator 1 k1, and resonator 2, k2. For convenience, we introduce 

κ i
i

k

k
= as the ratio of the stiffness of the ith resonator ik  with respect to its initial stiffness when 

the system is unperturbed and symmetric k=k1=k2, where i=1,2. The classic veering phenomenon 

is observed in Fig. 2(a), where the two frequencies approach each other and then veer away 

exchanging energy and resulting in the hybridization of the modeshapes [2]. It can be observed 

from the eigenvectors, Fig. 2(b) and (c), associated with the eigenvalues of Fig. 2(a), that the 

individual modeshapes of the system undergo clear localization as breaking the symmetry of the 

system stiffness and deviating away from 1 2κ κ 1= = . It can also be observed that the 

modeshapes interchange and hybridize after the veering. Note here that due to the linear coupling 

we do not suspect any internal resonance. The veering phenomenon gets stronger as the coupling 

strength is reduced. It can be observed that the frequency of the in-phase mode (f1) is more 

sensitive to external perturbation 1κ , while 2κ 1= , before the veering zone while the frequency 

of the out-of-phase mode (f2) is more sensitive after the veering zone. It can be also observed that 

for different coupling strengths ( k ), the relative change in the frequency of the in-phase mode 

(f1) is much smaller compared to that of the out-of-phase mode (f2), particularly around 1κ 1= . 

Such frequency behavior can be interesting for frequency shift-based devices, where different 

levels of frequency shifts of the two modes can be obtained at different values of external 

perturbation.  

 
                                               (a)                                                                                       (b) 



 
                                               (c)                                                                                       (d) 

Fig. 2. Simulated change in (a) the first two natural frequencies (f1 and f2) and  (b), (c) the associated normalized 

eigenvectors i1  and i2  (i=1,2, the associated eigenvalues) of the mechanically coupled system in response to 

stiffness perturbation ratio 1κ , while 2κ 1=  is fixed. (d) Simulated change in f1 and f2 of the electrostatically 

coupled system as varying 1κ with 2κ 1= . For the mechanically coupled system coupling strength k  is chosen to 

be a fraction of the beam stiffness k, i.e., initial stiffness of the unperturbed and symmetric system (k=k1=k2). VC 

defines the coupling strength for the electrostatically coupled system. 

Next, the eigenvalue problem for the electrostatically coupled system associated with Eq. (9) and 

Eq. (10) is solved. Fig. 2(d) shows the eigenfrequency behavior of this system. Similar to the 

case of mechanically coupled systems, Fig. 2(a), veering is observed, which becomes stronger as 

the coupling strength is decreased. A similar pattern is also observed for the eigenvectors, which 

are not shown here to avoid repetition. However, it can be noticed that for the case of 

electrostatically coupled systems the eigenvalue behavior of the two modes against different 

coupling strengths, i.e., different VC values, is opposite to that of the mechanically coupled 

system, Fig. 2(a). This is due to the fact that in an electrostatically coupled system the first and 

second modes are out-of-phase (f1) and in-phase (f2), opposite to that of the mechanically 

coupled system, respectively [15]. Hence, for both mechanically and electrostatically coupled 

systems, the change in coupling strength affects the out-of-phase mode more strongly than the 

in-phase mode, particularly near 1κ 1= .  

Although the results for different coupling strengths are shown theoretically for mechanically 

coupled system, Fig. 2(a), practically it is not possible to tune significantly the stiffness of the 

mechanically coupled systems. This is due to the fact that the coupling strength depends on the 

dimensions and location of the coupler attachment and cannot be changed once fabricated. On 

the other hand, electrostatically coupled resonators allow tunability of coupling strength by 

changing the value of coupling voltage VC.  

