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ABSTRACT

In comparison with conventional reverse time migration (RTM), least-squares re-

verse RTM can improve imaging resolution and compensate irregular illumination

caused by acquisition geometry and complex structures. Since proposed, as an ad-

vanced version of RTM, it has been applied a lot to improve resolution and balance

amplitude in imaging. Generally, in LSRTM, there are two kinds of LSRTM reflec-

tivity models: velocity perturbation related reflectivity model and normal-incidence

reflection coefficient related reflectivity model. Each has its specific physical mean-

ing and provides different inverted results. In this paper, we first give a brief review

about the two different definitions. Then, we compare the differences of these two
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methods, and build a mathematical relationship. In the definition related to reflec-

tion coefficient model we rescale the defined reflectivity with background velocity.

Also, in source wavefield reconstruction, we use an effective trick by moving file

pointer to fetch data from disk to reduce the memory cost. Finally, we test these

two LSRTM schemes using the Marmousi model. We observe that the two inverted

reflectivities are different, although they both image the subsurface discontinuities

well. We furthermore extract traces from the inversion results and compare them

with the ture reflectivity models, respectively, to verify the physical definitions of

them.

Keywords: Acoustic, Least squares, Reverse-time, Migration
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INTRODUCTION

Reverse-time migration (RTM) is a power tool for imaging complex structures.

However, it acts as the adjoint operator (Claerbout 1992), which is not a good

approximation for the inverse operator. The advantage of Least-squares reverse

time migration (LSRTM) to RTM is more significant for complex structures, and

records with irregular acquisition aperture and limited frequency band. LSRTM can

be used to approach the pseudoinverse operator.

Lailly (1983) introduced the concept of least-squares migration (LSM). After-

ward, LSM has been extended to Kirchhoff migration (Schuster 1993; Nemeth et al.

1999), phase-shift migration (Kuehl and Sacchi 2002; Clapp et al. 2005), one-way

wave equation (Wang et al. 2005), gaussian beam migration (Yuan et al. 2015; Yang

et al. 2018; Yang and Zhu 2018) and is now on RTM. As an approach to reflectivity

inversion, LSRTM has been discussed in a series of papers. Wong et al. (2011) used

LSRTM to image the ocean-bottom data. A plane-wave source is used by Dai and

Schuster (2013) to increase the computation efficiency of LSRTM. Tan and Huang

(2014) numerically illustrated that it is crucial to update source wavefields to im-

age steep dips. Dutta and Schuster (2014) took Q-attention in consideration when

performing LSRTM. Zhang et al. (2015) introduced a practical LSRTM procedure

based on a cross-correlative objective function. Wong et al. (2015) increased the

LSRTM illumination by jointly using the reflection and free-surface-multiple data.

Yao (2016) formulated LSRTM with a generalized matrix form. Liu et al. (2016b)

improved the methods in Zhang et al. (2015) by using an efficient step-length for-

mula. Liu (2016) and Liu et al. (2016a) showed that the elimination of redundant
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source effects can speed up the convergence behavior of LSRTM. Liu et al. (2017b)

proposed a prestack approach for the methods in Zhang et al. (2015). Liu and Peter

(2018) proposed to obtain an one-step LSRTM imaging by using Wiener filter in the

data domain.

Because the pseudo-inverse operator is too expensive to compute and the in-

verse Hessian is too expensive to compute and store, we choose iterative inversion

to approach the pseudoinverse operator. Generally, iterative LSRTM includes three

steps: reverse time demigration (RTDM), reverse time migration (RTM), and search-

ing direction estimation. RTDM based on Born approximation is responsible for the

predicted data. RTM is the well-known adjoint operator (Plessix and Mulder 2004),

in which the gradient is produced by cross-correlating the source wavefield with the

residual wavefield, which are computed using the differences of observe and pre-

dicted data as adjoint sources. The gradient will be used to estimate the searching

direction using some iterative optimization algorithms, such as conjugate gradient.

