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Abstract: In desalination plants, both measurable and unmeasurable process states play important
roles in maintaining closed-loop stability and process operational performance. To effectively control
the closed-loop system, an observer design that can estimate the values of the unmeasurable states
is required. Motivated by that, in this paper we propose an observer design for an advanced water
desalination technique called Direct Contact Membrane Distillation (DCMD). The DCMD process
is modeled by a set of nonlinear Differential Algebraic Equations (DAEs). In addition, the effect of
the estimation gain matrix on the differentiation index of the DAE system is investigated. Numerical
simulations are presented to illustrate the effectiveness of the proposed observer design.
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Equations (DAEs).

1. INTRODUCTION

Natural water resources such as lakes, rivers and groundwater
are exhausted rapidly, more attention to the thermal desalina-
tion of seawater and brackish water was drawn over the last six
decades (El-Dessouky and Ettouney, 2002). However, conven-
tional thermal desalination techniques are very costly both in
environmental and financial terms (Youssef et al., 2014). There-
fore, several research studies were conducted to investigate
the potential of utilizing renewable energy sources to develop
efficient and sustainable desalination plants (Karagiannis and
Soldatos, 2008). Among the emerging desalination systems is
the Membrane Distillation (MD) with its different configura-
tions. MD is a thermally driven process. It can be driven by
solar energy which makes it an advisable candidate for sustain-
able water desalination (Zaragoza et al., 2014; Cipollina et al.,
2012). MD operates at low temperature and pressure compared
to conventional desalination plants. However, it has some lim-
itations due, in particular, to its low production rate and to
the potential presence of fouling. To improve the low water
production rate associated with the MD technology, advanced
control strategies have been recently developed. For example, a
Lyapunov based control has been developed using a Partial Dif-
ferential Equation (PDE) model of a Direct Contact Membrane
Distillation (DCMD) system, one of the simplest configurations
of MD (Eleiwi, 2016), an Extremum Seeking Control has been
proposed for DCMD in Eleiwi and Laleg-Kirati (2018) and
more recently Model Predictive Control (MPC) paradigms have
been designed and analyzed on a DCMD process in Gila et al.
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(2018); Guo et al. (2019). However, in most of the proposed
control strategies, the process states are assumed to be known
and fully measurable (accessible). Practically, most of these
states (e.g., temperature and heat transfer states) are not actually
measurable due to the nature of the DCMD module. Hence, one
needs to design a soft sensing method to effectively estimate
the unmeasurable process states of a DCMD plant. Recently, a
first attempt has been proposed where a nonlinear observer was
designed for the DCMD process modeled by PDEs (Eleiwi,
2016; Eleiwi and Laleg-Kirati, 2018; Ghattassi et al., 2018).
However, control design for a PDE system is computationally
heavy and may not be of practical interest. Therefore, in this
paper, we propose to design an observer for a DCMD system
modeled by a nonlinear DAE model which decreases the over-
all computation cost of the control design (Karam and Laleg-
Kirati, 2016).

In the past two decades, observer design was proposed for
various classes of DAE systems. For instance, an observer
design was proposed for linear descriptor systems in Hou
and Muller (1999); Darouach et al. (1996) where sufficient
conditions for detectability and observability were given. In
addition, nonlinear observer design was proposed in Becerra
et al. (2001); Åslund and Frisk (2006); Boutayeb and Darouach
(1995) for nonlinear DAE systems. In Lu and Ho (2006), full
order and reduced order observer designs were developed for
continuous-time descriptor systems with Lipschitz constraint.
Inspired by the observer design in Lu and Ho (2006), we
propose a full order nonlinear observer for DCMD based on
Linear Matrix Inequality (LMI). Unlike most of the observers
developed for DAE systems, the proposed observer design
guarantees exponential convergence of the estimation error to
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zero by satisfying sufficient conditions that are independent of
any coordinate transformation. In addition, the effect of the
observer gain on the observer are studied mathematically and
through simulations.

Motivated by the above considerations, this paper introduces a
nonlinear observer design for a DCMD process modeled by a
set of nonlinear DAEs. The effect of the estimation gain matrix
on the differentiation index of the observer is also investigated.
A numerical example is provided to illustrate the effectiveness
of the proposed observer. The structure of the paper will be as
follows: Section 2 is a brief introduction to the DCMD system
and its DAE model. In section 3, the proposed observer is
introduced and adapted to the DCMD process, and then the
effect of the estimation gain matrix on the index of observer
DAE system is analyzed mathematically. Finally, a numerical
example is presented to show the performance of the proposed
nonlinear observer.