3.1.1. Impact of the Side Electrode Bias on Eigenvalues 

Each element of the proposed coupled system can be excited separately by an electrostatic 

actuation. In this section the effect of the side electrode bias onto the eigenvalues of the coupled 

systems is explored. Fig. 3 shows schematics of the two coupled systems under electrostatic 



force on each resonator. The nondimensional equations of motion governing the mechanically 

coupled system, Fig. 3(a), under electrostatic actuation are given by 
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where ˆ T =  , VDC1 and VDC2 are the DC biases, VAC1 and VAC2 are the AC harmonic loads, and 

  is the AC excitation frequency. 

Similarly, the nondimensional equations of motion governing the electrostatically coupled 

system, Fig. 3(b), under electrostatic actuation are given by 
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For the eigenvalue analysis VAC1 and VAC2 are set to zero in both systems. Next, the 

corresponding nonlinear forcing term is then linearized around the static equilibrium point 

obtained through solving the corresponding static equations under the influence of DC bias [34]. 

Finally, the eigenvalue problem is solved for these linearized equations. 

 
                                               (a)                                                                                       (b) 

Fig. 3. Schematic of two (a) mechanically, (b) electrostatically coupled resonators under electrostatic actuation. 

Fig. 4(a) shows the response of the mechanically coupled system under different side electrode 

bias values. It can be observed that by manipulating the DC bias on both resonators, the overall 

stiffness ratios between the two coupled resonators is changed resulting in an active tuning of the 

veering region. When VDC2 is set to zero, Fig. 4(a) black curves, a symmetric system, initially at 

the veering point, is perturbed via VDC1 only and the natural frequencies of the coupled system at 

and after the veering point are observed. However, as the value of VDC2 is increased, the system 



is already perturbed and lies at a pre-veering zone. Now, a certain value of VDC1 is required to 

reach the veering point, Fig. 4(a) red, green, and blue curves. The eigenvectors in Figs. 4(b) and 

(c) show similar trend as seen in Figs. 2(b) and (c). Note that the points of intersection of the  

eigenvectors amplitude in Fig. 4(b) have, as expected, same voltage values as those 

corresponding to the minimum distance in the veering curves in Fig. 4(a) (since they represent 

the voltage loads where the system stiffness is symmetric). A similar observation is made for the 

electrostatically coupled system under similar biasing conditions, Fig. 4(d). Note here that the 

side bias can potentially tune the coupling strength of the coupled system as well, however, this 

is an indirect tuning and the effect here is minimal. These results show that we can tune the 

veering zone and the associated mode localization characteristics on demand for different level 

of side electrode biases. This shows the potential of the electrostatically actuated coupled 

systems for developing mode localized sensors, as such systems can provide many variables to 

control and tune, and potentially widen the range of applications of the mode localization 

phenomenon. 

  
                                               (a)                                                                                       (b) 

 
                                               (c)                                                                                       (d) 
Fig. 4. Simulated change in the (a) first two natural frequencies f1 and f2 and  (b), (c) the associated normalized 

eigenvectors i1  and i2  (i=1,2, the associated eigenvalues) of the mechanically coupled system in response to the 



side electrode bias VDC1 for different values of VDC2. VAC1 and VAC2 are set to zero. (d) Simulated change in f1 and f2 

of the electrostatically coupled system with side electrode bias VDC1 for different values of VDC2. VAC1 and VAC2 are 

set to zero. For the mechanically coupled system coupling strength k  is chosen to be a fraction of the beam 

stiffness k, i.e., initial stiffness of the unperturbed and symmetric system (k=k1=k2). VC defines the coupling strength 

for the electrostatically coupled system. 

3.2. Forced Vibration Analysis 

Next, the dynamic response of the coupled systems is investigated under harmonic excitation. 

