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Wavenumber illumination analysis validation: which elastic anisotropic parameters can we resolve?
Vladimir Kazei, Dmitry Kabanov & Tariq Alkhalifah, KAUST

SUMMARY

Vertical fractures are often embedded into a finely layered
medium, which leads to an effective medium with orthorhom-
bic anisotropy. Ten independent parameters are necessary to
completely characterize such a medium, including density and
excluding rotations. Through wavenumber illumination anal-
ysis, it has been shown that only six of these parameters can
be reliably inverted from P− P scattered energy. Here, we
demonstrate that with the addition of converted waves, nine
parameters can principally be recovered. We also demonstrate
that the one-dimensional null space is along a linear combi-
nation of the shear-wave dimensionless parameters, γ1 and γ2,
or a linear combination of the elastic coefficients C12 and C66
parameters. This null space can be captured by the Thomsen
γ parameter if it is introduced into the parameterization. Fi-
nally and most importantly, there is still a lot of skepticism
around the applicability of multiparameter model wavenum-
ber illumination analysis, so we validate the radiation patterns
using finite-difference modeling code. We find that theoreti-
cal scattering patterns are in good agreement with numerically
modeled wavefields scattered from thin layers. The latter is
a step towards applications of similar analysis, initially in the
framework of time-lapse monitoring of the reservoirs, where
the perturbations of parameters are generally small.

INTRODUCTION

Hydrocarbon reservoirs, naturally, have stratigraphic horizon-
tal layering and are pre-stressed in the vertical direction. These
conditions lead to natural systems of vertical fractures and the
elastic medium at the scale of seismic exploration wavelengths
acts like an orthorhombic one (Schoenberg and Helbig, 1997;
Ivanov and Stovas, 2016). P-waves are the primary source
of information in seismic exploration. Unfortunately, neither
traveltimes of P-waves (Tsvankin, 1997) nor their amplitudes
(Kazei and Alkhalifah, 2018b) can reveal the full set of or-
thorhombic parameters. Simultaneous Dix-type inversion of
moveouts of P-waves with converted waves leads to the full
recovery of the nine elastic constants (Grechka et al., 1999).
Kinematic features of P-, S- (Stovas, 2015, 2017) and con-
verted waves in general orthorhombic media are rather com-
plicated, which leads us towards full-waveform inversion in
orthorhombic media (de Hoop et al., 1999; Köhn et al., 2015;
Oh and Alkhalifah, 2016). Recently, wavenumber illumina-
tion analysis (Devaney, 1984; Mora, 1989; Kazei et al., 2013)
was adopted to reveal the number of anisotropic parameters re-
solvable from different types of data (Podgornova et al., 2015;
Kazei and Alkhalifah, 2018b; Podgornova et al., 2018; Kazei
and Alkhalifah, 2019). Here, we extend the scattering radi-
ation pattern analysis in the wavenumber domain and com-
pare several parameterizations in it. Namely, we look at scat-
tering in the wavenumber domain by perturbations of single
parameters in three parameterizations. These parameteriza-
tions are the classic elastic stiffnesses in the Voigt notation;

the Tsvankin (1997) extension of the Thomsen (1986) param-
eters; and the recently introduced hierarchical parametrization
(Masmoudi and Alkhalifah, 2016; Oh and Alkhalifah, 2016;
Kazei and Alkhalifah, 2018b, 2019) based on the Alkhalifah
and Tsvankin (1995) parameterization. Finally, we validate the
analysis by comparing the results to the snapshots of scattered
wavefields from weakly anisotropic fine layers embedded into
a homogeneous isotropic background.

WAVENUMBER ILLUMINATION THEORY

The Born approximation for the scattered wavefield δU for
a source located at xs and a receiver at xg for a perturbation
in the density δρ(x) and the stiffness tensor δci jkl(x) can be
expressed as follows (Hudson and Heritage, 1981):

δU(xs,xg,ω) =

+∞∫
−∞

+∞∫
−∞

+∞∫
−∞

(ω2
δρ(x)u0 ·G− (1)

∇u0 : δc(x) : ∇G(xg,x))dx, (2)

where u0 is the incident wavefield, G is the Green’s tensor and
ω is the angular frequency. The far-field plane wave approx-
imation of the Green’s tensor in equation 1, consisting of P-,
SV -, and SH-waves (Snieder, 2002; Podgornova et al., 2015),
is used for our analysis. Different components of the Green’s
function are approximated locally by plane waves, as follows:

G = GP +GSV +GSH , GP ∝ ei ω

vp
g·(x−xg)gg, (3)

g =
x−xg

|x−xg|
,(gg)ik ≡ gigk, (4)

The first component GP, is approximated by a local plane P-
wave. The second component represents shear waves polar-
ized in the vertical plane containing source and receiver direc-
tions and the third component of the Green’s tensor is the SH-
wave polarized along gφ , which is the horizontal component
of the shear wave:

