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Local scale invariance and robustness of
proper scoring rules
David Bolin and Jonas Wallin

Abstract. Averages of proper scoring rules are often used to rank proba-
bilistic forecasts. In many cases, the individual terms in these averages are
based on observations and forecasts from different distributions. We show
that some of the most popular proper scoring rules, such as the continuous
ranked probability score (CRPS), give more importance to observations with
large uncertainty, which can lead to unintuitive rankings. To describe this is-
sue, we define the concept of local scale invariance for scoring rules. A new
class of generalized proper kernel scoring rules is derived and as a member
of this class we propose the scaled CRPS (SCRPS). This new proper scor-
ing rule is locally scale invariant and, therefore, works in the case of varying
uncertainty. Like the CRPS, it is computationally available for output from
ensemble forecasts, and does not require the ability to evaluate densities of
forecasts.

We further define robustness of scoring rules, show why this also can be an
important concept for average scores unless one is specifically interested in
extremes, and derive new proper scoring rules that are robust against outliers.
The theoretical findings are illustrated in three different applications from
spatial statistics, stochastic volatility models and regression for count data.

Key words and phrases: Probabilistic forecasting, model selection, spatial
statistics, forecast ranking.

1. INTRODUCTION

A popular way of assessing the goodness-of-fit of sta-
tistical models is to quantify their predictive performance.
This is often done by evaluating the accuracy of point pre-
dictions using, for example, mean-squared errors between
the predictions and the observed data. However, one is
typically also interested in the ability to correctly quan-
tify the prediction uncertainty. To fully quantify the pre-
diction uncertainty, one must use the entire predictive dis-
tribution, which often is referred to as probabilistic fore-
casting. The main method for summarizing the accuracy
of probabilistic forecasts is to use averages of proper scor-
ing rules.

Informally, a scoring rule S(·, ·) is a bivariate function
that for a probability measure P, representing a forecast,
and an observed outcome y returns a real number S(P, y).
We use S(P,Q) to denote the expected value of S(P, y)
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when y ∼ Q. The scoring rule is said to be proper if
S(Q,Q) ≥ S(P,Q), and strictly proper if equality holds
if and only if P = Q (Gneiting and Raftery, 2007). Us-
ing a strictly proper scoring rule for forecast ranking has
the desirable property that, in the long run, the best fore-
cast is always the true distribution Q. This can be seen as
keeping the forecaster earnest, in the sense that he or she
should use the estimate of the probability distribution that
is being predicted to get the best expected score. Strictly
proper scoring rules also promote honesty among fore-
casters since predicting with the distribution they believe
to be true is the best long-term strategy given their beliefs.

Probabilistic forecasting, and the evaluation of such
forecasts through proper scoring rules, is used in a wide
range of applications, from climate and weather predic-
tion (Palmer, 2002, Bröcker, 2012, Haiden et al., 2019)
to finance and macroeconomics (Garratt et al., 2003,
Opschoor, van Dijk and van der Wel, 2017, Nolde and
Ziegel, 2017). Scoring rules are routinely used in spa-
tiotemporal statistics for model comparisons (Heaton
et al., 2019), and the development of new scoring rule
methods tailored for specific applications, such as ex-
treme value statistics (Lerch et al., 2017, Taillardat et al.,
2019), is an active research area. Over the past 30 years,
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the theory of forecast evaluation using proper scoring
rules has also advanced significantly; see Gneiting, Balab-
daoui and Raftery (2007) for a review, and see Gneiting
and Ranjan (2011), Parry, Dawid and Lauritzen (2012),
Dawid and Musio (2014), Dawid, Musio and Ventura
(2016) for more recent advancements in the field.

Throughout this work, we will mostly focus on the case
of univariate and real-valued forecasts, where three pop-
ular proper scoring rules are the log-score, the Hyväri-
nen score and the continuous ranked probability score
(CRPS). Variants of these have been used in several dif-
ferent fields of research and applications, such as elec-
tricity price forecasting (Nowotarski and Weron, 2018),
wind speed modeling (Baran and Lerch, 2016, Lerch and
Thorarinsdottir, 2013), financial prediction (Opschoor,
van Dijk and van der Wel, 2017), precipitation modeling
(Ingebrigtsen et al., 2015) and spatial statistics (Fuglstad
et al., 2015).

The log-score is defined as LS(P, y) = logf (y), where
f (·) denotes the density of P (Good, 1952, Bernardo,
1979), and has many desirable features (see, e.g., Roulston
and Smith, 2003). However, it has also been noted that
it lacks robustness (Gneiting, Balabdaoui and Raftery,
2007), which Selten (1998) denoted as being hypersen-
sitive. This is something that we will get back to later in
this work. The Hyvärinen score (Hyvärinen, 2005) is also
based on the density function of P, and is defined as

S(P, y) = −� logf (y) − 1

2

∣∣∇ logf (y)
∣∣2,

where ∇ is the gradient and � the Laplacian with respect
to y. This scoring rule is interesting since S(P, y) is un-
changed if one multiplies f by a constant. This means
that it can be computed without knowing the normalizing
constant of f , which Parry, Dawid and Lauritzen (2012)
denotes as being “homogeneous in the density function.”

The CRPS is defined as

CRPS(P, y) = −
∫ (

F(x) − 1(x ≥ y)
)2

dx

= 1

2
EP,P

[|X − Y |] − EP

[|X − y|],
(1)

where F(·) is the cumulative distribution function of P

(Gneiting and Raftery, 2007), and EP[g(X)] denotes the
expected value of a function g(X) of a random vari-
able X ∼ P. Furthermore, EP,Q[g(X,Y )] denotes the ex-
pected value of g(X,Y ) when X ∼ P and Y ∼ Q are
independent. It can be noted that the CRPS does not
require the ability to evaluate the density of the fore-
cast, and thus is ideal for ensemble forecasts. There-
fore, it is a main tool for verifying weather forecasts
for continuous data (Bröcker, 2012, Hagelin et al., 2017,
Descamps et al., 2015, Haiden et al., 2019).

Two important concepts in probabilistic forecast eval-
uation is sharpness and calibration. Calibration refers to

how similar the forecast P is to the true target Q, while
sharpness is a property of P only and describes how con-
centrated the prediction measure is. Whereas many com-
parative studies of the predictive performance of proba-
bilistic forecasts have focused on calibration (see, e.g.,
Moyeed and Papritz, 2002), Gneiting, Balabdaoui and
Raftery (2007) argued that there should be a greater fo-
cus on assessing also the sharpness, in particular, when
the goal is to rank probabilistic forecasts. They pro-
posed the paradigm of “maximizing the sharpness of
the predictive distribution subject to calibration” in or-
der to evaluate predictive performance. This means that
we want a forecast that has as small variability as pos-
sible while being calibrated. An important property of
proper scoring rules is that they can simultaneously ad-
dress calibration and sharpness. For example, the CRPS
can be written as CRPS(P, y) = ∫

BS(P, y) dy, where
BS(P, y) = −(F (x) − 1(x ≥ y))2 denotes the Brier score
(Brier et al., 1950), which can be decomposed into a
calibration term and a refinement term (Murphy, 1972,
DeGroot and Fienberg, 1983). Therefore, also the CRPS
can be decomposed similarly (Candille and Talagrand,
2005).

The predictive performance of a model for a set of
observations {yi}ni=1 is typically assessed using an aver-
age, also known as a composite (Dawid and Musio, 2014)
score

(2) Sn = 1

n

n∑
i=1

S(Pi , yi),

where Pi denotes the predictive distribution for yi based
on the model. These different predictive distributions
might, for example, be one-step-ahead predictions in a
time series model or leave-one-out cross-validation pre-
dictions for a model in spatial statistics. If S is a proper
scoring rule, then the average score is also proper. There-
fore, the use of average scores for model comparison is
natural, but we will show that it may lead to unintu-
itive forecast rankings if popular scoring rules such as
the CRPS or the Hyvärinen score are used. There are two
main reasons for this: First, there is always some degree of
model misspecification for the models that are compared,
and one model is rarely best for all observations. Second,
the predictive distributions typically vary between differ-
ent observations, and depending on the scoring rule, each
observation may therefore not be equally important for
the average score.

A situation where the latter problem occurs is when the
observations have varying degrees of predictability, which
often causes the variances of the predictive distributions
to be different. This, for example, occurs frequently for
weather and climate data, which have large spatial and
temporal variability in their predictability (Campbell and
Diebold, 2005). In this case, when evaluating the score of
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TABLE 1
Rankings of the forecasts for each score in Example 1. The value in the parentheses is the score value

Forecaster Density CRPS log-score Hyvärinen score

Ideal N(0, σ 2
i ) 1(−0.52) 1(−1.27) 1(0.76)

Climatological 7
8 N(0, 8

14 ) + 1
8 N(0, 8

2 ) 3(−0.55) 2(−1.36) 2(0.65)

Confident N(0, 8
14 ) 2(−0.54) 3(−1.52) 4(0.2)

Pessimistic N(0, 8
2 ) 4(−0.65) 4(−1.74) 3(0.22)

model through the average score (2), one does not eval-
uate a single predictive distribution, P, against a single
truth, Q, but rather a set of model-generated predictions
{Pi} against a set of truths {Qi}. This is an overlooked
factor in many applications of forecast evaluation through
the use of proper scoring rules. To illustrate this, we con-
sider the following simple example in the spirit of those
in Gneiting, Balabdaoui and Raftery (2007).

EXAMPLE 1. Suppose that nature generates data from
the model Yi |σ 2

i ∼ N (0, σ 2
i ), where the variance is given

by σ 2
i ∼ π(σ 2) = 7

8δ 8
14

(σ 2) + 1
8δ 8

2
(σ 2). There are four

different forecasters: The ideal forecaster P1
i =N (0, σ 2

i ),
the climatological forecaster (which uses the marginal
distribution) P2

i = ∫
N (0, σ 2)π(σ 2) dσ 2, the confident

P3
i = N (0, 8

14) and the pessimistic P4
i = N (0, 8

2). If a
proper scoring rule is used, the ideal forecaster should be
best in the long run; however, the ranking of the other
three will depend on which scoring rule that is used. We
generate 2000 observations and rank the forecasters us-
ing the three previously mentioned scoring rules through
average scores. The ranking is shown in Table 1. Note
that the CRPS ranks the confident forecaster as the sec-
ond best, whereas the Hyvärinen score ranks this as the
worst forecaster. Both the log score and the Hyvärinen
score ranks the climatological forecaster as second but the
Hyvärinen score ranks the pessimistic forecaster higher
than the confident.

