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A NEW PHYSICS-PRESERVING IMPES SCHEME FOR INCOMPRESSIBLE AND

IMMISCIBLE TWO-PHASE FLOW IN HETEROGENEOUS POROUS MEDIA

HUANGXIN CHEN AND SHUYU SUN∗

Abstract. In this work we consider a new efficient IMplicit Pressure Explicit Saturation (IMPES) scheme

for the simulation of incompressible and immiscible two-phase flow in heterogeneous porous media with

capillary pressure. Compared with the conventional IMPES schemes, the new IMPES scheme is inherently
physics-preserving, namely, the new algorithm is locally mass conservative for both phases and it also enjoys

another appealing feature that the total velocity is continuous in the normal direction. Moreover, the new

scheme is unbiased with regard to the two phases and the saturations of both phases are bounds-preserving
if the time step size is smaller than a certain value. The key ideas in the new scheme include that the

Darcy flows for both phases are rewritten in the formulation based on the total velocity and an auxiliary
velocity referring to as the capillary potential gradient, and the total discretized conservation equation is

obtained by the summation of the discretized conservation equation for each phase. The upwind strategy

is applied to update the saturations explicitly, and the upwind mixed finite element methods are used to
solve the pressure-velocity systems which can be decoupled. We also present some interesting examples to

demonstrate the efficiency and robustness of the new algorithm.

1. Introduction

Simulation of subsurface flow has been of importance in a wide range of industrial applications such as
hydrology and petroleum reservoir engineering [5, 11, 14, 44, 37, 48, 65, 42, 36, 55, 57, 58, 56, 54, 53].
In this paper we focus on developing physics-preserving schemes for the simulation of incompressible and
immiscible two-phase flow in heterogeneous porous media with capillary pressure. Various types of numerical
methods have been developed in literature to simulate two-phase flow in porous media. The fully implicit
scheme [5, 18, 19, 44, 59, 52, 66, 60, 61, 62, 63] implicitly solves all the unknowns, and it thus could lead
to unconditional stability and mass conservation for both of phases. The fully implicit scheme may need
large time step size during the simulation and the difficulty of simulation lies in the resolution of nonlinear
complex systems. The IMplicit-EXplicit scheme [4, 8, 27, 31, 38, 41] treats the linear terms implicitly and
evaluates the others explicitly, and it possesses better stability than the fully explicit scheme. Operator
splitting method [3, 25, 40] is another efficient approach to reduce a complex time-dependent problem into
some simpler problems. The IMPES scheme was originally developed by Sheldon et al. in 1959 [47] and
Stone et al. in 1961 [49]. It has been widely applied to solve the coupled nonlinear system for the two-phase
flow in porous media [24, 64, 15, 16, 17, 13, 14]. The main idea of the IMPES scheme is to separate the
computation of pressure from that of saturation, then the pressure and saturation equations are solved using
implicit and explicit time approximation schemes respectively. The IMPES scheme is simple to set up and
efficient to implement, and it requires less computer memory compared with the fully implicit schemes.

For the two-phase flow in heterogeneous porous media with capillary pressure, the saturations may be
discontinuous due to different capillary pressure functions, which are often resulted from the heterogeneous
permeability distribution. In this case, the standard IMPES scheme [47, 49] does not reproduce the correct
solutions because the standard IMPES scheme always generates spatially continuous saturation if capillarity
exists. An improved IMPES scheme was proposed by Hoteit and Firoozabadi [28, 29] (HF-IMPES) to treat
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2 HUANGXIN CHEN AND SHUYU SUN∗

this problem. For different capillary pressures, the HF-IMPES scheme can reproduce the saturation solution
with expected discontinuity. However, both the standard IMPES scheme and the HF-IMPES scheme are
only mass-conservative for the wetting phase, and thus are not mass-conservative for the total fluid mixture.
Moreover, both the standard IMPES scheme and the HF-IMPES scheme might produce a wetting-phase
saturation which is larger than one. Until now, various kinds of improved IMPES schemes have been
introduced for the simulation of two-phase flow in porous media (cf. e.g. [64, 50, 51, 43, 46, 13, 1, 14, 21, 22,
32, 33, 34, 35, 26, 30, 45, 23, 12] and the references therein), which include the sequential IMPES scheme, the
iterative IMPES scheme, the adaptive implicit techniques, et al. We also note that some improvements to
IMPES scheme are mainly developed for stability in presence of large time step size, for instance, potential
ordering technique [39], adaptive implicit methods [50, 18] are examples of these extensions for stability
purpose. We note that the adaptive implicit methods are not fully consistent at the interfaces of implicit-
explicit sub-domains.

Our objective in this paper is to propose a more physics-preserving IMPES scheme for the two-phase flow
in heterogeneous porous media with capillary pressure which inherently preserves the full mass conservation
locally and retains the continuity of the total velocity in its normal direction. The Darcy flows for both
phases are rewritten in the formulation based on the total velocity and an auxiliary velocity referring to as
the capillary potential gradient. An upwind scheme is used in the spacial discretization for the conservation
equation of each phase, and then the total conservation equation is also obtained by summing the discretized
conservation equations of each phase. Various upwind schemes have been proposed in the literature (cf.
[9, 41] and the references therein) for multi-phase flow in porous media. Since the main focus of this work is
to develop mass-conservative property for both of phases, we only use the conventional upwind scheme for
the discretization of convection term. Using the unknowns for the total velocity, the auxiliary velocity and
the pressures of both phases, we apply the mixed finite element method with upwind scheme to solve the
pressure-velocity system. In the fully discrete system, the total linear system for velocities, phase pressures
and phase saturations can be obtained when the wetting phase saturation in the former step is given. After
summing the discretized conservation equation for each phase, the total discretized conservation equation
can be obtained. We remark that the total linear system can be decoupled into several steps, for instance,
the coupled pressure-velocity system can be decoupled into two decoupled systems which are well-posed, and
then the saturations of both phases can be explicitly updated. Since the discrete mass conservation equation
for each phase are both solved in the total linear system, the mass conservation property can hold true for
both phases. This is the key point to ensure our new algorithm mass-conservative for each of the two phases
locally (and globally).

We mention that the new IMPES scheme is unbiased with regard to the two phases. Moreover, the
proposed scheme is conditionally bounds-preserving; that is, the computed saturation of each phase always
sits within its physical bounds if the time step size is smaller than a certain value. Regarding the fact that
it is always difficult to solve the nonlinear complex system in fully implicit scheme, we remark that our
newly proposed physics-preserving IMPES scheme may also be treated as a preconditioner for the algebraic
system from the fully implicit scheme. We also note that a generalization of IMPES scheme refers to the
Implicit Pressure Explicit Mass (IMPEM) scheme which is considered for the solution of multi-phase multi-
component flow in porous media, and it reduces to IMPES scheme when it is applied to incompressible and
immiscible problems. For any IMPEM algorithm, the phases are handled symmetrically in order to preserve
the mass conservation, however, it loosens the condition that the phase saturations sum to one. In our new
algorithm, the property that the phase saturations sum to one and the property of mass conservation for
both phases naturally hold true.

