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A principled distance-based prior for the shape of the
Weibull model

J. van Niekerk, H. Bakka and H. Rue

CEMSE Division, King Abdullah University of Science and Technology, Kingdom of Saudi
Arabia

Abstract

We propose a principled prior for the shape parameter of the Weibull model,
based on a distance. It can be used as a default non-objective choice, in complex
models with a Weibull modeling component and is implemented in the R-INLA
package.

Keywords: Bayesian inference, INLA, Penalized complexity prior, Survival,
Weibull

1. Introduction

The Weibull model can be viewed as a generalization of the exponential
model, through the inclusion of a positive shape parameter. In reliability or
survival analysis, this venture allows the hazard function to change over time,
as opposed to the constant hazard function from the exponential model. The5

wide-spread adaptability and utility of the Weibull model should propel the
cautious estimation of the shape parameter, since the shape parameter informs
the behaviour of the hazard function over time with constant (exponential base
model), increasing or decreasing hazard functions as possibilities.

10

In a Weibull regression model, the shape parameter is a nuisance or hyperpa-
rameter, while the scale parameter relates the covariates to the response. Soland
(1969) performed Bayesian analysis of all parameters using a continuous prior
for the scale parameter, and a discrete prior for the shape parameter. Since then,
various priors (both objective and subjective) for the shape parameter have been15

proposed as options in Bayesian analysis. The improper uniform and gamma
priors have been used in various studies for the shape of the Weibull model,
see for example Erango et al. (2019), also the joint Jeffrey’s prior (Guure and
Ibrahim, 2012) or other uninformative priors (Sun, 1997). Most works use the
shape parameter itself as a departure point, by assigning some known density20

function as the prior. We question this approach in the absence of convincing
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subjective/objective prior knowledge, and posit that a prior should be formed
for a property of the model instead of a parameter. The afore-mentioned works,
amongst others, propose either subjective or objective priors by advocating a
preference or non-preference for a subset of the parameter space. We assume a25

different view of model-based prior construction in this paper.

In the case where a model is based on a simpler base model, as is the case
here, it would be natural to expect the estimation method (prior) to capture
this departure/contraction from the base model and quantify it based on the30

data. The base model should be preferred, until there is enough evidence that
the generalized model is indeed necessary. We facilitate this desirata for the
exponential model by deriving a model-based prior that penalizes the departure
from the exponential model at a (log)constant rate.

35

We build upon the work of Simpson et al. (2017) to derive the (invariant) penal-
ized complexity (PC) prior for the shape parameter of the Weibull distribution
in Section 3, while assuming an additive model for the scale parameter through
which the data enters the linear predictor as presented in Section 2. Even though
our results are valid for all Weibull models, we provide the details for survival40

models. We conclude the paper with an application of the PC prior in a joint
survival-longitudinal model setting in Section 4, and a discussion in Section 5.

2. Bayesian Weibull regression model for survival data

The density function of a Weibull distributed random variable Y , with shape
and scale parameters α and λ, respectively, is as follows,

f(y|α, λ) =
α

λ

( y
λ

)α−1
exp

(
−
( y
λ

)α)
, y ≥ 0, α > 0, λ > 0. (1)

We note that decreasing (α < 1), constant (exponential model, α = 1) and
increasing (α > 1) hazard functions are possible with the Weibull density. The
behaviour of the hazard is thus determined by the value of α.
The likelihood function for a sample of N individuals with non-censoring indi-
cators di, i = 1, ..., N (i.e. di = 1 if yi is a complete observation), is

L(α, λ|yyy,ddd) =
N∏

i=1

f(yi|α, λ)diS(yi|α, λ)(1−di), (2)

where f(yi|α, λ) is from (1) and S(yi|α, λ) =
∫∞
yi
f(u|α, λ)du. Censored obser-

vations lead to the inclusion of the survival function S(yi|α,βββ) in the likelihood45

function to account for incomplete observations, which is unique to the survival
Weibull model.

2.1. Bayesian estimation of parameters

In the presence of covariates, the scale parameter in (1) is most often de-
fined through an additive linear predictor with fixed effects βββ, random effects
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{f1(uuu1), f2(uuu2), ..., fK(uuuK)} and covariates {XXX,uuu1,uuu2, ...,uuuK} as follows

λ = exp(βXβXβX +

K∑

k=1

fk(uuuk)).

Independent prior distributions are then explicitly formulated for βββ and fff(.)
instead of λ, such that the joint prior of the latent field is π(βββ,fff).50

The prior and the likelihood information is then combined to form the joint
posterior, π(α,βββ,fff |yyy,ddd) ∝ L(α,βββ,fff |yyy,ddd)π(βββ,fff)π(α), from which Bayesian in-
ference is possible. The explicit form of the marginal posterior density is not
analytically tractable and scientists revert either to simulation-based methods55

for Bayesian inference, like Markov chain Monte Carlo (MCMC) methods, or to
approximate methods like Integrated Nested Laplace Approximations (INLA)
introduced by Rue et al. (2009).