GSV ∝ ei ω

vs
g·(x−xg)gθ gθ , where gθ =

(
g×ez
|g×ez| × ez

)
, (5)

GSH ∝ ei ω

vs
g·(x−xg)gφ gφ , where gφ =

(
g×ez
|g×ez|

)
. (6)

P–P scattered waves
The amplitude of the scattered P-wave is proportional to a lin-
ear combination of Fourier transforms of the perturbed param-
eters (Kazei and Alkhalifah, 2017):

δUPP(s,g,ω) ∝ s ·gδ ρ̂(KPP)+ ss δ ĉ(KPP)gg, (7)

KPP =
ω

Vp
(s+g). (8)

Here, vectors s and g point towards the source and the re-
ceiver, respectively (Fig. 1(a)). For the case of a point scat-
terer δ ρ̂(K) = const,δ ĉi jkl(K) = const, equation (7) provides
the radiation pattern or scattering function of these scatterers
(Eaton and Stewart, 1994; de Hoop et al., 1999; Shaw and Sen,
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Figure 1: (a) Wavenumbers illuminated by different types of
scattered waves. P-S waves illuminate higher wavenumbers
and S-S waves the highest. (b) Reflection-based radiation pat-
tern for density and scattered P-P waves in the Ci j,ρ param-
eterization. Density does not scatter at intermediate angles
in this parameterization and the middle wavenumbers in the
P−P scattering range are missing.(c) Orthorhombic parame-
ters in the Voigt notation – red. Rotated orthorhombic medium
can also include parameters in blue, they are excluded from
analysis.

2004). Kazei and Alkhalifah (2018b) looked at P–P scatter-
ing using arbitrary vertical wavenumbers in the perturbation,
which lead to the following relations (the vertical axis is la-
beled 3, while the azimuth, φ , is measured from the x1 axis):

δUPP(kz,φ ,ω(kz,Kz)) ∝ AT
PP(kz,φ)(δρ(Kz),δc(Kz))

T , (9)

or δUPP(Kz) ∝ APPδm(Kz). (10)

Vector A(kz,φ) here is essentially a set of reflection-based ra-
diation patterns remapped into the normalized wavenumber
domain (Fig. 1(b)). Only six independent parameters can be in-
verted from P–P waves in the linearized anisotropic orthorhom-
bic approximation (Kazei and Alkhalifah, 2018b, 2019). Here,
we extend the approach to converted waves to investigate the
benefits of a joint inversion.

Converted waves
Reflection-based radiation patterns are aimed at mimicking the
behavior of the amplitudes of reflections from horizontal re-
flectors, yet converted waves are a special case. Unlike mono-
typic waves, where non-zero vertical wavenumbers are illumi-
nated by reflections and only zero purely vertical wavenum-
bers are recoverable from pure transmissions. The wavenum-
ber coverage of converted waves is produced by both converted
transmissions and converted reflections (Podgornova et al., 2018;
Kazei and Alkhalifah, 2018a, 2019). Combining (1) and (3),
we derive an expression for the amplitude of scattered P–SV
and P–SH waves:

δUPSV ∝
1
κ3

∫
V

eiKPS·x(s ·gθ δρ− ss : δc : ggθ )dx, (11)

KPS =
ω

vp
s+

ω

vs
g, κ =

vs

vp
, (12)
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Figure 2: (a) Spectral sensitivities to vertical wavenumbers
for P−P scattering in Ci j,ρ parameterization. Sensitivity to
all monoclinic parameters is non zero if we start from isotropic
background. Elements establishing similar scattering have the
same color frames. C13 is very similar to C55, C12 - to C66,
C23 - to C44. High wavenumbers for density resemble those
for C33.(b) Partial derivatives of the Ci j parameters w.r.t. hi-
erarchical parameters according to the map Fig. 1(c). (c)
Wavenumber illumination patterns for different hierarchical
parameters. (d) and (e) same as (b) and (c) respectively but
for Tsvankin-Thomsen parameters (Vp/Vs =

√
3).

δUPSH ∝
1
κ3

∫
V

eiKPS·x(s ·gφ δρ− ss : δc : ggφ )dx = (13)

s ·gφ δ ρ̂(KPS)− ss : δ ĉ(KPS) : ggφ . (14)

Similarly to P–P scattered waves, monochromatic converted
waves illuminate a single wavenumber KPS for a single scat-
tering angle, Fig. 1(a) for P–SV (Fig. 3(a), Fig. 3(b)) and for
P–SH waves APSH (Fig. 4(a), Fig. 4(b)) can be constructed.