The rest of the paper is organized as follows. In Section 2, we introduce the mathematical model for the
incompressible and immiscible two-phase flow in porous media and the conventional HF-IMPES scheme. In
Section 3, we propose the new physics-preserving IMPES scheme, and a number of desired properties of the
new scheme are presented and proved in Section 4. We discuss the numerical implementation in Section 5
and verify the efficiency and robustness of the new IMPES scheme by some numerical results in Section 6.
We make conclusions and discuss future work in Section 7.Jo
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PHYSICS-PRESERVING IMPES SCHEMES FOR TWO-PHASE FLOW IN POROUS MEDIA 3

2. Mathematical model and HF-IMPES scheme

We now introduce the basic mathematical model for incompressible and immiscible two-phase flow in
porous media. Let the wetting phase and non-wetting phase be denoted by the subscripts w and n re-
spectively. Based on the mass conservation law, Darcy’s law, the saturations constraint and the capillary
pressure, the formulations of two-phase flow with gravity in porous media Ω ⊂ Rd(d = 2, 3) are given by

φ
∂Sα
∂t

+∇ · uα = Fα, in Ω, α = w, n,(2.1)

uα = −krα
µα

K(∇pα + ραg∇z), in Ω, α = w, n,(2.2)

Sn + Sw = 1, in Ω, ,(2.3)

pc(Sw) = pn − pw, in Ω.(2.4)

Here φ is the porosity of the medium, K denotes the absolute permeability tensor, Sα, uα, pα, Fα are the
saturation, Darcy’s velocity, pressure and the sink/source term of each phase α, pc is the capillary pressure.
In (2.2), ρα, krα, µα are the density, relative permeability and viscosity of phase α, g is the magnitude of the
gravitational acceleration, z is the depth. The phase mobility is defined by λα = krα

µα
, and the total mobility

is given by λt = λw + λn. The fractional flow functions are also defined as fw = λw/λt, fn = λn/λt. Let
Γ = ∂Ω be composed of ΓD and ΓN such that Γ = ΓD ∪ ΓN and ΓD ∩ ΓN = ∅, where we denote by ΓD the
Dirichlet part of boundary and ΓN the Neumann part of boundary. We also denote by Γ = Γin ∪ Γout. Here
Γin = {x ∈ Γ : ut(x) · n(x) < 0} is the inflow boundary and Γout = {x ∈ Γ : ut(x) · n(x) ≥ 0} is the outflow
boundary, where ut = un + uw is the total velocity and n is the unit outward normal to Γ. The initial and
boundary conditions are imposed to the equations (2.1-2.4) as follows:

Sα = S0
α, t = 0,(2.5)

pα = pBα , on ΓD, α = w, n,(2.6)

uα · n = gNα , on ΓN , α = w, n,(2.7)

Sα = SBα , on Γin, α = w, n.(2.8)

We further assume the absolute permeability tensor K is heterogeneous and symmetric positive and definite,
the porosity φ is time-independent and uniformly bounded below and above, and there exist positive constants
λw, λn, λt such that the mobilities satisfy 0 ≤ λw(Sw) ≤ λw, 0 ≤ λn(Sw) ≤ λn, 0 < λt(Sw) ≤ λt.

In the homogeneous porous media, the saturations are continuous and the standard IMPES scheme [47, 49]
have been widely used to simulate the two-phase flow in porous media. The conservation law of total volume
is directly obtained by the summation of the conservation laws of each phase and the constraint of the
saturations of phases (2.3) as follows:

∇ · ut = Ft,

where ut = uw + un is the total Darcy velocity and Ft = Fw + Fn is the total external mass flow rate. By
the Darcy’s law of each phase (2.2) and the equation of capillary pressure (2.4), one can rewrite the total
Darcy velocity into

ut = −λtK∇pw − λnK∇pc − (λwρw + λnρn)Kg∇z.
Then the conservation law of total volume can also be rewritten into

−∇ · (λtK∇pw) = Ft +∇ · (λnK∇pc) +∇ · ((λwρw + λnρn)Kg∇z) := RHSpres(Sw),(2.9)

which is known as the pressure equation. For given Sw, the pressure equation is linear with respect to the
wetting phase pressure pw. For the wetting phase, substituting uw = fwut+λnfwK∇pc−λnfw(ρw−ρn)Kg∇z
into the wetting phase conservation law and noting that ∇pc = dpc(Sw)

dSw
∇Sw, we get the following equation:

φ
∂Sw
∂t

= Fw −∇ · (fwut)−∇ ·
(
λnfwK

(
dpc
dSw
∇Sw − (ρw − ρn)g∇z

))
:= RHSsat(pw, Sw),(2.10)
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4 HUANGXIN CHEN AND SHUYU SUN∗

which is known as the saturation equation. Then for given Snw from the time step n, the standard IMPES
scheme implicitly solves pn+1

w by the pressure equation (2.9) and explicitly updates the saturation Sn+1
w of

wetting phase by the saturation equation (2.10) at the time step n+ 1 as follows:

−∇ · (λt(Snw)K∇pn+1
w ) = RHSsat(S

n
w),

φ
Sn+1
w − Snw
tn+1 − tn

= RHSsat(p
n+1
w , Snw).

In the heterogeneous porous media, the capillary discontinuity may often arise from contrast in capillary
pressure functions, and the saturation is discontinuous due to the continuity of the capillary pressure and
the change of the capillary function across space. For different capillary pressure functions, Hoteit and
Firoozabadi [28, 29] proposed a revised IMPES (HF-IMPES) scheme to treat contrast in capillary pressure
in heterogeneous porous media. Define Φα = pα + ραgz, α = w, n and Φc = Φn − Φw = pc + (ρn − ρw)gz.
The total velocity ut can also be defined as ut = ua+uc, where ua = −λtK∇Φw and ua = −λnK∇Φc. The
HF-IMPES scheme is briefly summarized as follows:

Step 1. Given Snw, seek un+1
c such that

un+1
c = −λn(Snw)K∇Φc(S

n
w).

Step 2. Given Snw and un+1
c , seek un+1

a and Φn+1
w implicitly by

∇ · un+1
a = Ft −∇ · un+1

c , un+1
a = −λt(Snw)K∇Φn+1

w .

Step 3. Given Snw, un+1
a and Φn+1

w , explicitly update the wetting and non-wetting phase saturations by

φ
Sn+1
w − Snw
tn+1 − tn

= Fw −∇ · (fw(Snw)un+1
a ), Sn+1

n = 1− Sn+1
w .

We note that the HF-IMPES scheme is locally mass-conservative only for the wetting phase, but not for
the non-wetting phase, just like the standard IMPES scheme. Besides, both of the standard IMPES and
HF-IMPES schemes are biased with regard to the two phases and might produce a wetting-phase saturation
which is larger than one. In order to overcome such disadvantages, we will introduce in the following section
a new physics-preserving IMPES scheme to solve the two-phase flow problem (2.1-2.8) in heterogeneous
porous media.

3. A physics-preserving IMPES scheme

In this section we present a new physics-preserving IMPES scheme for incompressible and immiscible two-
phase flow problem (2.1-2.8) in heterogeneous porous media. We use the standard notations and definitions
for Sobolev spaces (cf. [2]) throughout the paper. For any D ⊂ Ω, the inner products for any scalar functions
ψ and φ, and vector functions ψ and φ are define by

(ψ, φ)D =

∫

D

ψφdx, (ψ,φ)D =

∫

D

ψ · φ dx.