To calculate the step length, we use a numerical line search approach as in the

quasi-linear method to speed the convergence.

Here we focus on the constant-density acoustic wave equation based LSRTM.

Generally, there are two kinds of workflows. Dai and Schuster (2013) used velocity

perturbation as reflectivity model, which could be taken as the classic definition

in Tarantola (1984). Zhang et al. (2015) used the normal-incidence reflection co-

efficients as reflectivity model, which is closely associated with the classical cross-

correlation imaging condition (Claerbout 1992). Under these two different reflec-

tivity definitions in RTDM, two types of RTM gradients are produced, leading to
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two inverted results in different detailed appearances. In this paper, we compare

the differences of these two LSRTM schemes and build a relationship between them.

We find that an additional scaling of the background velocity is required in defining

the reflection coefficient related reflectivity.

In addition, we also try to alleviate the expensive boundary storage of source

wavefield with a small trick by flexibly moving the file pointer with fseek. Here, fseek

is a C function belonging to the ANSI C standard library, and included in the file

stdio.h. Its purpose is to change the file position indicator for the specified stream.

Rather than storing the whole source wavefield history on the disk, which will result

in a heavy communication burden, we output the boundary of source wavefields to

disk. Then, during the source wavefield reconstruction, we read the stored boundary

into memory at each time-marching step. According to our numerical test, this trick

is simple but practical, and could also be used in receiver wavefield propagation. This

trick is also useful in accelerating RTM on GPU, the global memory space of which

is usually not as large as that of CPU.

The paper is arranged as following: First, we briefly review least-squares mi-

gration and two RTDMs with different reflectivity parameterizations. Then, we

compare the two RTDMs and try to bridge the gap between them. Also, we eval-

uate the cost of LSRTM during numerical implementation, and try to alleviate the

memory cost of source wavefield reconstruction using a small trick. Finally, our

schemes are verified in numerical examples.

METHODS
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Review of least-squares migration

Born modeling, which is the first-order approximation to full acoustic wave equation,

can be written as

Lm=d, (1)

where L is the forward operator associated with a specific configuration of survey

geometry, velocity model, reflectivity model m and source wavelet, and d is the

observed data. In seismic migration, usually we only have d and migration velocity

at hand, attempting to image the subsurface structures. Because of unbalanced

illumination and limited acquisition aperture, the output stacked imaging profile

is inferior compared with the true reflectivity model. To compensate the limited

resolution and unbalanced amplitudes in RTM images, we solve an inverse problem

for reflectivity model. The misfit function can be expressed as

E(m) =
1

2
‖Lm− d‖22 , (2)

the pseudo solution that satisfies dE(m)
dm

= 0 can be expressed as

LTLm = LTd, (3)

where LT is the adjoint operator of L. In conventional migration we have

mmig = LTd, (4)
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from which we find that LTL, the Hessian, acts as the blur operator on m. mmig

is the blurred version of m. However, the Hessian matrix in practical problems

is prohibitive to compute and store. As a proper solution, we choose iterative

inversion using gradient optimization method, such as steepest descent or conjugate

gradient method (Nemeth et al. 1999), to deblur the adjoint migration result mmig

to approach the reflectivity model. Although Zhang et al. (2015) used a cross-

correlative objective function, the mathematical essence hidden behind their method

could still be classified under the iterative inversion.

