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Abstract

The ignition regime criteria proposed by Im et al. [1] are extended to account for temperature and concen-
tration fluctuations. The newly-developed criteria are applied to negative temperature coefficient (NTC)
and non-NTC fuels. The statistical volume-averaged Sankaran number, Sa, and the volumetric fraction of
Sa < 1, FSa,S , are proposed as new metrics to determine a priori the combustion modes, combustion inten-
sity, and ignition delay times, with FSa,S being used to quantify the heat release fraction from spontaneous
ignition. It is demonstrated that FSa,S agrees acceptably with the fraction of heat release from spontaneous
ignition obtained by the Damköhler-based analysis from direct numerical simulation (DNS) data. The igni-
tion modes can also be predicted by Sa regardless of the NTC and non-NTC characteristics of fuels over a
wide range of initial mean temperatures and different fluctuation levels. Besides, the magnitude of Sa can
be used to estimate FSa,S due to its strong correlation with FSa,S . Additionally, the predicted Sa by the
theory, Sap, is compared with the statistical mean Sa showing a consistent agreement and they are found to
correlate with the combustion intensity that is characterized by the maximum heat release rate. Finally, the
ignition delay time can be correlated with Sap for single-stage fuels, and for NTC fuels if the initial mean
temperature lies outside the NTC regime.

Keywords: Direct numerical simulation (DNS), Ignition regimes, Temperature fluctuations, Concentration
fluctuations, Negative temperature coefficient (NTC)

1. Introduction

Advanced low-temperature-combustion (LTC)
strategies of downsized and boosted engines are
capable of offering ultra-low emissions and higher
efficiencies [2–4]. In these engines, combustion is
chemically driven by the autoignition process with
no direct means to control the ignition timing and
combustion rate. The autoignition process and its
timing are highly sensitive to the fuel types and
operating conditions, including the intake tempera-
ture and pressure, thermal and compositional inho-
mogeneities of the mixture, the amount of exhaust
gas recirculation (EGR), and cooling. As such,
these engines are prone to suffer from pre-ignition,
a higher possibility of knock, and even super-knock,
which is characterized by high-pressure peaks and
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oscillations leading to a severe structural damage
[5–7]. Therefore, a reliable prediction of such abnor-
mal ignition phenomena is of critical importance.

To reduce an excessive heat release rate (HRR),
some levels of thermal and compositional fluctu-
ations are desired to achieve a smooth combus-
tion process [2, 3, 8, 9]. In the presence of ther-
mal and/or concentration fluctuations, T ′ and φ′,
a mixed combustion mode of spontaneous ignition
and deflagration is encountered, leading to smooth
and prolonged combustion with a lower peak pres-
sure rise rate (PRR) [10–21].

Previous studies reported that larger T ′ leads to
a predominant deflagration mode with a longer du-
ration of HRR [22–26]. However, this effect is sig-
nificantly reduced when the initial mean tempera-
ture, T0, falls into the negative temperature coef-
ficient (NTC) regime due to the reduced ignition
delay sensitivity to temperature [27–31]. Zhang et
al. [32] used dimethyl ether (DME) as a surrogate
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Nomenclature

CHRR Cumulative heat release rate
DNS Direct numerical simulation
HCCI Homogeneous-charge compression ignition
HTR High-temperature regime
ITR Intermediate-temperature regime
LTR Low-temperature regime
NTC Negative temperature coefficient
NC (UC) Negatively-correlated (uncorrelated)
RMS Root mean square
SI (WI) Strong (weak) ignition
SCCI/RCCI Stratified-charge/reactivity-controlled compression ignition
PDF Probability density function
PRF Primary reference fuel

Symbols
Da Damköhler number
FSa,S Volumetric fraction of Sa < 1
FDa,S HRR fraction by the spontaneous ignition
le, lT , lφ Integral length scale of turbulence, temperature, equivalence ratio
T ′ & φ′ RMS of T and φ
Sa Sankaran number
Sap Predicted Sankaran number

Sa Statistical mean Sa

San Normalized statistical mean Sa, San = Sa/(Sa+1)
Sap,n Normalized predicted Sap, Sap,n = Sap/(Sap+1)
SL Laminar flame speed
Ssp Spontaneous front speed
T , p, and φ Temperature, pressure, and equivalence ratio
T0, p0, and φ0 Initial mean T , p, and φ
τig Ignition delay time
τt (τf ) Turbulent (flame) time scale
u′ Turbulent velocity fluctuation
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for NTC fuels to study the influence of the wave-
length of the temperature fluctuation representing
the integral length scale, the level of temperature
gradients, and T0 on the amplitude of pressure os-
cillation. They found that a larger wavelength of
the temperature fluctuation and/or T0 in the NTC
regime induce a greater amplitude of the PRR os-
cillation. Pan et al. [33] also reported that the
ignition-front of the cases inside the NTC regime
travels faster than that of the cases outside the
NTC regime, leading to increased interactions be-
tween the pressure wave and the developing reac-
tion fronts, which in turn facilitates the formation
of a detonation wave.

In a direct numerical simulation (DNS) study,
Sankaran et al. [22] showed that the autoigni-
tion of a H2/air mixture with different T ′ was ac-
curately predicted by a nondimensional Sankaran
number, Sa, which is proportional to the ratio of
laminar flame speed to the thermal-gradient char-
acterized spontaneous propagation speed. In both
experimental and computational studies, Sa was
demonstrated as an accurate predictive criterion of
the strong/weak mode for homogeneous mixtures
in the presence of thermal nonuniformities [34–38].
Strozzi et al. [34] reported a satisfactory agreement
between a quantitative Sa-based prediction of the
occurrence of autoignition fronts and deflagrations
and the chemiluminescence images in a rapid com-
pression machine (RCM) during the early and in-
termediate stages of combustion. Mansfield et al.
[35, 36] conducted experimental studies to investi-
gate the ignition behavior of syngas and iso-octane
in a RCM, reporting that Sa accurately predicts
the location of the strong ignition limit for various
equivalence ratios and locations.