When D = Ω, we use the notation ‖ · ‖0,D to denote the L2-norm on D. We denote by Th the quasi-uniform
grid on Ω, Eh the set of all faces (d = 3) or edges (d = 2) of Th, hK the diameter of any element K ∈ Th,
h = minK∈Th hK . Let K,K ′ ∈ Th and F = ∂K ∩ ∂K ′ with the outward unit normal vector nF exterior to
K. We also denote by JψK = (ψ|K)|F − (ψ|K′)|F the jump of scalar function ψ across interior edges/faces F ,
{ψ} = 1

2 ((ψ|K)|F + (ψ|K′)|F ) the average of scalar function ψ across interior edges/faces F . For edges/faces
on ∂Ω, JψK and {ψ} denote ψ. We denote by C with or without subscript a positive constant depending on
the shape regularity of the meshes and the coefficients data in (2.1-2.4).

Next, we introduce the mixed finite element spaces which will be used for the spacial discrete schemes.
On the simplicial mesh Th, we consider the lowest-order of Raviart-Thomas finite element space

RT0(Th) = {v ∈ Ld(Ω) : ∀K ∈ Th, v = a + bx,a ∈ Rd, b ∈ R,x ∈ K, Jv · nK = 0 on ∀F ∈ Eh \ ∂Ω}.
We define Uh = RT0(Th). Let Qh = {qh ∈ L2(Ω) : qh|K ∈ P0(K), ∀K ∈ Th} be the piecewise constant space
and U0

h = {v ∈ Uh : v ·n = 0 on ΓN}. When the lowest-order Raviart-Thomas mixed finite element method
is used for the discretization on structured grid, the mixed finite element method based on the trapezoidal
rule for integration is equivalent to the cell-centered finite difference method on structured grid.
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PHYSICS-PRESERVING IMPES SCHEMES FOR TWO-PHASE FLOW IN POROUS MEDIA 5

3.1. A physics-preserving IMPES scheme (P-IMPES). Define ξα = λtwα with wα = −K(∇pα +
ραg∇z), α = n,w. Then we easily have uα = fαξα, where fα is the fractional flow function. Define
ut = un + uw and ξc = ξn − ξw, we have

uw = fwut − fwfnξc, un = fnut + fwfnξc.(3.1)

In order to clearly illustrate the derivation of the new algorithm, we rewrite the equations (2.1)-(2.2) into
the following equations:

φ
∂Sw
∂t

+∇ · (fwut) = Fw +∇ · (fnfwξc), in Ω,(3.2a)

φ
∂Sn
∂t

+∇ · (fnut) = Fn −∇ · (fnfwξc), in Ω,(3.2b)

(λtK)−1ut = (λtK)−1fnξc −∇pw − ρwg∇z, in Ω,(3.2c)

(λtK)−1ut = −(λtK)−1fwξc −∇pn − ρng∇z, in Ω.(3.2d)

We note that the Darcy flows for both phases in (3.2c-3.2d) are rewritten based on the total velocity and an
auxiliary velocity referring to as the capillary potential gradient.

Next, we start to introduce a new physics-preserving IMPES scheme for the two-phase flow problem (3.2),
(2.3-2.8). We assume ut, ξc ∈ H(div,Ω), pα ∈ L2(Ω) and Sα ∈ L2(Ω), α = w, n.

For any v ∈ U0
h, q ∈ Qh and Shw ∈ Qh, we define a bilinear formulation Bα(v, q;Shw) as follows:

Bα(v, q;Shw) = (∇ · (fα(Shw)v), q)−
∑

K∈Th

∫

∂K−α \Γ
Jfα(Shw)Kv · n q,

where ∂K−α = {e ⊂ ∂K : {uhα · ne}|e < 0} with the normal vector ne exterior to K. Here, uhα is the discrete
velocity of phase α. Actually, this is an upwind scheme for fα(Shw) on ∂K. Indeed, if q ∈ Qh is piecewise
constant, we can compute Bα(v, q;Shw) as follows:

Bα(v, q;Shw) =
∑

K∈Th

∫

∂K

fα(Shw)v · n q −
∑

K∈Th

∫

∂K−α \Γ
Jfα(Shw)Kv · n q(3.3)

=
∑

K∈Th

∫

∂K

fα(S∗,hw,α)v · n q,

where the upwind value S∗,hw,α in the function λα(S∗,hw,α) is defined as follows:

S∗,hα =

{
Shα|Ki , if {uhα · nγ}γ ≥ 0,

Shα|Kj , if {uhα · nγ}γ < 0,
S∗,hw,α =

{
S∗,hw , α = w,

1− S∗,hn , α = n.

Here we denote γ = ∂Ki ∩∂Kj with the normal vector nγ exterior to Ki. If γ ⊂ Γin, then S∗,hw,α|γ = PγS
B
w |γ ,

where Pγ is the L2-projection operator into P0(γ).
We also define Bc(v, q;S

h
w) by

Bc(v, q;S
h
w) =

(
∇ · (fn(Shw)fw(Shw)v, q

)
−
∑

K∈Th

∫

∂K−w∩K−n \Γ
Jfn(Shw)fw(Shw)Kv · n q

−
∑

K∈Th

∫

∂K−w \(K−n ∪Γ)

Jfw(Shw)Kfn(S∗,hw,n)v · n q −
∑

K∈Th

∫

∂K−n \(K−w∪Γ)

Jfn(Shw)Kfw(S∗,hw,w)v · n q.

For any q ∈ Qh, we have

Bc(v, q;S
h
w) =

∑

K∈Th

∫

∂K

fn(S∗,hw,n)fw(S∗,hw,w)v · n q.(3.4)

Let J = (0, T ], we have the following continuous-in-time and discrete-in-space nonlinear system to solve
the two-phase flow problem (3.2), (2.3-2.8) in porous media. We denote σw = 1 and σn = −1. For any
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6 HUANGXIN CHEN AND SHUYU SUN∗

v ∈ U0
h and q ∈ Qh, we find uht (·, t) ∈ Uh, ξhc (·, t) ∈ Uh, phα(·, t) ∈ Qh, Shα(·, t) ∈ Qh, α = w, n, such that

(
φ
∂Shα
∂t

, q

)
+Bα(uht , q;S

h
w) = (Fα, q) + σαBc(ξ

h
c , q;S

h
w), α = w, n, t ∈ J,(3.5a)

((λtK)−1uht , v)− (phw,∇ · v) = ((λtK)−1fnξ
h
c , v)−

∫

ΓD

pBwv · n− (ρwg∇z, v), t ∈ J,(3.5b)

((λtK)−1uht , v)− (phn,∇ · v) = −((λtK)−1fwξ
h
c , v)−

∫

ΓD

pBn v · n− (ρng∇z, v), t ∈ J,(3.5c)

(Shn + Shw, q) = (1, q), t ∈ J,(3.5d)

(phn − phw, q) = (pc(S
h
w), q), t ∈ J,(3.5e)

(Shw, q) = (S0
w, q), t = 0.(3.5f)

The equations (3.5a-3.5c) can be obtained through multiplying equations in (3.2) by test functions, using
integration by parts and applying to the space discrete approximation. Let Sh,nw ∈ Qh be given at the time

step n, then we find uh,n+1
t ∈ Uh, ξh,n+1

c ∈ Uh, ph,n+1
α ∈ Qh, Sh,n+1

α ∈ Qh, α = w, n at the next time step
n+ 1 as follows:

(
φ
Sh,n+1
α − Sh,nα
tn+1 − tn

, q

)
+Bα(uh,n+1

t , q;Sh,nw ) = (Fα, q) + σαBc(ξ
h,n+1
c , q;Sh,nw ), α = w, n,(3.6a)

((λtK)−1uh,n+1
t , v)− (ph,n+1

w ,∇ · v) = ((λtK)−1fn(Sh,nw )ξh,n+1
c , v)−

∫

ΓD

pBwv · n− (ρwg∇z, v),(3.6b)

((λtK)−1uh,n+1
t , v)− (ph,n+1

n ,∇ · v) = −((λtK)−1fw(Sh,nw )ξh,n+1
c , v)−

∫

ΓD

pBn v · n− (ρng∇z, v),(3.6c)

(Sh,n+1
n + Sh,n+1

w , q) = (1, q),(3.6d)

(ph,n+1
n − ph,n+1

w , q) = (pc(S
h,n
w ), q).(3.6e)

Remark 3.1. The key point of developing the P-IMPES scheme lies in solution of the above linear system
(3.6). In the following, we aim to solve (3.6) which can be reformulated into an equivalent decoupled system.
We also remark that in (3.6), the mass conservation equations for both phases are solved in (3.6a). This is
the reason why the algorithm retains the mass conservation for each of the two phases.