Review of two reverse-time demigrations

In the time and space domain, the acoustic wave equation with constant density is

given by

(
1

v(x)2
∂2

∂t2
− O2

)
p(x, t; xS) = s(t; xS), (5)

where v(x) is the velocity, p(x, t; xS) is the pressure field excited by the source

s(t; xS) at position xS. A true velocity model v(x) contains a background v0(x)

and a perturbation δv(x). Expanding the velocity in a Taylor series and dropping

quadratic terms:

1

(v0(x) + δv(x))2
≈ 1

v0(x)2
− 2δv(x)

v0(x)3
, (6)
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and substituting it into Equation 5 yields following equations:


(

1
v0(x)2

∂2

∂t2
− O2

)
p0(x, t; xS) = s(t; xS),(

1
v0(x)2

∂2

∂t2
− O2

)
δp(x, t; xS) = m(x)

v0(x)2
∂2p0(x,t;xS)

∂t2
,

(7)

Following Tromp et al. (2005), the reflectivity here is defined asmδv(x) = 2δv(x)/v0(x).

Two modelings are needed in the demigration process: one for p0, the other one fol-

lowing for δp. Then, the demigrated wavefield δp driven by the product of m(x) and

p0 can be obtained, during which the term mδv(x)
v0(x)2

∂2p0(x,t;xS)
∂t2

acts as a right-hand-side

(RHS) virtual source for the first-order equation. For simplification, we express the

demigration process in LSRTM by a concise matrix form:Lm=d, where L repre-

sents the forward operator, m represents the reflectivity model, and d represents

the predicted data.

Similarly, the demigration process, i.e., the forward operator, in Zhang et al.

(2015) could be expressed as


(

1
v0(x)2

∂2

∂t2
− O2

)
p0(x, t; xS) = s(t; xS),(

1
v0(x)2

∂2

∂t2
− O2

)
δp(x, t; xS) = r(x)∂p0(x,t;xS)

∂t
,

(8)

in which r(x) is reflection coefficient related model. If we ignore the amplitude-

versus-angle (AVA) information and only use the stacked image in the inversion,

r(x) could be approximated with the normal-incidence reflection coefficient model.

We could also express this demigration process in the compact matrix form: Lm=d.

The difference between the two Born modelings is that mδv(x) = 2δv(x)/v0(x) in
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the first one while mr(x) = r(x) in the second one.

From δv(x) to r(x)

By giving insights into the physical definitions of reflection coefficient and velocity

perturbation, we attempt to establish an approximate relationship between them.

Since reflection data are usually acquired at near offsets, considering a simple local

velocity contrast of v1 and v2 by using vertical rays and constant density assump-

tion (Wu et al. 2015) , the near normal-incident reflection coefficient r12 (Aki and

Richards 1980) reads

r12 ≈
(v2 − v1)
(v2 + v1)

=
(v0 + δv2)− (v0 + δv1)

(v0 + δv2) + (v0 + δv1)
≈ δv2 − δv1

2v0
, (9)

where v0 denotes the homogeneous background velocity and δv = v − v0 denotes

the velocity perturbation. The perturbation δv is negligible compared to the back-

ground v0, because the Born approximation is valid in the case of small and weak

perturbations (Virieux and Operto 2009). In Figure 1, we confirm this approximate

relationship using a toy example. In Figure 1d, the theoretical value should be

0.0909 while our estimated value is 0.0879.

The first-order spatial derivative form Equation 9 reads

2v0r12 = dx
δv2 − δv1

dx
=
∂δv

∂x
, (10)

For an evenly spatial sampling, dx is a constant so we drop it from the right-hand
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side (RHS). Then, a generalized form of Equation 10 can be represented as

2v0(x)r(x) =
∂δv(x)

∂l
=
∂δv(x)

∂x
· n(x), (11)

where x represents the spatial coordinates, n(x) represents the directional vector

normal to the reflector. Equation 11 indicates an approximate relationship between

reflection coefficient r(x) and velocity perturbation δv(x) in the near normal-incident

case under Born approximation.