The preferred ranking of the forecasters will naturally
depend on the context of how the forecasts are used, but
the forecast evaluator should be aware of the fact that
the use of a particular scoring rule implicitly will deter-
mine how important different observations are. To guide
the evaluator with respect to this, we will later introduce
the concept of scale functions of scoring rules.

One previously proposed strategy for handling situa-
tions with varying uncertainty is to use so-called skill
scores, which typically take the form (Sn − Sref

n )/Sref
n or

(Sn −Sref
n )/(S

opt
n −Sref

n ). Here, Sn is the score by the fore-
caster, Sref

n is a score for a reference method (Winkler,
1996) and S

opt
n is a hypothetical optimal forecast (Wilks,

2005, Chapter 7.1.4). This standardization may seem nat-
ural since the score equals 1 for the optimal forecast, is

positive whenever the forecaster is better than the ref-
erence and negative otherwise. It could also solve the
problem with varying predictability if this information is
present in the reference method. However, skill scores are
in general improper even if they are based on a proper
scoring rule (Murphy, 1973, Gneiting and Raftery, 2007).

The main focus of this work is to introduce proper al-
ternatives to skill scores. To that end, we will define and
analyze properties for average scoring rules in the case of
varying predictability by examining differently scaled ob-
servations and predictions. One of our main results is to
propose a method for standardizing proper scoring rules
in a way so that they remain proper. More specifically, the
main contribution of this work is twofold:

(i) We introduce two properties of scoring rules, which
are important if average scores are used for forecast eval-
uation: Local scale invariance and robustness. We show
that popular scoring rules such as the CRPS, the Hyväri-
nen score, the mean square error (MSE) and mean abso-
lute error (MAE) lack these properties and illustrate why
this can be a problem through several examples and ap-
plications in spatial statistics, regression modeling and fi-
nance.

(ii) We derive a new class of proper scoring rules that
share several good properties with the CRPS, such as
easy-to-use expressions, which facilitate straightforward
Monte Carlo (or ensemble) approximations of the scores
in cases when the density of the model is unknown.
Among these new scoring rules, which can be seen as gen-
eralizations of the proper kernel scores (Dawid, 2007), we
show that there are some special cases, which are scale
invariant and some that are robust, which solves the prob-
lems encountered in the above mentioned applications.

An example of a new proper scoring rule from the pro-
posed class is the scaled CRPS (SCRPS):

SCRPS(P, y)

= − EP[|X − y|]
EP,P[|X − Y |] − 1

2
log EP,P

[|X − Y |](3)

= −1

2

(
1 + CRPS(P, y)

CRPS(P,P)
+ log

(
2
∣∣CRPS(P,P)

∣∣)),

where the second equality is obtained using the definition
of the CRPS in (1). Compared to the CRPS, the SCRPS
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has the desirable property that the penalty of an incorrect
prediction, EP[|X−y|], is standardized by EP,P[|X−Y |].
This means that if the prediction expects a large uncer-
tainty, then the penalty of making a large error is down-
weighted. This is essential for being locally scale invari-
ant, which we show that the SCRPS is. Since the ex-
pectations used in CRPS and SCRPS are the same, one
can compute them equally easily for ensemble forecasts,
and in fact, from the second equality we see that we can
compute the SCRPS for any distribution where we can
compute the CRPS and its expectation. Thus, the SCRPS
is relatively easy to compute for many standard distribu-
tions, and as an example we provide analytic expressions
for Gaussian distributions in Appendix A.

The structure of the article is as follows. In Section 2
and Section 3, we respectively introduce the concepts of
local scale invariance and robustness for scoring rules,
and provide illustrative examples of why the lack of these
properties may lead to unintuitive conclusions when rank-
ing forecasts. In Section 4, we analyze the class of ker-
nel scores, which contains the CRPS as a special case, in
terms of robustness and local scale invariance. In the sec-
tion, we also propose a robust version of the CRPS. In
Section 5, a new general family of scoring rules, of which
the SCRPS is a special case, is introduced and analyzed in
terms of local scale invariance and robustness. Section 6
presents three different applications, which illustrate the
benefits of the new scoring rules. The article concludes
with a discussion in Section 7, and contains three Ap-
pendices with (A) formulas for the new scoring rules for
Gaussian distributions; (B) a characterization of scoring
rules in terms of generalized entropy and (C) proofs of
certain results.

2. LOCAL SCALE INVARIANCE OF SCORING RULES

In this section, we define the concept of local scale in-
variance of proper scoring rules. We begin by some mo-
tivating examples, then provide the mathematical defini-
tion and some properties, and finally provide a discussion
about local scale invariance and related concepts.

2.1 Motivation

As previously noted, the predictive measures Pi in (2)
often have varying uncertainty. Two common causes for
this are nonstationary models and irregularly spaced ob-
servation locations. In the case of varying uncertainty, the
magnitude of the value given by the scoring rule at each
location can depend on the magnitude of this uncertainty.
This is what we will refer to as scale dependence, or the
lack of local scale invariance.

If the average score (2) is used to compare the mod-
els, scale dependence will make the different observations
in the sum contribute differently to the average score. In
other words, the importance of the predictive performance

for the different observations will depend on how the scor-
ing rule depends on the uncertainty. This means that em-
phasis may be put on accurately predicting observations
with certain scales, which can cause unintuitive results.

EXAMPLE 2. Consider two Gaussian observations
Yi ∼ Qθi

= N(0, σ 2
i ), i = 1,2, with σ1 = 0.1 and σ2 = 1.

Assume that we want to evaluate a model, which has pre-
dictive distributions Pi = N(μ̂i, σ̂

2
i ) for Yi , using the av-

erage of a proper scoring rule 1
2S(P1, Y1) + 1

2S(P2, Y2).
Using the expressions in Appendix A, we compute the
expected average score when the CRPS, the log-score,
the SCRPS and Hyvärinen score are used, and investigate
how the average scores depend on the model parameters.
The top row of Figure 1 shows the results when the two
standard deviations, σ̂i , are varied while keeping μ̂i = 0
fixed. In the bottom row, the average scores are instead
shown as functions of μ̂i , while σ̂i = σi . To simplify in-
terpretation, the size of μ̂i is shown as a quantile of the
true distribution, that is, μ̂i = σi�

−1(pi) where pi is a
probability and � is the CDF of the standard Gaussian
distribution. In both rows, one can note that the average
CRPS is much more sensitive to relative errors in the sec-
ond variable, which has the higher variance. Thus, if we
would compare two competing models for this example
using the CRPS, the model which has the better predic-
tion for the second variable will likely win, even if it is
much worse for the first. As seen in the figure, this is nei-
ther the case for the log-score nor for the SCRPS, whereas
the Hyvärinen score is more sensitive to relative errors in
the first variable.

The example shows that, in the case of normal distribu-
tions, the CRPS, the Hyvärinen score, and the log-score
handle varying uncertainty (scaling) differently. For the
log-score, the average score is symmetric in the two ob-
servations, whereas the Hyvärinen score punishes errors
in the variable with smaller uncertainty more, and the
CRPS punishes errors in the variable with larger uncer-
tainty more. This has important implications for the case
when the average scores are used to evaluate statistical
models with dependence. For example, if different ran-
dom field models for irregularly spaced observations are
evaluated using leave-one-out cross validation, the predic-
tive distributions for locations that are far away from other
locations will have larger variances, and thus be more im-
portant when computing the average CRPS. Hence, it will
be most important to have small errors for observations
without any close neighbors, rather than giving accurate
predictions for locations where there is much data to base
the prediction on. We formalize these observations in the
following subsection and use them to give a definition of
local scale invariance.
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FIG. 1. Average expected CRPS, log-score, SCRPS and Hyvärinen score for two mean-zero normal distributions with σ1 = 0.1 and σ2 = 1. The
top row shows the values as functions of the relative errors in the standard deviations of the predictive distributions when the predictive model has
the correct mean value. The bottom row shows the values as functions of probabilities p1 and p2, when the predictive model has correct variances
but mean values μ̂i = σi�

−1(pi). The color scale for the Hyvärinen score has been truncated from below.

2.2 Definition and properties

In the Introduction, we gave an informal definition of
a scoring rule. We begin this subsection by formalizing
this notion and then define the concept of local scale in-
variance. Let R= [−∞,∞] denote the extended real line
and � a sample space. Further, let P be a set of proba-
bility measures on the measurable space (�,F), where
F denotes a σ -algebra of subsets of �. A scoring rule
S : P × � → R is a function of a probability measure
P ∈ P representing the forecast and an observed outcome
y ∈ � such that S(P, ·) is measurable for each P ∈ P (see,
e.g., Gneiting, Balabdaoui and Raftery, 2007). Recall that
S(P,Q) is the expected value of S(P, y) when y ∼ Q, and
that S is proper if S(Q,Q) ≥ S(P,Q) and strictly proper
if S(Q,Q) = S(P,Q) if and only if P= Q.

To analyze the issue of scale dependence, we consider
the scenario that the set of optimal predictive distributions
in (2) are location-scale transformations of some com-
mon base measure Q on (R,B(R)), where B(R) is the
Borel σ -algebra. That is, Yi ∼ Qθi

where θi = (μi, σi)

contains the location and scale parameters of the obser-
vations and Qθi

is the probability measure of the random
variable μi + σiZ where Z ∼ Q. We are, for example, in
this scenario whenever we are performing prediction for
Gaussian processes and random fields, which is a com-
mon scenario in spatiotemporal statistics. To investigate
scale dependence, it is enough to study how the scale af-
fects the score for one of the observations, so we therefore
drop the indexing by i and consider a generic location-
scale transformation Qθ of Q. If Q has a density q(·)
with respect to the Lebesgue measure, then Qθ has den-
sity q((· − μ)/σ)/σ .

DEFINITION 1. Let S be a scoring rule on P then
PS ⊆ P is the set of probability measures such that if
P ∈ PS and Q ∈ PS then |S(P,Q)| < ∞. For a set Q0
of probability measures, Q = {Qθ :Q ∈ Q0, θ ∈ R×R+}
is the set of probability measures which can be obtained
as location-scale transforms of measures in Q0.