By summing the above discrete conservation law (3.6a) for each phase and noting the constraint of the

saturations of phases (3.6d) and the fact that
∑
α σαBc(ξ

h,n+1
c , q;Sh,nw ) = 0, we now solve the following

linear system to seek uh,n+1
t ∈ Uh, ξh,n+1

c ∈ Uh, ph,n+1
α ∈ Qh, α = n,w, such that

∑

α

Bα(uh,n+1
t , q;Sh,nw ) = (Ft, q),(3.7a)

((λtK)−1uh,n+1
t , v)− (ph,n+1

w ,∇ · v) = ((λtK)−1fn(Sh,nw )ξh,n+1
c , v)−

∫

ΓD

pBwv · n− (ρwg∇z, v),(3.7b)

((λtK)−1uh,n+1
t , v)− (ph,n+1

n ,∇ · v) = −((λtK)−1fw(Sh,nw )ξh,n+1
c , v)−

∫

ΓD

pBn v · n− (ρng∇z, v),(3.7c)

(ph,n+1
n − ph,n+1

w , q) = (pc(S
h,n
w ), q).(3.7d)

Note that fn(Sh,nw ) + fw(Sh,nw ) = 1 and ∇ · v ∈ Qh, then by (3.7b,3.7c,3.7d) we further have
(

(λtK)−1ξh,n+1
c , v

)
=
(
pc(S

h,n
w ),∇ · v

)
−
∫

ΓD

(pBn − pBw)v · n− ((ρn − ρw)g∇z, v) .(3.7e)

It is easy to see that the above equation (3.7e) is well-posed for the solution of ξh,n+1
c . Then the solution

of the linear system (3.7a-3.7d) can be decoupled into two steps. Firstly, we can solve (3.7d) to get ph,n+1
nw =

ph,n+1
n − ph,n+1

w , and solve (3.7e) to get ξh,n+1
c . Next, ph,n+1

w and uh,n+1
t can be obtained by (3.7a) and

(3.7b), then ph,n+1
n is directly obtained. Now we present the new physics-preserving IMPES scheme.
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PHYSICS-PRESERVING IMPES SCHEMES FOR TWO-PHASE FLOW IN POROUS MEDIA 7

Algorithm 3.1. (P-IMPES scheme) Given Sh,nw at the time step n, we seek the solutions of the linear
system (3.6a-3.6e) at the time step n+ 1 as follows:

Step 1. Seek ph,n+1
nw = ph,n+1

n − ph,n+1
w ∈ Qh and ξh,n+1

c ∈ Uh by (3.7d) and (3.7e) respectively.

Step 2. Seek ph,n+1
w and uh,n+1

t by (3.7a) and (3.7b). Then ph,n+1
n can be updated by

ph,n+1
n = ph,n+1

nw + ph,n+1
w .

Step 3. Update the wetting phase saturation Sh,n+1
w by (3.6a) with α = w. Then the non-wetting phase

saturation Sh,n+1
n is piecewisely updated by Sh,n+1

n = 1− Sh,n+1
w .

Remark 3.2. We note that the pressure-velocity system (3.7a) and (3.7b) in the Step 2 of Algorithm 3.1 is
well-posed based on the theory of mixed finite element methods [6, 10]. Since we directly solve the total
velocity by mixed finite element method in Step 2 of Algorithm 3.1, the total velocity is inherently continuous
in its normal direction in this algorithm. Compared with our recent work [12] which also aims to develop
a fully mass-conservative IMPES scheme for the two-phase flow in porous media, we directly use the total
velocity as unknown in the P-IMPES scheme and this would be much physical in the computation.

Remark 3.3. Although we only show the P-IMPES scheme based on the lowest order of Raviart-Thomas finite
element space, the new scheme can also be extended to the scheme based on the high-order Raviart-Thomas
finite element space without difficulty. In this case, one needs to take care of the computations of Bα(v, q;Shw)
and Bc(v, q;S

h
w) in (3.3) and (3.4), and the terms (∇(fα(Shw)v),∇q) and (∇(fn(Shw)fw(Shw)v),∇q) will appear

respectively in the high-order polynomial approximation.

4. Analysis of the P-IMPES scheme

In this section we focus on the analysis of a number of desired properties of the new P-IMPES scheme
for the fully mass-conservative property, the unbiased property of the solution and the bounds-preserving
property of saturation for both phases.

4.1. Local mass conservation for both phases. For the P-IMPES scheme, the approximate saturations
of both phases satisfy the discrete mass-conservative law. Actually, for any K ∈ Th, taking q = 1 in K and
q = 0 in Ω \K in (3.6a), we have the following local mass-conservative property for both phases.

Lemma 4.1. For any K ∈ Th, the approximate saturations of both phases based on the P-IMPES scheme
satisfy the local mass-conservative property on K as follows:
∫

K

φ
Sh,n+1
α − Sh,nα
tn+1 − tn

+

∫

∂K

fα(S∗,h,nw,α )uh,n+1
t · n =

∫

K

Fα + σα

∫

∂K

fn(S∗,h,nw,n )fw(S∗,h,nw,w )ξh,n+1
c · n, α = w, n,

where S∗,h,nw,α is the upwind value of S∗,hw,α on each edge/face of ∂K at the time step n.

4.2. Unbiased property of the solution. After we get the solutions for uh,n+1
t and ξh,n+1

c , we can update
the wetting and non-wetting velocities uh,n+1

w and uh,n+1
n on each element by (3.1) as follows:

uh,n+1
w = fw(Sh,nw )uh,n+1

t − fw(Sh,nw )fn(Sh,nw )ξh,n+1
c ,(4.1a)

uh,n+1
n = fn(Sh,nw )uh,n+1

t + fw(Sh,nw )fn(Sh,nw )ξh,n+1
c .(4.1b)

We note that if (3.7b) and (3.7e) hold, we directly have (3.7c). Thus, we can also obtain ph,n+1
n and uh,n+1

t

in Step 2 of Algorithm 3.1, and then update ph,n+1
w by ph,n+1

w = ph,n+1
n − (ph,n+1

n − ph,n+1
w ). This indicates

that the proposed P-IMPES scheme is unbiased in the solution of the phase pressures pn and pw.
For the update of saturation in Step 3 of Algorithm 3.1, we can also utilize another approach for Step 3 by

updating the wetting and non-wetting phase saturations Sh,n+1
w , Sh,n+1

n by (3.6a) with α = w, n respectively.
We claim that the two approaches are equivalent in the solution of saturations. Actually, on one hand, if we
choose the second approach in Step 3 of the Algorithm 3.1, then (3.6a) holds true for α = n,w. Due to the
fact that (3.7a) has been used in the computation, we have

(
φ
Sh,n+1
w − Sh,nw
tn+1 − tn

, q

)
+

(
φ
Sh,n+1
n − Sh,nn
tn+1 − tn

, q

)
= 0, q ∈ Qh.
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8 HUANGXIN CHEN AND SHUYU SUN∗

By the above equality and the assumption Sh,nw + Sh,nn = 1, we directly have

Sh,n+1
w + Sh,n+1

n = 1.