In frequency domain, the spatial derivative operator ∂/∂l could be expressed as

iw/v, so we rewrite Equation 11 as

r(x) =
iw

2v0(x)2
δv(x), (12)

Plugging Equation 12 back to Equation 7 yields a new form of Equation 8 as fol-

lowing:


(

1
v0(x)2

∂2

∂t2
− O2

)
p0(x, t; xS) = s(t; xS),(

1
v0(x)2

∂2

∂t2
− O2

)
δp(x, t; xS) = r(x)

v0(x)
∂p0(x,t;xS)

∂t
,

(13)

we find that in the new definition above r(x) is spatially divided by an extra scaling

factor v0(x). In our new LSRTM, the r(x) related model mr(x) is expressed as

mr(x) = r(x)/v0(x).
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Reverse-time migrations(RTMs)

We already have the forward operators L with respect to mδv(x) and mr(x) in

Equations 7 and 13, respectively. In this section we will turn to seek LT , the adjoint

operator of L. LT , could also be called the RTM operator. According to adjoint

method (Plessix and Mulder 2004; Dai and Schuster 2013), the specific process about

how to get the adjoint operators is formulated in Appendix A. When the reflectivity

model is defined as δv(x)/v0(x), the gradient could be obtained by applying the

following imaging condition

mδv(x) =

∫ T

0

− ∂2p0
v20∂t

2
p̂ dt, (14)

where p0 is the forward propagated source wavefied, and p̂ is the adjoint wavefield

governed by the following equation

(
∂2

v0(x)2∂t2
− O2

)
p̂(x, t; xS) = ∆d(xR, t; xS), (15)

in which ∆d(xR, t; xS) denotes the data residual at receiver xR. Similarly, when re-

flectivity model is defined as r(x)/v0(x), we have the imaging condition as following

mr(x) =

∫ T

0

−∂p0
∂t

p̂ dt, (16)
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in which the adjoint wavefield p̂ is governed by Equation 15 as well. After rearranging

the term − ∂
∂t

to ∆d(xR, t; xS), we can get a new form of Equation 16 as following

mr(x) =

∫ T

0

p0p̂ dt, (17)

in which the adjoint wavefield p̂ is governed by

(
∂2

v0(x)2∂t2
− O2

)
p̂(x, t; xS) = −∂∆d(xR, t; xS)

∂t
, (18)

Now the LT operators composed of Equations 14 and 15, Equations 17 and 18 nearly

have the same forms with those in Dai and Schuster (2013), Zhang et al. (2015),

respectively.

Numerical implementation and Computation & I/O cost

No matter what kind of parameterization is chosen for the two definitions of

reflectivity, we could use the linearized least-squares inversion to invert for the re-

flectivity images (Lailly 1983). In iterative LSRTM using conjugate gradient method

(Nemeth et al. 1999), two RTDMs and one RTM are required: one RTDM to gener-

ate the predicted data to match the observed data, one RTM to produce a gradient

with respect to the data residual, and the other RTDM for estimating a step length

to scale the searching direction, for example, when using conjugate gradient method.

Each RTDM needs two modelings: one forward-propagated source wavefield to

drive the other demigated wavefield. In conventional cross-correlated RTM, an ef-

ficient strategy to reconstruct the source wavefield is to firstly store the forward-

propagated source wavefield at boundaries, and then back-propagate the values
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from boundaries. At the same time, the receiver wavefield is backward propagated

to cross-correlate with the reconstructed source wavefield to produce a gradient

by using the imaging condition. That is, three modelings are required during this

process.

In LSRTM, because the background velocity v0(x) stays invariant over linearized

iterations, the source wavefield p0(x, t; xS) in RTM is just the source wavefield we

computed in RTDM. Therefore, p0(x, t; xS) stored at boundaries could be written

into memory only once, and then it could repeatedly serve for all the source wavefield

reconstruction. It is well known that even if we only keep the value of p0(x, t; xS) at

boundaries to reconstruct the source wavefield, the storage cost is high. Assuming

the boundary consists of nb points and the number of time step is nt. Conventionally

a big array at size nb ∗ nt is required. Sometimes this memory storage could become

the main bottleneck that limits the application of RTM to practical problems in

large sacle. Some authors propose to reduce this memory storage by interpolation

(Liu et al. 2015), but surely in their method some additional computational cost

will arise. Usually the disk capability is significantly much larger than the memory

capability.

