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Dynamic Programming Bi-criteria Combinatorial
Optimization

Michal Mankowski∗ , Mikhail Moshkov

Computer, Electrical and Mathematical Sciences and Engineering Division,
King Abdullah University of Science and Technology (KAUST),

Thuwal 23955-6900, Saudi Arabia

Abstract

We introduce a model for combinatorial optimization problems based on the
notion of a circuit. This circuit builds a set of elements for optimization from
one-element sets attached to input nodes. It uses the operation of union of sets
and functional operations on elements extended to sets of elements. We design a
dynamic programming algorithm based on this circuit which constructs the set
of Pareto optimal points for the problem of bi-criteria optimization of elements
described by the circuit relative to two cost functions. We tested this approach
on nine known combinatorial optimization problems. The problems related to
the matrix chain multiplication, optimal paths in directed graphs, and binary
search trees are considered in detail.

Keywords: Dynamic Programming, Circuit Model, Bi-criteria Optimization

1. Introduction

In describing a bi-criteria optimization problem, we define a set of elements
and two cost functions on this set. Here, we approach this description task by us-
ing the notion of a circuit. Our circuit builds a set of elements from one-element
sets attached to input nodes. It uses the operation of union of sets attached to
unifying nodes and functional operations attached to functional nodes. It is, in
some sense, similar to the structure of subproblems in a conventional dynamic
programming algorithm.

We design and study a dynamic programming algorithm for bi-criteria op-
timization of elements described by the circuit relative to two cost functions.
The considered approach can be applied to different combinatorial optimization
problems. For such a problem, we should describe appropriate circuit and cost
functions. After that, we can use the considered algorithm. For this algorithm,
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we already have proof of its correctness and a simple way to evaluate the num-
ber of required operations and the time complexity based on the description of
the circuit and cost functions.

We assign a set of elements S(v) to each node v of the circuit S and define
two cost functions Ψi, i = 1, 2, on the union of these sets. In the cost function
Ψi, each element δ corresponds to a real number Ψi(δ), which is the cost of
δ. One of the nodes v∗ of the circuit S is considered as its output. The set of
elements S(v∗) and the cost functions Ψ1, Ψ2 form the bi-criteria optimization
problem in which we minimize the costs of elements from S(v∗) relative to the
cost functions Ψ1 and Ψ2.

We study only the so-called circuits without repetitions in which sets of
elements corresponding to input and functional nodes are pairwise disjoint and
in which functions attached to functional nodes are injective. In addition, we
study only the so-called increasing cost functions for our circuits.

We propose an algorithmAOpt, which allows us to construct the set of Pareto
optimal points for such a problem. In particular, we can use this algorithm to
recognize the existence of an element from S(v∗) that is optimal relative to two
increasing cost functions Ψ1 and Ψ2 at the same time. We call such elements
totally optimal relative to Ψ1 and Ψ2. A totally optimal element exists if and
only if there is only one Pareto optimal point for the bi-criteria optimization
problem relative to Ψ1 and Ψ2. We prove the correctness and evaluate the
number of operations required by the algorithm AOpt. We also discuss how to
transform the obtained bounds on the number of operations to bounds on the
time complexity. To this end, we consider two models of computations: (i) the
software model in which each operation requires a fixed time and (ii) the integer
model in which time required by each operation depends on the size of integers
at the operation inputs.

We tested our proposed approach on the following nine combinatorial op-
timization problems: matrix chain multiplication [17], optimal paths in di-
rected graphs [14, 34], binary search trees [25], global sequence alignment [28],
convex polygon triangulation [16, 24], line breaking (text justification) [26],
one-dimensional clustering [33], optimal bitonic tour [11], and segmented least
squares [23]. For each of these problems, we describe the corresponding circuit
and at least two increasing cost functions, evaluate the number of operations
and time required by the algorithm AOpt, consider an example, and provide re-
sults of experiments on the number of Pareto optimal points and the existence
of totally optimal elements.

We focused on the first three problems that are studied in this paper in detail.
For each of these three problems, in the software model of computation, AOpt
is a pseudo-polynomial time algorithm which has polynomial time complexity
in problem dimensions and in some numeric parameter of the input. In the
integer model of computation, when we have two integer cost functions, AOpt
is a pseudo-polynomial time algorithm which has polynomial time complexity
in length of the input and in some numeric parameter of the input. For matrix
chain multiplication, the dimension is the number of matrices and the numeric
parameter is the maximum dimension of a matrix. For optimal paths in directed
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graphs, the dimensions are the number of nodes and the number of edges in the
graph, and the numeric parameter is the maximum weight of an edge. For binary
search trees, the dimension is the number of keys and the numeric parameter
is the maximum weight of a key. There are some exceptions related to optimal
paths in directed graphs: for one kind of cost function, the algorithm AOpt has
polynomial time complexity in both models of computation.

To demonstrate and validate our bi-criteria optimization framework, the
dedicated software has been developed. Most of the code was implemented in
Python, with supporting libraries partially written in C++. The main software
classes defined the structure and elements of the circuit, along with optimiza-
tion and supporting algorithms. There were problem-specific classes that inherit
structure from one general class that defines basic functionality and structure of
problems. For each combinatorial optimization problem, the recursion to build
and traverse the circuit, cost functions, and input elements were defined inde-
pendently. Each circuit was computed by the single thread, although excitation
for multi-threading or multi-processing would be possible. The experiments
presented in this paper for the three combinatorial optimization problems were
computed using the same software on the workstation equipped with Intel(R)
Xeon(R) CPU E5-2680 v3, 2.50GHz and 128 GB memory. All computational
experiments were repeated 100 or 10 times. Single trails of the same problem
were assigned to the independent processes and executed in parallel, and prob-
lems were computed in a sequence. For instance, to compute 100 repetitions of
45 different matrix chain multiplication problems (presented in Tables 2 and 4),
it took 26.05 second.

Our results belong to the fast-growing study of multi-criteria optimization
[5, 6, 13]. Since 2011, we looked at the relationships between different param-
eters of decision trees and the construction of Pareto optimal points [7, 9, 22].
Our bi-criteria optimization algorithms for the decision trees, rules, and rule
systems can be found in [1, 10]. We also studied bi-criteria optimization of ele-
ment partition trees that are used in finite element methods for solving partial
differential equations [1]. Note that each problem was studied separately with
its own algorithms and proofs. To the best of our knowledge, no other results
related to dynamic programming bi-criteria optimization of decision trees, rules
and rule systems, and element partition trees have been published.

The situation with classic combinatorial optimization problems is different.
Robert Giegerich and his colleagues created the Algebraic Dynamic Program-
ming (ADP) approach to solve combinatorial optimization problems with bioin-
formatics applications. In this approach, the problem decomposition is de-
scribed by a tree grammar and the optimization criterion is given by an evalu-
ation algebra satisfying Bellman’s principle. Initially, ADP included optimiza-
tion relative to one criterion. In 2014, the construction of the set of Pareto
optimal points for bi-criteria optimization problems was incorporated into ADP
[15, 29, 30]. Besides clear differences, ADP and our approach have some common
features.

We did not find publications related to the algorithms for bi-criteria opti-
mization of matrix chain multiplication and binary search trees that construct
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the whole set of Pareto optimal points. However, such publications exist for the
optimization of paths in directed graphs. The paper [19] contains complexity
analysis for ten bi-criteria optimization problems related to the paths in directed
graphs. For each problem, the aim is to construct a minimum set of paths for
which pairs of values of the considered cost functions form the set of Pareto
optimal points. These problems include, in some sense, all problems considered
in Sect. 7. We obtained similar results: the algorithm AOpt is polynomial in
the cases when the paper [19] shows the existence of polynomial algorithms,
and it is pseudo-polynomial when the paper [19] shows the existence of pseudo-
polynomial algorithms only since the cardinality of the set of Pareto optimal
points can be exponential in the length of the input. However, the bounds on
the number of operations obtained in [19] are less than the bounds obtained in
Sect. 7.2 (see comparison of bounds in this section). It is understandable since
our approach is fairly universal.

This paper consists of nine sections. In Sects. 2 and 3, we discuss circuits
and cost functions. In Sects. 4 and 5 we consider tools for the study of Pareto
optimal points and the algorithm AOpt for the construction of the set of Pareto
optimal points. In Sects. 6, 7, and 8, we show three applications: matrix
chain multiplication, optimal paths in directed graphs, and binary search trees.
Section 9 concludes the paper.

2. Circuits

Let U be a finite set. A circuit S over U is a labeled directed acyclic graph
(DAG) with three kinds of nodes:

• Input node v is a node without entering edges. It is labeled with a set
{av}, where av is an element from U .

• Functional node v is a node with k = k(v) ≥ 1 entering edges e1, . . . , ek
which are labeled with numbers 1, . . . , k, respectively. This node is labeled
with a function with k variables fv(x1, . . . , xk) from Dv(S) to U , where
Dv(S) ⊆ Uk. For i = 1, . . . , k, the entering edge with number i corre-
sponds to the variable xi. We define the domain Dv(S) of the function fv
later.

• Unifying node v is labeled with the symbol ∪. This node has m ≥ 1
entering edges which leave m pairwise different input or functional nodes.
The number of entering edges can be different for different unifying nodes.

Some node of the circuit S is labeled with the symbol ∗ and is considered as
the output of S.

For any node v of the circuit S, we define the set of elements S(v) ⊆ U and,
in the same time, define the domain Dv(S) of the function fv for each functional
node v of S:

• If v is an input node of S, then S(v) = {av}.
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• If v is a functional node of S with k = k(v) entering edges e1, . . . , ek which
are labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk, respectively,
then S(v) = {fv(δ1, . . . , δk) : δ1 ∈ S(v1), . . . , δk ∈ S(vk)}, where fv is a
function from Dv(S) = S(v1)× · · · × S(vk) to U .

• If v is a unifying node of S with m entering edges e1, . . . , em which leave
nodes v1, . . . , vm, respectively, then S(v) = S(v1) ∪ · · · ∪ S(vm).

We denote V (S) the set of nodes of S, Vi(S) – the set of input nodes of S,
Vf (S) – the set of functional nodes of S, and Vu(S) – the set of unifying nodes
of S. Set U(S) =

⋃
v∈V (S) S(v). The function fv, v ∈ Vf (S), is called injective

if fv(α) 6= fv(β) for any α, β ∈ Dv(S) such that α 6= β.
We say that S is a circuit without repetitions if it satisfies the following

conditions:

• S(v1) ∩ S(v2) = ∅ for any nodes v1, v2 ∈ Vi(S) ∪ Vf (S) such that v1 6= v2.

• The function fv is injective for any functional node v of S.

Later we will consider only circuits without repetitions. Let S be such a
circuit, v be a functional node of S with k = k(v) entering edges e1, . . . , ek
which are labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk, and δ be
an element from the set S(v). Since the function fv is injective, there exists
only one tuple of elements (δ1, . . . , δk) ∈ Dv(S) = S(v1) × · · · × S(vk) such
that δ = fv(δ1, . . . , δk). We call the expression fv(δ1, . . . , δk) the representation
of the element δ. Let now v be a unifying node of S with m entering edges
e1, . . . , em which leave nodes v1, . . . , vm, and δ be an element from the set S(v).
Then there is exactly one i ∈ {1, . . . ,m} such that δ ∈ S(vi).