Based on this theoretical framework, Im et al. [1]
proposed a scaling analysis to account for the tur-
bulent effect on the ignition process, and derived
the turbulent ignition regime diagram to identify-
ing whether a combustion process is ignition con-
trolled or flame-propagation controlled. The igni-
tion regimes were classified into three categories:
(1) weak ignition with the dominant mode of de-
flagration, (2) reaction-dominant strong ignition,
and (3) mixing-dominant strong ignition. A fur-
ther DNS study was conducted to verify the igni-
tion regime diagram using syngas [39], obtaining
consistent results with the predictions by the igni-
tion regime diagram. In the previous studies [1, 39],
the ignition criterion was qualitatively validated by
using single-stage-ignition fuels with thermal fluc-

tuations only. Validation for NTC fuels with tem-
perature and concentration fluctuations along with
more quantitative assessment are needed.

In other contexts, Grogan et al. [40, 41] also pro-
posed an ignition regime diagram specifically rele-
vant to the shock tube and rapid compression facil-
ities, while Bradley and co-workers [42–44] identi-
fied criteria to develop detonation from a hot spot,
which have been further extended to other fuels by
Chen and co-workers [45–47], yet the crucial effect
of thermal stratification on autoignition and det-
onation development was recently underscored by
Sow et al. [48].

While fundamental studies abound for different
fuels with temperature and composition fluctua-
tions, there has been little attempt at formulating
a unified theory to predict the autoignition behav-
ior in terms of a few key nondimensional numbers
characterizing the nature of the bulk mixture inho-
mogeneities, especially with complex fuels exhibit-
ing low temperature ignition chemistry, manifested
as the NTC behavior, and simultaneous tempera-
ture/composition fluctuations. To this end, the ob-
jective of the present study is twofold: (1) to extend
the ignition regime theory and diagram proposed by
Im et al. [1] to accommodate both temperature and
concentration fluctuations, and validate the theory
for mixtures with NTC fuels, and (2) to derive a
quantitative metric for the tendency of strong igni-
tion in terms of the global quantities that charac-
terize the mixture inhomogeneities. The main em-
phasis is on comparing and assessing various sta-
tistical quantities in the prediction metric, for mix-
tures with different fuels and conditions. New and
existing DNS data are used in the analysis and dis-
cussion. In what follows, the theoretical framework
is presented, and the results are described and dis-
cussed.

2. Theoretical framework

2.1. Ignition regime criteria

In this section, the turbulent ignition regime the-
ory [1] is briefly summarized and further extended
to conditions with both temperature and concen-
tration fluctuations. According to Zeldovich’s the-
ory [49], the spontaneous propagation speed of an
ignition front, Ssp, is expressed as

Ssp = |∇τig|−1 , (1)
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where τig is the homogeneous ignition delay time at
a local mixture condition. While the original Zel-
dovich theory was derived in terms of temperature
variations in the mixture only, it can be extended by
expressing τig(T, φ) as a function of local tempera-
ture and equivalence ratio. In the presence of large
spatial variations in τig, local ignition establishes a
deflagration front (weak ignition). For a mixture
with a smaller level of τig variations, the mixture
ignites sequentially and Ssp exhibits a rapid igni-
tion front propagation (strong ignition). If Ssp is
sufficiently large and comparable to the speed of
sound, the combustion wave may be coupled with
the acoustic wave, leading to a rapid pressure rise
and detonation development in some extreme con-
ditions. In the asymptotic limit of zero gradient,
Ssp becomes infinity, leading to homogeneous au-
toignition and involving an extremely high-pressure
rise rate.

Based on DNS data, Sankaran et al. [22] pro-
posed a criterion to determine the weak or strong
ignition modes, introducing the Sankaran number
(Sa), which is defined as

Sa = β
SL
Ssp

, (2)

where β is a weighting factor of 0.5 to account
for the quantitative behavior observed in the DNS
data. Sa = 1 serves as the boundary between the
strong (Sa < 1) and the weak (Sa > 1) ignition.

In practical combustion systems, detailed spa-
tially resolved information about the scalar fluctu-
ations is not available, and thus, prediction of the
ignition characteristics must be made based on the
statistical averages or filtered quantities. Im et al.
[1] conducted a theoretical scaling analysis to derive
a refined criterion to predict the ignition regimes
a priori for a mixture with turbulent velocity and
temperature fluctuations. With a uniform compo-
sition, the gradient of ignition delay time, ∇τig, is
solely due to temperature variations and can be re-
expressed using the chain rule as

|∇τig| =
∣∣∣∣dτigdT

∇T
∣∣∣∣ , (3)

where dτig/dT represents the ignition delay sensi-
tivity to temperature, and ∇T is the temperature
gradient of the bulk mixture [1, 39]. In terms of
the statistical average in turbulent conditions, Sa
is approximated as

Sa ≈ βSL
∣∣∣∣dτigdT

∣∣∣∣|̃∇T | , (4)

where SL and τig are evaluated at the initial bulk

mixture conditions, and |̃∇T | ∼ T ′/λT denotes the
statistical mean temperature gradient, estimated
based on the variance of the temperature fluctu-
ations and the Taylor mixing scale. Further scal-
ing analysis yields the expression for the predicted
Sankaran number, Sap, [1] as follows:

Sap = KDa
−1/2
l , K = β

1

(τfτig)1/2

∣∣∣∣dτigdT
T ′
∣∣∣∣ , (5)

where Dal = τt/τig is Damköhler number, defined
as the ratio of the turbulence integral time scale,
l/u′, to the ignition delay time, and τf = α/S2

L is
the characteristic flame time, where α is the ther-
mal diffusivity of the initial bulk mixture.

Note that Sap is determined based on the statis-
tical quantities of the mixture mean conditions, to
be distinguished from the exact Sankaran number,
Sa (Eq. 2), which is determined locally from the
fully resolved information.