In recent years, the accessing bandwidth of storage media (hard disk) is growing

broader and broader while its price is getting lower and lower. For example, the

accessing bandwidth of solid-state disk (SSD) could be only ten times slower than

that of computer memory. In this paper, to further reduce the storage cost, we

put the boundary source wavefield in a data file on the disk, and then use fseek()

to move the file pointer within the data file in a well-organized order to access the

13



data. In this way, only a small array at size nb is enough, as shown in Figure 2.

Some codes about how to use fseek are shown in Appendix B. We could adapt this

method in receiver wavefield propagation as well. According to our experiences,

while conserving the memory cost significantly, this strategy will not obviously slow

down the performance of RTM. The additional computational cost is negligible

compared with the total RTM cost.

In addition, we usually choose the inner boundaries adjacent to PML layers

for the boundary storage of p0(x, t; xS). The stored values are used as boundary

condition rather than fictitious sources during wavefield reconstruction. Therefore,

we only compute the interested domain enclosed by PML layers, no computation

inside PML layers is required. In this way we could slightly alleviate the expensive

computational cost furthermore.

NUMERICAL EXAMPLES

Two-layer model

We first verify the two mδv(x) and mr(x) related reflectivity models using a two-layer

model, as shown in Figure 3a. The model ranges from 0 to 3 km and the grid interval

is 10 m in the x- and z- directions; the reflection layer is inserted at a depth of 2

km. The velocity ranges from 2 to 3 km/s. Figures 3b and 3d show the corrponding

migrated images using the two related reflectivity models. After twenty iterations,

iterative LSRTM drives the imaging to approach inverted results in Figures 3c and

3e. Figures 4a and 4b show the extracting traces at location 1.5 km from Figures

3c and 3e, respectively. We can see that the inverted two related reflectivity models
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of the two-layer model match well with Figures 1c and 1d. This numerical example

demonstrates the performance of the two related reflectivity models.

2D Marmousi model

In this section, we verify our method using the 2D Marmousi model. Performing an

O(dt2, dx4 ) staggered-grid finite-difference scheme (Virieux 1986), the observed data

is generated from the true velocity model in Figure 5a rather than the reflectivity

plus the background velocity model, so no inversion crime is committed (Clément

et al., 2001). 150 shots are excited evenly at a 50-m interval. The receiver data is

acquired with a fixed-spread acquisition geometry. Each shot has 801 receivers with

a 5 m interval to get the shot records. A Ricker wavelet with a center frequency of

20-Hz is used here. The recording time is 4 s. In our LSRTM, the modified zero-lag

cross-correlation imaging condition (Liu et al. 2017a) is performed. Figures 5a and

5b show the true and the background velocities, respectively. Figure 6a shows the

true reflectivity model related to velocity perturbation for reference is calculated as

the difference between the true and smooth velocities using mδv(x) = δv(x)/v0(x).

The other true reflectivity model related to normal incidence reflection coefficient

shown in Figure 7a is computed from the true velocity model using vertical rays and

constant density assumption. Here we define mr(x) = r(x)/v0(x).

In both inversions for mδv(x) and mr(x) we use conjugate gradient optimization

scheme. We first migrate the observed data using the smooth model in Figure

5b. As shown in Figures 6b and 7b, the migration profiles look imperfect due to

the adjoint operator plus the band-limited source wavelet, the unbalanced source
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illumination and the limited receiver aperture. In RTM stage we use the trick of

fseek for source wavefield reconstruction, numerical experience shows that this trick

will only slow down the total computation time by less than 0.1% compared with

the memory storage, while we could reduce the memory cost dramatically. For

exmaple, given a source wavefield reconstruction simulation with 5000 time steps,