Fig. 5 shows the frequency response of the mechanically coupled resonators, Fig. 3(a), for 

different stiffness perturbation conditions, and under electrostatic actuation through resonator 1 

only, i.e., VDC2= VAC2=0. Fig. 5(a)-(b) show the response of the two resonators against stiffness 

perturbation 1κ . It can be observed from Fig. 5(a) that a stronger localization is observed into the 

first mode where the energy is confined into resonator 1, which in turn vibrates with a higher 

amplitude compared to resonator 2, for the case when 1 2k k  or 1κ 1 and 2κ 1=  (before veering 

at 1κ 1= ). However, as the stiffness of resonator 1 becomes larger than resonator 2, a stronger 

localization is observed in the second vibration mode, i.e., 1 2k k  or 1κ 1  and 2κ 1=  (after 

veering at 1κ 1= ). However, most of the energy is still confined to resonator 1, which vibrates 

with a much larger amplitude compared to resonator 2. Hence, it can be observed from Fig. 5(b) 

that the resonator that is not under direct electrostatic excitation does not show large energy 

confinement in either of the two localized modes. Next, the frequency response of the coupled 

system is investigated under the stiffness perturbation 2κ . Fig. 5(c) shows that here also a large 

energy confinement is observed in resonator 1, which is under direct excitation, while a weak 

energy confinement is observed in resonator 2, Fig. 5(d). It is observed that similar to Fig. 5(a) a 

strong localization is observed in the second mode for the case when 2 1k k  or 2κ 1  and 1κ 1= , 

and in the first mode of vibration for the case when 2 1k k  or 2κ 1  and 1κ 1= . It is noteworthy 

here that for same perturbation in either resonator, the eigenfrequencies of the first two modes 

are the same, Fig. 2(a), but the localization behavior of Fig. 5(d) is opposite to that of Fig. 5(a). 

To explain this, Fig. 5(e) shows the response of resonator 1 under two different scenarios. In the 

first scenario, Fig. 5(e) (black). The stiffness of resonator 1 is reduced by 5% compared to its 

initial stiffness, i.e., 1κ 0.95=  and 2κ 1= . In the second scenario, Fig. 5(e) (red), the stiffness of 

resonator 2 is reduced by 5% compared to its initial stiffness, i.e., 2κ 0.95=  and 1κ 1= . It can be 

clearly observed that the localization behavior is switched between the two modes for the same 

eigenfrequencies, where for 1κ 0.95=  and 2κ 1=  strong localization occurs in the first mode, 

and for 2κ 0.95=  and 1κ 1=  a strong localization occurs in the second mode. This is an 

interesting observation as it allows us to detect the change in mass/stiffness of any of the 

resonator of such a coupled system, which can potentially be useful in sensing applications. 

Furthermore, we can activate and deactivate one or the other mode of vibration on demand by 

manipulating the stiffnesses of the individual resonators. Such a behavior can be extremely 

useful for MEMS logic applications where the activation and deactivation of different modes of 

vibration can be used to realize different logic gates [35]. 



It is also worth to mention that a large energy confinement is not observed in the resonator that is 

not under direct excitation in any of the localization scenarios, Fig. 5(b), (d). This is further 

confirmed by changing the excitation to resonator 2. The results for stiffness perturbation 1κ  

while 2κ 1=  is fixed are shown in Fig. 6. Comparing Fig. 5, where resonator 1 was under direct 

excitation, with Fig. 6, where resonator 2 is under direct excitation, the interchange of the roles 

between the two resonators can be observed. Here, resonator 2 now shows large energy 

confinement, Fig. 6, instead of resonator 1, Fig. 5.  

 

 

 
                                           (a)                                                                                      (b) 

 
 (c)                                                                                    (d) 



 
                                             (e) 

Fig. 5. Simulated frequency response curves of the mechanically coupled resonators for perturbation in resonator 1 (

1κ ), while 2κ 1=  is fixed, measured at (a) resonator 1 and (b) resonator 2, and for perturbation in resonator 2 ( 2κ ), 

while 1κ 1=  is fixed, measured at (c) resonator 1 and (d) resonator 2, around the first two modes versus the 

excitation frequency. (e) The simulated frequency response of resonator 1 under two perturbation scenarios 

1 2κ 0.95,   κ 1= = (black) and 1 2κ 1,   κ 0.95= = (red)  versus the excitation frequency. Electrostatic excitation is 

applied to resonator 1. Input parameters are VDC1=5V, VAC1=5V, VDC2=0V, VAC2=0V, 1 2 0.015 = =  and 

0.02k k = , where k is initial stiffness of the unperturbed and symmetric system (k=k1=k2). 