The set S(v∗), where v∗ is the output of S, will be considered as the set of
elements for the definition of an optimization problem. The notion of a cost
function will be defined in the next section.

3. Cost functions

We now define the notion of a cost function Ψ for a circuit S without rep-
etitions that corresponds to each element δ ∈ U(S) a real number Ψ(δ) which
is considered as the cost of δ. The function Ψ is given by the function ψ which
corresponds to each element av, where v is an input node of S, a real number
ψ(av) and by functions ψv : Rk(v) → R, v ∈ Vf (S). Here R is the set of real
numbers.

The value of Ψ(δ) for an element δ ∈ U(S) is defined by induction:

• If δ = av, where v is an input node of S, then Ψ(δ) = ψ(av).

• If δ = fv(δ1, . . . , δk(v)) ∈ S(v), where v is a functional node of S and
fv(δ1, . . . , δk) is the representation of δ, then

Ψ(δ) = ψv(Ψ(δ1), . . . ,Ψ(δk(v))).
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The function Ψ is called integer if the function ψ corresponds to each element
av, where v is an input node of S, an integer ψ(av) and each function ψv,
v ∈ Vf (S), has integer value if its inputs are integers.

We now define a partial order ≤ on the set Rk. Let α = (α1, . . . , αk), β =
(β1, . . . , βk) ∈ Rk. Then α ≤ β if α1 ≤ β1, . . . , αk ≤ βk. We write α < β if
α ≤ β and α 6= β. Let ϕ be a function from Rk to R. We say that ϕ is increasing
if ϕ(α) ≤ ϕ(β) for any α, β ∈ Rk such that α ≤ β.

We say that a cost function Ψ is increasing if, for any functional node v
of S, the function ψv is increasing. We say that an integer cost function Ψ
is a nonnegative integer cost function if, for any element δ ∈ U(S), the value
of Ψ(δ) is a nonnegative integer. We say that an integer cost function Ψ is a
nonpositive integer cost function if, for any element δ ∈ U(S), the value of Ψ(δ)
is a nonpositive integer.

4. Tools for study of Pareto optimal points

To study a bi-criteria optimization problem, we correspond to each element
a point which coordinates are values of the two considered cost functions for
the given element. Our aim is to construct for this problem all Pareto optimal
points (nondominated points). It is easy to do if the number of elements under
consideration is reasonable. However, if the number of elements can be huge,
we should use special algorithms which are based on the tools considered in this
section.

Let R2 be the set of pairs of real numbers (points). We consider a partial
order ≤ on the set R2 (on the plane): (c, d) ≤ (a, b) if c ≤ a and d ≤ b. Two
points α and β are comparable if α ≤ β or β ≤ α. A subset of R2 in which no
two different points are comparable is called an antichain. We will write α < β
if α ≤ β and α 6= β. If α and β are comparable then min(α, β) = α if α ≤ β
and min(α, β) = β if α > β.

Let A be a nonempty finite subset of R2. A point α ∈ A is called a Pareto
optimal point (POP) for A if there is no a point β ∈ A such that β < α. We
denote by Par(A) the set of Pareto optimal points for A. It is clear that Par(A)
is an antichain.

Lemma 1. [1] Let A be a nonempty finite subset of the set R2. Then, for any
point α ∈ A, there is a point β ∈ Par(A) such that β ≤ α.

Lemma 2. [1] Let A be a nonempty finite subset of R2, B ⊆ A, and Par(A) ⊆
B. Then Par(B) = Par(A).

Lemma 3. [1] Let A1, . . . , Ak be nonempty finite subsets of R2. Then Par(A1∪
· · · ∪Ak) ⊆ Par(A1) ∪ · · · ∪ Par(Ak).

Proposition 4. Let A1, . . . , Ak be nonempty finite subsets of R2. Then

Par(A1 ∪ · · · ∪Ak) = Par(Par(A1) ∪ · · · ∪ Par(Ak)).
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Proof. The considered statement follows from Lemmas 3 and 2. �

Let f, g be increasing functions from Rk to R, and A1, . . . , Ak be nonempty
finite subsets of the set R2. We denote by Jf,g(A1, . . . , Ak) the set

{(f(a1, . . . , ak), g(b1, . . . , bk)) : (a1, b1) ∈ A1, . . . , (ak, bk) ∈ Ak}.

Lemma 5. Let A1, . . . , Ak be nonempty finite subsets of R2, and f, g be in-
creasing functions from Rk to R. Then

Par(Jf,g(A1, . . . , Ak)) ⊆ Jf,g(Par(A1), . . . , Par(Ak)).

Proof. Let β ∈ Par(Jf,g(A1, . . . , Ak)) and β = (f(a1, . . . , ak), g(b1, . . . , bk)),
where (a1, b1) ∈ A1, . . . , (ak, bk) ∈ Ak. Using Lemma 1, we obtain that, for
i = 1, . . . , k, there exists (a′i, b

′
i) ∈ Par(Ai) such that (a′i, b

′
i) ≤ (ai, bi). Since f

and g are increasing functions,

α = (f(a′1, . . . , a
′
k), g(b′1, . . . , b

′
k)) ≤ (f(a1, . . . , ak), g(b1, . . . , bk) = β.

It is clear that α ∈ Jf,g(Par(A1), . . . , Par(Ak)). Taking into account that β ∈
Par(Jf,g(A1, . . . , Ak)), we obtain β = α. Therefore Par(Jf,g(A1, . . . , Ak)) ⊆
Jf,g(Par(A1), . . . , Par(Ak)). �

Proposition 6. Let A1, . . . , Ak be nonempty finite subsets of R2, and f, g be
increasing functions from Rk to R. Then

Par(Jf,g(A1, . . . , Ak)) = Par(Jf,g(Par(A1), . . . , Par(Ak))).

Proof. The considered statement follows from Lemmas 5 and 2. �

Points from Par(A) can be ordered in the following way: (a1, b1), . . . , (at, bt),
where a1 < · · · < at. Since points from Par(A) are incomparable, b1 > · · · > bt.
We will refer to the sequence (a1, b1), . . . , (at, bt) as the normal representation
of the set Par(A).

It is well known (see [27]) that there exists an algorithm which, for a given
set A, constructs the set Par(A) and makes O(|A| log |A|) comparisons.

For the sake of completeness, we describe an algorithm which, for a given
nonempty finite subset A of the set R2, constructs the normal representation of
the set Par(A). We assume that A is a multiset containing, possibly, repeating
elements. The cardinality |A| of A is the total number of elements in A.

Algorithm APOP (construction of normal representation for the set of POPs).

Input : A nonempty finite subset A of the set R2 containing, possibly, repeating
elements (multiset).

Output : Normal representation P of the set Par(A) of Pareto optimal points
for A.
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1. Set P equal to the empty sequence.

2. Using merge sort (see [3]), construct a sequence B of all points from A
ordered according to the first coordinate in the ascending order.

3. If there is only one point in the sequence B, then add this point to the
end of the sequence P , return P , and finish the work of the algorithm.
Otherwise, choose the first α = (α1, α2) and the second β = (β1, β2) points
from B.

4. If α and β are comparable then remove α and β from B, add the point
min(α, β) to the beginning of B, and proceed to step 3.

5. If α and β are not comparable (in this case α1 < β1 and α2 > β2) then
remove α from B, add the point α to the end of P , and proceed to step 3.

Proposition 7. Let A be a nonempty finite subset of the set R2 containing,
possibly, repeating elements (multiset). Then the algorithm APOP returns the
normal representation of the set Par(A) of Pareto optimal points for A and
makes at most 4 |A| log2 |A| comparisons.

Proof. In step 2, we use merge sort which requires at most 2 |A| log2 |A| + 1
comparisons (see [3]). Each call to step 3 (with the exception of the last one,
where the algorithm does not make comparisons) leads to two comparisons.
The number of calls to step 3 is equal to |A|. Therefore the algorithm APOP
makes at most 2 |A| log2 |A|+ 1 + 2(|A| − 1) < 2 |A| log2 |A|+ 2 |A| comparisons.
If |A| = 1 then the algorithm APOP makes 0 = 4 |A| log2 |A| comparisons. If
|A| ≥ 2 then 2 |A| log2 |A|+ 2 |A| ≤ 4 |A| log2 |A|.

Let the output sequence P be equal to (a1, b1), . . . , (at, bt) and let us set
Q = {(a1, b1), . . . , (at, bt)}. It is clear that a1 < · · · < at, b1 > · · · > bt and, for
any α ∈ A, α /∈ Q, there exists β ∈ Q such that β < α. From here it follows
that Par(A) ⊆ Q and Q is an antichain. Let us assume that there exists γ ∈ Q
which does not belong to Par(A). Then there exists α ∈ A such that α < γ.
Since Q is an antichain, α /∈ Q. In this case, there exists β ∈ Q such that β < α.
This results in two different points β and γ from Q being comparable, which is
impossible. Therefore Q = Par(A) and P is the normal representation of the
set Par(A). �

Lemma 8. [1] Let A be a nonempty finite subset of R2. Then

|Par(A)| ≤ min
(∣∣∣A(1)

∣∣∣ , ∣∣∣A(2)
∣∣∣) ,

where A(1) = {a : (a, b) ∈ A} and A(2) = {b : (a, b) ∈ A}.

5. Bi-criteria optimization of elements

In this section, we consider an algorithm for the bi-criteria optimization of
elements described by a circuit. Let S be a circuit without repetitions and Ψ,
Φ be increasing cost functions for S given, respectively, by the functions ψ,ψv
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and ϕ,ϕv, v ∈ Vf (S). For each node v of the circuit S, we denote tΨ,Φ(S, v) =
{(Ψ(δ),Φ(δ)) : δ ∈ S(v)}.

It is easy to describe the set tΨ,Φ(S, v) for each node v of S in an inductive
way:

• If v is an input node of S, then tΨ,Φ(S, v) = {(ψ(av), ϕ(av))}.

• If v is a functional node of S with k = k(v) entering edges e1, . . . , ek which
are labeled with numbers 1, . . . , k and leave nodes v1, . . . , vk, respectively,
then

tΨ,Φ(S, v) = Jψv,ϕv (tΨ,Φ(S, v1), . . . , tΨ,Φ(S, vk))

= {(ψv(a1, . . . , ak), ϕv(b1, . . . , bk))

: (a1, b1) ∈ tΨ,Φ(S, v1), . . . , (ak, bk) ∈ tΨ,Φ(S, vk)}.

• If v is a unifying node of S with m entering edges e1, . . . , em which leave
nodes v1, . . . , vm, respectively, then

tΨ,Φ(S, v) = tΨ,Φ(S, v1) ∪ · · · ∪ tΨ,Φ(S, vm).