The turbulent ignition regime analysis is now fur-
ther extended to account for both temperature and
concentration fluctuations. In the presence of both
temperature and equivalence ratio fluctuations, τig
is a function of T and φ. Using the chain rule, it
follows that

|∇τig| =
∣∣∣∣∂τig∂T

∇T +
∂τig
∂φ
∇φ
∣∣∣∣ , (6)

where ∇T and ∇φ are the temperature and equiv-
alence ratio gradients of the local mixture [1]. As-
suming that the temperature and composition fields
are related to the turbulent flow field and, thus,
have a comparable integral length scale, lT ∼ lφ ∼
le, and following a similar approximation for ∇̃φ ∼
φ′/λT as in the temperature case, Eq. 5 is extended
by determining the K factor as:

K = β
1

(τfτig)1/2

(∣∣∣∣∂τig∂T
T ′
∣∣∣∣+ s

∣∣∣∣∂τig∂φ
φ′
∣∣∣∣
)
, (7)

where s is the sign which becomes positive or neg-
ative depending on the statistical distribution of T
and φ fluctuations. When s is positive if T and
φ fluctuations are uncorrelated, i.e. T ′ and φ′ are
completely random, both quantities would enhance
the sensitivity of τig, thus promoting the deflagra-
tive regime of ignition. On the other hand, if T ′ and
φ′ are negatively correlated, on statistical average
one offsets the other, such that the two effects on K
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become subtractive, hence s adopts a negative (pos-
itive) sign if ∂τig/∂T∂τig/∂φ is positive (negative).
Note that in PPC engines, a late direct injection in-
duces a negatively correlated T -φ distribution and
a nearly identical integral length scale, lT ∼ lφ, due
to the cooling effect of fuel vaporization as veri-
fied by experimental studies using optical measure-
ments [50–55], and by computational studies using
DNS [56] and LES data from a full-cycle IC-engine
simulation [57]. As such, the selection of T0, p0,
and φ0, and the RMS values, T ′ and φ′, listed in
Table 1 follows the previous studies [50–52, 56, 57].

2.2. Quantitative analysis

All reactant mixtures with temperature and com-
position fluctuations exhibit both weak and strong
ignition behavior. If the DNS data are available,
the exact distribution of Sa within the domain can
be computed and the resulting ignition character-
istics in terms of fractional contributions of weak
and strong ignition to the total heat release can
be determined. Such information serves as the
reference target quantity. Here, the objective is
to assess whether the Sap criterion based on the
statistical mean can predict the ignition behav-
ior consistently, for different fuels and tempera-
ture/composition fluctuations.

Figure 1 shows a representative DNS data field
illustrating the instantaneous spatial distribution
of (a) temperature and (b) equivalence ratio. At
such initial conditions, the distribution of the cor-
responding local τig and Sa are shown in (c) and (d),
respectively. Subsequently, the probability density
function (PDF) for Sa, P (Sa) is constructed in Fig.
2, from which the fractional volume that would lead
to strong (SI) and weak (WI) ignition behavior can
be predicted. The volume fraction of the regions
with Sa < 1, FSa,S , is given by

FSa,S =

1∫
0

P (Sa)dSa , (8)

which is proposed as a predictive indicator of the
fractional heat release rate associated with strong
ignition. It follows that the contribution of the
weak ignition (deflagration) is determined as FSa,W

= 1.0 − FSa,S . If FSa,S approaches unity, strong
ignition is dominant. These quantities will be used
to assess the accuracy of the predictive Sankaran
number, Sap, in the next section. Note that the
local mixtures with a very large τig (e.g., the lean

and low-temperature mixtures with Sa ≈ 10 and
φ ≈ 0.1 as shown in Fig. 1) can still auto-ignite
due to compression heating during the progress of
the deflagrative burning.

2.3. Damköhler number analysis

As an alternative metric to determine the
strong/weak ignition characteristics, previous stud-
ies used the Damköhler number analysis [23, 24, 27,
29, 30, 58–60], in which Da was defined as the ra-
tio of the local reaction and diffusion terms for a
selected scalar variable:

Da =
ω̇k

| − ∇ · (ρYkVk)|
, (9)

where Yk, Vk, and ω̇k denote the mass fraction,
diffusion velocity, and net production rate of species
k, respectively, while ρ is the mixture density. For
hydrocarbon fuels, a progress of reaction variable,
Yc ≡ YCO2

+ YCO, has been commonly used for the
analysis [27–30, 59, 60].

By applying the above definition to the initial
DNS solution field and quantifying Da relative to a
threshold value, Da0, the dominant ignition regime
of the mixture can be identified. Here Da0 is of
order unity and depends on the chosen initial con-
dition. For example, it was found in a series of
one-dimensional (1-D) simulations that the transi-
tion between the two propagation modes occurred
approximately at Da0 = 4.0 for n-C7H16/air mix-
tures at p0 = 40 atm and φ0 = 0.3 in [27].

Base on this alternative criterion, the fractional
heat release associated with strong ignition is quan-
tified as [27–30, 59, 60]

FDa,S =

∑
〈 q̇|Da > Da0〉∑

q̇
, (10)

where the summation is operated over the total
number of computational cells in the DNS domain.
Note that FDa,S may vary quantitatively depending
on the choice of the threshold value of Da0, but the
result was still found to be consistent [61]. In the
subsequent sections, FDa,S will be compared with
FSa,S to verify the predictive accuracy of the ex-
tended ignition criterion.

2.4. Description of DNS data under study

In the subsequent analysis, previous DNS data
are utilized to validate the prediction of combustion
modes for different NTC fuels such as n-C7H16[27,
30], primary reference fuels (PRF) [29, 60], and
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Figure 1: (a-b) Representative initial fields of temperature and equivalence ratio (Case 16 in [30]) with T0 = 933 K, φ0 = 0.45,
T ′ = 15 K, and φ′ = 0.1, and (c-d) its corresponding ignition delay time and Sa distributions. The black iso-lines of Sa = 1
delineate two distinct regions of Sa < 1 and Sa > 1 which contribute to strong and weak ignition, respectively.

Sa

P
D

F
(S

a
)

1 2 3 4
0

0.2

0.4

0.6

0.8

1

WISI

Figure 2: A representative probability density function of Sa
distribution, PDF(Sa). SI and WI denote strong and weak
ignition, respectively, with a boundary of Sa = 1.