At first sight, a natural way to remedy issues with vary-
ing scale is to require that the scoring rule is scale in-
variant in the sense that S(Pμ,σ ,Qμ,σ ) = S(P0,1,Q0,1).
However, for a scoring rule to have this property it needs
to disregard the sharpness of the forecast (Gneiting, Bal-
abdaoui and Raftery, 2007), and would therefore not be
ideal for ranking predictive distributions.

As an alternative, we propose the concept of local scale
invariance. In order to define this property, we examine
the geometry defined by the scoring rule. If S(Qθ ,Qθ ′) is
strictly proper on Q and twice differentiable with respect
to θ , then S(Qθ+dθ ,Qθ ) defines a continuous Riemannian
Metric on Q, so that locally

S(Qθ ,Qθ ) − S(Qθ+dθ ,Qθ ) = dθT s(Qθ ) dθ;
see, for example, Dawid and Musio (2014). Here, s(Qθ )

is a symmetric positive definite matrix satisfying that the
mapping θ 
→ s(Qθ ) is continuous. If S is proper but not
strictly proper, then we obtain a pseudo Riemannian met-
ric where s(Qθ ) is a positive semidefinite matrix. In any
case, we will refer to s(Qθ ) as the scale function of the
scoring rule S on Q and introduce the following defini-
tion of local scale invariance.

DEFINITION 2. Let S be a proper scoring rule with re-
spect to a class of probability measures P on (R,B(R)),
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and assume that Q0 is a set of probability measures such
that Q ⊆ PS (see Definition 1). If s(Qθ ) exists and satis-
fies s(Qθ ) ≡ 1

σ 2 s(Q(0,1)) for each Qθ ∈ Q, θ ∈ R × R+,
we say that S is locally scale invariant on Q.

Consider a situation where one makes a small location-
scale misspecification proportional to the scale of the true
distribution. Definition 2 then implies that, for a locally
scale invariant scoring rule, the difference in the score
between the correct and misspecified models should not
depend on the scale. To see this, let the predictive distri-
bution be Qθ+tσ δ , where θ + tσ δ = (μ+ tσ δ1, σ + tσ δ2)

for t > 0 and a direction δ = (δ1, δ2) with ‖δ‖ = 1. Con-
sidering how the scoring rule behaves as a function of the
shift size, t , we have as t ↘ 0,

S(Qθ ,Qθ ) − S(Qθ+tσ δ,Qθ ) = t2

2
σ 2δT s(Qθ )δ + o

(
t2)

.

Thus, if S is locally scale invariant, the misspecification
error is independent of the scale. We will discuss this
point further in Section 2.3.

In order to ensure the existence of the scale function, we
need some assumptions on the probability measure Qθ in
Definition 2. The following assumption (where the spe-
cific value of α varies with the scoring rule) is sufficient
for the scoring rules considered in this article.

ASSUMPTION 1. Q is a probability measure on
(R,B(R)) that has density exp(
) with respect to the
Lebesgue measure for some twice differentiable function

 such that EQ[
 ′(X)], EQ[
 ′′(X)], and EQ[(
 ′(X))2]
are finite. Further, there exists a constant α ≥ 0 such
that EQ[|X|α], EQ[|X|α+1
 ′(X)], EQ[|X|α+3
 ′′(X)]
and EQ[|X|α+3(
 ′(X))2] are finite.

This assumption is satisfied for all examples with con-
tinuous distributions we will study later on. However, it
should be noted that the assumptions are far from neces-
sary for the scoring rules considered and the correspond-
ing scale functions thus exist for a much larger class of
measures. Since our objective is to highlight the meaning
of the scale function rather than finding the largest class
of measures for which it exists, we will prove the results
under these assumptions to simplify the exposition. The
following result shows that the log-score is locally scale
invariant. It is proved in Appendix C.

PROPOSITION 1. Let Q denote a set of location-scale
transformations (see Definition 1) that satisfy Assump-
tion 1 with α = 0. Then the log-score has scale func-
tion s(Qθ ) = 1

σ 2 HQ on Q, where HQ is a 2 × 2 positive
semidefinite matrix independent of θ .

We will later show that the SCRPS also is locally scale
invariant, whereas the CRPS has a scale function that sat-
isfies s(Qθ ) = σs(Q). This difference in the scale func-
tion thus captures the behavior seen in Figure 1, in the

sense that the CRPS is sensitive to the scale of the ob-
servations whereas the SCRPS and the log-score are not.
It is also easy to see that the scale functions for the
proper scoring rules defining the MSE and MAE satisfy
sMSE(Qθ ) = σ 2sMSE(Q) and sMAE(Qθ ) = σsMAE(Q), re-
spectively. Hence, neither is locally scale invariant.

2.3 Local scale invariance and discriminatory power

When using a scoring rule to rank forecasts (or mod-
els), it is important to understand how it discriminates be-
tween models. The discriminatory power of a scoring rule
is large at θ in the direction δ when, for some small t > 0,

(4) S(Qθ ,Qθ ) − S(Qθ+tδ,Qθ ) ≈ t2

2
δT s(Qθ )δ

is large. In the case of varying scale, where we have a
set of probability measures {Qθi

}, the notion of a “small”
perturbation should be viewed relative to the scale of the
distribution for each i. If we would not do this, the lo-
cation and scale of Qθi+δt and of Qθi

can be orders of
magnitude apart for some i even if t > 0 is small. Thus,
to study the discriminatory power of a composite scoring
rule, it is natural to consider

1

n

n∑
i=1

[
S(Qθi

,Qθi
) − S(Qθi+σiδt ,Qθi

)
]

≈ t2

2
δT

(
1

n

n∑
i=1

σ 2
i s(Qθi

)

)
δ.

(5)

Using a scale invariant scoring rule means that it will
have an equal discriminatory power for each observation
in (5), since σ 2

i s(Qθi
) = s(Q). For the CRPS, one in-

stead has σ 2
i s(Qθi

) = σis(Q) (see Proposition 2), so that
the score has more discriminatory power for observations
with larger variability (the same holds for the MSE and
the MAE). The Hyvärinen score (if Q is a Normal dis-
tribution) has σ 2

i s(Qθi
) = 1

σ 2
i

s(Q), and the score hence

has more discriminatory power for observations where
the variability is small. Thus, the scale function captures
the estimation properties of the scores shown in Figure 1,
where the CRPS gives a large weight to the observation
with a large variance and the Hyvärinen score gives a
large weight to observation with a small variance.

This observation about discriminatory power goes be-
yond the location-scale parameter setting. Suppose, for
example, that we have AR(p) processes, Xt , and consider
one-step-ahead predictions so that the t :th prediction has
location parameter μt = ∑p

i=1 αiXt−i . If the innovation
process has a nonconstant variance, or if we do not start
the process in the stationary distribution, then the scale
parameter of the predictions will vary. Thus, if we use an
average score over the different predictions we expect the
score ruling to give discriminatory power to observations
as described above.
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These observations explain the results in the example in
Section 2.1, which shows a situation where one does not
want to use a scale dependent scoring rule. However, it is
also important to note that there are situations where scale
dependence can be a good property, if we indeed care
more about the discriminatory power for observations
with high variability. In any case, one should be aware of
the choice one is making when choosing a scoring rule for
ranking forecasts. For example, the CRPS punishes errors
linearly in scale, which implies that large errors (in abso-
lute terms) get punished more, while the SCRPS punishes
error in relative terms. This is seen clearly in Section 6.3
and Figure 7.

2.4 The relation to homogeneity

A property related to local scale invariance is homo-
geneity, which should not be confused with the con-
cept of homogeneity in the density function as intro-
duced by Parry, Dawid and Lauritzen (2012). A scor-
ing rule S is said to be homogeneous of order b if
S(P0,σ ,Q0,σ ) = σbS(P,Q) for all σ > 0 such that the
scale transformations P0,σ , Q0,σ of the probability mea-
sures P and Q are well-defined. Homogeneous scoring
rules have the desirable property that their rankings of
predictions are invariant under scaling (or change of unit
of the input). Patton (2011) and Efron (1991) noted the
importance of this property for the loss function in regres-
sion. It is easy to see that the CRPS is homogeneous of
order one.

When using scoring rules for ranking of forecasts only
the difference between the scores is relevant. Nolde and
Ziegel (2017) noted that this allows one to weaken the
homogeneity assumption. To make this precise, we intro-
duce the concept of difference homogeneity. A scoring
rule is difference homogeneous of order b on Q (see Def-
inition 1) if there exists a function h : R×R → R, which
may depend on Q, such that

S(P0,σ ,Q0,σ ) = σbS(P,Q) + h(σ, b) ∀P,Q ∈ Q.

One can relate this property to local scale invariance
when keeping the location parameter fixed: If the scoring
rule has a scale function s, then for each t > 0,

S(Q(0,σ ),Q(0,σ )) − S(Q(0,σ (1+t)),Q0,σ )

= σbS(Q,Q) − σbS(Q(0,(1+t)),Q)

= σbs(Q)
t2

2
+ o

(
t2)

.

Hence, at least for the scale parameter, a difference ho-
mogeneous scoring rule of order b has the scale function
s(Q(0,σ )) = σbs(Q). From this, it is also easy to see that
with respect to scaling (not location), a scoring rule that
is difference homogeneous of order b is locally scale in-
variant if and only if b = 0.

FIG. 2. Predictive distributions of two models, one shown in black
and one in red, for two variables Y1 (left) and Y2 (right). Observations
of each variable are shown in green.

3. ROBUSTNESS OF SCORING RULES

Besides scale dependence, another problematic sce-
nario is if the scoring rule is sensitive to outliers in the
data. In this case, the average score (2) may be heavily
affected by only a few predictions. The sensitivity to out-
liers can also give unintuitive results when using average
scores for rankings of forecasts, which is illustrated in the
following example.

EXAMPLE 3. Suppose that we have two competing
models for prediction of the two real-valued variables
Y1 and Y2. The first model (shown in black in Fig-
ure 2) has P1 = N(0,0.012) and P2 = N(5,0.82). The
second model (shown in red) has P1 = N(0,0.12) and
P2 = N(4.9,0.852). Assume that we observe y1 = 0 and
y2 = 0.5 and compute the average CRPS, log-score and
SCRPS for each model. The results are shown in Table 2.
The second model is chosen by the CRPS and by the log-
score, even though the first model is clearly more accurate
for the first variable and both models are similarly inaccu-
rate for the second. The reason for this somewhat unintu-
itive behavior for the CRPS is scale dependence, whereas
it is caused by outlier sensitivity for the log-score. The
SCRPS on the other hand chooses the first model.