Similar analysis was also performed on the electrostatically coupled system, Fig. 3(b), under 

electrostatic actuation through resonator 1 only, i.e., VDC2= VAC2=0. Here, VDC1 is also set to zero 

in order to avoid any interference with the coupling voltage VC. Toward this, we set 

2

excitation
 = in Eq. (13) and Eq. (14), in order to adjust for the squaring of the electrostatic 

forcing term. Fig. 7 shows the dynamic response for the case of electrostatically coupled system. 

It can be observed that the localization characteristics of the system are similar to the case of 

mechanically coupled system. The only difference is that the modeshapes of the first two modes 

of the electrostatically coupled system are opposite to that of the mechanically coupled system. 

 



 
                                            (a)                                                                                      (b) 
Fig. 6. Simulated frequency response curves of the mechanically coupled resonators for perturbation in resonator 1 (

1κ ), while 2κ 1=  is fixed, measured at (a) resonator 1 and (b) resonator 2, around the first two modes versus the 

excitation frequency. Here, the electrostatic actuation is applied on resonator 2. Input parameters are VDC1=0V, 

VAC1=0V, VDC2=5V, VAC2=5V, 1 2 0.015 = =  and 0.02k k = , where k is initial stiffness of the unperturbed and 

symmetric system (k=k1=k2). 

In order to further understand the amplitude behavior of the coupled systems under different 

perturbation conditions, the maximum amplitudes of the two modes is plotted against the 

perturbation κ i  (i=1,2), for the resonator exhibiting stronger energy confinement or under direct 

excitation, i.e., resonator 1, Fig. 8. Fig. 8(a) shows the amplitude variation against stiffness 

perturbation 1κ , while 2κ 1=  is fixed, and also explains how the curves in Fig. 8(a) are obtained 

by plotting the maximum amplitude from the frequency response peaks for different coupling 

strengths. The frequency response plots shown in Fig.8 (a) are obtained from Fig. 5 for coupling 

strength of 0.2k k = . It is observed that near the veering zone ( 1κ 1= ), the amplitudes of the 

two modes are close to each other, which thereafter deviate away from each other upon moving 

away from the veering zone. Mode 1 shows higher amplitude before veering ( 1κ 1  and 2κ 1= ) 

while mode 2 shows higher amplitude after veering ( 1κ 1  and 2κ 1= ). This is in line with the 

observations in Fig. 5. It is also confirmed from Fig. 8(b) that as the stiffness of the resonator, 

which is not under direct excitation is perturbed, resonator 2, the localization behavior is 

reversed, as was shown in Fig. 5(e). Here mode 2 shows a high amplitude before veering ( 1κ 1

and 2κ 1= ) while mode 1 shows higher amplitude after veering ( 1κ 1 and 2κ 1= ). Also, it can 

be observed that the sensitivity of amplitude to stiffness perturbation increases as the coupling 

strength is reduced, and the most sensitive region is close to the veering zone ( 1κ 1= ). A similar 

analysis is performed on the electrostatically coupled system which yields similar localization 

behavior, Fig. 9. 

Next, the effect of varying the coupling strength on the unperturbed system is investigated. Fig. 

10(a) shows the response of the mechanically coupled system. It can be observed that the first 

mode frequency does not change significantly while the frequency of the second mode drifts 



apart. This is in accordance with the results of Fig. 2. Similar behavior is observed for the 

electrostatically coupled system, Fig. 10(b), however this time the second mode frequency does 

not change while the first mode drifts apart as shown in Fig. 3(a). This is in accordance with the 

observations of Fig. 2. 