We denote by Par(tΨ,Φ(S, v)) the set of Pareto optimal points for the set
tΨ,Φ(S, v). We now describe an algorithm AOpt which constructs the set

Par(tΨ,Φ(S, v∗)),

where v∗ is the output of S. In fact, this algorithm constructs, for each node v
of the circuit S, the set B(v) = Par(tΨ,Φ(S, v)).

Algorithm AOpt (bi-criteria optimization of elements).

Input : Circuit S without repetitions and increasing cost functions Ψ, Φ for S
given, respectively, by the functions ψ,ψv and ϕ,ϕv, v ∈ Vf (S).

Output : The set Par(tΨ,Φ(S, v∗)) of Pareto optimal points for the set of pairs
tΨ,Φ(S, v∗) = {(Ψ(δ),Φ(δ)) : δ ∈ S(v∗)}, where v∗ is the output of S.

1. If all nodes of S are processed, then return the set B(v∗). Otherwise,
choose a node v in the circuit S which is not processed yet and which is
either an input node of S or a node v of S for which all parents are already
processed, i.e., the set B(vi) is already constructed for each parent vi of
the node v.

2. If v is an input node, then set B(v) = {(ψ(av), ϕ(av))}. Mark the node v
as processed and proceed to step 1.

3. If v is a functional node with k = k(v) entering edges which are labeled
with numbers 1, . . . , k and leave nodes v1, . . . , vk, respectively, then con-
struct the multiset E(v) = {(ψv(a1, . . . , ak), ϕv(b1, . . . , bk)) : (a1, b1) ∈
B(v1), . . . , (ak, bk) ∈ B(vk)} by computation of values ψv(a1, . . . , ak) and
ϕv(b1, . . . , bk) for all pairs (a1, b1) ∈ B(v1), . . . , (ak, bk) ∈ B(vk). Apply
to E(v) the algorithm APOP which constructs the set Par(E(v)). Set
B(v) = Par(E(v)). Mark the node v as processed and proceed to step 1.
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4. If v is a unifying node with m entering edges e1, . . . , em leaving nodes
v1, . . . , vm, respectively, then construct the multiset D(v) = B(v1) ∪ · · · ∪
B(vm) by simple transcription of pairs from the sets B(v1), . . . , B(vm).
Apply to D(v) the algorithm APOP which constructs the set Par(D(v)).
Set B(v) = Par(D(v)). Mark the node v as processed and proceed to step
1.

Denote MΨ,Φ(S) = max{|Par(tΨ,Φ(S, v))| : v ∈ V (S)}.

Theorem 9. Let S be a circuit without repetitions and Ψ, Φ be increasing cost
functions for S given, respectively, by the functions ψ,ψv and ϕ,ϕv, v ∈ Vf (S).
Then, for each node v of the circuit S, the algorithm AOpt constructs the set
B(v) = Par(tΨ,Φ(S, v)). For any input node of S, the algorithm AOpt computes
the values of functions ψ and ϕ one time. For any functional node v of S
with k entering edges, the algorithm AOpt computes the values of functions ψv
and ϕv at most MΨ,Φ(S)k times and makes at most 4kMΨ,Φ(S)k log2MΨ,Φ(S)
comparisons. For any unifying node of S with m entering edges, the algorithm
AOpt makes at most 4mMΨ,Φ(S) log2(mMΨ,Φ(S)) comparisons.

Proof. We prove by induction on nodes of S that B(v) = Par(tΨ,Φ(S, v)) for
any node v of S. Let v be an input node. Then S(v) = {av} and, evidently,
Par(tΨ,Φ(S, v)) = tΨ,Φ(S, v) = {(ψ(av), ϕ(av))} = B(v). To construct the set
B(v), the algorithm AOpt computes the values of functions ψ and ϕ one time.

Let v be a functional node with k = k(v) entering edges e1, . . . , ek which are
labeled with numbers 1, . . . , k and leave the nodes v1, . . . , vk such that B(v1) =
Par(tΨ,Φ(S, v1)), . . . , B(vk) = Par(tΨ,Φ(S, vk)). From the description of the
algorithm AOpt it follows that B(v) = Par(Jψv,ϕv

(B(v1), . . . , B(vk))). Using
the inductive hypothesis we obtain that

B(v) = Par(Jψv,ϕv
(Par(tΨ,Φ(S, v1)), . . . , Par(tΨ,Φ(S, vk)))).

By Proposition 6,

Par(Jψv,ϕv
(Par(tΨ,Φ(S, v1)), . . . , Par(tΨ,Φ(S, vk))))

= Par(Jψv,ϕv
(tΨ,Φ(S, v1), . . . , tΨ,Φ(S, vk))).

We know that tΨ,Φ(S, v) = Jψv,ϕv
(tΨ,Φ(S, v1), . . . , tΨ,Φ(S, vk)). Thus, B(v) =

Par(tΨ,Φ(S, v)). It is clear that |B(vi)| = |Par(tΨ,Φ(S, vi))| ≤ MΨ,Φ(S) for i =
1, . . . , k and |E(v)| ≤MΨ,Φ(S)k. To construct the set E(v) = {(ψv(a1, . . . , ak),
ϕv(b1, . . . , bk)) : (a1, b1) ∈ B(v1), . . . , (ak, bk) ∈ B(vk)}, the algorithm AOpt
computes the values of functions ψv and ϕv at most MΨ,Φ(S)k times. From
Proposition 7 it follows that, to construct the set Par(E(v)), the algorithm
AOpt makes at most 4kMΨ,Φ(S)k log2MΨ,Φ(S) comparisons.

Let v be a unifying node with m entering edges e1, . . . , em which leave the
nodes v1, . . . , vm such that

B(v1) = Par(tΨ,Φ(S, v1)), . . . , B(vm) = Par(tΨ,Φ(S, vm)).
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From the description of the algorithm AOpt it follows that B(v) = Par(B(v1)∪
· · · ∪B(vm)). Using the inductive hypothesis we obtain that

B(v) = Par(Par(tΨ,Φ(S, v1)) ∪ · · · ∪ Par(tΨ,Φ(S, vm))).

By Proposition 4,

Par(Par(tΨ,Φ(S, v1)) ∪ · · · ∪ Par(tΨ,Φ(S, vm)))

= Par(tΨ,Φ(S, v1) ∪ · · · ∪ tΨ,Φ(S, vm)).

We know that tΨ,Φ(S, v) = tΨ,Φ(S, v1) ∪ · · · ∪ tΨ,Φ(S, vm). Therefore B(v) =
Par(tΨ,Φ(S, v)). It is clear that |B(vi)| = |Par(tΨ,Φ(S, vi))| ≤ MΨ,Φ(S) for
i = 1, . . . ,m and |D(v)| ≤ mMΨ,Φ(S). From Proposition 7 it follows that, to
construct the set Par(D(v)), the algorithm AOpt makes at most

4mMΨ,Φ(S) log2(mMΨ,Φ(S))

comparisons. �

We now describe a way to evaluate the parameter

MΨ,Φ(S) = max{|Par(tΨ,Φ(S, v))| : v ∈ V (S)},

where tΨ,Φ(S, v) = {(Ψ(δ),Φ(δ)) : δ ∈ S(v)}. Let NΨ(S) = max{|Ψ(δ)| : δ ∈
U(S)}, where U(S) =

⋃
v∈V (S)

S(v).

Proposition 10. Let S be a circuit without repetitions and Ψ,Φ be cost func-
tions for S such that Ψ is either nonnegative integer or nonpositive integer cost
function. Then MΨ,Φ(S) ≤ NΨ(S) + 1.

Proof. Let v ∈ V (S) and tΨ,Φ(S, v)(1) = {a : (a, b) ∈ tΨ,Φ(S, v)} = {Ψ(δ) :
δ ∈ S(v)}. Then either tΨ,Φ(S, v)(1) ⊆ {0, 1, . . . , NΨ(S)} or

tΨ,Φ(S, v)(1) ⊆ {−NΨ(S), . . . ,−1, 0}.

Therefore
∣∣tΨ,Φ(S, v)(1)

∣∣ ≤ NΨ(S) + 1. Using Lemma 8 we obtain that

|Par(tΨ,Φ(S, v))| ≤ NΨ(S) + 1.

Thus, MΨ,Φ(S) ≤ NΨ(S) + 1. �

The following more general bound is used for the study of optimal paths in
directed graphs.

Proposition 11. Let S be a circuit without repetitions and Ψ,Φ be cost func-
tions for S. Then MΨ,Φ(S) ≤ |{Ψ(δ) : δ ∈ U(S)}|.

Proof. Let v ∈ V (S) and tΨ,Φ(S, v)(1) = {a : (a, b) ∈ tΨ,Φ(S, v)} = {Ψ(δ) :
δ ∈ S(v)}. Then tΨ,Φ(S, v)(1) ⊆ {Ψ(δ) : δ ∈ U(S)}. Therefore

∣∣tΨ,Φ(S, v)(1)
∣∣ ≤

|{Ψ(δ) : δ ∈ U(S)}|. Using Lemma 8 we obtain that

|Par(tΨ,Φ(S, v))| ≤ |{Ψ(δ) : δ ∈ U(S)}|.

Thus, MΨ,Φ(S) ≤ |{Ψ(δ) : δ ∈ U(S)}|. �
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5.1. On time complexity of the algorithm AOpt
Theorem 9 and Propositions 10 and 11 allow us to evaluate the number of

operations required by the algorithm AOpt. To derive bounds on the time com-
plexity of the considered algorithm from bounds on the number of operations,
we need to fix a model of computation. We study two such models: the software
model and the integer model.

The software model is closely related to the conventional software when each
of the considered operations requires a small constant number of clock cycles and
we can use both variables for integers and variables for floating-point numbers.
This model assumes that we are working with finite sets of numbers, for example,
with single-precision (32-bit) floating-point numbers and 32-bit signed integers.
In particular, for one of the Intel’s processors of Broadwell architecture, single-
precision operations x+ y, x− y, x · y, min(x, y), and max(x, y) require 3 clock
cycles each. For 32-bit signed integers, operations x+y and x−y require 1 clock
cycle each, and the operation x · y requires 10 clock cycles. For the algorithm
AOpt, to keep upper bounds true, we need to use variables for integers when we
deal with integer cost functions.

If we have an upper bound A on the number of operations, then O(A) is
the upper bound on the time complexity of the algorithm in the framework
of the software model of computation. In particular, for the software model,
from the existence of a pseudo-polynomial bound on the number of operations
of the algorithm AOpt depending on the problem dimensions and some numeric
parameter it follows that this algorithm has pseudo-polynomial time complexity
depending on the problem dimensions and the numeric parameter. The same
situation is with polynomial bounds.

The integer model assumes that all inputs are integers of arbitrary size, and
each operation transforms a tuple of integers into an integer. In this case, the
time complexity of an operation depends on the maximum number of bits t in
the binary representation of integers at the operation inputs. For example, the
operations x+y, x−y, min(x, y), and max(x, y) require O(t) and the operation
x · y requires O(t · log t · log log t) time [31].