The apparent higher sensitivity to outliers of the log-
score compared to the CRPS can result in rankings where
models with larger variances are favored, even though this
might not be optimal for most locations. This higher ro-
bustness of the CRPS has previously been noted (Gneiting
and Raftery, 2007), but a natural question is if this is

TABLE 2
Results for Example 3

Model 1 Model 2

CRPS LS SCRPS CRPS LS SCRPS

Y1 −0.002 3.69 1.53 −0.02 1.38 0.38
Y2 −4.05 −16.5 −4.93 −3.92 −14.15 −4.57
mean −2.02 −6.42 −1.70 −1.97 −6.38 −2.09
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true also for other distributions than the normal. To as-
sess this, we will study the behavior of the scoring rule
S(P, y) as |y| → ∞. The asymptotic rate of S will in
this case be a measure of the robustness of the scoring
rule, and to get a scoring rule, which is actually robust,
we require that S(P, y) remains bounded as y increases.
Formally, we use the following definition of robustness
of scoring rules. Here, we let f (x) � g(x) denote that
there exist constants 0 < c < C < ∞ and x0 > 0 such that
cg(x) ≤ f (x) ≤ Cg(x) for all ‖x‖ > x0.

DEFINITION 3. A scoring rule S on a normed space
(�,‖ · ‖�) is robust if S(P, y) is bounded as a function of
y for each P ∈ PS . If there exists a number αP ≥ 0 such
that |S(P, y)| � ‖y‖αP

� for a given P ∈ PS , then we say
that this scoring rule has model-sensitivity αP. If it exists,
the sensitivity index of S is defined as α = supP∈P αP.
Thus, if S has a sensitivity index α, it is robust if α = 0.

For � =R and a normal distribution P = N(μ,σ 2), the
log-score has model-sensitivity αP = 2. Hence, the log-
score is not robust. Using the expression of the CRPS for
the normal distribution from Appendix A, we get that the
model-sensitivity in this case is αP = 1. Thus, the CRPS
has a lower sensitivity than the log-score in the Gaussian
case, but it is not robust. In fact, it is not always the case
that the model-sensitivity is lower for the CRPS com-
pared to the log-score. A simple counter example is to
take P as the Laplace distribution, with |LS(P, y)| � y

and |CRPS(P, y)| � y.

REMARK 1. The boundedness of S(P, y) might not
be strictly necessary for applications, and one could
alternatively consider a relaxed notion of robustness
by assuming that the scoring rule is robust if it satis-
fies |S(P, y)| � log(‖y‖�). Also, note that S might be
bounded for all P ∈ PS even if there does not exists an αP

for some P. Thus, the existence of α in Definition 3 is not
necessary for robustness of S.

It is not difficult to see that our notion of robustness is
equivalent to requiring that the scoring rule has a bounded
influence function, which is a classical general definition
of robustness (Hampel, 1974). There are naturally other
possible definitions of robustness that could be consid-
ered. In particular, proper scoring rules are often used
for parameter estimation (see, e.g., Gneiting and Raftery,
2007, Dawid, Musio and Ventura, 2016), and for this sce-
nario one could alternatively use the classical notion of
B-robustness for M-estimators, which was discussed in
the context of parameter estimation via scoring rules by
Dawid, Musio and Ventura (2016). However, since our fo-
cus is not on the use of scoring rules for parameter estima-
tion, we will leave comparisons of our robustness notion
with B-robustness for future work.

4. KERNEL SCORES AND ROBUSTNESS

The CRPS is a special case of the larger class of ker-
nel scores, coined by Dawid (2007), which are created
using a negative definite kernel. A real-valued function
g on � × �, where � is a nonempty set, is said to be
a negative definite kernel if it is symmetric in its argu-
ments and if

∑n
i=1

∑n
j=1 aiajg(xi, xj ) ≤ 0 for all positive

integers n, all a1, . . . , an ∈ R such that
∑n

i=1 ai = 0, and
all x1, . . . , xn ∈ �. For Given a negative definite kernel,
the kernel score is created as in the following theorem by
Gneiting and Raftery (2007).

THEOREM 1. Let P be a Borel probability measure
on a Hausdorff space �. Assume that g is a nonnegative,
continuous negative definite kernel on � × � and let P
denote the class of Borel probability measures on � such
that EP,P[g(X,Y )] < ∞. Then

(6) Sker
g (P, y) := 1

2
EP,P

[
g(X,Y )

] − EP

[
g(X,y)

]
is a proper scoring rule on P .

One family of negative definite kernels that can be used
for � = R is gα(x, y) = |x −y|α for α ∈ (0,2], and we in-
troduce the shorthand notation Sker

α (P, y) for this choice.
Then CRPS(P, y) = Sker

1 (P, y).
We are now interested in whether the kernel scores are

locally scale invariant or robust. The robustness naturally
depends on the properties of the kernel g. Specifically, we
have the following theorem.

THEOREM 2. Let P be a Borel probability mea-
sure on a normed vector space (�,‖ · ‖�). Assume that
g is a nonnegative, continuous negative definite ker-
nel on � × �, such that g(x, y) = g0(‖x − y‖�), with
g0(x) � |x|α for some α > 0, and |EP[g0(‖X‖�)]| < ∞.
Then |Sker

g (P, y)| � ‖y‖α
�.

PROOF. The result follows if we bound (6) from
above and below by a finite constant plus a term that de-
cays as −‖y‖α

� when y → ∞. For this, we will use the
fact that for x, y ∈ � we have, by the definition of a neg-
ative definite kernel, that

2c1c2g(x, y) ≤ −c2
0g(0,0) − c2

1g(x, x) − c2
2g(y, y)

− 2c1c0g(x,0) − 2c2c0g(y,0)
(7)

for any constants c0, c1, c2 with c1 + c2 + c0 = 0. For the
lower bound, let c1 = c2 = 1 and c0 = −2. Then (7) gives
that g(x, y) ≤ −3g0(0)+ 2g0(‖x‖�)+ 2g0(‖y‖�). From
this, we obtain the bounds

|EP,P[g(X,Y )]| ≤ 3|g0(0)| + 4|EP(g0(‖X‖�))| < ∞,

and

EP

[
g(X,y)

] ≤ −3g0(0) + 2EP

(
g0

(‖X‖�

)) + 2g0
(‖y‖�

)
.
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This gives that

Sker
g (P, y) ≥ 1

2
EP,P

[
g(X,Y )

] + 3g0(0)

− 2EP

(
g0

(‖X‖�

)) − 2g0
(‖y‖�

)
,

(8)

and since g0(‖x‖�) � ‖x‖α
� we have found a lower bound

satisfying our requirement.
To derive an upper bound, let c0 = c2 = 1 and c1 = −2.

Then (7) gives that

g(x, y) ≥ 1.5g0(0) − g0
(‖x‖�

) + 0.5g0
(‖y‖�

)
,

and we get

Sker
g (P, y) ≤ 1

2
EP,P

[
g(X,Y )

] − 1.5g0(0)

+ EP

(
g0

(‖X‖�

)) − 0.5g0
(‖y‖�

)
.

(9)

Thus we have found a upper bound satisfying our require-
ment. �

The theorem shows that Sker
α is not a robust scoring rule.

However, we may modify the kernel in order to make it
robust. For example, we have the following result.

COROLLARY 1. Let � = R and for c > 0 define

(10) gc(x, y) =
{|x − y| |x − y| < c,

c otherwise.

Then the robust CRPS (rCRPS), which is defined as
Sker

1,c(P, y) := Sker
gc

(P, y), is a proper scoring rule on the
class of Borel probability measures on R.

PROOF. By the definition of a negative definite ker-
nel, one has that a function g(x, y) is negative definite if
it can be written as r(x, x) + r(y, y) − 2r(x, y) where
r(x, y) is positive definite. We indeed have this repre-
sentation since gc(x, y) = rc(x, x) + rc(y, y) − 2rc(x, y)

where rc(x, y) = 0.5(c − |x − y|)+ is the positive def-
inite triangular covariance function. The result therefore
follows from Theorem 1 since EP,P[gc(X,X)] ≤ c. �

The constant c here defines a limit where deviations
are not further punished. Analytic expressions for this
score in the case of the Gaussian distribution are given in
Appendix A. Naturally, many other robust scoring rules
can be constructed by replacing the triangular correlation
function with some other compactly supported correlation
function.

The next question is whether the kernel scores, robust or
not, are scale invariant. The following proposition shows
that Sker

α is scale dependent.

PROPOSITION 2. Let � = R and assume that Q is
a set of location-scale transformations (see Definition 1)
satisfying Assumption 1 for α ∈ (0,2]. Then the scale
function of Sker

α on Q is

s(Qθ ) = σα−2s(Q, r) = σα−2EQ,Q

[
Hα

Q(X,Y )
]
,

where Hα
Q(X,Y ) is a 2 × 2 positive semidefinite matrix

independent of θ .

The proof is given in Appendix C. For the robust CRPS,
we have the following result, which also is proved in Ap-
pendix C.

PROPOSITION 3. Let � = R and assume that Q is
a class of probability measures Qθ , which are location-
scale transformations satisfying Assumption 1 for α = 1.
Then the scale function of Sker

1,c on Q is

s(Qθ ) = σ−1EQ,Q

[
HQ(X,Y )I

(
|X − Y | < c

σ

)]
,

where HQ(X,Y ) is a 2 × 2 positive semidefinite matrix
independent of θ .

This result implies that when applying Sker
1,c in a situa-

tion with varying σ , that is, the true predictive distribution
has varying scale, observations with large values of σ will
be less important since c is fixed. Note that it is not possi-
ble to set c to depend on θ since it is unknown. This im-
plies that the robustness will protect against outliers that
are large on an absolute scale of the predictive measure,
but it cannot protect against outliers for predictions where
σ is small, that is, outliers on a relative scale.

In order to make the scoring rule robust against outliers
of Qθ , the bound would need to be scaled with σ , which as
mentioned above is unknown a priori. It is to the authors’
knowledge an open question how to create a proper scor-
ing rule that protects against outliers in Qθ . One option
that could work in practice is to set c dependent on some
reference predictive distribution. Since c should only pro-
tect against outliers it does not seems as invasive as scal-
ing the actual scoring rule with a reference score, but is
nevertheless still problematic.