2. DIRECT CONTACT MEMBRANE DISTILLATION
SYSTEM

DCMD is a configuration of MD process which contains hot
feed side and cold permeate side separated by a hydrophobic
membrane. Fig. 1 (a) gives a schematic diagram of a DCMD
process. In this process, heat and mass transfer occur simulta-
neously. The feed vapor is transported through the hydrophobic
membrane to the permeate side due to the vapor pressure differ-
ence between the two sides of the membrane pores. Then, the
water vapor condenses in the permeate side. Since only water
vapor is allowed through the hydrophobic membrane, DMCD
has a 100% rejection rate of ions. Heat transfer in DCMD is
of distributed nature. Thus to count for the spatial variations
of temperature along the module, the system has been divided
into volume cells, as shown in Fig. 1 (b), where heat transfer
in each cell has been considered to be the same. Based on the
lumped capacitance method, a dynamical DAE-based model for
the DCMD was derived (Karam and Laleg-Kirati, 2016):

Eẋ(t) = F(x(t))x(t)+Bu(t) (1)
y(t) =Cx(t),

where the input u(t) is the feed inlet temperature of DCMD
system, the output of the system y(t) is the feed outlet temper-
ature and permeate outlet temperature. Here we only consider
feed inlet temperature as the input, which makes the system
equation (1) is not identical to the one in (Karam and Laleg-
Kirati, 2016). x(t) ∈ Ω ⊆ R6Nc+4 represents both differential
states and algebraic states, where Ω is the domain of the real
process states, which is not the whole space due to the physical
limitations, and they are defined in the following order:

x(t) = [Q f1 ,Tb f 1 , · · · ,Q fNc
,Tb f Nc

,Q fNc+1 ,Qp1 ,Tbp1

, · · · ,QpNc
,TbpNc

,QpNc+1 ,Tfout ,Tpout ,

Tm f 1 , · · · ,Tm f Nc
,Tmp1 , · · · ,TmpNc

],

where Nc is the number of control-volume cells chosen to model
the system. The heat transfer rate into and out of the nth feed
cell are represented by Q fn and Q fn+1 , respectively. Similarly,
the heat transfer rate into and out of the nth permeate cell are
denoted by Qpn and Qpn+1 , respectively. Tb f n and Tbpn are the
bulk temperatures which are uniform through the cell except
at the membrane interface due to the temperature polarization
effect. The outlet temperature of the feed side and permeate
side are denoted by Tfout and Tpout , respectively. Tm f n and Tmpn

represent the feed side and permeate side interface temperature
of the nth cell, respectively.

The matrix F(x(t))∈R6Nc+4×6Nc+4 represents the nonlinear dy-
namics of (1), and consists of several block matrices. Since we
only consider the feed inlet temperature as the input variable,
there is no u(t) appears inside the F(x(t)). These block matrices
account for the dynamics of the feed and permeate sides of the
DCMD. The nonlinear function F(x(t)) is defined as follows:

F(x(t)) =




A f (x) 0 Z f1(x) Z f2 0
0 Ap(x) Zp1(x) 0 Zp2(x)

Tfo(x) Tpo(x) I 0 0
Z1(x) Z2 0 Z3 Z4(x)

0 Z5 0 Z6(x) Z7(x)


 . (2)

More details about F(x(t)) can be found in Karam and Laleg-
Kirati (2016).

The matrix E is singular, and it is structured as follows:

E =

[
I4Nc+2×4Nc+2 0

0 02Nc+2×2Nc+2

]
, (3)

where I is the identity matrix and 0 is the zero matrix of
appropriate dimension.

The matrix B ∈ R6Nc+4×1 represents the input channel to the
system, which is given as follows:

B =




8αM4
fin

0
...
0


 , (4)

where α and Mfin are constants. Mfin (see Fig. 1) refers to the
mass flow rate coming into the first cell in the feed side.

The matrix C ∈ R2×6Nc+4 is given as follows:
C = [ 02×4Nc+2 I2×2 02×2Nc ]. (5)

This model captures the spatial and temporal responses of the
temperature distribution along the flow direction. Also, the
model is able to accurately predict the distilled water flux output
based on real experimental tests and validations (Karam et al.,
2017).

From (1), one can see that not all the process states are measur-
able. However, in such systems, it is important to have access to
all the process states in order to maintain closed-loop stability
and to improve the process operational performance. Therefore,
it is necessary to design a suitable observer to achieve the accu-
rate states estimation as we proposed in the following section.