On the other hand, if we choose the first approach as the Step 3 shown in Algorithm 3.1, by (3.6a) with
α = w and the facts Sh,kw + Sh,kn = 1, k = n, n + 1 and (3.7a), we observe that (3.6a) holds true for α = n.
Thus, these two approaches of update for the wetting and non-wetting saturations are equivalent. This also
indicates that the proposed P-IMPES scheme is unbiased in the solution of the saturations Sn and Sw. Since
the first approach is simpler than another one, we use it in the update of saturations in Algorithm 3.1.

Remark 4.2. The solutions of the wetting phase saturation in standard IMPES and HF-IMPES schemes are
similar to the approach in Step 3 of the P-IMPES scheme. Since the mass-conservation property only holds
true for one phase in standard IMPES and HF-IMPES schemes, the two approaches mentioned above for
the update of saturations in standard IMPES and HF-IMPES schemes are not always equivalent. However,
from the above discussion we can see that the two approaches for the update of saturations in the P-IMPES
scheme are equivalent and the mass-conservative property holds true for both phases. Moreover, we note
that the standard IMPES and HF-IMPES schemes are biased with regard to the two phases. However, from
the above discussion we can see that our new P-IMPES scheme is unbiased and we can further prove the
bounds-preserving property of saturation for both phases if the time step size is smaller than a certain value
in the following.

4.3. Bounds-preserving property of saturation for both phases. In this section we will show that
the approximate saturation of each phase from the P-IMPES scheme can be bounds-preserving if the time
step size is smaller than a certain value. We propose two reasonable assumptions. On one hand, we assume
that there exists a positive constant γα such that

fα(Sα) ≤ γαSα, α = w, n.(4.2)

On the other hand, if Fα in (2.1) is a sink term, i.e., Fα ≤ 0, we assume that there exist two positive
constants β1 and β2 such that

β1Sα ≤ |Fα| ≤ β2Sα.(4.3)

In fact, the above two assumptions hold true reasonably. For instance, when the Brooks-Corey model [11]
is applied for the two-phase flow in porous media, the phase mobilities are nonlinear functions and defined as

λw(Sw) = 1
µw
S

2+3θ
θ

w , λn(Sw) = 1
µn

(
1− Sw

)2
(

1− S
2+θ
θ

w

)
, where θ is the parameter associated with pore

size distribution, Sw is the effective saturation defined as (Sw − Srw)/(1− Srn − Srw). Here, Srα, α = n,w,
is residual phase saturation, namely, Sα ≥ Srα > 0. Let η = 2+3θ

θ > 1, then we can easily derive that

λw(Sw) ≤ 1
µw

(2Sw)η ≤ 2η

µw
Sw. For the total mobility λt > 0, we can assume that λt ≥ λ0 > 0. Thus we

can choose γw = 2η

µwλ0
in (4.2). Similarly, we can also assume there exists a positive constant γn such that

fn(Sn) ≤ γnSn. For the estimate (4.3) in the second assumption, this is also reasonable since the sink term
Fα comes from the mass flow rate.

Lemma 4.3. Let δt = tn+1 − tn. We assume the estimates (4.2) and (4.3) hold true. For the approximate
wetting phase saturation in the P-IMPES scheme, we assume Sh,nα ∈ (0, 1) with tolerance saturation Stα,
namely, Sh,nα ≥ Stα, α = w, n. For any K ∈ Th, if δt

h is sufficiently small, we have

Sh,n+1
α ∈ (0, 1), α = w, n.

Proof. We first analyze the upper bound of the wetting phase saturation. Let wh,n+1
w ∈ Uh be defined as

wh,n+1
w · n|F =

(
uh,n+1
t · n− fn(S∗,h,nw,n )ξh,n+1

c · n
)
|F on any F ∈ Eh. For any K ∈ Th, let q = 1 in K and

q = 0 in Ω \K in (3.6a), we have

φ
Sh,n+1
w − Sh,nw

δt
|K| = −

(∫

∂̃K
−
w,n+1

+

∫

∂̃K
+

w,n+1

)
fw(S∗,h,nw,w )wh,n+1

w · n + Fw|K|,
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PHYSICS-PRESERVING IMPES SCHEMES FOR TWO-PHASE FLOW IN POROUS MEDIA 9

where ∂̃K
−
w,n+1 = {F ⊂ ∂K : wh,n+1

w · n < 0} and ∂̃K
+

w,n+1 = {F ⊂ ∂K : wh,n+1
w · n ≥ 0} are the inflow

and outflow edges of wh,n+1
w on ∂K, and Fw is the mean value of Fw over K. By the shape regularity of the

mesh, there holds

φSh,n+1
w = φSh,nw −




∑

F∈∂̃K+

w,n+1

+
∑

F∈∂̃K−w,n+1


 δt

CFhK
fw(S∗,h,nw,w )wh,n+1

w · n + δtFw on K,(4.4)

where CF > 0 depends on the shape regularity of the mesh. We have Fw ≥ 0 if there is injection source or
no source on K. Otherwise, Fw < 0 is production term, and by (4.3), we have Fw ≥ −β2S

h,n+1
w .

By the assumption (4.2), we derive that
∑

F∈∂̃K+

w,n+1

δt

CFhK
fw(S∗,h,nw,w )wh,n+1

w · n

=




∑

F∈∂̃K+

w,n+1∩∂K+
w,n

+
∑

F∈∂̃K+

w,n+1\∂K+
w,n


 δt

CFhK
fw(S∗,h,nw,w )wh,n+1

w · n

≤
∑

F∈∂̃K+

w,n+1

δtγw
CFhK

Sh,nw wh,n+1
w · n +

∑

F∈∂̃K+

w,n+1\∂K+
w,n

δtγw
CFhK

∣∣Sh,nw |K′ − Sh,nw
∣∣wh,n+1

w · n,

where K ′ is the neighboring element of K and ∂K+
w,n is the outflow edges of wh,nw on ∂K. For F ∈

∂̃K
+

w,n+1 \ ∂K+
w,n, the phase velocity changes the direction on F between the two time steps, then we can

assume there exists a positive constant ε which is small enough such that
∣∣wh,n+1

w · n
∣∣ ≤ ε on F . Combining

the above estimates and noting the tolerance saturation assumption for Sh,nw , we observe that when δt
h is

small enough, we have Sh,n+1
w ≥ ηStw > 0 with 0 < η < 1 on K.