5. GENERALIZED KERNEL SCORING RULES

In the previous section, we saw that one could make the
kernel scores robust by adjusting the kernel, but that they
in general are scale dependent. Because of this, we now
want to construct a new family of scoring rules, which
can be made locally scale invariant. This is done in the
following theorem, where the generalized proper kernel
scores are introduced.

THEOREM 3. Let P be a Borel probability measure
on a Hausdorff space �. Assume that g is a nonnegative,
continuous negative definite kernel on �×� and that h is
a monotonically decreasing convex differentiable function
on R+. Let GP,Q := EP,Q[g(X,Y )] and GP := GP,P, then
the scoring rule

(11) Sh
g (P, y) = h(GP) + 2h′(GP)

(
EP

[
g(X,y)

] − GP

)
is proper on the class of Borel probability measures on �,
which satisfy GP < ∞.
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PROOF. For two measures P and Q in the class of
Borel probability measures on �, which satisfy GP < ∞,
we need to establish that Sh

g (Q,Q) ≥ Sh
g (P,Q). By Berg,

Christensen and Ressel (1984, Theorem 2.1, p. 235), we
have that GP,Q ≥ 1

2(GP + GQ). Using this result and that
h′(GP) < 0, it follows that

2h′(GP)(GP,Q − GP) ≤ h′(GP)(GQ − GP).

With this result and the fact that h is convex (Boyd and
Vandenberghe, 2004, Section 3.1.3 p. 69), we get

Sh
g (P,Q) ≤ h(GP) + h′(GP)(GQ − GP)

≤ h(GQ) = Sh
g (Q,Q). �

It should be noted that the idea of the theorem is sim-
ilar to the construction of the supporting hyperplane in
Dawid (1998, p. 22). Furthermore, the theorem could be
generalized slightly by not requiring that g is a continu-
ous negative definite kernel but rather a function satisfy-
ing g(x, y) ≤ 1

2(g(x, x) + g(y, y)).
Clearly, the class of generalized proper kernel scores

Sh
g contains the regular proper kernel scores as a special

case, obtained by choosing h(x) = −x/2. These scoring
rules thus have the least convex (as it both convex and
concave) and, therefore, fastest declining h possible (up
to a scaling factor). Further, choosing g(x, y) = |x − y|
and h(x) = −1

2x for � = R one obtains the CRPS. With
h(x) = −1

2 log(x), the proper scoring rule is given by

S
− 1

2 log(x)
g (P, y) = −1

2
log(GP) − EP[g(X,y)]

GP

+ 1.

Due to the second term in this expression, we will refer
to it as the standardized kernel scoring rule with kernel g,
denoted Ssta

g (P, y) for short.
There are of course a myriad of options for h. An in-

teresting option is h(x) = −√
x, which should act sim-

ilarly to the standardized kernel score. This flexibility is
important since it allows for a wide range of generalized
entropy terms, corresponding to different penalties for a
priori uncertainty, while remaining proper scoring rules;
see Appendix B.

As for the usual kernel scores, gα(x, y) = |x − y|α for
α ∈ (0,2] is a natural choice of kernel for � = R, and we
introduce the shorthand notation Ssta

α (P, y) := Ssta
gα

(P, y)

for the corresponding standardized kernel scoring rule.
The special case Ssta

1 (P, y) is interesting since it provides
a standardized analogue to the CRPS, which is the moti-
vation for the SCRPS in (3). Using that SCRPS = 1+Ssta

1 ,
where Ssta

1 (P, y) is proper by Theorem 3, we get the fol-
lowing result.

COROLLARY 2. The SCRPS defined in (3) is a proper
scoring rule on the class P1 of Borel probability measures
on � = R with EP[|X|] < ∞.

Note also that, since EP,P[(X − Y)2] = 2VP[X], where
VP[X] denotes the variance of the random variable X ∼ P,

Ssta
2 (P, y) = 1 − 1

2
log

(
2VP[X]) − EP[(X − y)2]

2VP[X]

= −(y − EP[X])2

2VP[X] − 1

2
log

(
VP[X]) + C,

which is the Dawid–Sebastiani score (Dawid and Sebas-
tiani, 1999) up to an additive constant C = 1

2(1 − log(2)).
The following proposition shows the local scale invari-
ance of Ssta

α for any α ∈ (0,2].
PROPOSITION 4. Let � = R and assume that Q is a

class of location-scale transformations (see Definition 1)
satisfying Assumption 1 for α ∈ (0,2]. Then Ssta

α has
scale function s(Qθ ) = 1

σ 2 EQ,Q[Hα
Q(X,Y )] on Q, where

Hα
Q(X,Y ) is a 2 × 2 positive semidefinite matrix indepen-

dent of θ .

The proof is given in Appendix C. The robustness of the
standardized kernel scores is clearly equal to that of the
corresponding kernel score. Therefore, Ssta

α has the same
robustness properties as Sker

α . We formulate this as a the-
orem.

THEOREM 4. Let P be a Borel probability measure on
a normed vector space (�,‖·‖�). Assume that g is a non-
negative, continuous negative definite kernel on � × �,
such that g(x, y) = g0(‖x − y‖�), with g0(x) � |x|α for
some α > 0, and EP[g0(‖X‖�)] < ∞. Then Ssta

g satisfies
|Ssta

g (P, y)| � ‖y‖α
�.

The proof is omitted as it is almost identical to that of
Theorem 2.

Another interesting scoring rule for � = R is the stan-
dardized kernel score, which uses the kernel (10), that we
denote as rSCRPS or Ssta

1,c, where c is the constant in the
function gc. It could be thought of as a robust version of
the SCRPS, but it should be noted that it cannot be locally
scale invariant by the same reasons as for the rCRPS. We
will however later use this in one of the applications as an
option that protects against outliers but has better scaling
properties than the CRPS.

So far, we have only considered how to formulate scale
invariant versions of kernel scores. However, there exists
several other popular scoring rules, such as the continu-
ous ranked logarithmic score (Juutilainen, Tamminen and
Röning, 2012, Tödter and Ahrens, 2012), which are not
defined through kernels like the CRPS. It might not be
clear whether they are scale invariant, and Theorem 3 can-
not be directly used to create standardized versions. How-
ever, in those cases, the following result can instead be
used. The theorem defines a transformation of a negative
proper scoring rule, that is still a proper scoring rule and
which, at least intuitively, should be less scale dependent.
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TABLE 3
Summary of local scale dependence and robustness properties for

various scoring rules

Scoring rule Locally scale invariant Robust

CRPS No No
SCRPS Yes No
rCRPS No Yes
rSCRPS No Yes
log-score Yes No
Dawid–Sebastiani Yes No
Hyvärinen No No

THEOREM 5. Let � be a Hausdorff space and let S

denote a scoring rule that is proper on a class of Borel
probability measures P ⊂ PS on � such that S(P, y) < 0
for all P ∈P and y ∈ �. Then

Strans
S (P, y) := S(P, y)

|S(P,P)| − log
(∣∣S(P,P)

∣∣)
is also a proper scoring rule on P . Further, if S is strictly
proper on P , then so is Strans

S .

PROOF. Let Q,P ∈ P . Since S is a proper scoring
rule, we have that

Strans
S (P,Q) = S(P,Q)

|S(P,P)| − log
∣∣S(P,P)

∣∣
≤ S(Q,Q)

|S(P,P)| − log
∣∣S(P,P)

∣∣.
If S is strictly proper, the inequality is strict unless P =Q.
Now since for c < 0 the function c

x
− log(x) attains its

maximum value (−1 − log |c|) at x = −c it follows that

S(Q,Q)

|S(P,P)| − log
∣∣S(P,P)

∣∣ ≤ S(Q,Q)

|S(Q,Q)| − log
∣∣S(Q,Q)

∣∣
= Strans

S (Q,Q). �
Note that the Dawid–Sebastiani score is obtained by ap-

plying Theorem 5 to the MSE S(P, y) = (EP[X] − y)2. If
one instead applies the theorem to the CRPS, the result is
a constant plus two times the SCRPS defined in (3). This
serves as another motivation for why the SCRPS can be
seen as a standardized version of the CRPS. Further, the
theorem strengthens Corollary 2 since it shows that the
SCRPS in fact is strictly proper on P1.

We end this section by summarizing the scale depen-
dence and robustness properties of the various scores that
we have discussed in Table 3, where robustness of the log-
score and Hyvärinen score depends on the distribution.

6. APPLICATIONS

6.1 A stochastic volatility model

In this application, we want to highlight the difference
between locally scale invariant and scale dependent scor-
ing rules when there is variability in the scaling of the

FIG. 3. A realization of the volatility x (left), and the observations of
the model y (right).

data, which is caused by the model. Consider the follow-
ing stochastic volatility model (Shephard, 1994):

Xt = aXt−1 + εX
t ,

yt = εY
t exp(Xt),

for t = 1,2, . . . , where εX
t ∼ N(0, σ 2

X) and εY
t ∼ N(0, σ 2

Y ),
with a = 0.95, σY = 1 and σX = 0.5.

Figure 3 displays realizations of Yt and Xt . Although
the observations are equally spaced, the varying volatility
will result in that the proper scoring rules will put differ-
ent importance on the different observations. We explore
the model under a simplified assumption that we observe
Xt and want to predict yt , which simplifies the analysis
without altering the message that we want to convey.

To see how the stochastic volatility affects forecast
rankings, we compare how often the average score for
each scoring rule is higher for the correct model com-
pared to models with misspecified σY . We simulate 500
different realizations of the volatility model, where each
simulation is a time series of length 600. The left panel of
Figure 4 shows the percentage of these realizations where

FIG. 4. Percentages of times the true model, with σ̂Y = σY for
σY = 1, is selected over two alternative models with σ̂Y = σY ± �,
for four different scoring rules (left), and the percentages of times the
true model is found to be significantly better than the alternatives us-
ing a Diebold–Mariano test with α = 0.05 (right). Note that curves go
to zero as � → 0 for each scoring rule since for each fixed set of ob-
servations, the value of σ̂Y that minimizes the average score is never
exactly equal to σY and if it is outside the interval [σY − �,σY + �]
then one of the alternative models will have the best average score.
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the correct model, with σ̂Y = σY , is chosen (has the largest
average score) for the different scoring rules. The right
panel of Figure 4 shows the percentage of these realiza-
tions where the correct model was significantly better then
the alternative using a Diebold–Mariano test (Diebold and
Mariano, 1995). As alternative models in the compari-
son, one with σ̂Y = σY + � and one with σ̂Y = σY − �

are used. The figure shows the results as functions of
� ∈ (0,0.5). Note that the SCRPS and the log score are
virtually identical whereas both the CRPS and the Hyväri-
nen performs considerably worse in finding the true pa-
rameter. This pattern is even stronger when considering
how often the model with true parameter is significantly
better than the others. Further comparisons for this exam-
ple can be seen in Appendix B. It should be noted here
that, since all scores are proper, the probability of choos-
ing the correct model will converge to one as the length of
the series goes to infinity. However, these preasymptotic
differences can have a big effect on applications with lim-
ited amounts of data.