3. STATE ESTIMATION FOR DCMD SYSTEM

In this section, the full-order observer design of the DCMD sys-
tem (1) is first developed. Then, the influence of the estimation
gain matrix L on the differentiation index of the DAE-based
observer is investigated.

3.1 Full-order Observer Design for DCMD

To design the nonlinear DAE observer, we divide the nonlinear
term F(x(t)) (2) into a linear term and a nonlinear term. The
DCMD model (1) can be written as follows:

Eẋ(t) = Ax(t)+Bu(t)+Φ(x(t)), (6)
y(t) =Cx(t),
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to scaling and fouling, which is a general drawback of pressure-
driven membrane based desalination techniques, like reverse osmo-
sis. Moreover, the general operational concept of MD requires less
demanding membrane characteristics and properties [4]. All these
features make MD ideal for sustainable water desalination in remote
areas [5].

To capitalize on the MD stated advantages, the MD water desali-
nation process has to be well understood, modeled and then opti-
mized for maximum process efficiency. In recent years there have
been some efforts tomodel theMDprocess and understand the effect
of its operational parameters. The steady-state space-independent
analysis sets the foundation for understanding the process [6,7].
To capture the steady-state spatial response of the process, several
approaches have been proposed. In Ref. [8] energy and mass conser-
vation laws were used to compare the energy efficiency of several
MD configurations. Steady-state partial differential equation (PDE)
based approaches like Refs. [9] [10], where the convection diffu-
sion equation and the laminar steady-state Navier-Stokes equation
were applied respectively, to compare experimental measurements
of DCMD to simulated results. A more recent work [11], also based
on energy and mass balances, compared steady-state predicted flux
results to experimental measurements of a DCMD setup.

However, solar radiations or other heat sources are time varying.
Therefore when coupling the MD to these sources, the inlet tem-
peratures of the MD process are unsteady throughout the operation.
Hence, due to the spatial and temporal variations of the temper-
atures distribution inside the MD module and other effects, it is
important to learn more about the dynamic response of the pro-
cess. In addition, if a failure occurs during the process operation,
one can detect it by analyzing the time response of the process.
All of these reasons have motivated the dynamical modeling of the
MD process [2,12-17]. In Refs. [2,12] variations of the dynamic con-
vection equation were considered to model air gap MD, whereas
in Refs. [13–15] the 2D convection diffusion equation was used to
model DCMD. On the other hand, Ref. [16] proposed a black-box
model based on neural-networks for the permeate gap MD setup.

There are two main limitations for most of the reported mod-
els, they are either only applicable for steady-state dimensionless
analysis or computationally costly specifically for large module sizes,
where a simpler modeling approaches might be required. Unlike
black-box models, physical models offer more insight into the pro-
cess and its operational parameters (i.e. the feed and permeate inlet
temperatures and flow rates as well as the geometry of the mod-
ule and the membrane properties). Alternative approaches are based
on lumped-parameter models [8,11,17], they offer the benefits of
physical models, while maintaining a reasonable computational cost.
These models are therefore suitable detailed process analysis and
optimization applications. This work builds up on the more recent
dynamic model proposed by Karam and Laleg [18], which is based on
electrical analogy to thermal systems. In this paper, we propose to
study the performance of this model in analyzing the DCMD process
and showing its predictive capacity for both steady-state and time
varying responses.

The proposed dynamic model accounts for the spatial and tempo-
ral simultaneous heat and mass transfer phenomena in DCMD. The
water-vapor flux and the temperature distribution along the flow
direction can be simulated under various conditions. By directly solv-
ing a system of differential algebraic equations (DAEs), it also offers
fixable platform to carry out scale up and design studies, and enable
real-time estimation of some intrinsic variables that are inaccessi-
ble in physical setups, like the temperature and vapor pressure at
the membrane interfaces. Accordingly, this leads to optimal operat-
ing conditions for the MD process. Moreover, the same foundation
can be easily extended to other MD configurations. We start by pre-
senting the dynamic model for heat and mass transfer in DCMD.
The response of this model is then analyzed under steady-state and

time varying conditions. Finally, we present the predictive capac-
ity of the model by carrying out several simulations and discussing
the results to understand the effect of operational parameters on the
heat transfer mechanism at the membrane boundary layer.