if we input a slice of 500 slice per communication, the memory could be only 10%

of the originally required memory. The same trick could also be used for receiver

wavefield propagation. After several iterations, iterative LSRTM drives the imaging

profiles to approach inverted results in Figures 6c and 7c, matching well with the

true reflectivity models in Figures 6a and 7a, respectively. To further illustrate

the enhancement of imaging resolution, we compare the amplitude spectra of RTM

image and two LSRTMs images in Figure 9. The convergence curves of two LSRTMs

are shown in Figure 10, mδv(x) inversion in red and mr(x) inversion in blue. We

notice that at the early stage the blue curve has a faster convergence speed while

at the late stage the red curve has a better convergence rating. Our explanation

to this is: compared with mr(x) inversion using imaging condition in Equation 16,

mδv(x) inversion uses Equation 14 to seek for gradient, which implicitly has more

high-wavenumber components at the early stage because of the additional ∂
∂t

term;

but on the physical essence of mδv(x), it has two big slide lobes around each reflector,

as shown in Figure 1c, so that some small reflectivity details would be more or less

masked by side-lobes of the main structure reflectivities nearby at the late inversion

stage; mr(x) defines reflectivity as Delta function which will not suffer from extra

big side lobes in physics.
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Two zoom-view groups taken from the inverted results and true reflectivity model

are shown in Figure 8. For detailed investigation, we extract traces from inverted

results and true reflectivity model at the location X=4 km in Figures 6a and 6c,

Figures 7a and 7c, respectively. In Figure 11, in each comparison group, the inverted

trace matches well with its corresponding true model trace. This implies that the

reflectivity definitions in mδv(x) = δv(x)/v0(x) and mr(x) = r(x)/v0(x) are basi-

cally correct, and two LSRTMs work well. Note that in the definition of mr(x), we

scale the r(x) with 1/v0(x).

DISCUSSION

To better understand the reflectivity model in least-squares reverse time migra-

tion, a comparison of two reflectivity parametrizations is proposed. The numerical

examples show that both the velocity perturbation related reflectivity model mδv(x)

and incidence reflection coefficient related reflectivity model mr(x) of LSRTM are

effective to improve the image quality compared to the conventional RTM image.

Here, we present more detailed illustrations about these two parametrizations.

As shown in Figure 10, we can notice the mr(x) related one converges a bit

slower than the mδv(x) one. The reason behind this phenomenon is that the mr(x)

related one is a further approximation to the mδv(x) related one. Also, in the mr(x)

approximation, we neglect the AVA behaviors, which should be considered in the

further research. When the data is generated from the true velocity model, the

latter performs a bit better than the former. We also extract well-logs at location

4 km from the true reflectivity models and the inverted results in Figures 6 and 7,

respectively. Figure 11 shows the comparisons, we can observe that the inverted

17



results match well in terms of amplitude with the true well-logs. Note that Figure

11b presents more high-wavenumber components than Figure 11a. The reason is due

to their physical definitions, mδv(x) has two big slide lobes around each reflector,

as shown in Figure 1c, so that some small reflectivity details would be more or less

masked by side-lobes of the main structure reflectivities nearby at the late inversion

stage; mr(x) defines reflectivity as Delta function which will not suffer from extra

big side lobes. Therefore, the mδv(x) model has better convergence behavior in term

of misfit function curve, the mr(x) model has better spatial resolution due to its

physical definition.