If we have an upper bound A on the number of operations x + y, x − y,
min(x, y), max(x, y), and x · y required by the algorithm AOpt, and m is an
upper bound on the absolute value of numbers used during the work of the
algorithm, then O(A · t · log t · log log t), where t = log2m, is the upper bound on
the time complexity of the considered algorithm in the framework of the integer
model of computation. If we do not use the operation x · y, then O(A · t) is the
upper bound on the time complexity of the considered algorithm. This way to
obtain bounds on the time complexity of algorithms (evaluation of the number
of operations and the size of used integers) is close to the notion of strongly
polynomial time [18].

For the integer model for each of the considered cases, when the instance
of the problem is given by integer parameters in binary representation and we
use integer cost functions, we will transform pseudo-polynomial bounds on the
number of operations (polynomial depending on the problem dimensions and
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some numeric parameter of the problem) into pseudo-polynomial bounds on
the time complexity of the algorithm (polynomial depending on the length of
problem representation and the numeric parameter of the problem). Note that
for each of the considered problems, the problem dimensions are at most the
length of the problem representation. The same situation is with polynomial
bounds.

To obtain bounds on the time complexity, it will be necessary for us to
evaluate the maximum absolute value of numbers used during the work of the
algorithm AOpt. Let S be a circuit without repetitions and Ψ, Φ be increasing
cost functions for S given, respectively, by the functions ψ,ψv and ϕ,ϕv, v ∈
Vf (S). Denote NΨ(S) = max{|Ψ(δ)| : δ ∈ U(S)} and NΦ(S) = max{|Φ(δ)| :
δ ∈ U(S)}, where U(S) =

⋃
v∈V (S) S(v). One can show that the number

max(NΨ(S), NΦ(S))

is an upper bound on the absolute values of the numbers at the inputs of oper-
ations of the algorithm AOpt related to the functional and unifying nodes. The
operations related to the input nodes should be considered separately and only
in the cases when the function ψ or the function ϕ is not constant (we will not
meet this situation in our paper).

5.2. Totally optimal elements

Let Ψ and Φ be cost functions of S and δ be an element from the set S(v∗).
We say that δ is totally optimal in S(v∗) relative to Ψ and Φ if δ is optimal in
S(v∗) relative to Ψ and Φ in the same time.

Assume that Ψ and Φ are increasing cost functions. We now describe how
to recognize the existence of an element from S(v∗) which is totally optimal
in S(v∗) relative to Ψ and Φ. Using the algorithm AOpt, we construct the
set Par(tΨ,Φ(S, v∗)) of Pareto optimal points for the set of pairs tΨ,Φ(S, v∗) =
{(Ψ(δ),Φ(δ)) : δ ∈ S(v∗)}. A totally optimal element exists if and only if the
set Par(tΨ,Φ(S, v∗)) contains only one Pareto optimal point.

6. Matrix chain multiplication

Matrix chain multiplication is one of the classic optimization problems in
computer science. For a given sequence A1, A2, . . . , An of matrices, we need to
compute the product of these matrices using the minimum number of scalar
multiplications on a single processor machine. This problem was introduced by
Godbole in [17], where he proposed an O(n3) dynamic programming algorithm.
Hu and Shing presented an O(n log n) algorithm for this problem in [20, 21].
Other optimization scenarios are also possible (some of the corresponding opti-
mization criteria are discussed in this section).

We should find the product A1 × A2 × · · · × An. It is well known that
matrix multiplication is associative, i.e., A × (B × C) = (A × B) × C. The
cost of multiplying a chain of n matrices depends on the order of multiplica-
tions. Each possible ordering of multiplication of n matrices corresponds to a
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different parenthesization. We consider three cost functions for parenthesiza-
tions. An algorithm for multi-stage optimization of parenthesizations relative
to a sequence of cost functions was proposed in [8]. In this section, we design
a circuit without repetitions for the representation of all parenthesizations for
a given chain and evaluate the number of operations and time required by the
algorithm for bi-criteria optimization of parenthesizations relative to two cost
functions. We discuss an example and show the results of experiments with
randomly generated sizes of matrices in a chain.

6.1. Circuit and cost functions

Let A1, A2, . . . , An be matrices with sizes m0×m1, m1×m2, . . . , mn−1×mn,
respectively. The number n is the dimension of problems under consideration
related to the multiplication of these matrices. Binary representations of num-
bers m0, . . . ,mn form the representation of the problem instance (later we will
omit the word instance). It is clear that n is at most the length of the problem
representation.

We consider not only the whole chain M(1, n) = A1 × · · · × An of matrices
but also its subchains. For each i, j, 1 ≤ i ≤ j ≤ n, we denote by M(i, j)
the subchain Ai × Ai+1 × · · · × Aj . We describe inductively the set P (i, j) of
parenthesizations for M(i, j). We have P (i, i) = {Ai} for i = 1, . . . , n. For

i < j, we have P (i, j) =
⋃j−1
k=i P (i, k, j), where P (i, k, j) = {(p1 × p2) : p1 ∈

P (i, k), p2 ∈ P (k + 1, j)}. Set U =
⋃

1≤i≤j≤n P (i, j).
We define now a circuit S without repetitions over the set U which describes

the set P (1, n) of parenthesizations for M(1, n). For each i, 1 ≤ i ≤ n, this
circuit contains the input node v(i, i) labeled with the set {Ai}. For each i, j,
1 ≤ i < j ≤ n, the circuit S contains the unifying node v(i, j) labeled with
the symbol ∪. For each i, k, j, 1 ≤ i ≤ k < j ≤ n, the circuit S contains
the functional node v(i, k, j) labeled with the function %(x1, x2). For any two
parenthesizations p1 and p2, %(p1, p2) = (p1×p2). The unifying node v(i, j) has
j − i entering edges leaving the nodes v(i, k, j), i ≤ k ≤ j − 1. The functional
node v(i, k, j) has two entering edges leaving the nodes v(i, k) and v(k + 1, j).
These edges are labeled with numbers 1 and 2, respectively (we omit these
numbers in the example). The node v(1, n) is the output of S. One can show
that S(v(i, k, j)) = P (i, k, j) for any i, k, j, 1 ≤ i ≤ k < j ≤ n, and S(v(i, j)) =
P (i, j) for any i, j, 1 ≤ i ≤ j ≤ n. Note that U = U(S).

We consider matrices Ai and Aj with different indices i and j as different
matrices. It is easy to check that in this case S(v1) ∩ S(v2) = ∅ for any nodes
v1, v2 ∈ Vi(S)∪ Vf (S) such that v1 6= v2, and the function %(x1, x2) is injective.
Therefore S is a circuit without repetitions.

We implement a parenthesization from P (1, n) using either one processor
π or n processors π1, π2, . . . , πn. In the latter case, initially, the processor πi
contains the matrix Ai, i = 1, . . . , n. Suppose we should compute (p1 × p2),
where p1 is computed by the processor πt1 and p2 is computed by the processor
πt2 . At this point, there are two possibilities, i.e., either the processor πt1 sends
the matrix corresponding to p1 to the processor πt2 or vice versa, where the
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receiving processor computes the product of matrices corresponding to p1 and
p2.

For t = 1, 2, 3, we describe now a cost function Ψ(t) which associates to
each parenthesization p ∈ U a nonnegative integer Ψ(t)(p). The function Ψ(t)

is given by the function ψ(t) and the functions ψ
(t)
v(i,k,j), 1 ≤ i ≤ k < j ≤ n.

For t = 1, 2, 3, ψ(t)(x) = 0 since when we have only one matrix Ai we not
need to do any computations. We will explain the considered definitions using
a parenthesization p = (p1 × p2), where p ∈ P (i, k, j), p1 ∈ P (i, k), and p2 ∈
P (k + 1, j), 1 ≤ i ≤ k < j ≤ n.

1. Cost function Ψ(1), where ψ(1)(x) = 0 and ψ
(1)
v(i,k,j)(x1, x2) = x1 + x2 +

mi−1mkmj for any i, k, j, 1 ≤ i ≤ k < j ≤ n. Parenthesizations p1 and p2

represent matrices of dimensions mi−1 ×mk and mk ×mj , respectively.
For multiplication of these matrices we need to make mi−1mkmj scalar
multiplications. So Ψ(1)(p) is the total number of scalar multiplications
required to compute the product Ai × · · · × Aj according to the paren-
thesization p = (p1 × p2). We should add that Ψ(1)(p) can be considered
as the time complexity of computation of p (when we count only scalar
multiplications) using one processor. It is clear that Ψ(1) is an increasing
nonnegative integer cost function.

2. Cost function Ψ(2), where ψ(2)(x) = 0 and ψ
(2)
v(i,k,j)(x1, x2) = max{x1, x2}+

mi−1mkmj for any i, k, j, 1 ≤ i ≤ k < j ≤ n. This cost function describes
the time complexity of computation of p (when we count only scalar mul-
tiplications) using n processors. The cost function Ψ(2) is an increasing
nonnegative integer cost function.

3. Cost function Ψ(3), where ψ(3)(x) = 0 and

ψ
(3)
v(i,k,j)(x1, x2) = x1 + x2 + min{mi−1mk,mkmj}

for any i, k, j, 1 ≤ i ≤ k < j ≤ n. This cost function describes the
total cost of sending matrices between the processors when we compute
p by n processors. We have the following situation: either processor πt1
can send the mi−1 × mk matrix to πt2 , or πt2 can send the mk × mj

matrix to πt1 . The number of elements in the first matrix is equal to
mi−1mk and the number of elements in the second matrix is equal to
mkmj . To minimize the number of elements that should be sent, we must
choose minimum between mi−1mk and mkmj . It is clear that Ψ(3) is an
increasing nonnegative integer cost function.

6.2. Time complexity

We can use the algorithm AOpt to find the set of Pareto optimal points for
the problem of bi-criteria optimization of parenthesizations relative to two cost
functions Ψ(t),Ψ(q), t, q ∈ {1, 2, 3}, t 6= q. We know that Ψ(t) is a nonnegative
integer cost function for any t ∈ {1, 2, 3}. Let µ = max{m0,m1, . . . ,mn}. We
now evaluate the parameter NΨ(t)(S) = max{|Ψ(t)(p)| : p ∈ U(S)} for t = 1, 2, 3.
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One can show that NΨ(t)(S) ≤ (n−1)µ3 if t ∈ {1, 2} and NΨ(t)(S) ≤ (n−1)µ2 if
t = 3. By Proposition 10, MΨ(t),Ψ(q)(S) ≤ nµ3 if t ∈ {1, 2} and MΨ(t),Ψ(q)(S) ≤
nµ2 if t = 3, where

MΨ(t),Ψ(q)(S) = max{|Par(tΨ(t),Ψ(q)(S, v))| : v ∈ V (S)}.