VALIDATION OF RADIATION PATTERNS

We introduce a thin layer of 50 meters thickness into an isotropic
medium and illuminate it with an explosive source. We place
a single source at depth 960 m and introduce the thin layer at
depth 1500 m. The source we use is a Ricker wavelet with
the central frequency of 5 Hz. The reflections caused by small
anisotropic perturbations of elastic parameters inside the layer
are supposed to validate our radiation patterns. In order to
compare with the radiation patterns of P-waves, we extract the
divergence of the wavefield. To analyse P–SH waves, we look
at the vertical component of the curl of the wavefield. Fig. 5
shows several representative cases of scattering on thin lay-
ers with the perturbations of single parameters in Tsvankin-
Thomsen parametrization.
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Figure 3: Same as Fig. 2(a), Fig. 2(e), and Fig. 2(c) respec-
tively but for P−SV waves.
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Figure 4: Same as Fig. 3 but for P−SH scattering. Hierarchi-
cal parameterization shows that P−SH type of scattering does
not happen in VTI media due to simple symmetry restrictions,
however, it is directly visible that some tradeoff

Data: P−P P−SH P−SV P-All
0 VTI: γγγ1 +γγγ2 all Vp γγγ1 +γγγ2

(C11 +C12+ – γγγ1 +γγγ2 –
+C22−C33 +ρ

(2C23 +C44+ – – –
2C13 +C55)

0 ORT: 2C23 +C44 – – –
# par.: 6 4 8 9

Table 1: Principally irresolvable linear combinations of or-
thorhombic parameters, number of resolvable parameters, and
possible set of parameters that could be resolved from the
Ci j,ρ parameters for different types of scattering recorded un-
der perfect illumination.

DISCUSSION AND CONCLUSIONS

P–SV scattering happens for all nine elastic orthorhombic pa-
rameters and density in the parametrization by the Voigt pa-
rameters. In the Tsvankin–Thomsen parametrization, Vp per-
turbations do not scatter converted waves and the tradeoff be-
tween γ1 and γ2 is apparent in Fig. 3(b). Hierarchical parametriza-
tion, on the other hand (Oh and Alkhalifah, 2016; Kazei and
Alkhalifah, 2019), includes two non-scattering parameters γ1
and Vp (Fig. 3(c)). The SVD analysis applied to the matrix
APSV shows that there are only two zero singular values and
hence the rest of the parameters can theoretically be resolved.

P–SH scattering does not exist in VTI media, and therefore,
perturbations in the density or C33 in the Ci j,ρ− (Voigt) pa-
rameterization do not scatter (Fig. 4(a)). For the same reason,
parameters with VTI type of symmetry do not scatter in the hi-
erarchical parameterization (Fig. 4(b)). Applying SVD analy-
sis to the matrix APSH , we show that the other four orthorhom-
bic parameters can be retrieved from this type of waves.

Combining information from converted and P−P waves
In order to decouple anisotropic parameters for a given spatial
wavenumber K, we need to have this wavenumber illuminated
from different scattering angles, modes and/or azimuths (dif-
ferent frequencies). KPS wavenumber is larger than KPP for
the same scattering angle (Fig. 1(a)), and therefore, informa-
tion from the same scattering angles is mapped to different
resolution scales. The latter means that in order to understand
how many or which parameters can be decoupled/inverted at
a given resolution we need to look at the spectral sensitivities
rather than the standard reflection-based radiation patterns.

In the current study, we consider the perfect illumination case,
we only combine patterns in the wavenumber domain, and
thus, highlight invertible parameters from different wave types
and their combinations in Table 1. In the meantime, in re-
alistic cases with limited aperture and frequency band, we can
deduce the limitations in parameter resolution and inversion by
remapping portions of the scattering response to the wavenum-
ber component and we will share those insights in the presen-
tation. In perfect illumination, P–SV waves alone can princi-
pally allow for the reconstruction of eight parameters, every-
thing except Vp and γ1 (Kazei and Alkhalifah, 2018a, 2019).
Together with P-waves, they allow to invert everything except
γ1 parameter in the hierarchical parameterization or γγγ1 +γγγ2 in
Tsvankin-Thomsen parameterization.
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Figure 5: Scattering by different perturbations of single parameters in Tsvankin-Thomsen parameterization. Divergence (P-wave
(a)-(e), compare with Fig. 2(e)) and vertical component of the curl (SH-wave (f)-(h), compare with Fig. 4(b)) of the scattered
wavefield is displayed. Subplot – perturbation list: (a)-ρ , backscattering – high wavenumbers; (b)-ε1, scatters in Y-Z, but not in
X-Z plane; (c)-δ1, opposite to (b), middle angles; (d)-δ3, doesn’t scatter in symmetry planes; (e)-γ2, looks different from delta1,
but in fact the polarity is the same if we count cycles in the plane of symmetry; (f)-ρ , no scattering in P− SH mode; (g)-δ3, four
cycles in the whole azimuth; (h)-γ2, switch of polarity between transmission and reflection of converted waves. All amplitudes are
normalized on absolute maximum in each scattering type.
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