Then Sh,n+1
n > 0 can also be similarly derived. Noting that Sh,n+1

w + Sh,n+1
n = 1, then we can easily

combine this saturation constraint with the low bounds of Sh,n+1
α to obtain Sh,n+1

α < 1, α = n,w. Now we
complete the proof. �
Remark 4.4. By the derivation in Lemma 4.3, we can obtain the stability limit of the time step size as
follows:

max{Ew, En}δt/h < φ,

where Eα = maxK∈Th
∑
F∈∂̃K+

α,n+1

γα
CF

wh,n+1
α · n + Cε, α = w, n. In the numerical experiments, we can

relax this stability limit of the time step size to the Courant-Friedrichs-Lewy (CFL) condition, and the CFL
number is defined as ‖ut‖L∞(0,T ;L∞(Ω))δt/h.

5. Numerical implementation

In this section, we aim to describe the P-IMPES scheme in Algorithm 3.1 in the matrix-vector formulation
which is useful for implementation. For any shape-regular structured/unstructured mesh Th, we denote by
N,M the number of edges (2D) or faces (3D) and the number of elements in Th respectively.

Since Qh is piecewise constant space, for the basis function qj ∈ Qh, one can simply use qj |K = 1 and
qj |Ω\K = 0 for any K ∈ Th. For the basis function φi ∈ RT0(Th), we write down the detailed construction
of φi on the 2D unstructured mesh (cf. [7, 10]) for simplicity. One can also refer to [10] for the construction
of basis function of φi on the structured mesh. Let Fi, i = 1, 2, 3 be the edges of any triangular K ∈ Th
opposite to the vertices Pi, i = 1, 2, 3, and let ni denote the outer unit normal of K along Fi and nFi be the
unit normal vector on the edge Fi with a global fixed orientation. Then the local basis function φi on the
element K can be defined as

φi = σi
|Fi|
2|K| (x− Pi),

where σi = 1 if nFi points outward of K and otherwise σi = −1, |Fi| is the length of Fi and |K| is the area
of K.
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10 HUANGXIN CHEN AND SHUYU SUN∗

Based on the constructions of basis functions for RT0(Th) and Qh, we now introduce several matrices and
vectors which will be used in the matrix-vector formulation for the P-IMPES scheme. We define

Ah =

(∫

Ω

(λtK)−1φi · φj
)

i,j=1,··· ,N
∈ RN×N , Bh =

(∫

Ω

qj∇ · φi
)

i=1,··· ,N,j=1,··· ,M
∈ RN×M .

For any v ∈ RT0(Th), noting that the upwind values fn(S∗,hw,n) and fw(S∗,hw,w) are both single value on each

edge, we have fα(S∗,hw,α)v ∈ RT0(Th), α = n,w, and fn(S∗,hw,n)fw(S∗,hw,w)v ∈ RT0(Th). We further define

Bh
α =

(∫

Ω

qj∇ · (fα(S∗,hw,α)φi)

)

i=1,··· ,N,j=1,··· ,M
∈ RN×M ,

Bh
c =

(∫

Ω

qj∇ · (fn(S∗,hw,n)fw(S∗,hw,w)φi)

)

i=1,··· ,N,j=1,··· ,M
∈ RN×M .

Let the vectors bhD,gh,b
h
c ,b

h
α,D,g

h
α ∈ RN and Fht ,F

h
α ∈ RM , α = n,w, be defined as follows:

bhD =

(∫

ΓD

(pBn − pBw)φi · n
)

i=1,··· ,N
, gh =

(∫

Ω

(ρn − ρw)g∇z · φi
)

i=1,··· ,N
,

bhc (ξ,Shw) =

(∫

Ω

(λtK)−1fn(Shw)ξ · φi
)

i=1,··· ,N
, ξ ∈ RT0(Th),Shw ∈ RM ,

bhα,D =

(∫

ΓD

pBαφi · n
)

i=1,··· ,N
, ghα =

(∫

Ω

ραg∇z · φi
)

i=1,··· ,N
,

Fht =

(∫

Ω

Ft qi

)

i=1,··· ,M
, Fhα =

(∫

Ω

Fα qi

)

i=1,··· ,M
.

Now we can start to introduce the matrix-vector formulation for the P-IMPES scheme.

Algorithm 5.1. (P-IMPES scheme in matrix-vector formulation) Given Sh,nw ∈ RM at the time step n,
we seek the solutions of the linear system (3.6a-3.6e) at the time step n+ 1 as follows:

Step 1. Let ph,n+1
nw = pc(S

h,n
w ) ∈ RM and seek xh,n+1

c ∈ RN by

Ahx
h,n+1
c = Bhpc(S

h,n
w )− bhD − gh.

Step 2. Now we have ξh,n+1
c =

∑N
i=1(xh,n+1

c )iφi. We further seek uh,n+1
t ∈ RN and ph,n+1

w ∈ RM by

(Bh
n + Bh

w)Tuh,n+1
t = Fht ,

Ahu
h,n+1
t −Bhp

h,n+1
w = bhc (ξh,n+1

c ,Sh,nw )− bhw,D − ghw.

Then we seek the non-wetting phase pressure ph,n+1
n ∈ RM by ph,n+1

n = ph,n+1
nw + ph,n+1

w .

Step 3. Update the wetting phase saturation Sh,n+1
w ∈ RM and Sh,n+1

n ∈ RM by

φ

δt
(Sh,n+1
w − Sh,nw ) + Bh

wu
h,n+1
t = Fhw + Bh

cx
h,n+1
c , Sh,n+1

n = 1− Sh,n+1
w ,

where 1 ∈ RM denotes the vector with 1 as each element.

Here, when Sh,nw is given, the matrices Bh
n,B

h
w,B

h
c in the above matrix-vector formulation of the new

P-IMPES scheme are generated based on Sh,nw =
∑M
i=1(Sh,nw )iqi. We also remark that when uh,n+1

t and
xh,n+1
c are obtained, the wetting and non-wetting phase velocities can be obtained by (4.1) and used for the

determination of upwind values of Shw,n and Shw,w on each edge/face at the next time step.

6. Numerical experiments

In this section, we present several numerical examples to verify the performance of our new P-IMPES
scheme. We assume that the absolute permeability tensor is chosen as K = KI, where I is the identity
matrix and K is a positive real number with unit 1md. In the following experiments, the capillary pressure
function is given by Hoteit and Firoozabadi in [28] as pc(Sw) = − Bc√

K
logSw, where Bc is a positive parameter
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PHYSICS-PRESERVING IMPES SCHEMES FOR TWO-PHASE FLOW IN POROUS MEDIA 11

with unit 1 bar ·md1/2 and Sw is the effective saturation defined as in Section 4.3. We assume the porosity
of the porous media φ = 0.2 in all the following examples. Moreover, the relative permeabilities are given

by krw = S
β

w and krn = (1 − Sw)β , where β is a positive integer number. In the experiments, we set the
residual saturations as Srw = Srn = 10−6 and use the quadratic relative permeabilities, i.e., β = 2.

Example 6.1. We consider the Buckely-Leverett problem in a one dimensional homogeneous porous medium
with different fluid properties and zero capillary pressure. This problem has well-known analytical solution.
We apply our P-IMPES scheme to simulate this benchmark problem. We consider a one dimensional horizon-
tal homogeneous domain of length 300 m, initially saturated with oil (non-wetting phase). Water (wetting
phase) is injected with a constant flow rate at one end to displace oil to the other end. The pressure is kept
as a constant at the production end and the capillary pressure is neglected. The injection rate is 5 × 10−4

PV/day, and the rock porosity is 0.2 and K = 1 md. Viscosity ratio µw/µn between the two fluids is 2,

density ration ρw/ρn is 1 and krw = S
2

w, here we use the same data for Fig. 1.b in [28].