DME [62], as well as non-NTC fuels such as i -C8H18

[28] and ethanol. PRF is a blend of iso-octane and
n-heptane by volume (e.g., PRF80 – a 80% iso-
octane and 20% n-heptane mixture). The summary
of the initial conditions for all the selected cases is
described in Table 1.

The initial fields of temperature and equivalence
ratio from these DNS cases were adopted to perform

the statistical analysis of Sa such that the volume-
averaged (mean) Sa, Sa, of the spatial Sa distribu-
tion, the probability density function of Sa, P (Sa),
and the volume fraction of the regions with Sa < 1,
FSa,S , are obtained. In addition, Sap for each DNS
case was also computed based on the information
of the initial mean bulk mixture conditions such as
T0, p0, and φ0, and the RMS values, T ′ and φ′.

The initial turbulent flow fields in all DNS cases
were prescribed by an isotropic kinetic energy spec-
trum function [63]. Temperature and concentration
fields were generated in the same manner with dif-
ferent random numbers to reproduce thermal and
compositional non-uniformities, as shown in Fig. 1,
which corresponds to a negatively correlated T–φ
distribution with the integral length scales of tem-
perature and equivalence ratio of lT = lφ = 1.25
mm. All the DNS cases were performed at a con-
stant volume with a square domain of 3.2 × 3.2
mm2 under the homogeneous-charge compression
ignition (HCCI) relevant conditions of high pres-
sure and a wide range of the amplitude of temper-
ature fluctuations. The integral turbulence time
scale, τt, was chosen to be comparable to the igni-
tion time scale, τt/τig ≈ 1.0, which allows signifi-
cant turbulence-chemistry interactions.
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Ref. Fuel Mechanism T0 p0 φ0 T ′ φ′ le
(K) (atm) (K) (mm)

Yoo et
al., 2011

[27]
n-C7H16

58-species
n-heptane

[27]

850, 934,
1008, 1067

40 0.3
15, 30,
60, 100

- 1.24

Yoo et
al., 2013

[28]
i-C8H18

99-species
iso-octane

[28]
1035 20 0.3

15, 30,
60

- 1.25

Luong et
al., 2013

[29]

PRF50,
PRF80,
PRF100

116-species
PRF [29]

1025 20 0.3
15, 30,

60
- 1.25

Luong et
al., 2015

[30]
n-C7H16

58-species
n-heptane

[27]

805, 933,
1025

40 0.45 15, 60
0.05, 0.1
(NC &
UC)

1.25

Luong et
al., 2017

[60]
PRF50

116-species
PRF [29]

800, 900,
1000

40 0.45 15, 30
0.05, 0.1
(NC)

1.0

Luong et
al., 2019

[62]
CH3OCH3

30-species
DME [64]

770, 900,
1045

30 0.5 15, 30
0.075,

0.15 (NC
& UC)

1.0

This
study

CH3OCH3
30-species
DME [64]

680, 770,
900, 1045

30 0.5 60 - 1.0

This
study

C2H5OH
28-species
ethanol
[15]

880, 940,
920, 1000,
1020, 1070

40 0.5
15, 30,

60
- 1.0

Table 1: Physical parameters of all the DNS cases. Other physical parameters: Damköhler number, Dal = τt/τig ≈ 1.0, the
integral length scale of velocities and scalar fields of temperature and equivalence ratio, le = lT = lφ. T0, p0, and φ0 denote
respectively the initial mean temperature, pressure, and equivalence ratio. T ′ and φ′ are the root-mean-square (RMS) values of
temperature and equivalence ratio, respectively. NC and UC denote negatively-correlated and uncorrelated T–φ distributions,
respectively.

DME and n-heptane, exhibiting strong NTC be-
havior, were chosen as representative two-stage-
ignition fuels to investigate the effect of tempera-
ture and equivalence ratio fluctuations on the com-
bustion modes by varying the initial mean temper-
atures and different fluctuation levels [27, 30, 62].
The reduced kinetic mechanisms of 30-species for
DME [64] and 58-species for n-C7H16 [27] were
adopted. In other two DNS studies [29, 60], a 116-
species reduced kinetic mechanism for primary ref-
erence fuels was used with the consideration of tem-
perature, equivalence ratio, and reactivity fluctua-
tions under HCCI, stratified-charge and reactivity-
controlled compression ignition (SCCI, RCCI) con-
ditions. To investigate the effect of thermal inhomo-
geneity under spark-assisted compression ignition
(SACI) operating conditions, a 99-species reduced
kinetic mechanism for iso-octane was adopted [28].
An additional parametric study for a non-NTC
single-stage-ignition fuel was performed by varying
different initial mean T0 and fluctuation T ′ of the
temperature using the 28-species reduced ethanol
mechanism. Six two-dimensional (2-D) DNS cases
were selected where T0 was systematically varied
from 880 K to 1070 K, leading to a wide range of
the homogeneous ignition delay times from 10 ms
to 0.5 ms (see Fig. 3), thus covering the conditions
commonly encountered in internal combustion en-

gines and shock-tube devices. Similarly, additional
four 2-D cases with T0 from 680 K to 1045 K (see
Fig. 3) and T ′ of 60 K were performed using DME
for a complete validation with the NTC two-stage-
ignition fuels. Table 1 summarizes the details of the
physical parameters in the DNS cases.

As a consideration of the baseline chemistry, Fig.
4 shows the homogeneous ignition delay, τig, of n-
C7H16/air mixture as a function of temperature and
equivalence ratio at the conditions of p0 = 40 atm,
φ0 = 0.45 as in [30]. To compute Sap, the sensi-
tivities of ignition delay to T and φ, ∂τig/∂T and
∂τig/∂φ, respectively, are required. They are plot-
ted as ∂ log τig/∂T and ∂ log τig/∂φ in Fig. 4 and
Fig. 5 for a range of conditions considered. Two
main points are noted from these two figures.