Denote M = MΨ(t),Ψ(q)(S).
Using Theorem 9, we evaluate the number of arithmetical operations that

the algorithm AOpt makes. To treat all input nodes, the algorithm AOpt does
not require arithmetical operations since ψ(t)(x) = 0 and ψ(q)(x) = 0. The
circuit S contains at most n2 unifying nodes. Each such node has at most n
entering edges. So, to treat all unifying nodes, the algorithm AOpt requires at
most 4n3M log2(nM) comparisons. The circuit S contains at most n3 func-
tional nodes. Each such node has two entering edges. To compute the val-

ues of ψ
(t)
v(i,k,j)(x1, x2) and ψ

(q)
v(i,k,j)(x1, x2) for any functional node v(i, k, j) of

S we need at most 10 arithmetical operations (comparisons, multiplications,
and additions). So, to treat all functional nodes, the algorithm AOpt requires
at most n3(10M2 + 8M2 log2M) arithmetical operations (comparisons, mul-
tiplications, and additions). Therefore the algorithm AOpt requires at most
4n3M log2(nM)+n3(10M2+8M2 log2M) ≤ 22n3M2 log2(nM) arithmetical op-
erations (comparisons, multiplications, and additions). If t ∈ {1, 2}, then M ≤
nµ3 and 22n3M2 log2(nM) ≤ 22n5µ6 log2(n2µ3) ≤ 66n5µ6 log2(nµ). If t = 3,
then M ≤ nµ2 and 22n3M2 log2(nM) ≤ 22n5µ4 log2(n2µ2) ≤ 44n5µ4 log2(nµ).
As a result, we obtain that the algorithm AOpt requires at most 66n5µ6 log2(nµ)
arithmetical operations if t ∈ {1, 2} and at most 44n5µ4 log2(nµ) arithmetical
operations if t = 3, i.e., pseudo-polynomial number of operations (polynomial
depending on the dimension n and the numeric parameter µ).

In the software model of computation, for the considered circuit and pair of
cost functions, the algorithm AOpt has time complexity

O(n5µ6 log(nµ))

if t ∈ {1, 2} and O(n5µ4 log(nµ)) if t = 3 which is pseudo-polynomial (polyno-
mial depending on the dimension n and the numeric parameter µ).

In the integer model of computation, for the considered circuit and pair of
cost functions, the algorithm AOpt has time complexity

O(n5µ6 log(nµ)2 log log(nµ) log log log(nµ))

if t ∈ {1, 2} and O(n5µ4 log(nµ)2 log log(nµ) log log log(nµ)) if t = 3 which is
pseudo-polynomial (polynomial depending on the length of the problem repre-
sentation and the numeric parameter µ).

6.3. Example

We consider an example of matrix chain multiplication. Let A1, A2, A3, and
A4 be four matrices with sizes 4 × 5, 5 × 7, 7 × 5, and 5 × 4, respectively, i.e.,
m0 = 4, m1 = 5, m2 = 7, m3 = 5, and m4 = 4.
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*

Figure 1: Circuit SMCM for matrix chain multiplication

The circuit SMCM which describes all parenthesizations for this chain of
matrices is presented in Fig. 1, where rectangles represent functional nodes and
ovals represent input and unifying nodes. There are four input nodes v(1, 1),
v(2, 2), v(3, 3), and v(4, 4) which are labeled with sets {A1}, {A2}, {A3}, and
{A4}, respectively. Each unifying node is labeled with the symbol ∪, and each
functional node is labeled with the function %(x1, x2). The node v(1, 4) is the
output of the circuit SMCM . Note that we will meet circuits with a similar
structure when we consider binary search trees. These two types of objects are
closely related [20].

*

{(140,20)}

{(0,0)} {(0,0)} {(0,0)} {(0,0)}

{(140,20)}{(175,35)}

{(280,48)}

{(140,20)} {(175,35)}

{(275,55)}

{(140,20)}

{(280,48)}

{ 355,75 ,
(360,68)}

{(275,55)}

{ 275,55 ,
{(280,48)}

{ 355,75 ,
(360,68)}

{(392,68)}
{ 355,75 ,
(360,68)}

{ 275,55 ,
{(280,48)}

Figure 2: Circuit SMCM for matrix chain multiplication with the sets of Pareto optimal points
attached to nodes
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Results of bi-criteria optimization of parenthesizations relative to the cost
functions Ψ(1) and Ψ(3) can be found in Fig. 2, where we attached the corre-
sponding set of Pareto optimal points to each node of the circuit SMCM instead
of the name of this node.

6.4. Experiments

We experimentally tested bi-criteria optimization of parenthesizations for a
chain of matrices A1×· · ·×An. We randomly generated dimensions m0, . . . ,mn

of these matrices from different intervals with uniform distribution.

Table 1: Number of Pareto optimal points (in format minaveragemax among 100 trials) for bi-
criteria optimization problem relative to Ψ(1),Ψ(2). Matrices dimensions are from the interval
[1, k]

k
n 5 10 15 20 25

10 13.018 13.3012 13.4412 13.0114 12.9111

15 15.2826 16.9825 15.9528 16.1819 16.4522

20 15.1817 112.8972 112.0247 113.7870 110.8851

25 29.0045 113.9965 120.72124 119.0696 118.1765

30 110.7692 221.5694 331.41176 128.85178 131.34205

35 113.3284 228.22146 141.20212 141.37200 144.11293

40 113.6877 137.97191 256.96273 167.39333 260.45375

45 114.6953 139.43207 258.25290 277.10365 585.32349

50 215.1269 141.93321 287.90428 387.48389 1108.11655

Table 2: Number of Pareto optimal points (in format minaveragemax among 100 trials) for bi-
criteria optimization problem relative to Ψ(1),Ψ(3). Matrices dimensions are from the interval
[1, k]

k
n 5 10 15 20 25

10 11.001 11.054 11.062 11.095 11.086

15 11.001 11.062 11.012 11.012 11.114

20 11.001 11.001 11.022 11.114 11.156

25 11.001 11.001 11.032 11.073 11.054

30 11.001 11.001 11.044 11.124 11.042

35 11.001 11.012 11.054 11.033 11.054

40 11.001 11.001 11.001 11.001 11.074

45 11.001 11.001 11.012 11.012 11.084

50 11.001 11.001 11.001 11.001 11.001

Table 1 shows the minimum, maximum, and the average number of Pareto
optimal points for bi-criteria optimization problem relative to Ψ(1),Ψ(2) for n =
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10, 15, . . . , 50 with matrices dimensions from the interval [1, k], k = 5, 10, . . . , 25.
Among 100 trials, there were at most 655 and at least one Pareto optimal points
relative to Ψ(1),Ψ(2), while on average, there were at least 2.91 and at most
108.11 Pareto optimal points for all scenarios. Table 3 shows the number of cases
with totally optimal parenthesizations relative to Ψ(1) and Ψ(2) among 100 trials
with matrices dimensions from the interval [1, k], k = 5, 10, . . . , 25. For n = 10,
there were at least 15 cases with totally optimal parenthesizations (among 100
trials). For n = 50, there were three scenarios (k = 5, 15, 20) without any
totally optimal parenthesizations. The set of Pareto optimal points for a bi-
criteria optimization of parenthesizations relative to Ψ(1) and Ψ(2) (n = 70,
dimensions are from [1, 10]) is depicted in Fig. 3.

Table 3: Number of cases with totally
optimal parenthesizations relative to Ψ(1)

and Ψ(2) among 100 trials. Matrices di-
mensions are from the interval [1, k]

k
n 5 10 15 20 25

10 15 21 20 29 27
15 9 6 14 9 13
20 5 4 7 6 9
25 0 1 4 2 4
30 2 0 0 1 2
35 1 0 2 1 1
40 1 3 0 1 0
45 2 1 0 0 0
50 0 2 0 0 1

Table 4: Number of cases with totally
optimal parenthesizations relative to Ψ(1)

and Ψ(3) among 100 trials. Matrices di-
mensions are from the interval [1, k]

k
n 5 10 15 20 25

10 100 97 94 95 96
15 100 94 99 99 92
20 100 100 98 91 92
25 100 100 97 94 97
30 100 100 98 94 96
35 100 99 97 98 97
40 100 100 100 100 96
45 100 100 99 99 94
50 100 100 100 100 100
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Figure 3: Set of Pareto optimal points for
a bi-criteria optimization of parenthesiza-
tions relative to Ψ(1) and Ψ(2). Matri-
ces dimensions are from the interval [1, 10],
n = 70

2050 2100 2150 2200
(1)

370

375

380

385

390

395

400

405

410

(3
)

Figure 4: Set of Pareto optimal points for
a bi-criteria optimization of parenthesiza-
tions relative to Ψ(1) and Ψ(3). Matri-
ces dimensions are from the interval [1, 10],
n = 70

Table 2 shows the minimum, maximum, and the average number of Pareto
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optimal points for bi-criteria optimization problem relative to Ψ(1),Ψ(3) for n =
10, 15, . . . , 50 with matrices dimensions from the interval [1, k], k = 5, 10, . . . , 25.
On average, there were at most 1.15 Pareto optimal points, and the maxi-
mum number of Pareto optimal points was six among all tested scenarios. For
each case with k = 5, there were totally optimal parenthesizations relative to
Ψ(1),Ψ(3) (see Table 4). The set of Pareto optimal points for a bi-criteria opti-
mization of parenthesizations relative to Ψ(1) and Ψ(3) (n = 70, dimensions are
from [1, 10]) is depicted in Fig. 4.

7. Optimal paths in directed graphs

The problem of path length minimization in graphs is very well known.
There are algorithms for this problem solving based on the greedy approach
such as Dijkstra’s algorithm [12], algorithms based on the dynamic programming
approach such as Floyd-Warshall algorithm [14, 34], etc.

In [2], an algorithm for multi-stage optimization of paths in a directed graph
G relative to cost functions of two types was presented. Let w1, w2 be weight
functions assigning nonnegative real weights to edges of G, and p be a directed
path in G. Then the cost function ψw1 of the first type is equal to the sum of
weights of edges in p and the cost function ϕw2

of the second type is equal to
the minimum weight of an edge in p. The cost functions of the first type should
be minimized, and the cost functions of the second type should be maximized.

Two interpretations of the graph G were considered in [2]. The first inter-
pretation of the graph G is a road network. The nodes represent intersections
and edges represent roads between the intersections. The weight can be seen as
the length or pricing of a road, then ψw1

is the total length or cost of the path
p. Moreover, if weight represents a horizontal or vertical clearance, then ϕw2

defines the maximum legal vehicle dimension in the path p. The second inter-
pretation of the graph G is a computer network. The cost functions ψw1 of the
first type can be used for the minimization of the delay or packet loss rate, where
the cost functions ϕw2

of the second type can be used for the maximization of
the bit rate.

In this section, we design a circuit without repetitions describing the set of
paths under consideration and define cost functions of two types for this circuit.
We evaluate the number of arithmetical operations and time required by the
algorithm for bi-criteria optimization of paths relative to cost functions of two
types and compare the obtained results with the results published in [19], where
the time complexity of ten bi-criteria optimization problems related to paths in
directed graphs was studied. We consider an example and discuss the results of
experiments with randomly generated graphs and weight functions.