Figure 6.1. (Example 6.1) Left: wetting phase saturation curve. Right: non-wetting phase saturation.

Figure 6.2. (Example 6.1) Left: wetting phase saturation curve. Right: non-wetting phase saturation.

We test the problem with the time step size 1 day on a fixed mesh 80× 1. The numerical and analytical
solution curves of wetting and non-wetting phase saturations after 900 days are presented in the graphs
of Figures 6.1. We observe that the numerical and analytical solutions meet well. The mass conservation
property of our algorithm can be also verified. Indeed, as shown in the graphs of Figures 6.2, the modified
wetting phase injection meets well with the wetting phase saturation in the process, and the mean saturation
of the residual non-wetting phase also meets well with the data which are computed by the original saturation
of the non-wetting phase and its discharge. The injection amount is modified via a similar concept of
saturation calculation process, as divided by the total volume. Thus, this verifies the mass conservation
property of our algorithm.
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12 HUANGXIN CHEN AND SHUYU SUN∗

Example 6.2. In this example we simulate a drainage process of wetting phase in a heterogeneous porous
media with permeability distribution shown in right graph of Figure 6.3. The domain size is set as 300m×
150m, and the problem is simulated on a triangular mesh with 5000 elements and mesh size h = 3 m. We
assume there are subdomains with permeability K = 1md and K = 50md respectively. The density of
wetting phase is set as ρW = 1000 kg/m3 and the non-wetting phase is ρN = 800 kg/m3. The viscosity
of the wetting phase is set as µW = 1 cP and the viscosity of the non-wetting phase is µN = 0.3 cP . The
injection of wetting phase is from the left boundary with a rate of 0.63m3/day. We assume the two-phase
flow is produced on the right boundary with constant pressure of wetting phase 100 bar, and the rest of the
boundary is impermeable. We assume the porous media is almost fully filled with non-wetting phase flow
at the initial state and the elements intersected with inflow boundary are filled with wetting phase flow. We
test the parameter Bc = 0 and Bc = 60 in the capillary pressure function and use the time step size as
0.1 day.

Figure 6.3. (Example 6.2) Left: wetting phase saturation at the initial state. Right: permeability.

Figure 6.4. (Example 6.2 for the case of Bc = 0) Saturation of wetting phase in the drainage process
at the time steps 100, 300, 500 and 700.

We firstly test the problem in a heterogeneous porous media without capillary pressure, i.e., the case of
Bc = 0. The drainage process at different times steps is illustrated in Figure 6.4. Then we further test
the problem in a heterogeneous porous media with capillary pressure, i.e., the case of Bc = 60, and the
saturations of wetting phase at different time steps is shown in Figure 6.6. We can see that the drainage
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Figure 6.5. (Example 6.2 for the case of Bc = 0) Left: spatial average of wetting phase saturation.

Right: spatial average of non-wetting phase saturation.

process for the cases of Bc = 0 and Bc = 60 is different. When the capillary pressure is not considered,
we can see that the injected water flows faster in the more permeable layers. When we take the capillary
pressure into account, the flow in the more permeable layers slows down due to the contrast in capillary
pressure.

Figure 6.6. (Example 6.2 for the case of Bc = 60) Saturation of wetting phase in the drainage process
at the time steps 100, 300, 500 and 700.

We remark that the mean saturation of wetting phase (spatial average of Sw) are calculated by the
injection and the simulation results based on the P-IMPES scheme, and the mean saturation of non-wetting
phase are also calculated based on the P-IMPES scheme. We denote by SIOw the mean saturation based
on the summation of the injected wetting phase at the new time step and the wetting phase in the porous
media at the old time step, SNDw the mean saturation based on the summation of the wetting phase in the
porous media and the discharge of wetting phase at the new time step. Similarly, we denote by SOn the
mean saturation of the non-wetting phase at the old time step and SRDn the mean saturation based on the
summation of the residual non-wetting phase in the porous media and the discharge of non-wetting phase at
the new time step. As shown in Figure 6.5 and Figure 6.7, we can see that the value of SIOw meets well with
SNDw , and the value of SOn also meets well with SRDn for both cases of Bc = 0 and Bc = 60. This clearly
verifies the mass conservation property of our algorithm.
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Figure 6.7. (Example 6.2 for the case of Bc = 60) Left: spatial average of wetting phase saturation.

Right: spatial average of non-wetting phase saturation.

Figure 6.8. (Example 6.2 for the case of Bc = 60) Left: CPU time and feasible time step size for the

solution of the problem on the meshes with different mesh sizes. Right: plot of the parameter η by the
P-IMPES and HF-IMPES schemes respectively.

We also remark that the CFL numbers we use for the cases of Bc = 0 and Bc = 60 based on the P-IMPES
scheme are 0.2 and 0.3 respectively on the mesh with mesh size h = 3 m. The feasible time step size, the
CPU time and the CFL number are shown in the left graph of Figure 6.8 for the case of Bc = 60 on the
meshes with different mesh sizes for the simulations after 10 days, and we find that the complexity of the
algorithm correspondingly increases on the fine mesh.

We further compare the feasible time step size which can be used for the P-IMPES and HF-IMPES
schemes. Let

η = 1−
‖‖Shw(x, t)χShw‖L2(Ω)‖L2(0,T )

‖‖Shw(x, t)‖L2(Ω)‖L2(0,T )
,

where the indicator function χShw is defined as χShw = 1 if 0 ≤ Shw ≤ 1 and otherwise χShw = 0. We show the
parameter η in the right graph of Figure 6.8 for the case of Bc = 60 on the mesh with mesh size h = 3 m
for the simulation after 10 days by the P-IMPES and HF-IMPES schemes respectively. From the theoretical
analysis for the P-IMPES scheme, we know that the saturations of both phases can be bounded if the time
step size is small enough, i.e., η = 0 if δt is small enough. This property may not always be true for the
HF-IMPES scheme. We can see from the right graph of Figure 6.8 that the feasible time step size for the
P-IMPES scheme can be chosen much larger than that used for the HF-IMPES scheme.

Example 6.3. Next we simulate a drainage process of wetting phase in a heterogeneous porous media
with domain size 180m × 180m. We test the problem on a triangular mesh with 7200 elements. The
distribution of permeability in logarithmic value is described in the right graph of Figure 6.9. The per-
meability data are obtained from the SPE10 data set which can be downloaded from the SPE website
(http://www.spe.org/web/csp/). We use the 60 × 60 cutting data of the horizontal permeability in one of
the horizontal levels. The density of wetting phase is set as ρW = 1000 kg/m3 and the non-wetting phase is
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ρN = 660 kg/m3. The viscosity of the wetting phase is set as µW = 1 cP and the viscosity of the non-wetting
phase is µN = 0.45 cP . The injection of wetting phase is from the bottom-left boundary of one mesh size,
with a rate of 1.97m3/day, as shown in the left graph of Figure 6.9 for the initial state of Sw. We assume
the two-phase flow is produced on the top-right boundary of one mesh size with constant pressure of wetting
phase 100 bar, and the rest of the boundary is impermeable. We also assume the porous media is almost
fully filled with non-wetting phase flow at the initial state, and use the parameter Bc = 1 in the capillary
pressure and the time step size as 0.2 day in this case.