First, the ignition delay time varies non-
monotonically with temperature. In particular,
∂ log τig/∂T is negative in the low- and high-
temperature regimes, whereas ∂ log τig/∂T is pos-
itive in the intermediate-temperature regime (i.e.,
from 867 K to 982 K in Fig. 4). This is re-
ferred to as the negative-temperature coefficient
(NTC) regime in which the ignition delay increases
with increasing temperature. Because of the non-
monotonic behavior of ∂ log τig/∂T (distinct from
the single-stage-ignition fuels), the variation of
∂ log τig/∂T within/near the NTC regime is shallow
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perature for DME/air mixtures at p of 30 atm and φ of 0.5,
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with symbols.
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Figure 4: (a) Homogeneous ignition delay of n-heptane/air
mixture as a function of temperature and its gradient with
respect to temperature, ∂ log τig/∂T , at a pressure of 40 atm,
equivalence ratio of 0.45, and (b) homogeneous ignition de-
lay as a function of equivalence ratio and its gradient with
respect to equivalence ratio, ∂ log τig/∂φ, for three different
temperatures at p = 40 atm.

compared to those in the low- and high-temperature
regimes. These features help to explain the ob-
served DNS results in [27, 30], where it was found

that the temperature fluctuation is less effective in
reducing the pressure rise rate if T0 is within/near
the NTC regime. Therefore, it is expected that
the mixture within the NTC is more susceptible
to autoignition if no concentration fluctuations ex-
ist. This behavior on the ignition mode is further
quantified by PDF(Sa), FSa,S , Sa, and Sap in the
following sections under various conditions.

Second, in contrast to the non-monotonic behav-
ior of ∂ log τig/∂T , ∂ log τig/∂φ monotonically de-
creases with increasing φ. The resultant effect of
the T and φ variations on τig is shown in Fig. 5,
along with the behavior of its derivatives with re-
spect to T and φ. It is seen that the NTC charac-
teristics (∂ log τig/∂T > 0) are mainly due to the
temperature effects. In the previous DNS studies
[25, 30, 59, 60, 65, 66], a negatively-correlated T–
φ distribution, representing the evaporative cooling
effect of fuels, suppresses the deflagration develop-
ment if T0 is outside the NTC regime, while it has a
synergistic effect if T0 is inside the NTC regime. As
such, the extended predictive criterion of the com-
bustion modes following Eq. 7 in the presence of
both T ′ and φ′ at different bulk mixture conditions
needs to be examined.

3. Results and discussion

Based on the 0-D ignition data shown in Fig. 5,
the overall ignition characteristics in terms of weak
versus strong ignition are predicted. The roadmap
of the analysis is as follows. First, for different DNS
results the PDF and volume-averaged quantities of
the exact Sa are computed and their correlation
with the fractional heat release, FDa,S, is assessed.
It will be demonstrated that the local evaluation
of exact Sa according to Eqs. 5 and 7 correctly
predicts the heat release behavior for all cases un-
der consideration. Therefore, the first point that
the Sankaran criterion can be extended to a gen-
eral mixture temperature and composition fluctua-
tions will be made. Subsequently, considering that
the exact Sa is unavailable in general engineering
Reynolds-averaged Navier–Stokes (RANS) simula-
tions, the predicted Sa, Sap, is computed by using
Eq. 5, Eq. 7, and the mean quantities, T0, φ0 and
p0, for all DNS data and its accuracy in predicting
the same ignition metric is assessed. As such, it will
be shown that the Sap criterion can be used to pre-
dict the ignition characteristics of nearly homoge-
neous mixtures with temperature and composition
fluctuations, including NTC fuels.
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Figure 5: (a) The homogeneous ignition delay of n-heptane/air mixtures in the T–φ space at p = 40 atm, and its derivative
with respect to (b) temperature, ∂ log τig/∂T , and (c) equivalence ratio, ∂ log τig/∂φ. The boundary iso-line marked by 0.0
delineates the NTC regime in the T–φ space.

For a systematic progression of discussion,
the overall combustion characteristics of the
ethanol/air mixtures and the DME/air mixtures
are discussed first, followed by the analysis of de-
terministic prediction of different criteria.

3.1. Overall combustion characteristics

To have a comprehensive picture of validation,
in addition to the previous DNS studies, ten addi-
tional cases covering a wide range of ignition delay
times are performed by varying T0, T ′, and the T ′–
φ′ combination. The temporal evolution of mean
HRR and iso-contours of HRR for some of these
cases are shown in Fig. 6 and Fig. 7 for ethanol,
and in Fig. 8 and Fig. 10 for DME.

3.1.1. Temperature inhomogeneities

In general, decreasing the initial mean temper-
ature and/or increasing the fluctuation levels pro-
mote deflagration fronts, prolonging the combus-
tion duration and lowering the maximum HRR. As
such, a weak combustion mode is observed for all
the cases of ethanol shown in Fig. 6 and Fig. 7,
even for the case with T0 of 900 K and T ′ of 15 K.
Regardless of the variation in T ′ and T0, the maxi-
mum mean HRR for these three cases is of the same
order of magnitude as shown in Fig. 6b. Note that
these three cases were selected such that they have
nearly identical FSa,S of 0.3.

In contrast to the weak-ignition cases of ethanol,
spontaneous ignition (characterized by high peak
HRR in Fig. 8 and Fig. 10) is dominant even with
T ′ of 60 K for the DME case at T0 of 900 K due to a
small variation of τig with temperature within/near
the NTC regime as shown in Fig. 3), whereas flame
propagation is dominant for the cases with T0 be-
yond the NTC regime (i.e., T0 of 680 K and 1045
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Figure 6: Temporal evolution of the mean HRR for
ethanol/air mixtures at p0 of 40 atm and φ0 of 0.5 with
(a) T ′ of 60 K and varying T0, (b) nearly identical FSa,S of
0.3, and varying both T ′ & T0. The HRR contour of each
case is normalized by its corresponding 0-D maximum HRR.

K) for the same level of temperature fluctuation,
T ′ of 60 K. Similar results were found for n-heptane
[27, 30] (discussed in Section 3.2.1), and PRF50 and
PRF80 [67].