2. Dynamic model development

A schematic diagram of a flat-sheet DCMD module is shown in
Fig. 1. In this configuration, hot water is passed along a hydropho-
bic membrane in the feed side and cold water flows in the counter
direction along the permeate side. Water vapor is driven from the
feed side across the membrane and into the permeate side by
the induced partial vapor pressure difference. Both heat and mass
transfer processes occur simultaneously as water evaporates at the
feed-membrane interface and condenses at the permeate-membrane
interface. As a result, the temperature near the membrane surfaces
differs from the bulk temperature of the feed and permeate streams.
This is known as the temperature polarization effect. In order to
quantify this effect, the temperature polarization coefficient (TPC) is
defined as [19]:

TPC =
Tmf − Tmp

Tbf − Tbp
. (1)

This effect reduces the mass transfer driving force, and as a result
lowers the production rate of the MD process. Moreover, due to the
temperature variation of the feed and permeate streams throughout
the module, the water vapor flux varies along the module. Therefore,
by dividing the DCMD module into small control volumes of length
dz, we can account for the temperature changes in both the feed and
permeate sides. The following subsections details more themass and
heat transfer processes.

2.1. Mass transfer in DCMD

The transport phenomena is described by the classic gas perme-
ation and heat transfer theories. The mass flux (J) in DCMD is related

Fig. 1. Schematic diagram of a DCMDmodule.(a) (b)

Fig. 1. (a) Schematic diagram of DCMD module (b) Schematic diagram of the nth DCMD cell (Karam and Laleg-Kirati, 2016).

where x(t) ∈ Ω is the system states. A ∈ R6Nc+4×6Nc+4, B ∈
R6Nc+4, and C ∈ R2×6Nc+4 are constant matrices. The process
input and outputs are denoted as u(t) and y(t), respectively.
The nonlinear composition of the DCMD model of (1) is rep-
resented by Φ(x(t)) ∈ R6Nc+4, which is continuously differen-
tiable.

It is not difficult to show that Φ(x(t)) is Lipschitz continuous
since all the process states are physically bounded which ensure
the boundness of Jacobain matrix of Φ(x(t)). Hence Φ(x(t))
is a Lipschitz function and satisfies the following Lipschitz
condition for all x(t) and x̃(t) ∈ Ω ⊆ R6Nc+4:

‖Φ(x(t))−Φ(x̃(t))‖ ≤ γ‖x(t)− x̃(t)‖, (7)
where γ is the Lipschitz constant.

Consider the following Luenberger-like full-order observer for
(6) in a DAE form :

E ˙̂x(t) = Ax̂(t)+Bu(t)+Φ(x̂(t))−L(y(t)−Cx̂(t)), (8)
ŷ(t) =Cx̂(t),

where x̂(t) is the estimated state vector and L ∈ R6Nc+4×2 is
the observer gain matrix to be determined. Define the state
estimation error as e(t) = x(t)− x̂(t). By subtracting (6) from
(8), the following estimation error dynamic model is derived:

Eė(t) = (A+LC)e(t)+Φ(x(t))−Φ(x̂(t)). (9)
To guarantee exponential convergence of the estimation error to
zero, we restate the following theorem from Lu and Ho (2006).
Theorem 1. There exists a full-order observer (8) for DCMD
system (6) if there exist two matrices P ∈ R6Nc+4×6Nc+4 and
Q ∈ R2×6Nc+4 such that the following matrix inequalities are
solvable:

ET P = PT E ≥ 0, Ω :=
[

Ω11 PT

P −I

]
< 0 (10)

where Ω11 = AT P+PT A+CT Q+QTC+ γ2I.

If Q and nonsingular matrix P are solutions of (10), then the (8)
with the following gain matrix:

L = P−T QT (11)

is a full-order observer for DCMD system (6). The proof of
Theorem 1 can be found in Lu and Ho (2006).

3.2 Differentiation Index of the Observer System

The differentiation index of a DAE system can be defined as
the minimum number of times one has to differentiate the
algebraic equations to get one differential equation for every
algebraic state (Gera, 1990; Hairer et al., 1989). The index is an
important indicator that qualitatively measures the complexity
of solving DAE systems. DAEs with index one are numerically
more stable than DAE systems with higher index. In addition, a
DAE system of an index one can be integrated by the built-
in Matlab’s DAE solver ode15s without need of any index
reduction strategy (this solver will be used to simulate both
the DCMD system of (6) and the observer system of (8)). In
Guo et al. (2019), the authors proved that the DCMD system
of (1) has an index one. However, since the correction term
−L(y(t)−Cx̂(t)) is introduced to the observer system, the
index of the DAE-based observer of (8) varies with respect to
the estimation gain matrix. In this subsection, we evaluate the
relationship between the index of the observer design of (8) and
the estimation gain matrix L. To do so, we rewrite the observer
system of (8) as follows:[

Ẽ
0

]
˙̂x(t) =

[
Fd(x̂)−LdC
Fa(x̂)−LaC

]
x̂(t)+

[
Bd
Ba

]
u(t)−

[
Ld
La

]
y(t). (12)