 
(a)                                                   (b) 

 
 (c)                                                                                 (d) 

Fig. 7. Simulated frequency response curves of the electrostatically coupled resonators for perturbation in resonator 

1 ( 1κ ), while 2κ 1=  is fixed, measured at (a) resonator 1 and (b) resonator 2, around the first two modes. Frequency 

response of the mechanically coupled resonators for perturbation in resonator 2 ( 2κ ), while 1κ 1=  is fixed,  

measured at (c) resonator 1 and (d) resonator 2, around the first two modes. Other input parameters are VDC1=0V, 

VAC1=10V, VDC2=0V, VAC2=0V, VC=10V, and 1 2 0.015. = =  

 



 
                                            (a)            

 
                                             (b) 

Fig. 8. Maximum simulated amplitude of the first two modes for (a) resonator 1 and (b) resonator 2 of the 

mechanically coupled system under stiffness perturbation 1κ , while 2κ 1=  is fixed,  for different values of coupling 

strength. Input parameters used are VDC1=5V, VAC1=5V, VDC2=0V, VAC2=0V, 1 2 0.015 = =  and k = variable. (a) 

Demonstrates the mapping of the maximum amplitude of the first two modes in the frequency response curves of 

Fig. 5 (duplicated here), for the case of 0.02k k = , where k is initial stiffness of the unperturbed and symmetric 

system (k=k1=k2). 

Finally, the effect of damping ratio is investigated on a balanced/unperturbed system. The goal is 

to see the effect on the coupled system’s response, when the two elements of the coupled system 

are at different damping conditions. Only the response of resonator 1 in the mechanically 

coupled system is shown here, Fig. 11. First, two equal damping values are chosen for both 

resonators, 1 2 0.02 = =  (red). Next, 2 0.02 =  is fixed while the value of 1  is decreased. It 

can be observed that even though resonator 2 is at high damping value, 2 0.02 = , as the value of 

damping on resonator 1, 1 , is decreased, the overall quality factor of the system is improved. It 

is important to note here that the mode-localized sensors require high quality factor for better 

sensitivity. However, sensing different gasses and in different media can adversely affect the 

quality factor and hence sensitivity. The response of the coupled system to different damping 

ratios of the participating elements, Fig. 11, shows a potential way to tackle this problem. The 



sensing resonator can be in a high damping environment in order to detect different gases while 

the output resonator can be in a low damping environment. Such an arrangement can result into 

an increase in the quality factor of the system response, for example in Fig.11(black), instead of 

having both resonators at high damping conditions, Fig.11(red). 

 

 
(a)                                                                                         (b) 

Fig. 9. Maximum simulated amplitude of the first two modes for (a) resonator 1 and (b) resonator 2 of the 

electrostatically coupled system under stiffness perturbation κ i (i=1,2) for different values of coupling strength. 

Input parameters are VDC1=0V, VAC1=10V, VDC2=0V, VAC2=0V, VC = variable, and 1 2 0.015 = = . 

 

 

(a)                                                                                       (b) 
Fig. 10. Simulated frequency response curves of resonator 1 for κ 1i =  of the (a) mechanically coupled system, 

where the loading parameters are VDC1=5V, VAC1=5V, VDC2=0V, VAC2=0V, k =variable and 1 2 0.015 = = , and 

(b) electrostatically coupled system, where the loading parameters are VDC1=0V, VAC1=10V, VDC2=0V, VAC2=0V, VC 

= variable, and 1 2 0.015 = = . 



 

Fig. 11. Simulated frequency response curves of resonator 1 of the mechanically coupled system for different 

damping ratios 1 , for a constant 2 0.02 = . Electrostatic loading parameters are VDC1=5V, VAC1=5V, VDC2=0V, 

VAC2=0V, and 0.04=k k , where k is initial stiffness of the unperturbed and symmetric system (k=k1=k2). A larger 

coupling strength is chosen to observe the effect on the quality factor clearly. 