7.1. Circuit and Cost Functions

Let G = (V,E) be a directed graph without loops and multiple edges, where
V is the set of nodes and E is the set of edges of G. We denote n = |V | and
m = |E|, and assume that n ≥ 2 and m ≥ 1. The graph G is given by its
adjacency list.
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The numbers n and m are the dimensions of problems under consideration
related to the path optimization in the graph G. To define a cost function for
the path optimization problem, we need to give m weights of edges. To describe
an instance of the problem, we need the adjacency list and two cost functions.

If weights are nonnegative integers, then the adjacency list and the binary
representations of 2m numbers defining two cost functions form the representa-
tion of the problem instance (we will omit the word instance). It is clear that
m and n are at most the length of the problem representation.

A directed path in G is represented by a sequence of nodes u1, . . . , uk from
G such that, for i = 1, . . . , k − 1, the edge (ui, ui+1) belongs to G.

Let s, t be two nodes in G such that there exists a directed path from s to
t. We call s the source node, and t the target node.

We consider the problem of finding optimal paths in the graph G from s to
t. The optimization criteria are defined by means of cost functions.

We study two types of cost functions. Each cost function assigns a cost to
each directed path in G. Let wt, t = 1, 2, be a weight function that assigns to
each edge (ui, uj) of G a weight wt(ui, uj), which is a nonnegative real number.

Let p = u1, u2, . . . , uk, uk+1 be a directed path in G. A cost function of the

first type ψw1 is defined as follows: ψw1(p) =
∑k
i=1 w1(ui, ui+1). If k = 0 then

ψw1(p) = 0. We aim to minimize the value of this function. A cost function of
the second type ϕw2

is defined as follows:

ϕw2(p) = min{w2(u1, u2), ..., w2(uk, uk+1)}.

If k = 0 then ϕw2(p) = +∞. We aim to maximize the value of this function.
Let p be a directed path in G from s to t. One can show that there exists a

directed path p′ from s to t in G, which can be obtained from p by removal of
some nodes and edges such that it satisfies the following conditions:

(a) The length of p′ is at most |V | − 1,

(b) Both s and t appear exactly once in p′,

(c) ψw1
(p′) ≤ ψw1

(p),

(d) ϕw2(p′) ≥ ϕw2(p).

Therefore, later on, we will focus on the study of paths in G from s to t
satisfying the conditions (a) and (b). We denote by P (G) the set of all such
paths.

We introduce a directed acyclic graph Γ0 = Γ0(G), which represents the set
of directed paths P (G) from s to t satisfying conditions (a) and (b).

Let V = {v1, . . . , vn}, where v1 = s and vn = t. The set of nodes of Γ0 is
divided into n layers. The first layer contains the only node v1

1 . The last layer
contains the only node vnn . For k = 2, . . . , n − 1, the kth layer contains n − 2
nodes vk2 , . . . , v

k
n−1. In total, we have at most n2 nodes in Γ0.

Let i, j ∈ {2, . . . , n− 1}. Then we have an edge from v1
1 to v2

j if and only if

(v1, vj) ∈ E. For k = 2, . . . , n− 2, we have an edge from vki to vk+1
j if and only

if (vi, vj) ∈ E.
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Let 2 ≤ j ≤ n − 1 and 2 ≤ k ≤ n − 1. Then we have an edge from vkj
to vnn if and only if (vj , vn) ∈ E. We have an edge from v1

1 to vnn if and only
if (v1, vn) ∈ E. There are no other edges in Γ0. In total, we have at most
m(n− 1) ≤ mn edges in Γ0.

We denote by P (Γ0) the set of all directed paths in Γ0 from v1
1 to vnn .

It is clear that there is one-to-one mapping from the set P (G) to the set
P (Γ0). The path p = v1, vj2 , . . . , vjt , vn from P (G) corresponds to the path
p̃ = v1

1 , v
2
j2
, . . . , vtjt , v

n
n from P (Γ0).

We denote by Γ the graph obtained from Γ0 by removal of all nodes that do
not belong to any directed path from v1

1 to vnn . We also remove all edges that
are incident to the removed nodes. We denote by P (Γ) the set of all directed
paths in Γ from v1

1 to vnn . It is clear that P (Γ) = P (Γ0).
For a node u from Γ, let P (u) be the set of all directed paths from v1

1 to u.
Let (u1, u2) be an edge from Γ. We denote by P (u1, u2) the set {µ(u1,u2)(p) :
p ∈ P (u1)}, where µ(u1,u2) is a concatenation function defined on P (u1) which
corresponds to each path p ∈ P (u1) the path µ(u1,u2)(p) = p, u2.

We have P (v1
1) = {v1

1}, where v1
1 is the path of length 0. Let u be a node of

Γ with k entering edges e1, . . . , ek leaving the nodes u1, . . . , uk, k > 0. Then

P (u) =

k⋃
i=1

P (ui, u).

Let U =
⋃
v∈V (Γ) P (u), where V (Γ) is the set of nodes of Γ. We now

transform the graph Γ into a circuit S without repetitions over the set U which
describes the set P (Γ) of all directed paths from v1

1 to vnn in the graph Γ.
We transform the source node v1

1 of Γ into the only input node v1
1 of S,

which is labeled with the set {v1
1}. Despite node v1

1 , each remaining node vki of
Γ becomes a unifying node vki of the circuit S labeled with the symbol ∪. Note
that for each node of Γ, the corresponding node in S has the same notation.

We transform each edge (u1, u2) from Γ into a functional node v(u1,u2) of
S labeled with the concatenation function µ(u1,u2) that has one entering edge
leaving u1 (we will not label this edge with the number 1) and one leaving edge
entering u2.

The node vnn is the output node for the circuit S and is labeled with ∗.
The circuit S contains one input node, at most n2 unifying nodes, and at

most mn functional nodes.
Each functional node has exactly one entering edge. Each unifying node

with the exception of vnn has at most m entering edges. The unifying node vnn
has at most mn entering edges.

Let u be a node of Γ. One can show that S(u) = P (u), where P (u) is
the set of paths corresponding to the node u of Γ and S(u) is the set of paths
corresponding to the node u in S. Let (u1, u2) be an edge in Γ. One can show
that S(v(u1,u2)) = P (u1, u2).

We now prove that S is a circuit without repetitions. It is clear that the
concatenation function µ(u1,u2) is injective for each edge (u1, u2) in Γ. Let u1 and
u2 be two different nodes from Vi(S)∪Vf (S). We now show that S(u1)∩S(u2) =
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∅. Let u1 be the input node and u2 be a functional node. Then S(u1) contains
the only path of the length 0, but S(u2) does not contain any path of the length
0. Let u1 and u2 be two functional nodes corresponding to different edges e1

and e2 in Γ. Then the last edge in each path from S(ui) is ei, i = 1, 2. Therefore
S(u1) ∩ S(u2) = ∅.

Let wt, t = 1, 2, be a weight function that assigns to each edge (vi, vj) of G
a weight wt(vi, vj), which is a nonnegative real number. These weight functions

are extended to Γ in a natural way: wt(v
k1
i , v

k2
j ) = wt(vi, vj) for t = 1, 2 if

(vk1i , v
k2
j ) is an edge in Γ.

We now define two cost functions Ψw1 and Φw2 for the circuit S given
by functions ψw1 , ψw1

u and ϕw2 , ϕw2
u for each u ∈ Vf (S), respectively. Let

ψw1(v1
1) = 0 and ϕw2(v1

1) = −∞. Let (u1, u2) be an edge in Γ. Then

ψw1
v(u1,u2)

(x) = x+ w1(u1, u2)

and ϕw2
v(u1,u2)

(x) = max{x,−w2(u1, u2)}. Note that to compute the value of ψw1

or ϕw2 , we do not need any arithmetical operations and to compute the value of
ψw1
v(u1,u2)

or ϕw2
v(u1,u2)

, we need only one arithmetical operation: either addition
or comparison.

It is clear that Ψw1 and Φw2 are increasing cost functions. If values of w1

and w2 are nonnegative integers, then Ψw1 is an increasing nonnegative integer
cost function for S and Φw2 is an increasing nonpositive integer cost function
for S.

Let p ∈ P (G) and p̃ be the path in P (Γ) corresponding to p. One can show
that Ψw1(p̃) = ψw1

(p) and Φw2(p̃) = −ϕw2
(p).

We have no tools for the maximization of cost functions. So, instead of
maximization of ϕw2 , we will minimize Φw2 . Later on, in the algorithm of
bi-criteria optimization, we will use only cost functions of the kind Ψw1 or Φw2 .

7.2. Time complexity

Let w be a weight function that has nonnegative integer values. Denote
νw = max {w(vi, vj) : (vi, vj) ∈ E}. Then NΨw(S) ≤ νw(n − 1) and NΦw(S) ≤
νw, where NΨw(S) = max{|Ψw(δ)| : δ ∈ U(S)}, NΦw(S) = max{|Φw(δ)| : δ ∈
U(S)}, and U(S) =

⋃
v∈V (S) S(v). It is clear that log2 νw is at most the length

of the problem representation.
Let us consider two cost functions Θ(1), Θ(2) specified by the weight functions

w1 and w2, respectively. We can use the algorithm AOpt to find the set of Pareto
optimal points for the problem of bi-criteria optimization of paths relative to
Θ(1) and Θ(2).

We denote M = MΘ(1),Θ(2)(S), where

MΘ(1),Θ(2)(S) = max{|Par(tΘ(1),Θ(2)(S, v))| : v ∈ V (S)}.

To evaluate the number of operations of the algorithm AOpt, we use Theorem
9. To treat the input node of the circuit S, we do not need any arithmetical
operations.
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The circuit S contains at most mn functional nodes. Each node has one
entering edge. The algorithm needs at most 2mnM ≤ 2mn2M log2(2M) arith-
metical operations and at most 4mnM log2M ≤ 4mn2M log2(2M) comparisons
to process all functional nodes. In total, it needs at most 6mn2M log2(2mnM)
arithmetical operations.

For the node vnn with at most mn entering edges, the algorithm AOpt makes
at most 4mnM log2(mnM) comparisons. For each of remaining at most n2

unifying nodes with at most m entering edges, it makes at most 4mM log2(mM)
comparisons. Then, to process all unifying nodes, the algorithm needs at most
4mnM log2(mnM) + 4mn2M log2(mM) ≤ 8mn2M log2(2mnM) comparisons.

Hence the algorithm AOpt makes at most 14mn2M log2(2mnM) arithmeti-
cal operations (additions or comparisons). Let us assume now that w1 has
nonnegative integer values.

Let Θ(1) = Ψw1 . Then NΨw1 (S) ≤ νw1(n− 1). By Proposition 10,

MΘ(1),Θ(2)(S) ≤ νw1(n− 1) + 1.

Since M ≤ νw1
(n− 1) + 1, the algorithm AOpt makes at most

14mn2(νw1
(n− 1) + 1) log2(2mn(νw1

(n− 1) + 1))

≤ 28mn3(νw1 + 1) log2(2mn(νw1 + 1))

arithmetical operations, i.e., pseudo-polynomial number of operations (polyno-
mial depending on the dimensions n and m, and the numeric parameter νw1).