The system of (8) is divided into two parts based on the
differential states and algebraic states. Ẽ is a full row rank
matrix. Fd(x̂) and Fa(x̂) are the first 4Nc + 2 rows and last
2Nc + 2 rows of F(x̂(t)), respectively. Ld and La are the first
4Nc +2 rows and last 2Nc +2 rows of the observer gain matrix
L. Bd is a vector with the first 4Nc + 2 elements of B and Ba
contains the remaining part. After taking the time derivative of
the algebraic part of (12) with respect to x̂(t) (i.e., 0 = (Fa(x̂)−
LaC)x̂(t)+Bau(t)−Lay(t)), we obtain the following system:
[

Ẽ
−Fa(x̂)+LaC

]
˙̂x(t)=

[
Fd(x̂)−LdC

Ḟa(x̂)

]
x̂(t)+

[
Bd 0
0 Ba

][
u(t)
u̇(t)

]
−
[

Ld 0
0 La

][
y(t)
ẏ(t)

]
.

(13)
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to scaling and fouling, which is a general drawback of pressure-
driven membrane based desalination techniques, like reverse osmo-
sis. Moreover, the general operational concept of MD requires less
demanding membrane characteristics and properties [4]. All these
features make MD ideal for sustainable water desalination in remote
areas [5].

To capitalize on the MD stated advantages, the MD water desali-
nation process has to be well understood, modeled and then opti-
mized for maximum process efficiency. In recent years there have
been some efforts tomodel theMDprocess and understand the effect
of its operational parameters. The steady-state space-independent
analysis sets the foundation for understanding the process [6,7].
To capture the steady-state spatial response of the process, several
approaches have been proposed. In Ref. [8] energy and mass conser-
vation laws were used to compare the energy efficiency of several
MD configurations. Steady-state partial differential equation (PDE)
based approaches like Refs. [9] [10], where the convection diffu-
sion equation and the laminar steady-state Navier-Stokes equation
were applied respectively, to compare experimental measurements
of DCMD to simulated results. A more recent work [11], also based
on energy and mass balances, compared steady-state predicted flux
results to experimental measurements of a DCMD setup.

However, solar radiations or other heat sources are time varying.
Therefore when coupling the MD to these sources, the inlet tem-
peratures of the MD process are unsteady throughout the operation.
Hence, due to the spatial and temporal variations of the temper-
atures distribution inside the MD module and other effects, it is
important to learn more about the dynamic response of the pro-
cess. In addition, if a failure occurs during the process operation,
one can detect it by analyzing the time response of the process.
All of these reasons have motivated the dynamical modeling of the
MD process [2,12-17]. In Refs. [2,12] variations of the dynamic con-
vection equation were considered to model air gap MD, whereas
in Refs. [13–15] the 2D convection diffusion equation was used to
model DCMD. On the other hand, Ref. [16] proposed a black-box
model based on neural-networks for the permeate gap MD setup.

There are two main limitations for most of the reported mod-
els, they are either only applicable for steady-state dimensionless
analysis or computationally costly specifically for large module sizes,
where a simpler modeling approaches might be required. Unlike
black-box models, physical models offer more insight into the pro-
cess and its operational parameters (i.e. the feed and permeate inlet
temperatures and flow rates as well as the geometry of the mod-
ule and the membrane properties). Alternative approaches are based
on lumped-parameter models [8,11,17], they offer the benefits of
physical models, while maintaining a reasonable computational cost.
These models are therefore suitable detailed process analysis and
optimization applications. This work builds up on the more recent
dynamic model proposed by Karam and Laleg [18], which is based on
electrical analogy to thermal systems. In this paper, we propose to
study the performance of this model in analyzing the DCMD process
and showing its predictive capacity for both steady-state and time
varying responses.

The proposed dynamic model accounts for the spatial and tempo-
ral simultaneous heat and mass transfer phenomena in DCMD. The
water-vapor flux and the temperature distribution along the flow
direction can be simulated under various conditions. By directly solv-
ing a system of differential algebraic equations (DAEs), it also offers
fixable platform to carry out scale up and design studies, and enable
real-time estimation of some intrinsic variables that are inaccessi-
ble in physical setups, like the temperature and vapor pressure at
the membrane interfaces. Accordingly, this leads to optimal operat-
ing conditions for the MD process. Moreover, the same foundation
can be easily extended to other MD configurations. We start by pre-
senting the dynamic model for heat and mass transfer in DCMD.
The response of this model is then analyzed under steady-state and

time varying conditions. Finally, we present the predictive capac-
ity of the model by carrying out several simulations and discussing
the results to understand the effect of operational parameters on the
heat transfer mechanism at the membrane boundary layer.