4. Experimental Results 

Next, experimental studies are performed on two mechanically and electrostatically coupled 

laterally actuated microbeams. The devices used in the experiment are fabricated on an SOI 

wafer using a two-mask fabrication process detailed in [36], Fig. 12.  

 

 

(a)                                                                                   (b) 
Fig. 12. 3D schematic showing dimensions of the experimentally studied (a) mechanically, and (b) electrostatically 

coupled systems. 

Fig. 13 shows the response of the mechanically coupled system. Planar motion analyzer module 

of MSA 500 is used to record the in-plane vibration amplitude of the device using a stroboscopic 

measurement technique [37]. Electrostatic loading is applied on resonator 1 (left beam), while a 

separate electrothermal voltage is applied between the two anchors of any of the beams to induce 

a stiffness change in that beam due to the Joules heating effect [36]. Note here that the 

electrothermal voltage causes a reduction in stiffness as we operate before the buckling limit of 



the microbeam [36]. A strong localization is observed in the first mode as the stiffness of 

resonator 1 is reduced, Fig. 13(a), while, the strength of localization shifts then to the second 

mode as the stiffness of resonator 2 is reduced, Fig. 13(b). Also, resonator 2, which is not under 

direct excitation, does not show strong energy confinement under these localization scenarios, 

Fig. 13(b),(d). Comparing Fig. 13 to Fig. 5 it can be observed that the theory and experiment 

show similar behavior and mode localization characteristics. Electrostatically coupled system 

results are not shown here to avoid redundancy as the behavior is proven to be same as the 

mechanically coupled system. Furthermore, it is also verified experimentally that a strong energy 

confinement is observed only in the resonator under direct excitation, Fig. 14, by switching the 

electrostatic force to resonator 2. The response of Fig. 14 shows good agreement with the 

theoretical prediction of Fig. 6. 

 

 
                                    (a)                                                                                             (b) 

 
 (c)                                                                                     (d) 



 
                                             (e) 

Fig. 13. Experimental frequency response curves of the mechanically coupled clamped-clamped microbeams of (a) 

resonator 1 and (b) resonator 2, against the stiffness perturbation VT1 in resonator 1, and (c) resonator 1 and (d) 

resonator 2 for stiffness perturbation VT2 in resonator 2. (e) The experimental frequency response curves of resonator 

1 under the perturbation of 1 2 1T TV V V= =  against the excitation frequency. The electrostatic loading is fixed at 

VDC=20V. VAC=20V is applied to resonator 1. VT1 (VT2) is the electrothermal voltage applied to resonator 1 (resonator 

2). The experiments are performed at ambient temperature and pressure.  

Next, the effect of the side electrode bias on the natural frequencies of the mechanically coupled 

resonators is investigated experimentally. Fig. 15 shows the natural frequency variation under 

side electrode bias. Compared to the theoretical case of Fig. 4(a), a very slight change in the 

veering point can be observed. This is due to the fact that the gap in the experimental case study 

is 8µm (double the value used for the theoretical simulations), and also the coupling strength is at 

least 3 times higher. These factors make it difficult to see a pronounced effect of the side 

electrode bias. In order to verify this, theoretically simulated results using the experimental 

device parameters and an estimated coupling strength of ~0.6k are obtained, Fig. 15(b). It can be 

observed that the theoretical results show the expected behavior. A deviation between the 

experimental and theoretical behavior at higher VDC1 values can be observed. It can be noticed 

that at higher VDC1 values the experimentally obtained natural frequencies start to increase again 

around 120V after a continuous decrease, Fig. 15(a). This is due to a strong mid-plane stretching 

effect for a device with a high gap to thickness ratio [38]. This behavior is not captured by the 

theoretical model here as it does not take into account these geometric nonlinearities, Fig. 15(b).  