6.2 An application from spatial statistics

A common use of proper scoring rules is to evalu-
ate the predictive performance of random field models
in spatial statistics. As an illustration of this, we gener-
ate n = 100 observations yi = X(si ), i = 1, . . . , n of a
mean-zero Gaussian random field with a Matérn covari-
ance function Cov

(
X(s),X

(
s′)) = C

(∥∥s − s′∥∥;
)
with

C
(
h;
) = σ 2

2ν−1(ν)

(
κh

)ν
Kν

(
κh

)
.

Here, 
 = (κ, σ, ν) is a vector with the parameters of the
model, which we set to values that could occur in appli-
cations. Specifically, we use (50,1,3) so that the field has
variance 1, is two times mean-square differentiable and
has a practical correlation range of approximately 0.1. A
simulation of the model is shown in Figure 5, which also
shows an example of the observation locations si drawn
at random from a uniform distribution on [0,1] × [0,1].
For more details about spatial statistics and spatial pre-
diction using Gaussian random fields, see, for example,
Zimmerman and Stein (2010).

For a model with parameters 
∗, we use the aver-
age score (2) in a leave-one-out cross-validation scenario
as a measure of the predictive quality. That is, in (2),
Pi = N(μi(


∗), σ 2
i (
∗)) is the conditional distribution

of Xi given given all data except that at location si , which
we denote by y−i . If we let � denote the covariance ma-
trix of y−i , and let c be a vector with n − 1 elements
{C(‖si − sj‖;
∗), j �= i}, the parameters of the predic-
tive distribution are obtained as μi(


∗) = cT �−1y−i and
σ 2

i (
∗) = σ 2 − cT �−1c. One can note that σ 2
i (
∗) de-

pends on the spatial configuration of the observation lo-
cations, where prediction locations close to observation
locations will have lower variances.

FIG. 5. A Gaussian random field simulation (left) and observation
locations (right).

Scale dependence of scoring rules increases the vari-
ance of the values for large distances, which may result
in a larger variance of the average score. That the aver-
age CRPS has a larger variance than the average SCRPS
means that it could be more likely that Sn(
) < Sn(


∗)
even if the data is generated using the parameters 
 . That
is, it is more likely that the incorrect model choice is made
if the average score is used for model selection. This is il-
lustrated in the top left panel of Figure 6, which shows the
proportion of times that Sn(
) > Sn(


∗) as a function of
� when 
∗ = (κ ± �,σ, ν) and n = 100 observations is
generated using the parameters 
 = (κ, σ, ν) = (50,1,3).
The top right panel shows the same result with n = 200
observations. In both cases, the results are shown for the
CRPS, the SCRPS and the log-score, as well as the robust
versions of the CRPS and the SCRPS with a limit value
c = 2. This limit value is equal to two times the variance
of the field and is thus a quite high value given that the
predictive variances often will be much lower than this.
The limit should therefore not affect the predictions ex-
cept at the locations close to potential outliers. One can
note that, compared to the CRPS and the robust CRPS,
the log-score, the SCRPS and the robust SCRPS more of-
ten make the correct model choice for a given value of �.
One can also note that the robust scores in this case per-
form similar to the regular scores, since the value of c is
rather high and since there are no outliers. The results are
based on 2000 different simulations of the field X and the
observation locations when n = 100 and on 1000 simula-
tions when n = 200.

To illustrate why the robust scores may be useful, we
redo the same simulation study with only one difference:
For one of the observations yi , chosen at random, we add
a N(0,52) variable, which thus makes this observation an
outlier that does not follow the assumed model. The lower
row of Figure 6 shows the results for this case. One can
note that the outlier makes it more likely to choose in-
correct model, but that this effect is reduced if the robust
scores are used. In summary, if one were to choose one
scoring rule to use for this type of data, where outliers
may be present, the robust SCRPS is likely a good choice
since it performs well both with and without outliers.
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FIG. 6. Percentages of times the correct model,with κ = 50, is se-
lected instead of models with κ = 50 ± � for different scoring rules.
The results are based on n = 100 observations and 2000 simulations
to the left, and n = 200 observations and 1000 simulations to the right.
In the top row, the data does not have any outliers, whereas it has one
outlier in the bottom row.

6.3 Negative binomial regression

As a final application, we consider a negative-binomial
regression model from an application in Space Syntax re-
search (Hillier et al., 1993). The application is described
in detail in Stavroulaki et al. (2019). The data we consider
consist of daily counts of the number of pedestrians that
walked on 227 different street segments in Stockholm,
Sweden. The data can be explored in the web application
(Berghauser Pont et al., 2019), and we refer to Stavroulaki
et al. (2019) and Berghauser Pont, Stavroulaki and Mar-
cus (2019) for details about how the data were collected.
The goal is to explain the number of pedestrians walk-
ing on a given street through covariates in a regression
model. If such a model fits well, it could, for example, be
used to predict the number of pedestrians in new neigh-
borhoods that are planned to be built in the city. Since the
observations are counts, a reasonable model is a negative-
binomial regression model. We assume that the observed
count at street segment i has a negative binomial distri-
bution, Yi ∼ nBin(μi, s), where μi is the expected value
of Yi and s > 0 is a dispersion parameter that controls the
variance of Yi , which is V(Yi) = μi + μ2

i /s. The mean is
modeled as

(12) log(μi) =
K∑

k=1

θkXk,i,

where Xk,i is the value of the k:th covariate at street seg-
ment i, and θk is the corresponding regression coefficient.

FIG. 7. CRPS and SCRPS shown against scaled and unscaled resid-
uals. The size and color of the points are determined by the expected
value of the predictor.

We have nine covariates: 1) the weekday the measurement
was taken; 2) the number of schools within 500 m walking
distance to the street segment; the number of public trans-
port nodes 3) on the street segment and 4) within 500 m
walking distance to the street segment; the number of lo-
cal markets such as shops and cafés 5) on the street seg-
ment and 6) within 500 m walking distance to the street
segment; as well as three covariates that related to the cen-
trality of the street in the street network and the density
of the buildings around the street (see Stavroulaki et al.,
2019, Berghauser Pont, Stavroulaki and Marcus, 2019, for
further details).

We fit the model to the data using the R function
glm.nb function from the MASS package (Venables and
Ripley, 2002), and compute the CRPS and SCRPS value
for each observation based on the model.

In Figure 7, the values of the scoring rules for each
observation are plotted against the residuals, ei and the
scaled residuals, es

i , defined as

ei = |yi − μ̂i |, and es
i = ei

σ̂i

= |yi − μ̂i |√
μ̂i + μ̂2

i /ŝ
,

where ŝ is the estimated dispersion parameter and μ̂i is
given by (12) with the estimated regression parameters.
In the figure, the size and color of each observation is de-
termined by μ̂i , and one can note that the large (in ab-
solute value) CRPS values mostly coincide with obser-
vations that have large residuals, while the large SCRPS
values mainly occur for observations with large values of
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FIG. 8. The average score of the k smallest observations divided by
the total average score.

the standardized residuals. For the residuals, one can see a
linear tendency for the CRPS and a logarithmic tendency
for the SCRPS. These are the data-free, entropy compo-
nents of the scores – log(EP,P[|X − Y |]) for SCRPS and
EP,P[|X − Y |] for CRPS, which are given in detail in Ap-
pendix B. This is a clear example of scale dependence,
where the values for streets with high expected counts will
be much more important than streets with low counts for
the average CRPS whereas they will have a more even
importance for SCRPS.

Obviously, one should be careful with using average
CRPS in this case, since a single observation might drasti-
cally change the average score. To illustrate this, we com-
pute the average CRPS of the k observations with small-
est values of μi and divide this number for each k by the
average CRPS for all observations. The result is shown
as a function of k in Figure 8, where we also show the
same values for the SCRPS. One can note that removing
around 20 of the observations with the largest values of μi

reduces the average CRPS by half, whereas the SCRPS is
much less sensitive to the removal of observations.

7. DISCUSSION

We have illustrated how scoring rules such as the
CRPS, the Hyvärinen score, the MSE and the MAE are
scale dependent and why this may lead to unintuitive
model choices when used for forecast rankings and model
selection. In such situations, it may be better to use lo-
cally scale invariant scores such as the SCRPS from our
proposed family of generalized proper kernel scores, as
we showed in three applications. An important property
of the generalized proper kernel scores is that they are as
easy to compute as the CRPS, and that they can be ap-
proximated through Monte Carlo integration in the same
way as for the CRPS for models without analytic expres-
sions for the scoring rules.

An advantage with CRPS is that it allows for compari-
son with deterministic prediction models. This is not pos-
sible for SCRPS since it requires positive variance of the

distributions to be finite. It further may cause problems
for ensemble forecasts if the different forecasts happen to
be equal (so that their empirical variance is zero). An al-
ternative scoring rule that could be used in this case is a
generalized kernel score with h(x) = −1

2 log(x + γ ) for
some γ > 0 as h-function. The result of the scoring rule
will then depended on the choice of the truncation param-
eter γ , which needs to be set by the user, and we leave
investigations of how to best do that for future research.

We defined the concept of local scale invariance in the
case of location-scale transformations. This allowed for
a relatively simple mathematical analysis of the prob-
lematic scale dependence that is encountered for the
CRPS. This means that our definition of scale dependence
was not strictly applicable in the final application with
the negative-binomial distribution, since it does not have
scale and location parameters. Nevertheless, we saw that
the scaling issue remained the same. A natural extension
is to extend the concept of local scale invariance to other
classes of distributions, such as the negative binomial, that
cannot be seen as location-scale transformations.

Another issue that we have not addressed is that there
is typically dependence between the predicted observa-
tions that are used in the average. How to take this depen-
dence into account when comparing models is an inter-
esting topic for future research, and we believe that scale
dependence will be an important issue to consider also in
that scenario.