2. Dynamic model development

A schematic diagram of a flat-sheet DCMD module is shown in
Fig. 1. In this configuration, hot water is passed along a hydropho-
bic membrane in the feed side and cold water flows in the counter
direction along the permeate side. Water vapor is driven from the
feed side across the membrane and into the permeate side by
the induced partial vapor pressure difference. Both heat and mass
transfer processes occur simultaneously as water evaporates at the
feed-membrane interface and condenses at the permeate-membrane
interface. As a result, the temperature near the membrane surfaces
differs from the bulk temperature of the feed and permeate streams.
This is known as the temperature polarization effect. In order to
quantify this effect, the temperature polarization coefficient (TPC) is
defined as [19]:

TPC =
Tmf − Tmp

Tbf − Tbp
. (1)

This effect reduces the mass transfer driving force, and as a result
lowers the production rate of the MD process. Moreover, due to the
temperature variation of the feed and permeate streams throughout
the module, the water vapor flux varies along the module. Therefore,
by dividing the DCMD module into small control volumes of length
dz, we can account for the temperature changes in both the feed and
permeate sides. The following subsections details more themass and
heat transfer processes.

2.1. Mass transfer in DCMD

The transport phenomena is described by the classic gas perme-
ation and heat transfer theories. The mass flux (J) in DCMD is related

Fig. 1. Schematic diagram of a DCMDmodule.(a) (b)

Fig. 1. (a) Schematic diagram of DCMD module (b) Schematic diagram of the nth DCMD cell (Karam and Laleg-Kirati, 2016).

where x(t) ∈ Ω is the system states. A ∈ R6Nc+4×6Nc+4, B ∈
R6Nc+4, and C ∈ R2×6Nc+4 are constant matrices. The process
input and outputs are denoted as u(t) and y(t), respectively.
The nonlinear composition of the DCMD model of (1) is rep-
resented by Φ(x(t)) ∈ R6Nc+4, which is continuously differen-
tiable.

It is not difficult to show that Φ(x(t)) is Lipschitz continuous
since all the process states are physically bounded which ensure
the boundness of Jacobain matrix of Φ(x(t)). Hence Φ(x(t))
is a Lipschitz function and satisfies the following Lipschitz
condition for all x(t) and x̃(t) ∈ Ω ⊆ R6Nc+4:

‖Φ(x(t))−Φ(x̃(t))‖ ≤ γ‖x(t)− x̃(t)‖, (7)
where γ is the Lipschitz constant.

Consider the following Luenberger-like full-order observer for
(6) in a DAE form :

E ˙̂x(t) = Ax̂(t)+Bu(t)+Φ(x̂(t))−L(y(t)−Cx̂(t)), (8)
ŷ(t) =Cx̂(t),

where x̂(t) is the estimated state vector and L ∈ R6Nc+4×2 is
the observer gain matrix to be determined. Define the state
estimation error as e(t) = x(t)− x̂(t). By subtracting (6) from
(8), the following estimation error dynamic model is derived:

Eė(t) = (A+LC)e(t)+Φ(x(t))−Φ(x̂(t)). (9)
To guarantee exponential convergence of the estimation error to
zero, we restate the following theorem from Lu and Ho (2006).
Theorem 1. There exists a full-order observer (8) for DCMD
system (6) if there exist two matrices P ∈ R6Nc+4×6Nc+4 and
Q ∈ R2×6Nc+4 such that the following matrix inequalities are
solvable:

ET P = PT E ≥ 0, Ω :=
[

Ω11 PT

P −I

]
< 0 (10)

where Ω11 = AT P+PT A+CT Q+QTC+ γ2I.

If Q and nonsingular matrix P are solutions of (10), then the (8)
with the following gain matrix:

L = P−T QT (11)

is a full-order observer for DCMD system (6). The proof of
Theorem 1 can be found in Lu and Ho (2006).