 

                                            (a)                                                                                             (b) 
Fig. 14. Experimental frequency response curves of the mechanically coupled system of (a) resonator 1 and (b) 

resonator 2, against the stiffness perturbation VT1 in resonator 1. Electrostatic loading of VDC=20V, VAC=20V is 

applied to resonator 2. VT1 is the electrothermal voltage applied to resonator 1. The experiments are performed at 

ambient temperature and pressure.  

  

                                              (a)                                                                                             (b) 
Fig. 15. (a) Experimental change in the frequency of the first two modes (f1 and f2) of the mechanically coupled 

system. A variable VDC1 is applied to resonator 1, against different fixed values of VDC1 at resonator 2. (b) Simulated 

change in the natural frequencies of the first two modes (f1 and f2) of the mechanically coupled system for the 

parameters of Fig. 12(a). VAC1 and VAC2 is set to zero for this analysis. k  is set to be a 0.6 k to resemble 

experimental case. The inset shows an enlarged view near the veering zone. 

Next, the frequency response of the unperturbed coupled system with respect to change in the 

coupling strength is verified experimentally. Since, it is not possible to significantly tune the 

coupling strength of the mechanically coupled system, electrostatically coupled system is used 

here. The response of the resonator is given in Fig. 16. A network analyzer is used to apply the 

input voltage to resonator 1 (105µm beam), while a DC bias is applied to resonator 2 (100µm 

beam) and the signal is detected from the fixed electrode adjacent to resonator 2 [39]. The DC 



bias in this case is analogous to the coupling voltage and determines the strength of coupling. It 

can be observed from Fig. 16, that as the coupling strength is increased the first out-of-phase 

mode is affected while the in-phase mode does not show any change in the frequency. This is 

similar to the observation in the theoretical case of Fig. 10(b). Note, here that the theoretical 

results of Fig. 10(b) were for a c-c beam based electrostatically coupled system, while the results 

of Fig. 16 are for a cantilever beam based electrostatically coupled system. However, it is worth 

to mention that the behavior of the coupled system stays the same for a cantilever based coupled 

system as well. 

 
Fig. 16. Experimental frequency response of resonator 2 (100µm beam) of the electrostatically coupled system of 

Fig. 12b for different coupling strengths, i.e., VC=variable, and VAC=70mVRMS. S21 refers to two-port scattering 

parameter providing the forward voltage gain of the device under test, where port 1/port 2 is configured as 

input/output. 

5. Conclusions 

Theoretical and experimental investigation of the phenomenon of mode localization was 

presented for both electrostatically and mechanically coupled microbeams. Lumped parameter 

models were used to simulate the coupled system comprising of two beams. First, it was 

observed from the eigenvalue problem of the two case studies that both coupled systems show 

similar eigenfrequency behavior; however, the modeshapes and their characteristics are 

interchanged among the two cases. Next, the effect of the side electrode bias was investigated 

and it was demonstrated that by controlling the side electrode bias the veering point and the 

associated localization characteristics can be tuned. Further, it was observed that in order to 

exploit the phenomenon of mode localization, the choice of the resonator under excitation and 

perturbation is extremely important. A stronger energy confinement is observed in the 

microbeam that is directly under excitation which vibrates with a much larger amplitude 

compared to the other resonator. It was also observed that the strength of localization would shift 

between the two modes based on which resonator’s stiffness is perturbed. This enables the 

potential activation and deactivation of modes of the coupled system, which can be used in 

MEMS logic applications [35]. Damping characteristics of a coupled unperturbed system were 

also investigated theoretically, where it was observed that a decrease in the damping on one of 



the resonators of the coupled system can lead to increase in the quality factor of the overall 

resonator response. This can potentially improve the sensitivity of mode-localized resonators in 

high damping environments and tackle a challenge toward practical implementation of such 

sensors. Finally, the theoretical findings were experimentally validated using two mechanically 

coupled doubly clamped microbeams and two electrostatically coupled microcantilevers. The 

presented study based on two simple coupled systems can be used as a guideline towards 

analyzing more complex systems and developing applications based on the phenomenon of mode 

localization. 
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