We introduced the concept of robustness for scoring
rules by requiring that S(P, y) is bounded as y → ∞ in
order for the score to be robust. An interesting question
for future research is whether it is possible to create a
scoring rule that is both robust and locally scale invari-
ant. Our conjecture is that this is not possible with our
current notion of robustness. It would also be interesting
to compare our notion of robustness with other classical
definitions of robustness in the literature. As previously
mentioned, proper scoring rules are often used for param-
eter estimation and for this scenario it will be interesting
to compare our definition of robustness with the classical
notion of B-robustness for M-estimators. It would also be
interesting to investigate the effect that local scale invari-
ance has on parameter estimation in future work.

APPENDIX A: ANALYTIC EXPRESSIONS IN THE
GAUSSIAN CASE

For a Gaussian distribution, we have

Sker
1

(
N

(
μ̂, σ̂ 2)

, y
) = σ̂√

π
− 2σ̂ ϕ

(
y − μ̂

σ̂

)

− (y − μ̂)

(
2�

(
y − μ̂

σ̂

)
− 1

)
,

where ϕ(x) and �(x) denote the density function and cu-
mulative distribution function of the standard normal dis-
tribution, respectively (Gneiting and Raftery, 2007). This
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follows directly from the definition of the score as a kernel
score with kernel g(x, y) = |x − y| in combination with
the fact that

(13) EN(μ,σ 2)

[|X|] = 2σϕ

(
μ

σ

)
+ μ

(
2�

(
μ

σ

)
− 1

)
.

In a similar way, we can show the following proposition
that provides expressions for the generalized kernel scores
corresponding to the SCRPS, the robust CRPS and the
robust SCRPS.

PROPOSITION 5. In the case of Gaussian a distribu-
tion P = N(μ̂, σ̂ 2), one has

Ssta
1 (P, y) = −√

πϕ(ẑ) −
√

πẑ

2

(
2�(ẑ) − 1

)

− 1

2
log

(
2σ̂√
π

)
,

Sker
1,c (P, y) = 1

2
E(

√
2σ̂ , c) − E(μ̂ − y, σ̂ , c),

Ssta
1,c(P, y) = −E(μ̂ − y, σ̂ , c)

E(
√

2σ̂ , c)
− 1

2
logE(

√
2σ̂ , c),

where ẑ = μ̂−y
σ̂

and E(σ, c) := E(0, σ, c) with

E(μ,σ, c) = σ

(
2ϕ

(
μ

σ

)
− ϕ

(
c − μ

σ

)
− ϕ

(
c + μ

σ

))

− μ + (c − μ)�

(
μ − c

σ

)

+ 2μ�

(
μ

σ

)
+ (μ + c)�

(−c − μ

σ

)
.

PROOF. The desired formula for Ssta
1 is obtained by

using the definition of Ssta
1 in (11), with g(x, y) = |x −y|,

together with (13). To get the result for the robust scores,
note that if X ∼ N(μ,σ 2), then∫ b

a
xπX(x) dx

= σ

(
ϕ

(
a − μ

σ

)
− ϕ

(
b − μ

σ

))

+ μ

(
�

(
b − μ

σ

)
− �

(
a − μ

σ

))
.

(14)

Further, with gc(x) = 1(|x| < c)|x|+c1(|x| ≥ c) we have

E(μ,σ, c) := E
[
gc(X)

]
= c

(
P(X ≤ −c) + P(X ≥ c)

)
+

∫ c

−c
|x|πX(x) dx := cA + B.

Here, A = �(
−c−μ

σ
) + �(

μ−c
σ

), and using (14) we get

B =
∫ c

0
xπX(x) dx −

∫ 0

−c
xπX(x) dx

= σ

(
2ϕ

(−μ

σ

)
− ϕ

(
c − μ

σ

)
− ϕ

(−c − μ

σ

))

+ μ

(
�

(
c − μ

σ

)
+ �

(−c − μ

σ

)
− 2�

(−μ

σ

))
.

Thus,

cA + B = σ

(
2ϕ

(
μ

σ

)
− ϕ

(
c − μ

σ

)
− ϕ

(−c − μ

σ

))

+ μ + (c − μ)�

(
μ − c

σ

)
− 2μ�

(−μ

σ

)

+ (μ + c)�

(−c − μ

σ

)
.

Now, with X ∼ N(0,2σ̂ 2) and Xy ∼ N(μ̂ − y, σ̂ 2), we
have

Sker
1,c (P, y) = 1

2
E
[
gc(Xy)

] − 1

2
E
[
gc(X)

]

= 1

2
E(0,

√
2σ̂ , c) − E(μ̂ − y, σ̂ , c),

Ssta
1,c(P, y) = −E[gc(Xy)]

E[gc(X)] − 1

2
log

(
E
[
gc(X)

])

= −E(μ̂ − y, σ̂ , c)

E(
√

2σ̂ , c)
− 1

2
logE(

√
2σ̂ , c).

�
In Example 2, we showed the expected value of the

CRPS and SCRPS when Y followed a Gaussian distri-
bution. Those values were computed using the following
proposition.

PROPOSITION 6. Let μd = μ− μ̂ and σ 2
d = σ̂ 2 +σ 2,

then for P = N(μ̂, σ̂ 2) and Q= N(μ,σ 2),

Sker
1 (P,Q) = σ̂√

π
− 2σdϕ

(
μd

σd

)
+ μd − 2μd�

(
μd

σd

)
,

Ssta
1 (P,Q) = −

√
π

σ̂

(
σdϕ

(
μd

σd

)
− μd

2

+ μd�

(
μd

σd

))
− 1

2
log

(
2σ̂√
π

)
,

Sker
1,c (P,Q) = 1

2
E(0,

√
2σ̂ , c) − E(μd,σd, c),

Ssta
1,c(P,Q) = −E(μd,σd, c)

E(
√

2σ̂ , c)
− 1

2
logE(

√
2σ̂ , c).

PROOF. Note that if X ∼ N(μ,σ ), then

E
[
ϕ(X)

] = 1√
σ 2 + 1

ϕ

(
μ√

σ 2 + 1

)
,

E
[
�(X)

] = �

(
μ√

1 + σ 2

)
.

It is also easy to show that

E
[
X�(X)

] = μE
[
�(X)

] + σ 2E
[
ϕ(X)

]
.
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Define μ̃ = (μ− μ̂)/σ̂ , σ̃ = σ/σ̂ , and Ỹ ∼ N(μ̃, σ̃ 2), then

E
[
ϕ(Ỹ )

] = σ̂

σd

ϕ

(
μd

σd

)
, E

[
�(Ỹ )

] = �

(
μd

σd

)
.

Thus, for the CRPS we have that

EN(μ,σ 2)

[
Sker

1
(
N

(
μ̂, σ̂ 2)

, y
)]

= σ̂

(
1√
π

− 2E
[
ϕ(Ỹ )

] − 2E
[
Ỹ�(Ỹ )

] + E[Ỹ ]
)

= σ̂

(
1√
π

− 2
(
1 + σ̃ 2)

E
(
ϕ(Ỹ )

) − 2μ̃E
[
�(Ỹ )

] + μ̃

)

= σ̂√
π

− 2σdϕ

(
μd

σd

)
− 2μd�

(
μd

σd

)
+ μd.

For the scaled CRPS, similar calculations give

EN(μ,σ 2)

[
Ssta

1
(
N

(
μ̂, σ̂ 2)

, y
)]

= −√
πE

[
ϕ(−Ỹ )

] +
√

π

2

(
2E

[
Ỹ�(−Ỹ )

] + E[Ỹ ]) − C

= −√
πE

[
ϕ(Ỹ )

] +
√

π

2
E(Ỹ ) − √

πE
[
Ỹ�(Ỹ )

] − C

= −
√

π

σ̂

(
σdϕ

(
μd

σd

)
− μd

2
+ μd�

(
μd

σd

))
− C,

where C = 1
2 log( 2σ̂√

π
). Finally, to obtain the desired ex-

pressions for the robust scores, we just have to verify that
EN(μ,σ 2)[E(μ̂ − y, σ̂ , c)] = E(μd,σd, c). To that end, we

define Ỹ1 ∼ N(−(μd − c)/σ̂ , σ̃ 2), Ỹ2 ∼ N(μd/σ̂ , σ̃ 2) and
Ỹ3 ∼ N((μd − c)/σ̂ , σ̃ 2), and obtain

EN(μ,σ 2)

[
E(μ̂ − y, σ̂ , c)

]
= 2σ̂

(
E[ϕ(

Ỹ2]) + E
[
Ỹ2�(Ỹ2)

])
+ μd − σ̂

(
E
[
ϕ(Ỹ1)

] + E
[
Ỹ1�(Ỹ1)

])
.

Evaluating the expectations and simplifying, using the
fact that E(−μ,σ, c) = E(μ,σ, c), gives the result. �

APPENDIX B: GENERALIZED ENTROPY

In this section, we want to highlight the importance of
the function H(P) = S(P,P) and how it can be used to
understand the behavior of the scoring rule S in scenar-
ios with varying uncertainty. The function H(P) can be
seen as a measure of the variability of the probability mea-
sure P, and is often referred to either as the uncertainty
function or as the generalized entropy (Dawid, 1998,
Gneiting and Raftery, 2007).

It should be noted that H(P) only depends on the pre-
dictive model P and not on the observed data. Thus, by
choosing to use a certain scoring rule S, an implicit or-
dering of the possible measures is made through H prior
to observing any data. Hence, it is important to be aware

that a choice is made and to understand how this affects
the model selection.

For the kernel scores, we have generalized entropy
H(P) = 0.5EP,P[g(X,Y )]). The generalized proper ker-
nel scores instead have H(P) = h(EP,P[g(X,Y )]). Thus,
an advantage with the generalized proper kernel scoring
rules is that they, for each kernel g, provide a family of
proper scoring rules with a wide range of generalized en-
tropies determined by h. Let us now examine the general-
ized entropy for a set of measures with variable scale.

EXAMPLE 4. Consider a family of probability mea-
sures {Pσ } that differ only through their scaling parameter
σ . For the kernel g(x, y) = |x − y|α with α ∈ (0,2], the
kernel scoring rule then has generalized entropy

H ker(Pσ ) = σαEP1,P1

[|X − Y |α]
.

The corresponding standarized kernel scoring rule has
generalized entropy

H sta(Pσ ) = α log(σ ) + log
(
EP1,P1

[|X − Y |α])
.