Let Θ(1) = Φw1 . It is clear that |{Φ(δ) : δ ∈ U(S)}| ≤ m. By Proposition
11, MΘ(1),Θ(2)(S) ≤ m. Since M ≤ m, the algorithm AOpt makes at most

14m2n2 log2(2m2n)

arithmetical operations., i.e., polynomial number of operations (polynomial de-
pending on the dimensions n and m).

In the software model of computation, for the considered circuit and pair of
cost functions, the algorithm AOpt has time complexity

O(mn3νw1
log(mnνw1

))

if Θ(1) = Ψw1 which is pseudo-polynomial (polynomial depending on the dimen-
sions n and m, and the numeric parameter νw1

), and

O(m2n2 log(mn))

if Θ(1) = Φw1 which is polynomial depending on the dimensions n and m.
Let us assume now that w1 and w2 have nonnegative integer values. Then,

in the integer model of computation, for the considered circuit and pair of cost
functions, the algorithm AOpt has time complexity

O(mn3νw1
log(mnνw1

) log(max(νw1
, νw2

)n))
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if Θ(1) = Ψw1 which is pseudo-polynomial (polynomial depending on the length
of problem representation and the numeric parameter νw1), and

O(m2n2 log(mn) log(max(νw1 , νw2)n))

if Θ(1) = Φw1 which is polynomial depending on the length of the problem
representation.

Algorithms from [19] mentioned in the Introduction require less number of
operations. If Θ(1) = Φw1 , then the required number of operations isO(m2 log n).
Let Θ(1) = Ψw1 , Θ(2) = Ψw2 and νw1

≤ νw2
. Then the required number of op-

erations is O(nmνw1
log(nνw1

)).

7.3. Example

We consider a directed graph G = (V,E) (as depicted in Fig. 5), where
s = v1 and t = v4, and two weight functions w1 and w2 for this graph such
as w1(e) = 1 for all e ∈ E, and w2(v1, v2) = 1, w2(v2, v4) = 4, w2(v1, v3) = 3,
w2(v3, v4) = 0, w2(v2, v3) = 4, w2(v3, v2) = 5.

𝑣1 𝑣4

𝑣2

𝑣3

Figure 5: Graph G

𝑣1
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𝑣4
4

𝑣2
2

𝑣3
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𝑣2
3

𝑣3
3

Figure 6: Directed acyclic graph Γ0 = Γ

Initially, we create the graph Γ0 (see Fig. 6), note that Γ0 = Γ. Then we
transform Γ into the circuit SOP (see Fig. 7).

𝑣 𝑣

𝑣

𝑣

𝑣

𝑣

*

Figure 7: Circuit SOP
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Figure 8: Circuit SOP with the sets of Pareto optimal points associated with each node

We apply the procedure of bi-criteria optimization relative to Ψw1 and Φw2

to the circuit SOP . The set of Pareto optimal points for each node of SOP is
depicted in Fig. 8.

7.4. Experiments

We experimentally tested bi-criteria optimization of paths in directed graphs.
Each experiment was repeated 10 or 100 times.

Let α ∈ {0.2, 0.4, 0.6, 0.8}. For a given n, we generated directed graphs
without loops and multiple edges that contain n nodes s = v1, . . . , vn = t. We
randomly generated a directed path from s to t and after that added randomly
new edges until the total number of edges is equal to dαn2e. For each edge,
the integer values of weight functions w1 and w2 were randomly assigned with
uniform distribution from the interval [0, 100]. Denote Ψ = Ψw1 and Φ = Φw2 .

Table 5: Number of Pareto optimal points (in format minaveragemax among 100 trials)
for bi-criteria optimization problem relative to Ψ,Φ. Graphs with n nodes and dαn2e, α =
0.2, 0.4, 0.6, 0.8, edges

α
n 0.2 0.4 0.6 0.8

50 25.6011 79.4013 59.6019 510.0018

60 48.6012 47.8014 710.3013 58.2011

70 48.8012 710.7016 49.2014 79.4014

80 47.4011 69.7014 39.6015 510.8018

90 49.1013 711.6017 912.8019 49.4014

100 69.5016 210.0016 910.8013 811.5019

110 37.8014 812.2016 713.6022 912.3016

120 710.4018 812.7020 1115.5020 711.7014

Table 5 shows the minimum, maximum, and the average number of Pareto
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optimal points for bi-criteria optimization problem relative to Ψ,Φ for graphs
with n = 50, 60, . . . , 120 nodes and dαn2e, α = 0.2, 0.4, 0.6, 0.8, edges. There
were at most 22 Pareto optimal points. There were no totally optimal paths
relative to Ψ and Φ (see Table 6). The set of Pareto optimal points for a bi-
criteria optimization of paths relative to Ψ and Φ for n = 120 and α = 0.8 is
depicted in Fig. 9.

Table 6: Number of cases with totally optimal paths relative to Ψ and Φ among 10 trials.
Graphs with n nodes and dαn2e, α = 0.2, 0.4, 0.6, 0.8, edges

α
n 0.2 0.4 0.6 0.8

50 0 0 0 0
60 0 0 0 0
70 0 0 0 0
80 0 0 0 0
90 0 0 0 0
100 0 0 0 0
110 0 0 0 0
120 0 0 0 0

10 20 30 40 50 60 70

90

80

70

60

50

40

30

Figure 9: The set of Pareto optimal points for a bi-criteria optimization of paths relative to
Ψ and Φ, n = 120, α = 0.8

8. Binary search trees

Knuth in [25] studied the problem of average depth minimization for binary
search trees with two kinds of keys related to successful and unsuccessful search
with their probabilities. In [4], this problem was generalized by associating a
weight of each successful key, which can correspond to the comparison cost of
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key and searching value or to cost of memory access, e.g., some keys are stored
in secondary memory with a higher cost of access [32]. In the same paper [4], the
multi-stage optimization of binary search trees related to the weighted depth
and average weighted depth was considered.

In this section, we study bi-criteria optimization of binary search trees us-
ing the optimization framework based on the consideration of a circuit without
repetitions. We construct such a circuit, define two cost functions for it, evalu-
ate the number of operations and time required by the algorithm for bi-criteria
optimization, consider an example, and discuss the results of computer experi-
ments.

8.1. Circuit and cost functions

First, we discuss the notion of a binary search tree described in [25] (see also
[11], Sect. 15.5).

Let us consider a sequence of n ≥ 1 distinct keys k1, k2, . . . , kn assuming
k1 < k2 < · · · < kn. We also have n + 1 dummy keys d0, d1, . . . , dn such that,
for i = 1, 2, . . . , n − 1, the dummy key di corresponds to all values between ki
and ki + 1 with d0 representing all values less than k1 and dn representing all
values greater than kn.

For any i, j, 0 ≤ i ≤ j ≤ n, define the set T (i, j) of all binary search trees
with keys ki+1, . . . , kj and dummy keys di, . . . , dj . For i = j, the set T (i, i)
contains exactly one binary search tree tree(di) depicted in Fig. 10. Let i < j
and i < r ≤ j. We denote

T (i, r, j) = {TREE(kr, t1, t2) : t1 ∈ T (i, r − 1), t2 ∈ T (r, j)},

where the tree TREE(kr, t1, t2) is depicted in Fig. 11. Then

T (i, j) =

j⋃
r=i+1

T (i, r, j).

The set T (0, n) is equal to the set of all binary search trees with keys k1, . . . , kn
and dummy keys d0, . . . , dn.

𝑑𝑖

Figure 10: Binary search tree tree(di)

𝑡1 𝑡2

𝑘𝑟

Figure 11: Binary search tree TREE(kr, t1, t2)

The number n is the dimension of the problems under consideration related
to the optimization of binary search trees. To define a weighted depth for the
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binary search trees, we must specify n positive integer weights of keys. To
define an average weighted depth for the binary search trees, we need to specify
additionally 2n+1 probabilities of keys and dummy keys, which are not integers
in general. To describe an instance of the problem, we need both cost functions.

Denote U =
⋃

0≤i≤j≤n T (i, j). We now define a circuit S without repetitions
over the set U which describes the set T (0, n) of all binary search trees with
keys k1, . . . , kn and dummy keys d0, . . . , dn.

For each i, r, j, 0 ≤ i < r ≤ j ≤ n, we define a merging function µi,r,j from
the set T (i, r−1)×T (r, j) to the set T (i, j). Let t1 ∈ T (i, r−1) and t2 ∈ T (r, j).
Then µi,r,j(t1, t2) = TREE(kr, t1, t2).

For i = 0, . . . , n, the circuit S contains the input node v(i, i) which is labeled
with the set {tree(di)}. The number of input nodes in S is equal to n+ 1.

For any i, j, 0 ≤ i < j ≤ n, the circuit S contains the unifying node v(i, j)
labeled with the symbol ∪. The circuit S contains at most (n + 1)2 unifying
nodes.

For any i, r, j, 0 ≤ i < r ≤ j ≤ n, the circuit S contains the functional node
v(i, r, j) labeled with the merging function µi,r,j . The circuit S contains at most
(n+ 1)3 functional nodes.

The unifying node v(0, n) is considered as the output of S and is labeled
with ∗.

Each unifying node v(i, j), 0 ≤ i < j ≤ n, has j − i entering edges leaving
functional nodes v(i, r, j), where i < r ≤ j. Each functional node v(i, r, j),
0 ≤ i < r ≤ j ≤ n, has two entering edges labeled with the numbers 1 and 2,
and leaving the nodes v(i, r−1) and v(r, j), respectively (we omit these numbers
1 and 2 in the example).

One can show that S(v(i, r, j)) = T (i, r, j) for any i, r, j, 0 ≤ i < r ≤ j ≤ n,
and S(v(i, j)) = T (i, j) for any i, j, 0 ≤ i < j ≤ n.

We now prove that S is a circuit without repetitions. It is clear that the
considered merging functions µi,r,j are injective. Let v1 and v2 be different nodes
from Vi(S)∪Vf (S). We now show that S(v1)∩S(v2) = ∅. If v1 and v2 are input
nodes, then, evidently, S(v1) ∩ S(v2) = ∅. Let v1 be an input node and v2 be a
functional node. Then S(v1) contains the only tree with single node of the depth
0, but S(v2) does not contain any tree of the depth 0. Let v1 and v2 be functional
nodes, v1 = v(i1, r1, j1) and v2 = v(i2, r2, j2). If (i1, j1) = (i2, j2) and r1 6= r2,
the sets S(v1) and S(v2) cannot have a common tree, since S(v1) = T (i1, r1, j1),
S(v2) = T (i1, r2, j1), and T (i1, r1, j1) ∩ T (i1, r2, j1) = ∅ – trees from these sets
have different keys attached to the roots. Let (i1, j1) 6= (i2, j2). One can show
that S(v1) ⊆ T (i1, j1), S(v2) ⊆ T (i2, j2) and, evidently, T (i1, j1)∩ T (i2, j2) = ∅
– trees from these sets use different sets of keys.