We assume a Gaussian Markov random field for the latent field which essen-60

tialy places a multivariate Gaussian prior on βββ and fff(.), with a sparce presicion
matrix. This formulation results in a latent Gaussian model which can be ef-
ficiently estimated using INLA. The shape parameter, however, does not form
part of the latent field since it is a nuisance parameter of the likelihood, and
we could assume any prior for α while maintaining the latent Gaussian model65

structure.

The choice of prior is often classified into one of two groups, objective or subjec-
tive. Objective priors aim to assign equal density to each value in the support
of the parameter space, whereas subjective priors incorporate a preference for70

a certain subset. The PC prior though, is based on the model itself and not
on opinion about being objective or subjective. Since the aim of the PC prior
is to contract the complex model to the simpler model, it would necessarily be
classified as a subjective prior. Since the PC prior is a model-based prior de-
signed for a specific goal, it is not useful to compare it to other priors in terms75

of coverage and bias. Nonetheless, in this paper we do investigate the effect of
the Gamma and uniform priors for the shape parameter in a simulation study
(contained in the supplementary material).

3. Penalized complexity (PC) prior

Our aim is not to set forth a new prior with some enhanced features and80

compare the performance amongst other priors, but rather to propose a well-
behaved prior that results in reliable inference for the cases where a convincing
motivation is absent, being it subjective or objective. We posit this PC prior as
a default prior choice amidst the lack of motivation in favour of another prior.
Penalized complexity priors (PC priors) as defined by Simpson et al. (2017)85

have been shown to be principled and sensible prior choices for hyperparame-
ters where the definition of a base model is natural. They are invariant under
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reparametrizations of the parameter and are proper by construction. Currently,
it is implemented in the INLA package in R.

3.1. Methodology90

The PC prior is derived from the Kullback-Leibler divergence (KLD) be-
tween the proposed (complex) model and a natural simpler base model. In the
context of the Weibull model, the natural base model is the exponential model,
where α = 1 in (1).

The KLD is a measure of the information lost when choosing g(y) over f(y), and
for this reason we define f(y) as the Weibull model and g(y) as the exponential
model, i.e. g(y) = f(y|α = 1). The KLD is naturally assymetric since we do not
treat the complex and base models the same, in the sense that the base model is
preferred unless we have enough evidence in favour of the complex model. The
KLD for either parameterization (i = 1, 2) is then defined as

KLD(α) = KLD(f ||g) =

∫ ∞

0

f(y) log

(
f(y)

g(y)

)
dy, (3)

and define the distance function d(α) =
√

2KLD(α). This distance function is
a measure of the complexity of the more complex model with respect to the
exponential model, in the sense that it is a unidirectional distance between the
complex model f(y) and the exponential model g(y). The PC prior is then
constructed through d(α) ∼ Exp(θ), θ > 0 (Simpson et al. (2017)) and hence,

π(α) = θ exp [−θd(α)]

∣∣∣∣
∂d(α)

∂α

∣∣∣∣ , (4)

where θ > 0 is a user-defined hyperparameter such that, for example, P (d(α) >
U) = p, p > 0 where p is small. Information of the tail behaviour is contained in
θ, and this provides the user with a translatable measure to incorporate prior
information.

3.2. PC prior for the shape parameter95

In this section we derive the KLD and subsequently the PC prior for α.
Suppose that the information from covariates is incorporated in λ as described
in Section 2.

Remark 1. From (1) the KLD is

KLD(α|λ) = α−1
(
γ − α(1 + γ) + Γ

(
1

α

)
+ α log(α)

)
, (5)

where γ = 0.5772... is Euler’s constant.100
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Remark 2. There is another parameterization for the density function of a
Weibull distributed random variable Y , with shape and scale parameters α and
λ, respectively, as follows,

f(y|α, λ) = αyα−1λ exp(−λyα), y ≥ 0, α > 0, λ > 0 (6)

This parameterization (6) is still popular in practice, but the KLD based on this
parameterization is dependent on the value of λ, implying that the PC prior for
α is a function of λ. This is undesirable as we prefer orthogonal interpretation
of the two parameters, which is the case in parameterization (1) with KLD (5).

Result 1. The penalized complexity (PC) prior for the shape parameter, α, of105

the Weibull model with density function (1) is

π(α) =
θ

4
exp

[
−θ
√

2α−1 (γ − α(1 + γ) + Γ(α−1) + α logα)
]

×
[
2α−1

(
γ − α(1 + γ) + Γ(α−1) + α logα

)]− 1
2

∣∣∣∣
2

α2
(γ − α(1 + γ)

+ Γ(α−1) + α logα) +
2

α

(
−(1 + γ)− Γ(α−1)ψ(α−1)α−2 + logα+ 1

)∣∣∣∣ (7)

where ψ(·) is the digamma function and θ > 0.