In a spatial setting like the one studied in Section 6.2,
H ker(Pσ ) compared to H sta(Pσ ) will therefore be more
sensitive how the variance is chosen for observations at
locations far from other locations, which typically have
large values of σ , while being less sensitive for observa-
tions at locations close to other locations, which typically
have small values of σ . Whether this is a desirable feature
needs to be decided by the person evaluating the forecasts
when choosing which entropy function to use.

Recently, it has been suggested to study the distribution
of scoring rules for data sets rather than only consider-
ing the mean score (see, e.g., Bessac and Naveau, 2021,
Taillardat et al., 2019). That is, to consider the distribu-
tion of S(P

θ̂i
, Yi) when P

θ̂i
is the measure which pre-

dicts observation Yi . When exploring the distribution we
argue that it often makes sense to study the distribu-
tion of H(P

θ̂i
) and S(P

θ̂i
, Yi) − H(P

θ̂i
) separately. The

distribution of the first term, H(P
θ̂i
), provides no infor-

mation about the fit of the model to the data but in-
stead provides information about how much variability
one expects the data to have a priori. The second term,
S(P

θ̂i
, Yi) − H(P

θ̂i
), on the other hand gives an indica-

tion about how close the model fits the data, where a zero
value indicates a perfect calibration in the sense of the
generalized entropy.

Thinking of the two terms in a regression-analogy, the
first term explores the variability of the covariates given
the model in the defined entropy sense and it is impor-
tantly independent of the data. The second term, that uses
the data, explores the difference between the observed
score and the expected score if the predictive model was
the true distribution.
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FIG. 9. Three scoring rules for a stochastic volatility model. The
black dots are the values for each observation. The three rows show
the scoring rule (top), the corresponding entropy with theoretical val-
ues as solid lines (middle), and score minus the entropy (bottom). The
dashed red lines are estimated 2.5%, 50% and 97.52.5% quantiles.

It is important to keep these two terms in mind when
exploring distributions of scores over predictions. Espe-
cially troublesome is to fail to notice that the variability of
the first term, which often is substantial, is data indepen-
dent. Ignoring this when exploring the distributions for
evaluating a model fit may lead to incorrect conclusions.

As an example of the different terms, Figure 9 shows
the CRPS, the scaled CRPS and the log-score for the ob-
servations in Figure 3. The middle row shows the entropy
of the scoring rules, where one clearly sees the linear cost
of increased variance for the CRPS and the logarithmic
cost of increased variance for the SCRPS and the log-
score. The bottom row displays the difference between
the score and the entropy. Here, it is interesting to note
that the variability of the term increases as a function of
the volatility for CRPS, whereas the standardized score
has the same distribution regardless of the variance. Of
general interest is also that it is hard to see a difference
between the SCRPS and the log-score.

APPENDIX C: FURTHER PROOFS

PROOF OF PROPOSITION 1. Denote the log-score by
S(Qθ , y) = log(qθ (Y )), where qθ is the density of Q, and
recall that S(Qθ ,Q) = EQ[log(qθ (Y ))]. Using that S is a
proper scoring rule, we have that ∇θS(Qθ ,Q)|Q=Qθ

= 0.

Thus, by Taylor’s expansion we get

0 ≤ S(Qθ ,Qθ ) − S(Qθ+tσ r ,Qθ )

= − t2

2
σ 2r�∇2

θ S(Qθ ,Qθ )r + o
(
t2)

.
(15)

Here, s(θ) = −∇2
θ S(Qθ ,Q)|Q=Qθ

exists and is continu-
ous by Assumption 1, and from classical results in likeli-
hood theory (see Lehmann, 1997) we get

s(θ) = −∇2
θ EQ

[
logqθ (X)

]|Q=Qθ
= 1

σ 2 HQ,

for some 2 × 2 positive semidefinite matrix HQ indepen-
dent of θ . Thus, s(Qθ ) = s(θ). �

LEMMA 1. Let α ∈ (0,2] and c ∈ [0,∞] and define
gc(x, y) = I(|x − y| < c)|x − y|α . Let Q and P be proba-
bility measures and EP[|X|α] < ∞. If Assumption 1 holds
for P, then Gc

Pθ ,Q = EPθ ,Q[gc(X,Y )] satisfies

∇θG
c
Pθ ,Q = −σ−1EP,Q

[
gc(σX + μ,Y )v(X)

]
),(16)

∇2
θ Gc

Pθ ,Q = σ−2EP,Q

[
gc(σX + μ,Y )H(X)

]
,(17)

for σ > 0 where v(X) = (
 ′(X),
 ′(X)X + 1)�, and

H(X) = v(X)v(X)� + 
 ′′(X)

[
1 X

X X2

]

+
[

0 
 ′(X)


 ′(X) 2
 ′(X)X + 1

]
.

Further, if we apply the gradient to both arguments of
EPθ ,Pθ

[gc(X,Y )], we get

(18) σα−2EP,P

[
g(X,Y )I

(
|X − Y | < c

σ

)
v(X)v(Y )�

]
.

PROOF. To show (16), we start by considering the
derivative with respect to σ . Let f (x,σ ) = 1

σ
p(

x−μ
σ

),
where p is the density of P. Then we have that

(19)
∂

∂ σ
Gc

Pθ ,Q = lim
h→0

Ih,

where

Ih = 1

h

∫∫
gc(x, y)

(
f (x,σ + h) − f (x,σ )

)
dxQ(dy)

=
∫∫

gc(x, y)
d

dσ
f (x, σ )|σ=σ+h∗ dxQ(dy).

for some h∗ ∈ (0, h). Here, the second equality follows
from the mean value theorem. Evaluating the derivative
and using the variable transformation x̃ = x−μ

σ
we get that

(19) equals limh∗→0 −Ih∗ where

Ih∗ =
∫∫

gc

((
σ + h∗)

x̃ + μ,y
)(
 ′(x̃)x̃ + 1)

σ + h∗

× p(x̃) dx̃Q(dy),

(20)
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Now since gc(x, y) ≤ g(x, y), which is a negative definite
kernel, it follows by the same argument as that used in the
proof of Theorem 2 that

gc

((
σ + h∗)

x̃ + μ,y
) ≤ C

((
σ + h∗)α|x̃|α + |μ|α + |y|α)

for some C > 0. Combining this bound with Assump-
tion 1 shows that the integral in (20) for each h∗ can be
bounded by an integrable function. Thus, using the domi-
nated convergence theorem we can move the limit into the
integral, which gives that

∂

∂ σ
Gc

Pθ ,Q = −σ−1EP,Q

[
gc(σX + μ,Y )

(

 ′(X)X + 1

)]
.

The corresponding expression for the derivative with re-
spect to μ can be shown by the same reasoning. Also, the
expressions in (17) and (18) are shown in the same way,
by differentiating twice and using the argument above.
For brevity, we omit these calculations. �

PROOF OF PROPOSITIONS 2 AND 3. As in the proof
of Proposition 1, Taylor’s expansion and using that S is
a proper scoring rule gives that S satisfies (15) for both
propositions. We apply Lemma 1 with Q = Pθ = Qθ , then
(17) gives

∇2
θ S(Qθ ,Qθ )

= ∇2
θ EQθ ,Qθ

[
gc(X,Y )

]
= σ−2EQ,Q

[
g(X,Y )H(X)I

(
|X − Y | < c

σ

)]
,

which shows Proposition 3. Setting c = ∞ in this expres-
sion gives

∇2
θ S(Qθ ,Qθ ) = ∇2

θ EQθ ,Qθ

[
g∞(X,Y )

]
= σα−2EQ,Q

[
g(X,Y )H(X)

]
,

which shows Proposition 2. �
LEMMA 2. Let P be a probability measure satisfy-

ing Assumption 1 for α ∈ (0,2], with EP[|X|α] < ∞.
If g(x, y) = |x − y|α then Hessian with respect to the
first argument of the standardized kernel scoring rule at
Q= Pθ is

∇2
θ S

− 1
2 log(x)

g (Pθ ,Q)|Q=Pθ
= σ−2HP

where HP is a 2 × 2 matrix independent of μ and σ .

PROOF. As before, define GP,Q = EP,Q[g(X,Y )] and
GP = GP,P. Also let EṖ ,Q = ∇θGPθ ,P as in (16) and
EṖ ,Ṗ as in (18), both with c = ∞. Similarly, define
EQ,Ṗ = ∇θGQ,Pθ

and EP̈ ,Q = ∇2
θ GPθ ,Q. Now, straight-

forward calculations give that

∇θ

1

2
log(GPθ

) = 1

GPθ

EṖ ,P ,

∇2
θ

1

2
log(GPθ

) = − 2

G2
Pθ

EṖ ,P E�̇
P ,P

+ EṖ ,Ṗ + EP̈ ,P

GPθ

,

and

∇θ

GPθ ,Q

GPθ

= 1

GPθ

EṖ ,Q − 2GPθ ,Q

G2
Pθ

EṖ ,P ,

∇2
θ

GPθ ,Q

GPθ

= EP̈ ,Q

GPθ

− 2
EṖ ,QE�̇

P ,P
+ EP,QE�̇

P ,P

G2
Pθ

− 2GPθ ,Q

G2
Pθ

(EṖ ,Ṗ + EP̈ ,P )

+ 8GPθ ,Q

G3
Pθ

EṖ ,P E�̇
P ,P

.

Evaluating the last term at Q= Pθ gives

∇2
θ

GPθ ,Q

GPθ

|Q=Pθ
= − 2EṖ ,Ṗ

GPθ

+
4EṖ ,P E�̇

P ,P

G2
Pθ

− EP̈ ,P

GPθ

.

Putting it all together yields

∇2
θ

(
S

− 1
2 log(x)

g (Pθ ,Q)
)|Q=Pθ

= EṖ ,Ṗ

GPθ

−
2EṖ ,P E�̇

P ,P

G2
Pθ

.

The result follows since EṖ ,Ṗ is given by (18) and EṖ ,P

is given by (16) with c = ∞. �
PROOF OF PROPOSITION 4. As in the proof of

Proposition 1, Taylor’s expansion and using that S is a
proper scoring rule gives that the score satisfies (15).
Since ∇2

θ S(Qθ ,Q)|Q=Qθ
= 1

σ 2 HQ for some 2 × 2 ma-
trix HQ independent of θ , the results now follows from
Lemma 2. �
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