Let keys k1, k2, . . . , kn have probabilities p1, p2, . . . , pn, and dummy keys
d0, d1, . . . , dn have probabilities q0, q1, . . . , qn. The sum of probabilities is equal
to one, i.e., Σni=1pi + Σni=0qi = 1. We associate a positive integer weight wi to
each of the keys ki, where i = 1, . . . , n.

We now define two cost functions Ψ and Φ for the circuit S.
The cost function Ψ (the weighted depth of a binary search tree) is given

by the functions ψ and ψv for each v ∈ Vf (S). We have ψ(tree(di)) = 0 for
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i = 0, . . . , n, and ψv(i,r,j)(x, y) = wr+max{x, y} for any functional node v(i, r, j)
from Vf . To compute ψv(i,r,j), we need one addition and one comparison.

For any i, j, 0 ≤ i < j ≤ n, let π(i, j) =
∑j
l=i+1 pl +

∑j
l=i ql. To calcu-

late π(i, j), we use prefix sum sequences P1 = P1(0), P1(1), . . . , P1(n), where
P1(0) = 0 and, for any a, 1 ≤ a ≤ n, P1(a) = P1(a − 1) + pa, and P2 =
P2(−1), P2(0), . . . , P2(n), where P2(−1) = 0 and, for any b, 0 ≤ b ≤ n, P2(b) =
P2(b−1)+qb. To compute the sequences P1 and P2, we need at most 2(n+1) op-
erations of addition. To derive π(i, j) from P1 and P2, we need three operations
of addition and subtraction π(i, j) = (P1(j)− P1(i)) + (P2(j)− P2(i− 1)).

The cost function Φ (the average weighted depth of a binary search tree) is
given by the functions ϕ and ϕv for each v ∈ Vf (S). We have ϕ(tree(di)) = 0 for
i = 0, . . . , n, and ϕv(i,r,j)(x, y) = wrπ(i, j)+x+y for any functional node v(i, r, j)
from Vf . To compute ϕv(i,r,j) knowing P1 and P2, we need six operations.

It is clear that Ψ is an increasing nonnegative integer cost function for S and
Φ is an increasing cost function for S.

8.2. Time complexity

We can use the algorithm AOpt to find the set of Pareto optimal points for
the problem of bi-criteria optimization of binary search trees relative to Ψ and
Φ.

We know that Ψ is a nonnegative integer cost function. Let

ν = max {wi : 1 ≤ i ≤ n} .

One can show that NΨ(S) ≤ νn. By Proposition 10, MΨ,Φ(S) ≤ νn+ 1, where

MΨ,Φ(S) = max{|Par(tΨ,Φ(S, v))| : v ∈ V (S)}.

Denote M = MΨ,Φ(S).
To evaluate the number of operations of the algorithm AOpt, we use Theorem

9. To treat the input nodes of S, we do not need any arithmetical operations.
The circuit S contains at most (n + 1)3 functional nodes. Each such node

v has two entering edges. It requires at most 8 arithmetical operations to
compute the functions ψv and ϕv. Also, we need to compute ones the prefix
sum sequences P1 and P2 which require at most 2(n+1) operations of addition.
Therefore, the algorithm needs at most 8(n+ 1)3M2 + 2(n+ 1) ≤ 10(n+ 1)3M2

operations (additions, multiplications, and comparisons) and at most 8(n +
1)3M2 log2M comparisons to process all functional nodes. In total we need at
most 10(n+1)3M2+8(n+1)3M2 log2M ≤ 18(n+1)3M2 log2(2nM) operations.

For each of at most (n+1)2 unifying nodes with at most n entering edges, we
make at most 4nM log2(nM) comparisons. Then, to process all unifying nodes,
we need at most 4(n+ 1)3M log2(nM) ≤ 4(n+ 1)3M2 log2(2nM) comparisons.

Hence, the algorithm AOpt makes at most 22(n + 1)3M2 log2(2nM) arith-
metical operations (additions, multiplications, and comparisons). Since M ≤
νn+ 1, the algorithm AOpt makes at most

44(n+ 1)5ν2 log2(2(n+ 1)ν)
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arithmetical operations, i.e., pseudo-polynomial number of operations (polyno-
mial depending on the dimension n and the numeric parameter ν).

In the software model of computation, for the considered circuit and pair of
cost functions, the algorithmAOpt has time complexity O(n5ν2 log(nν)) which is
pseudo-polynomial (polynomial depending on the dimension n and the numeric
parameter ν).

We have only one integer cost function Ψ. Therefore we cannot consider
integer model of computation.

8.3. Example

Let us consider an example of three keys k1, k2, k3 with associated weights
w1 = 1, w2 = 2, w3 = 5 and four dummy keys d0, d1, d2, d3. The keys and
dummy keys have the probabilities p1 = 0.2, p2 = 0.2, p3 = 0.2 and q0 =
0.1, q1 = 0.1, q2 = 0.1, q3 = 0.1. The set of all binary search trees for the
considered example is described by the circuit SBST depicted in Fig. 12.

*

𝑣(0,1,1)

𝑣(0,0) 𝑣(1,1) 𝑣(2,2) 𝑣(3,3)

𝑣(2,3,3)𝑣(1,2,2)

𝑣(1,2,3)

𝑣(0,1) 𝑣(1,2)

𝑣(1,3,3)

𝑣(2,3)

𝑣(0,2,2)

𝑣(0,3,3)

𝑣(0,1,2)

𝑣(0,2)

𝑣(0,3)

𝑣(0,2,3)𝑣(0,1,3)

𝑣(1,3)

Figure 12: Circuit SBST

We apply the bi-criteria optimization procedure (algorithm AOpt) relative
to Ψ and Φ. As a result, we obtain the set of Pareto optimal points for each
node of the circuit SBST – see Fig. 13.

8.4. Experiments

We experimentally tested bi-criteria optimization of binary search trees.
Each experiment was repeated 100 times.

The number of keys n was fixed for a random trial. The probabilities
p1, p2, . . . , pn and q0, q1, . . . , qn were obtained by generating 2n + 1 uniformly
distributed integers from 0 to 100. Then each of the random numbers was di-
vided by the sum of all 2n+ 1 integers. Also, each key had randomly assigned
a weight from 1 to some value.
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*

{(7,4.4)} {(8,6.5)}{(8,4.4)}

{(7,4.4)}

{(3,1.5)} {(7,3.4)}

{(3,1.8)}{(3,1.5)} {(7,3.4)} {(7,4.3)}

{(1,0.4)} {(2,0.8)} {(5,2)}

{(1,0.4)} {(2,0.8)} {(5,2)}

{(0,0)} {(0,0)} {(0,0)} {(0,0)}

Figure 13: Circuit SBST and corresponding sets of Pareto optimal points

Table 7: Number of Pareto optimal points (in format minaveragemax among 100 trials) for
bi-criteria optimization problem relative to Φ and Ψ

maximum weight
n 10 30 50 70 90 110

10 12.716 13.2111 13.269 13.149 13.337 13.8415

20 14.2813 14.7811 25.5911 15.6214 25.8716 15.9220

30 15.049 26.5015 17.4319 16.8613 18.0627 17.7522

40 25.7111 37.9317 28.6624 19.0320 29.0122 310.7626

50 35.9414 28.9416 310.2619 210.1927 312.0428 210.6524

60 36.3711 29.7716 311.5025 412.1426 311.4123 412.9427

70 26.9113 410.1024 612.7428 513.6825 413.1728 414.6328

80 37.1112 411.6420 413.5528 613.9035 515.0138 515.2633

90 37.2912 511.9525 513.2924 415.2732 715.8834 416.2035

100 37.7516 512.3422 414.3129 414.9826 416.1027 417.6040

Table 7 shows the minimum, maximum, and the average number of Pareto
optimal points for the bi-criteria optimization problem relative to Φ and Ψ
for n = 10, 20, . . . , 100 keys and maximum weights 10, 30, . . . , 110. With the
increase in the number of keys and maximum weight, the average number of
Pareto optimal points increased in most of the cases.

An example of the set of Pareto optimal points for an optimization problem
with 100 keys and weights from 1 to 100 is depicted in Fig. 14.

The number of cases with totally optimal binary search trees relative to Φ
and Ψ was zero for most of the evaluated problems. Only for the problems with
10 keys, there were totally optimal binary search trees in each tested weighting
scenario (see Table 8).
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Figure 14: The set of Pareto optimal points for a bi-criteria optimization of binary search
trees with 100 keys and weights from 1 to 100

Table 8: Number of cases with totally optimal binary search trees relative to Φ and Ψ among
100 trials

maximum weights
n 10 30 50 70 90 110

10 12 13 11 14 9 8
20 1 1 0 2 0 2
30 1 0 1 1 1 1
40 0 0 0 1 0 0
50 0 0 0 0 0 0
60 0 0 0 0 0 0
70 0 0 0 0 0 0
80 0 0 0 0 0 0
90 0 0 0 0 0 0
100 0 0 0 0 0 0
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9. Conclusions

In this paper, we proposed a model for combinatorial optimization problems
based on the notion of a circuit without repetitions and a dynamic programming
algorithm for bi-criteria optimization working in the framework of this model.

The considered model is fairly universal (we already applied it to the study
of nine known problems of combinatorial optimization), it is easy enough to
build (the structure of the circuit can be derived usually from the directed
acyclic graph of subproblems used by a conventional dynamic programming
algorithm), and it is easy for use (it’s not necessary to prove the correctness of
the algorithm, and the bounds on the number of algorithm operations can be
derived easily from the circuit and cost function descriptions).

However, the considered model has a number of limitations. We consider
the three most important and show how they can be resolved.

The elements from the sets attached to the input nodes of a circuit and the
functions attached to the functional nodes of this circuit can be complicated.
We show that the algorithm AOpt can work not only with circuits but also
with schemes of circuits, obtained from circuits by removal of one-element sets
attached to the input nodes, functions attached to the functional nodes, and
operations of union attached to the unifying nodes. To this end, we need to
describe the values of the cost functions on the elements from one-element sets
attached to the input nodes.

We cannot construct a conventional circuit without repetitions (working di-
rectly with elements) for each combinatorial optimization problem, in particular,
for optimization of matchings in trees and 0/1 knapsack problem. In this case,
we can transform a conventional circuit S with repetitions into a syntactical
circuit Ŝ which works with formulas representing elements. In these formulas,
we use element symbols instead of elements and functional symbols instead of
functions. The used symbols are pairwise different. The circuit Ŝ is a circuit
without repetitions. We can define cost functions for Ŝ. However, we should be
sure that different formulas from Ŝ(v∗) representing the same element have the
same cost. We can apply to this circuit the algorithm AOpt. As a result, we
obtain the required set of Pareto optimal points.

According to Theorem 9, to process a functional node with k entering edges,
the algorithm AOpt requires exponential in k number of operations. In some
special cases, we can modify the way in which the algorithm AOpt processes
functional nodes and reduce the number of operations to linear in k. The con-
sidered approach is similar to the fusion of sets of POPs described in [1]. In
particular, it works efficiently for the problem of optimization of matchings in
trees.
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T. Gyimóthy, J. Hromkovic, K.G. Jeffery, R. Královic, M. Vukolic, S. Wolf
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