As a further quantitative verification, Sa and
FSa,S for the DME cases of T0 at 680 K, 900 K, and
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Figure 7: 2-D iso-contours of the normalized HRR at τig at which the maximum spatial-mean HRR occurs for the ethanol/air
mixtures. The top row corresponds to the cases with T ′ of 60 K, and the bottom row corresponds to the three cases with
nearly identical FSa,S of 0.3, but with different T ′. For a direct comparison, the HRR contour of each case is normalized by
its corresponding 0-D maximum HRR.
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Figure 8: Temporal evolution of the mean heat release rate
for DME/air mixtures at p0 of 30 atm and φ0 of 0.5. The
HRR contour of each case is normalized by its corresponding
0-D maximum HRR.

1045 K are found to be, respectively, 4.2 & 0.20, 0.5
& 0.92, and 1.3 & 0.4. The cases with T0 of 680 K
and 1045 K have Sa greater than one, suggesting
a weak-ignition dominance, while for the case with
T0 of 900 K, a strong ignition is expected. The pre-
dictive accuracy of Sa and FSa,S is further verified

by the magnitude of FDa,S that will be discussed in
the next section.

3.1.2. Temperature and concentration inhomo-
geneities

The temporal evolution of HRR profiles for DME
cases from [62] with T ′ of 30 K and φ′ is shown in
Fig. 9 at three distinct low-, intermediate-, and
high-temperature regimes. The HRR contours of
three representative cases of φ = 0.15 are shown
at the bottom row of Fig. 10. Contrary to the
T ′-only cases, in the presence of both T and φ in-
homogeneities and the negative T–φ correlation, T0
of 900 K results in a much lower HRR (due to the
synergistic effect of T ′ and φ′) than those of T0 out-
side the NTC regime (due to the subtractive effect
of T ′ and φ′ for the cases with T0 of 770 K and 1045
K), as seen in the bottom row of Fig. 10. Quan-
titatively, Sa and FSa,S for the three cases in Fig.
10 are 0.5 & 0.85, 2.1 & 0.56, and 0.3 & 0.95 for
T0 of 770 K, 900 K, and 1045 K, respectively. The
prediction of FSa,S is in agreement with the HRR
contours regardless of the presence of the T–φ in-
homogeneities.

These observations can be explained by Eq. 7.
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Figure 10: 2-D iso-contours of the normalized HRR at τig at which the maximum spatial-mean HRR occurs for the DME/air
mixtures. The top row corresponds to the cases with temperature fluctuations only, T ′ of 60 K, and the bottom row corresponds
to the cases with both temperature and equivalence ratio fluctuations, T ′ of 30 K and φ of 0.15 [62]. For a direct comparison,
the HRR contour of each case is normalized by its corresponding 0-D maximum HRR.

According to Eq. 7, the contributions of tempera-
ture and equivalence ratio to Sap can be discerned
by examining T ′∂τig/∂T and φ′ ∂τig/∂φ. Table 2
lists the values of these terms for six DME cases
with a negatively-correlated T -φ distribution [62].

As readily seen in Table 2, the absolute magnitudes
of T ′∂τig/∂T and φ′ ∂τig/∂φ are comparable, hav-
ing contributions to Sap of the same order. If they
are subtractive (i.e. T0 of 770 K and 1045 K with
negatively-correlated T -φ), the resulting HRR pro-

11



Case T0 T ′ φ′ T ′∂τig/∂T φ′ ∂τig/∂φ Sa Sap
(K) (K) - (ms×10−2) (ms×10−2)

n-Heptane

1 805 15 0.05 −21.5 −23.4 0.11 0.09
2 805 15 - −21.5 - 0.21 0.42
3 805 - 0.05 - −23.4 0.19 0.4
4 933 15 0.05 15.6 −19.6 0.57 1.40
5 933 15 - 15.6 - 0.26 0.55
6 933 - 0.05 - −19.6 0.27 0.62
7 1025 15 0.10 −24.6 −27.4 0.14 0.16
8 1025 15 - −24.6 - 0.65 1.23
9 1025 - 0.10 - −27.4 0.55 1.08

DME

1 770 15 0.075 −13.1 −8.6 0.2 0.1
2 770 30 0.150 −26.2 −17.2 0.5 0.3
3 900 15 0.075 5.2 −13.6 0.5 1.0
4 900 30 0.150 10.4 −27.2 2.1 2.0
5 1045 15 0.075 −11.6 −8.8 0.1 0.2
6 1045 30 0.150 −23.2 −17.6 0.3 0.4

Table 2: The mean and predicted Sankaran numbers, Sa and Sap, along with the contributions from the temperature and
equivalence ratio terms, for nine representative 2-D n-heptane cases [30] with either T ′ or φ′ only and a negatively correlated
(NC) T -φ distribution, and for six 2-D DME cases [62] with a NC T -φ distribution.

files are similar to 0-D ignition (spontaneous igni-
tion), which is reflected in a high peak HRR (see
Fig. 9). On the other hand, if they are additive (T0
of 900 K), the peak of HRR is reduced. Note also
that for the case T0 of 900 K inside the NTC regime,
both negative and uncorrelated T -φ distributions
result in an additive effect on Sap such that with
the same level of T ′ and φ′, nearly identical HRR
profiles are obtained, except for the difference in
the ignition delay time (see Fig. 9).

Spontaneous ignitions were also found for n-
heptane with T0 of 805 K and 1025 K (see Fig. 6 in
[30]) due to the offsetting effect of the comparable
T ′∂τig/∂T and φ′ ∂τig/∂φ terms (Cases 1 and 7 in
Table 2). In line with Eq. 7, Table 2 also allows to
verify that at the same T0, the cases with either T ′

or φ′ only have nearly identical T ′∂τig/∂T and φ′

∂τig/∂φ (i.e., T0 of 805 K with either T ′ of 15 K or
φ′ of 0.05, and T0 of 1025 K with either T ′ of 15 K
or φ′ of 1.0), which in turn have comparable Sa and
share similar combustion characteristics (see Fig. 6
in [30]).