3.2 Differentiation Index of the Observer System

The differentiation index of a DAE system can be defined as
the minimum number of times one has to differentiate the
algebraic equations to get one differential equation for every
algebraic state (Gera, 1990; Hairer et al., 1989). The index is an
important indicator that qualitatively measures the complexity
of solving DAE systems. DAEs with index one are numerically
more stable than DAE systems with higher index. In addition, a
DAE system of an index one can be integrated by the built-
in Matlab’s DAE solver ode15s without need of any index
reduction strategy (this solver will be used to simulate both
the DCMD system of (6) and the observer system of (8)). In
Guo et al. (2019), the authors proved that the DCMD system
of (1) has an index one. However, since the correction term
−L(y(t)−Cx̂(t)) is introduced to the observer system, the
index of the DAE-based observer of (8) varies with respect to
the estimation gain matrix. In this subsection, we evaluate the
relationship between the index of the observer design of (8) and
the estimation gain matrix L. To do so, we rewrite the observer
system of (8) as follows:[

Ẽ
0

]
˙̂x(t) =

[
Fd(x̂)−LdC
Fa(x̂)−LaC

]
x̂(t)+

[
Bd
Ba

]
u(t)−

[
Ld
La

]
y(t). (12)

The system of (8) is divided into two parts based on the
differential states and algebraic states. Ẽ is a full row rank
matrix. Fd(x̂) and Fa(x̂) are the first 4Nc + 2 rows and last
2Nc + 2 rows of F(x̂(t)), respectively. Ld and La are the first
4Nc +2 rows and last 2Nc +2 rows of the observer gain matrix
L. Bd is a vector with the first 4Nc + 2 elements of B and Ba
contains the remaining part. After taking the time derivative of
the algebraic part of (12) with respect to x̂(t) (i.e., 0 = (Fa(x̂)−
LaC)x̂(t)+Bau(t)−Lay(t)), we obtain the following system:
[

Ẽ
−Fa(x̂)+LaC

]
˙̂x(t)=

[
Fd(x̂)−LdC

Ḟa(x̂)

]
x̂(t)+

[
Bd 0
0 Ba

][
u(t)
u̇(t)

]
−
[

Ld 0
0 La

][
y(t)
ẏ(t)

]
.

(13)
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The matrix [Ẽ −Fa(x̂)+LaC]T may or may not be nonsingular.
If this matrix is nonsingular, then the DAEs system of (1) is
of index one. However, if [Ẽ − Fa(x̂) + LaC]T is singular,
then the procedure can be repeated until non-singularity is
reached. The number of times the algebraic equations need to
be differentiated so that the matrix becomes nonsingular will be
the index of the observer design of (8).

For the DCMD system, the [Ẽ −Fa(x̂)+LaC]T matrix can be
written as:

[
Ẽ

−Fa(x̂)+LaC

]
=




I 0 0 0 0
0 I 0 0 0

−Tfo (x) −Tpo (x) −I +La1 0 0
−Z1(x) −Z2 La2 −Z3 −Z4(x)

0 −Z5 La3 −Z6(x) −Z7(x)



, (14)

where La1 ∈ R2×2, La2 ∈ RNc×2, La3 ∈ RNc×2 and[La1
La2
La3

]
= La.

It is trivial to show that the first 4Nc +4 rows of [Ẽ −Fa(x̂)+
LaC]T are full row rank if and only if −I +La1 is full rank.
Assume that

La1 =

[
p q
m n

]
,

then we have

−I +La1 =

[
p−1 q

m n−1

]
.

The condition for −I +La1 to be full rank is:
(p−1)(n−1) �= qm. (15)

For the last 2Nc rows, the submatrix S consisting of −Z3,
−Z4(x), −Z6(x) and −Z7(x) in (14) is full row rank by tracing
back to Karam and Laleg-Kirati (2016), then the whole rectan-
gular matrix is full row rank.

Therefore, if La1 satisfies (15), the matrix [Ẽ − F̃a(x)+LaC]T

is a nonsingular matrix. This indicates that the DAE system of
(8) is of index one.

4. NUMERICAL ILLUSTRATIONS

In this section, LMI implementation and simulation results
are presented to illustrate the convergence of the proposed
observer for the DCMD system. The real process parameters
given in Karam et al. (2017) which are provided by the Water
Desalination and Reuse Center at KAUST are used in the
simulation setup.

4.1 Implementation of LMI

Since (10) is not a strict LMI, in order to use LMI toolbox
YALMIP (Lofberg, 2004), (10) needs to be transformed into
an equivalent LMI. We use the following lemma which gives
the strict LMI formulation (Uezato and Ikeda, 2005).
Lemma 2. The conditions in Theorem 1 are equivalent to
the conditions that there exist a positive-definite matrix X ∈
R6Nc+4×6Nc+4, two matrices Y ∈R2Nc+2×6NC+4 and Q∈R2×6Nc+4

such that the following LMI is solvable:[
Γ (XE +ET

⊥Y )T

(XE +ET
⊥Y ) −I

]
< 0, (16)

where Γ = AT (XE +ET
⊥Y )+ (XE +ET

⊥Y )T A+CT Q+QTC+

γ2I, E⊥ ∈ R2Nc+2×6NC+4 satisfying E⊥E = 0 and rank(E⊥) =
2Nc +2.