Figure 6.9. (Example 6.3) Left: wetting phase saturation at the initial state. Right: permeability.

Figure 6.10. (Example 6.3) Saturation of wetting phase in the drainage process at the time steps 500,

1000, 2000 and 2500.

The drainage process at different times steps is illustrated in Figure 6.10 which shows the saturations of
wetting phase at different time steps. As shown in the two graphs of Figure 6.11, we can see that the value
of SIOw meets well with SNDw , and the value of SOn also meets well with SRDn . This clearly verify the mass
conservation property of our algorithm.

Example 6.4. In this example we test our algorithm for a two-phase counter flow problem with the domain
size 250m× 250m. As shown in the left graph of Figure 6.12, the water initially lies in the middle of lower
layer, which is lighter than the heavy oil that fills out the rest of the domain. The densities of water and
heavy oil are ρW = 1000 kg/m3 and ρN = 1200 kg/m3 respectively, and the viscosities of water (wetting
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Figure 6.11. (Example 6.3) Left: spatial average of wetting phase saturation. Right: spatial average of

non-wetting phase saturation.

phase) and heavy oil (non-wetting phase) are set as µW = 1 cP and µN = 0.45 cP . The gravity is taken
into consideration in this case. We assume the permeability K = 1md in the left middle of the domain
and K = 1000md in the rest of the domain which is shown in the right graph of Figure 6.12. We test the
problem on a triangular mesh with 5000 elements and assume the boundary is impermeable. We test the
parameter in the capillary pressure function for Bc = 10, and the time step size is set as 0.05 day.

Figure 6.12. (Example 6.4) Left: wetting phase saturation at the initial state. Right: permeability.

We show the saturations of wetting phase at different time steps in Figure 6.13. We can see that the water
(the wetting phase) raises up gradually under the effect of gravity. The mean saturations of wetting and non-
wetting phases are shown in Figure 6.14. Noting that we use the impermeable boundary condition, we can
see that the mass conservation property holds well based on our algorithm. We also test the conventional
HF-IMPES scheme for the case of Bc = 10 with time step size 0.05 day. Since the saturations can not
be bounded by one if the HF-IMPES scheme is used, we use the cutting method in the simulation if the
saturations are larger than one. We can see from the left graph in Figure 6.15 that the solution of saturation
of wetting phase based on the HF-IMPES scheme blows out at the time step 120, and from the right graph
in Figure 6.15 we can also see that the mass-conservation property does not hold well for the conventional
HF-IMPES scheme.

Example 6.5. We further test our algorithm for a two-phase counter flow problem in a heterogeneous porous
media with domain size 250m× 250m. As shown in the left graph of Figure 6.16, the water initially lies in
part of lower layer, which is lighter than the heavy oil that fills out the rest of the domain. The densities of
water and heavy oil are ρW = 1000 kg/m3 and ρN = 1200 kg/m3 respectively, and the viscosities of water
(wetting phase) and heavy oil (non-wetting phase) are set as µW = 1 cP and µN = 0.45 cP . The gravity
is taken into consideration in this case. The permeability in logarithmic value is shown in the right graph
of Figure 6.16. We test the problem on a triangular mesh with 5000 elements and assume the boundary is
impermeable. We test the parameter in the capillary pressure function for Bc = 1 and the time step size is
set as 1 day in this case.
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Figure 6.13. (Example 6.4 for the case of Bc = 10) Saturation of wetting phase in the drainage process
at the time steps 300, 900, 1500 and 2400.

Figure 6.14. (Example 6.4) Spatial average of phase saturations based on our algorithm.

Figure 6.15. (Example 6.4) Left: spatial average of phase saturations based on the HF-IMPES scheme

at the time step 120. Right: spatial average of phase saturations based on the HF-IMPES scheme.Jo
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Figure 6.16. (Example 6.5) Left: wetting phase saturation at the initial state. Right: permeability.

Figure 6.17. (Example 6.5 for the case of Bc = 1) Saturation of wetting phase in the drainage process
at the time steps 300, 900, 1500 and 2400.

Figure 6.18. (Example 6.5) Spatial average of phase saturations based on the our algorithm.

We show the saturations of wetting phase at different time steps for the case of Bc = 1 in Figure 6.17.
We can also see that the water (the wetting phase) raises up gradually under the effect of gravity. The
mean saturations of wetting and non-wetting phases are shown in Figure 6.18, we can see that the mass
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Figure 6.19. (Example 6.5) Left: spatial average of phase saturations based on the HF-IMPES scheme

at the time step 2400. Right: spatial average of phase saturations based on the HF-IMPES scheme.

conservation property holds well based on our algorithm. We also test the conventional HF-IMPES scheme
for the case of Bc = 1. The saturations of wetting phase at the time step 2400 is shown in the left graph
of Figure 6.19. We can observe that some values of wetting phase saturation are cut by one due to the fact
that these values are larger than one based on the HF-IMPES scheme. From the right graph in Figure 6.18
we can see that the mass-conservation property does not hold well for this case based on the conventional
HF-IMPES scheme.

7. Conclusion

In this paper we aim to design a physics-preserving IMPES scheme for the simulation of incompressible
and immiscible two-phase flow in heterogeneous porous media with capillary pressure. The key ideas of the
new algorithm are to rewrite the Darcy flows for both phases in the formulation based on the total velocity
and an auxiliary velocity referring to as the capillary potential gradient, and to obtain the total conservation
equation by summing the discretized conservation equation for each phase. We find that the new P-IMPES
scheme is locally mass conservative for both phases and it also retains the desired property that the total
velocity is continuous in its normal direction. Another merit of the new algorithm is that the new scheme
is unbiased with regard to the two phases and the saturation of each phase can be proved to be bounds-
preserving if the time step size is small enough. For the numerical experiments that we have performed, we
demonstrated that the proposed scheme always holds the mass-conservation property. We believe that our
algorithm can also be extended to the compressible and immiscible two-phase flow in porous media, which
is our on-going work.
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[19] C. N. Dawson, H. Kĺıe, M. F. Wheeler, and C. S. Woodward, A parallel, implicit, cell-centered method for two-phase flow

with a preconditioned Newton-Krylov solver, Comput. Geosci., 1 (1997), pp. 215–249.
[20] F. Doster, E. Keilegavlen, J. M. Nordbotten, A robust implicit pressure explicit mass method for multi-phase multi-

component flow including capillary pressure and buoyancy, in Computational Models for CO2 Geo-Sequestration and

Compressed Air Energy Storage, CRC Press, 2014, pp. 231–273.
[21] L. J. Durlofsky, Y. Efendiev, and V. Ginting, An adaptive local-global multiscale finite volume element method for two-

phase flow simulations, Adv. Water Resour., 30 (2007), pp. 576–588.
[22] A. Ern, I. Mozolevski, and L. Schuh, Discontinuous Galerkin approximation of two-phase flows in heterogeneous porous

media with discontinuous capillary pressures, Comput. Methods Appl. Mech. Engrg., 199 (2010), pp. 1491–1501.

[23] M. S. Fabien, M. G. Knepley, and B. M. Riviere, A hybridizable discontinuous Galerkin method for two-phase flow in
heterogeneous porous media, Int. J. Numer. Methods Engrg., 116 (2018), pp. 161–177.

[24] R. G. Fagin and Jr. C. H. Stewart, A new approach to the two-dimensional multiphase reservoir simulator, SPE J., 1966,

SPE 1188.
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