Consistent findings were reported with different
T0 and different fuels such as n-heptane [30, 65, 66],
PRF50 [60], biodiesel [59], hydrogen [25]. In a re-
cent study [57], these criteria were used to predict
the combustion intensity using LES initial condi-
tions generated from a full cycle engine simulation

under direct-injection SI engine conditions over a
wide temperature range from 700 K to 1280 K. The
prediction was compared with RANS-based simula-
tion data and the results were found to be consistent
with the present findings, namely Sa and Sap show
good agreement, and the correlation of Sap with the
combustion intensity is consistent with Fig. 14 [57].
The results from the DNS studies, and the Sa-based
prediction for the DME and n-heptane cases are
also qualitatively consistent with previous experi-
mental findings. The experimental studies in Ref-
erences [68, 69] found that inappropriate mixture
preparation by the fuel-direct injection can cause
an adverse effect on HCCI combustion, leading to
excessive HRR due to the offset effect of tempera-
ture and fuel inhomogeneities. Dec and co-authors
[3, 11, 70] found that fuel stratification reduces the
maximum PRR under highly boosted conditions,
which is attributed to the NTC-chemistry enhance-
ment of iso-octane-like fuels such as gasoline; how-
ever, no benefit of the maximum PRR reduction
was achieved under naturally aspirated intake con-
ditions.

3.2. Quantitative prediction of combustion modes

As discussed in the previous section, the combus-
tion modes are highly sensitive to the initial mean
temperatures, fuel types, and temperature and con-
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centration fluctuations. A robust metric to quantify
the combustion mode, combustion intensity, and ig-
nition delay times is needed. In this regard, differ-
ent predictive criteria and their predictive accuracy
will be examined in the following section.

3.2.1. Probability density function of Sa

For the n-heptane/air mixture cases with tem-
perature fluctuations only [27], the initial solution
fields were processed and the PDF of Sa distribu-
tion is shown in Fig. 11. For most cases, Sa distri-
bution is mainly within the range of Sa < 1, sug-
gesting that they are in the strong ignition regime.
In general, for a given T ′, a higher bulk tempera-
ture shifts the distribution further towards a lower
Sa, and for a given T0, a higher T ′ widens the distri-
bution. However, the NTC characteristics are also
manifested in that the Sa distribution is distinctly
shifted to lower values for T0 = 850 and 934 K. As
such, a mixture with a T0 outside the NTC range
with a higher T ′ is more likely to develop weak ig-
nition behavior. Indeed, Yoo et al. [27] reported
that the resulting heat release behavior was found
to be as expected from the Sa distribution. Ad-
ditional simulation data by Luong et al. [30] for
n-heptane/air mixtures at different φ0 and T0 con-
ditions also showed consistent PDF behavior (not
shown here).

3.2.2. Comparison between FSa,S and FDa,S

As a further quantitative assessment, Fig. 12
shows the actual computed values of the fraction
of heat release due to strong ignition, FDa,S , plot-
ted against the corresponding volumetric fraction
of Sa < 1, FSa,S , based on the PDF statistics such
as those in Fig. 11. For all the cases considered,
FDa,S and FSa,S are found to correlate very well,
even for the cases in which T ′ is as large as 100
K [27] and even though the bulk temperature of
some cases falls into the NTC range. There ap-
pears to be a systematic shift in the correlation for
ethanol and DME cases, which may need to be cali-
brated further. Nevertheless, all correlations follow
approximately a straight line, suggesting that FSa,S

serves as a good predictive marker to characterize
the overall ignition regimes.

3.2.3. Statistical mean Sankaran number, Sa

Next, it is of interest to assess an alternative met-
ric of the volume-averaged Sankaran number, Sa,
in its prediction of the ignition behavior. Fig. 13
shows the correlation between FSa,S and Sa and
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Figure 11: The probability density function (PDF) of Sa,
P (Sa), at different initial mean temperatures with (a) T ′ =
15 K, (b) T ′ = 30 K, and (c) T ′ = 60 K.

Sap. For both Sa numbers, the subscript n indicates
that the quantities are re-scaled as Sa/(1 + Sa) to
fit within a range between 0 and 1, with 0.5 corre-
sponding to Sa = 1. All DNS cases are compiled
and organized for different fuels. A strong correla-
tion between San and FSa,S is observed regardless
of T0, T ′, and T–φ. The correlation is fairly good
not only for n-heptane, DME (also in Fig. 4d in
[62]), and a single-stage ignition fuel, ethanol, but
it is also observed in other fuel/air mixtures under
various conditions such as PRF50 and iso-octane
(not shown here).
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Figure 13: The volumetric fraction of Sa < 1, FSa,S , as a

function of (a) the normalized Sa, San, and (b)the normal-
ized Sap, Sap,n.
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Figure 14: Comparison of the normalized mean Sa and nor-
malized predicted Sa, San versus Sap,n.

Based on the strong correlations shown in Fig.
13, the magnitude of Sa can be used to directly
predict FSa,S . In general, a higher Sa corresponds
to a lower FSa,S , which translates into a lower com-
bustion intensity. In particular, FSa,S = 0.6 approx-
imately corresponds to Sa = 1.0 (San = 0.5) as a
transition point from SI to WI. At this condition,
the fractional contribution of the heat release by
spontaneous ignition is also about 60%. For Sa <
0.3, FSa,S = 1.0 corresponds to purely spontaneous
ignition. On the contrary, for Sa > 1.0, weak igni-
tion is predicted to be predominant. Therefore, it is
demonstrated that Sa can be used to quantitatively
predict the combustion modes.

As for the second correlation in Fig. 13(b), de-
spite some scattering, the Sap,n-FSa,S correlation
appears to be also well reproduced, especially in
the range of both strong and weak ignition limits,
say FSa,S < 0.2 and FSa,S > 0.8. This suggests
that Sap,n can also capture the strong/weak igni-
tion behavior, although at some loss of accuracy in
the mixed mode of strong/weak ignition regimes.