For DCMD system, we can choose the following E⊥:
E⊥ = [0 I] ,

where 0 ∈ R2Nc+2×4Nc+2 and I ∈ R2Nc+2×2Nc+2.

By means of Lemma 2, we have the following theorem which
is a direct result from Theorem 1.
Theorem 3. There exists a full-order observer (8) for system (6)
if there exist a positive-definite matrix X ∈ R6Nc+4×6Nc+4, two
matrices Y ∈ R2Nc+2×6NC+4 and Q ∈ R2×6Nc+4 such that LMI of
(16) solvable.

We can compute the estimation gain matrix L as follows:

L = (XE +ET
⊥Y )−T QT . (17)

4.2 Simulation Results

To demonstrate the performance of the proposed observer,
numerical simulations of the actual system and the observer
system are performed for a given input u(t), as shown in Fig.
2. Square functions with different amplitudes are chosen as
input u(t). Even if this choice is not realistic, it allows to test
the observer in a worse case scenario. In the simulations, the
number of volume cells for both the system and the observer
Nc = 3. This number of cells generates 22 differential and
algebraic process states. The permeate inlet temperature, the
feed inlet flow rate and the permeate inlet flow rate are fixed
as 20°C, 0.1667 m.s−1 and 0.1111 m.s−1, respectively. The
built in Matlab function ode15s is used to solve the DAE
system. This numerical integration method requires consistent
initial conditions in order to successfully start the integration.
Some methods for the initialization of DAE systems have been
reported (Peter et al., 1998). In this paper, the consistent initial
conditions are computed by solving the system’s equations.

As discussed earlier, it is important to select a gain matrix
that satisfy the condition (15) to ensure an index of one for
our observer. To tests for several values of the gain, we have
changed the value of the Lipschitz constant γ and computed
the corresponding gain matrix by solving the LMI as described
above. Table 1 shows the numerical results for different values
Nc (number of cells) and γ . As expected, as Nc increases, the
computational time to determine the gain matrix L increases as
well and inversely, the value of the Lipschitz constant, needed
for satisfying (15), decreases. This means that the LMI is less
feasible when Nc increases, since the dimension of the matrices
to be determined increases proportionally with the increase of
Nc.

The actual and estimated profiles of the bulk temperature at
the feed side and the permeate sides are shown in Fig. 3 and
Fig. 4, respectively. It is clear that the proposed observer is able
to follow the real states and the convergence is relatively fast.
Fig. 5 and Fig. 6 show the actual and the estimated values of
the membrane temperature at the feed side and the permeate
side, respectively, where the estimates follow the actual values
quickly and accurately, despite the changes in the input values.
Similarly, Fig. 7 and Fig. 8 give the actual and estimated profiles
of the heat transfer rates at the feed side and the permeate side
of DCMD, respectively.

Furthermore, the relative error values for the state estimation
are given in Table 2. These values quantify the accuracy of the
observer system compared to the actual system and it allows us
to conclude on the performance of the proposed observer. Table
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Fig. 3. The bulk temperature at feed side of the DCMD for both
the estimated and actual states.

2 shows that for both temperature states and heat transfer rate
states, the relative error is sufficiently small, which means that
the observer estimates the system states with accuracy.

5. CONCLUSION

This paper proposed a nonlinear DAE observer design for
DCMD process. The observer estimates the feed and permeate
temperatures and the heat transfer rates as well. The effect of es-
timation gain matrix L is investigated. Simulation results based
on real physical parameters values are presented to illustrate
the convergence of the temperature at the feed side and the
permeate side along the module. As a future work, the optimal
choice for Lipschitz constant γ will be studied.
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Table 2. Relative error values for state estimation.

Tb f 1 Tb f 2 Tb f 3 Tbp1 Tbp2 Tbp3 Tm f 1 Tm f 2 Tm f 3 Tmp1 Tmp2

Relative Error 0.0024 0.0027 0.0027 0.0028 0.0038 0.0025 0.0024 0.0027 0.0024 0.0028 0.0036
Tmp3 Tfout Tpout Q f1 Q f2 Q f3 Q f4 Qp1 Qp2 Qp3 Qp4

Relative Error 5.419×10−4 5.7025×10−7 3.0759×10−6 0.0105 0.0081 3.961×10−4 0.0167 0.0607 0.0020 0.0282 0.0373
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