Proof. The proof of Result 1 follows directly from Remark 1 and (4), by
adjusting for the fact that each distance value is based on two distinct values of
α.110

In Figure 1 we present the PC priors on the distance and α scales for differ-
ent values of θ. We observe that smaller values of θ have weaker contraction to

Figure 1: Penalizing complexity prior density for α as in (7) on the distance to the base model
(α = 1) scale (left) and on the α scale (right)

the base model as a result of the heavier exponential tails.

An interesting note is that the modal density is at the base model (α = 1)115

for all θ ≥ 1.2763..., but not for θ < 1.2763.... This is contradictory to what we
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might expect of a prior, in the sense that the modal density on the original α
scale might not be at α = 1. Some of the resulting shapes of the PC prior on the
α scale, is quite unexpected and shows how important it is to define a prior on
a meaningful invariant scale, based on principles and transparency. Like here,120

a mode at α = 1 is not necessary for a good principled prior that contracts to
α = 1.

4. Prostate-specific Antigen application

We use the data on Prostate-specific Antigen (PSA) levels after radiation
from the R package JointModel. The data contains longitudinal PSA levels for125

100 patients measured at random times, and the time of dropout from therapy
and the study. The baseline PSA level is used as a covariate so that the model
provides insight into the change after radiation.

The objective of this application is to identify the trajectory of post-radiation130

Prostate-specific Antigen (PSA) change, while correctly accounting for the infor-
mative drop-out process. To achieve this, a joint nonlinear longitudinal-survival
model is defined with the PSA levels as the longitudinal process and the time
to informative drop-out as the survival process with the logarithm of the base
PSA value as a linear covariate, log(PSAbase). From exploratory data analysis,135

it is noted that a decreased hazard over time is observed and we thus assume a
Weibull hazard function for the dropout process as opposed to an Exponential
model (other models can also be investigated). We expect a small value of α in
this case. The joint model under consideration is thus:

log(PSA)(t) = κ(t) + β log(PSAbase) + w + vt+ ε(t)

h(s) = h0(s) exp(γ log(PSAbase) + ν1w + ν2vs)

where ε ∼ N(0, σ2
ε ). We assume a Weibull baseline hazard function with shape

parameter α and the bivariate shared random effects are

[
w
v

]
∼ N

([
0
0

]
,

[
σ2
w ρσwσv

ρσwσv σ2
v

])

and κ(t) is a second order random walk model to accomodate a nonlinear lon-140

gitudinal trajectory.

Gaussian priors are assumed for the fixed effects and PC priors for the hyper-
parameters, including (7) for α with θ = 5. Also, as illustration we consider an
equal parameter Gamma prior for the shape parameter, i.e. α ∼ Gamma(a, a)145

as well as the uninformative uniform prior.

We suppress some results since our focus is on the shape parameter, for the
moment.
The shape parameter is estimated as 0.844 and from the estimated non-linear150
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PC(5) G(0.01, 0.01) Uniform

Marginal log-likelihood −775.20 −786.27 −776.17

Table 1: Marginal log-likelihood values for the three priors used in the PSA data analysis

trajectory in Figure 2 (left), we see that the result from the joint model fits the
data well. From Table 1 the model with the PC prior is preferred by the data
in terms of the marginal log-likelihood.

To investigate the sensitivity of the PC prior (and the Gamma prior) we also155

present the posterior densities of α for different PC and Gamma priors in Figure
2 (right), together with the posterior from the uniform prior. Again, it is clear
that the PC prior (solid line) is reliable since the resulting posterior is stable
with regards to the choice of θ. For the gamma prior, we see that the posteriors
change dramatically based on the value of a and that the shape parameter is160

estimated as α ≥ 1 by some of the gamma priors (dotted line), which is clearly
mismatched with the data. The uniform prior (dashed line) performs better
than some gamma priors, as seen in Figure 2 and in Table 1, but the absentia
of the contraction to the base model is clear.

Figure 2: Estimated non-linear trajectory (left, with observed data) and posterior densities
for α (right) using respectively, the PC prior (solid) for θ = 3, 5, 7, the uniform prior (dashed)
and the gamma prior (dotted) for a ∈ {0.02, 0.05, 0.1}

5. Discussion165

This paper provides the user with a principled prior for the Weibull model
that behaves in a predictable and reliable way, also in terms of its contraction
to the exponential base model, with little or no prior information on the shape
of the Weibull. The counter-intuitive presentation on the parameter scale moti-
vates the need for this prior, instead of ad-hoc formulations. It was shown to be170

robust with regards to the hyperparameter specification and we advocate the
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use of the PC prior in forthcoming applications of the Weibull model, especially
for studies where strong prior information about the shape, is lacking.
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