3.2.4. Comparison between San and Sap,n
The normalized predicted Sap,n is validated by

comparing it with the normalized statistical mean
San for four different datasets with and without the
NTC behavior as shown in Fig. 14. Overall, Sap,n
exhibits a good agreement with San in spite of the
discrepancy that shows Sap,n > San for the most
points considered. In general, lowering initial mean
temperatures and/or increasing the fluctuation lev-
els (i.e., increased T ′ and/or φ′) result in a wider
distribution of Sa (e.g., see PDF(Sa) in Fig. 11),
thereby increasing San significantly because τig in-
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Figure 15: The normalized maximum spatial-mean HRR, q̇m/q̇0m, as a function of (a) the normalized Sa, San = Sa/(Sa+1),
(b) the normalized Sap, Sap,n = Sap/(Sap+1), (c) FSa,S and (d) FDa,S . The solid line shows the fitting correlation q̇m/q̇0m as

a function of San, f(San) = 0.945 exp(−3.187San).

creases exponentially with decreasing temperature.
Therefore, for the cases with a wide τig distribu-
tion, Sa is computed by excluding the grid points
with τig > 2τig

0 (τig
0 is computed at T0, φ0 and p0)

in order to obtain a well-correlated pattern of San
and FSa,S ; otherwise, there will be large discrep-
ancies between Sap,n and San leading to degraded
correlations in the San–FSa,S distribution. Exclud-
ing the grid points with τig > 2τig

0 in computing
Sa is justifiable because these locations are of little
significance in determining the ignition behavior as
the onset of combustion is driven by the most re-
active spots that have the shortest ignition delays.

3.2.5. Correlation between the maximum HRR and
San, Sap,n

As an additional relevant physical observable in
the ignition system, quantitative prediction of the
combustion intensity is further demonstrated by the
ratio of q̇m and q̇0m. The maximum spatial-mean
HRR, q̇m, normalized by its corresponding maxi-
mum 0-D homogeneous HRR, q̇0m, is plotted as a
function of San and Sap,n in Fig. 15. A good cor-

relation between q̇m and San is observed in Figure
15a, and a consistent correlation between q̇m/q̇0m–
Sap,n is also found in Fig. 15b.

The ratio q̇m/q̇0m is approximately equal to 0.2
for Sa of unity. As Sa takes on values much smaller
than unity, q̇m/q̇0m increases exponentially and ap-
proaches unity, such that the purely spontaneous
ignition mode becomes dominant. The correlation
between q̇m and San is fitted well by an exponen-
tial function as f(San) = 0.945exp(-3.187San) (the
thick line in Fig. 15a).

The scatter plot of q̇m/q̇0m and FSa,S (FDa,S) also
shows in Fig. 15c-d a similar monotonic and ex-
ponential increase in q̇m/q̇0m with FSa,S (FDa,S).
Fig. 15 also suggests that San and Sap,n are better
metrics to correlate with q̇m/q̇0m because the varia-
tion in q̇m/q̇0m is not reflected by FSa,S and FDa,S

when FSa,S and FDa,S approach unity, while San
and Sap,n monotonically decrease with increasing
q̇m/q̇0m.
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Figure 16: The normalized ignition delay, τig/τig
0, as a func-

tion of (a) the normalized San, San = Sa/(Sa+1), (b) the
normalized Sap, Sap,n = Sap/(Sap+1). The solid line shows
their polynomial fitting correlation.

3.2.6. Correlation between the ignition delay time
and San, Sap,n

Finally, the ignition delay times plotted as a func-
tion of San and Sap,n are examined in Fig. 16. A
good correlation between τig/τig

0 and Sap,n is found
for the cases of the single-stage-ignition fuel (i.e.,
ethanol) and for the cases with T0 lying outside the
NTC regime (e.g, DME with T0 of 680 K) because
τig/τig

0 decreases monotonically with increasing T ′

and/or φ′. It is also seen that τig/τig
0 exponentially

decreases with increasing Sap,n for Sap,n > 0.5 (Sap
> 1). However, previous studies reported that the
overall combustion was delayed (i.e., τig slightly in-
creased, τig/τig

0 > 1.0) if T0 approached the NTC
regime [27, 30, 59]; hence, the widely-scattered dis-
tribution of τig/τig

0–San (Sap,n) in Fig. 16 is ex-
pected for those cases due to the NTC behavior.
The normalized ignition delay time of these cases is
close to 1.

Similar findings were reported in recent shock

tube studies [71, 72]. Generally, if a mixture in the
shock tube experienced preignition caused by hot
spots, its ignition delay time was found to be much
shorter than those of 0-D reactors [71, 72]; how-
ever, for the cases of n-heptane with T0 lying in the
intermediate-to-low-temperature regime, τig/τig

0 of
the bulk mixture was found to be greater than unity
[71].

4. Conclusions

The ignition regime criteria proposed by Im et
al. [1] was extended to consider both temperature
and concentration fluctuations. The auto-ignition
modes of different fuels with and without the NTC
regime together with thermal and/or compositional
non-uniformities were examined to validate the ex-
tended criteria.

Extensive DNS results were used to validate the
predictive accuracy of the proposed criteria. It
was demonstrated that the combustion modes of
strong/weak ignition were well captured by the nor-
malized statistical mean Sankaran number, San and
the volumetric fraction of Sa < 1, FSa,S . Moreover,
San = 0.5 (Sa = 1) was found as a predictive met-
ric to identify the transition between the weak and
strong ignition regimes.

In addition, the HRR fraction from strong ig-
nition can be quantified by FSa,S . FSa,S shows a
satisfactory agreement with FDa,S from the DNS
analysis. FSa,S can also be approximated by the
relative magnitude of San. At San = 0.5, the
FSa,S is approximately equal to 0.6, suggesting that
60% (40%) heat release attributed from sponta-
neous ignition (deflagration). As Sa increases turn-
ing greater than unity, higher Sap yields more defla-
gration fronts, ultimately resulting in the dominant
deflagration mode (weak ignition).

Finally, the predicted Sa, Sap, is in good agree-
ment with Sa. It was also found that both Sa and
Sap correlate very well with the normalized max-
imum heat release. Moreover, a good correlation
between the ignition delay time and Sap is observed
for single-stage fuels, and NTC fuels if T0 lies out-
side the NTC regime. In summary, the validity of
the ignition regime criteria [1] considering tempera-
ture/composition inhomogeneities has been demon-
strated for a variety of fuels.
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