CONCLUSIONS

LSRTM is an effective alternative for obtaining high-quality images for RTM. In

this paper, we build a connection between two reflectivity definitions in mathematics

and physics, in which we find a scaling factor related to background velocity when

defining normal incidence reflection coefficient related reflectivity model. We also

evaluate the LSRTM computational cost and introduce a trick to reduce memory

cost for source wavefield reconstruction. In the numerical example, we compare the

inverted results and convergence speed between two LSRTMs. We find that mδv(x)

inversion has a slightly faster convergence speed at the early stage while mr(x)

inversion convergence curve finally catches up and reaches at a better rate. We

explain their convergence behavior differences with their physical meanings and their

corresponding gradients. Finally, we confirm our physical definitions by extracting

traces from the inverted results and true reflectivity models, respectively.
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APPENDIX A

FORWARD AND ADJOINT OPERATOR FOR M(X) IN MATRIX

FORM

A compact matrix form of the forward operator denoted by Equation 7 could be

expressed in frequency domain as

Fp = s, (A-1)

where

F =

 ∂2

v0(x)2∂t2
− O2 0

− m(x)∂2

v0(x)2∂t2
∂2

v0(x)2∂t2
− O2

,p =

 p0(x, t; xS)

δp(x, t; xS)

, s =

 s(t; xS)

0

,
(A-2)

in which m(x) = δv(x)/v0(x) is the defined reflectivity, v0(x) is the background

velocity or migration velocity, p0(x, t; xS) and δp(x, t; xS) wavefield and perturbation

wavefields excited by the source signal s(t; xS) at shot location xS. If we focus on

the relationship between reflectivity m(x) and the demigrated data δp(xR, ω; xS) at
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xR, in least-squares sense, we could express the misfit function in data domain as

φ(m) =
1

2
〈p(m)-d,p(m)-d〉 , (A-3)

where 〈, 〉 is the dot-product operator, p(m) denotes the predicted data and d

denotes the observed data. The gradient of φ(m) with respect to m could be written

as

∂φ(m)

∂m
=

〈
∂p(m)

∂m
,p(m)-d

〉
, (A-4)

Taking the first-order derivative with respect to m in Equation A-1 yields

∂F

∂m
p + F

∂p

∂m
= 0, (A-5)

Then we have

∂p

∂m
= −F−1 ∂F

∂m
p, (A-6)

After substituting equation (A-6) back to Equation A-4 and rearranging terms we

have

∂φ(m)

∂m
= −

〈
∂F

∂m
p, (F−1)T(p-d)

〉
, (A-7)

in time domain, we could directly use the transpose operator ()T instead of the

conjugate transpose operator ()∗, and have (F−1)T = (FT)−1. According to the
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adjoint method, we set p̂ = (FT)−1(p-d), yielding

FTp̂ = p-d, (A-8)

in which the solution is p̂ called adjoint wavefield of data residual p-d. Assuming

we only record the back scattering wavefield, we have p-d = (0,∆d)T. Then, in

matrix form Equation A-8 could be expressed as

 ∂2

v0(x)2∂t2
− O2 − m(x)∂2

v0(x)2∂t2

0 ∂2

v0(x)2∂t2
− O2


 p̂0(x, t; xS)

δ̂p(x, t; xS)

 =

 0

∆d(xR, t; xS)

, (A-9)

in which we could find that the upper row of FT is useless in LSRTM, because the

adjoint wavefield δ̂p(x, t; xS) is independent of p̂0(x, t; xS). We could get access to

δ̂p(x, t; xS) directly by

(
∂2

v0(x)2∂t2
− O2

)
δ̂p(x, t; xS) = ∆d(xR, t; xS), (A-10)

As for ∂F/∂m, we have

∂F

∂m
=

 0 0

− ∂2

v0(x)2∂t2
0

, (A-11)

Finally we could obtain

∂φ(m)

∂m
=

〈 0 0

− ∂2

v20∂t
2 0


 p0

δp

,
 0

δ̂p


〉

=

∫ T

0

− ∂2p0
v02∂t2

δ̂p dt, (A-12)
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When the reflectivity is defined as m(x) = r(x)/v0(x), the mathematical deriva-

tion process is similar except for

F =

 ∂2

v0(x)2∂t2
− O2 0

−m(x)∂
∂t

∂2

v0(x)2∂t2
− O2

,FT =

 ∂2

v0(x)2∂t2
− O2 −m(x)∂

∂t

0 ∂2

v0(x)2∂t2
− O2

,
∂F

∂m
=

 0 0

− ∂
∂t

0

,
(A-13)

Under the m(x) = r(x)/v0(x) parameterization, the adjoint-state wavefield could

still be expressed as

(
∂2

v0(x)2∂t2
− O2

)
δ̂p(x, t; xS) = ∆d(xR, t; xS), (A-14)

but the gradient is

∂φ(m)

∂m
=

〈 0 0

− ∂
∂t

0


 p0

δp

,
 0

δ̂p


〉

=

∫ T

0

−∂p0
∂t

δ̂p dt. (A-15)

APPENDIX B

CODES ON SOURCE WAVEFIELD RECONSTRUCTION USING

FSEEK()

The following codes are written in C:
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...

float * tmp;

tmp=(float*)calloc(nb,sizeof(float)); //nb is the number of boundary points ...

fp nb=fopen(”boundary records.bin”, ”rb”);

for(it=nt-1;it>0;it−−){

...

fseek(fp nb, (it*nb*sizeof(float)), SEEK SET );

fread(tmp, sizeof(float), nb, fp nb);

...

}

fclose(fp nb);

...
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velocity perturbation. (a) True velocity model. (b) smoothed velocity model of (a) by
a 400m Gaussian smoother. (c) velocity perturbation obtained by (a) minus (b). (d)
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Figure 3: (a) The velocity model; (b) mδv(x) related RTM imaging profile; (c) mδv(x)

related LSRTM inverted image; (d) mr(x) related RTM imaging profile; (e) mr(x) related

LSRTM inverted image.
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Figure 5: (a) True Marmousi velocity model. (b) Background velocity model.
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Figure 6: (a) True Marmousi velocity perturbation related reflectivity model mδv(x). (b)
RTM imaging profile. (c) mδv(x) related LSRTM inverted image.
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Figure 7: (a) True Marmousi normal-incidence reflection coefficients related reflectivity
model mr(x). (b) RTM imaging profile. (c) mr(x) related LSRTM inverted image.
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Figure 8: Detailed zoom-views from Figures 6b and 6c, Figures 7b and 7c (as indicated
by the black dashed boxes), respectively. Top of the Figures 8a and 8b is the velocity per-
turbation related reflectivity model from Figure 6b, bottom is the corresponding LSRTM
inverted image from Figure 6c. Top of the Figures 8c and 8d is the normal-incidence re-
flection coefficients related reflectivity model from Figure 7b, bottom is the corresponding
LSRTM inverted image from Figure 7c.
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Figure 9: Comparison between the amplitude spectra at location 6.5 km of two LSRTMs
under different reflectivity definitions. The traces of a and b are extracted from Figures
6b and 6c, respectively. The traces of c and d are extracted from Figures 7b and 7c,
respectively.
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Figure 10: Comparison of two convergence curves of two LSRTMs under different reflec-

tivity definitions. The curve of mδv(x) inversion is in red and that of mr(x) is in blue.

The blue line goes down a bit slower than the red one. We explain their difference as

follows. The mδv(x) related Born modeling has already been an approximation to the

full wave-equation modeling, and the mr(x) related Born modeling regarding is a further

approximation to the forward modeling. The further approximation means less accuracy

in the data prediction. Also, in the mr(x) approximation, we neglect the AVA behaviors,

which should be considered in the further research.
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Figure 11: Comparison of traces from inverted results (solid lines) and true reflectivity

models (dash lines) at location 4 km, respectively. The comparison group in (a) is extracted

from Figures 6a and 6c, respectively. The comparison group in (b) is extracted from

Figures 7a and 7c, respectively. We observe that in both cases the inverted results match

well with the corresponding defined reflectivity models. The inverted result in (b) has more

high-wavenumber components because its reflectivity definition, in which each reflector is

defined as a delta function.
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