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S U M M A R Y
Conventional full-waveform inversion (FWI) often fails to retrieve the unknown model param-
eters from noisy seismic data. A successful FWI implementation usually requires to follow
a multistage recovery approach, starting from the retrieval of the lower model wavenumbers
(tomography) to those with the higher resolutions (migration). Here, we propose a new method
based on the flux-corrected transport (FCT) technique often used in computational fluid dy-
namics for the removal of instabilities in a shock profile. FCT involves three finite-difference
steps: a transport, a diffusion and an antidiffusion process. This third step involves non-linear
operators such as maximum and minimum, which are non-differentiable in a classic sense.
However, since the seismic source wavelet and the corresponding wavefield are relatively
smooth and continuous in nature without any strong ripples like shock waves, we exclude
the non-linear step from FCT, which allows us to evaluate the novel FWI gradient efficiently.
As a result, we achieve a converging FWI model by gradually reducing the diffusive flux-
correction. We demonstrate the versatility of FCT-based FWI on a noisy synthetic data set
from the Marmousi II model and a marine field data set from offshore Australia.

Key words: numerical flux; finite difference methods; acoustic wave equation; full-waveform
inversion; flux-corrected transport.

1 I N T RO D U C T I O N

In recent years, research on full-waveform inversion (FWI) has
generated significant amounts of interest because of its potential to
recover fine-scale heterogeneities of the Earth’s interior from seis-
mic data (Lailly 1983; Tarantola 1984; Pratt 1990). However, the
Earth’s complexity and the non-linear nature of scattered wavefields
lay down theoretical and computational challenges when using FWI
to obtain a subsurface model without any artifacts (Virieux & Op-
erto 2009). These artefacts are mostly due to the cycle-skipping
problem of FWI (predicted and observed seismic recordings differ
by more than half a cycle), and they lead the inversion to produce a
local, rather than the global minimum.1 As a consequence, FWI can
recover a model that may be worse than the starting model. There-
fore, FWI gets deprived of its ultimate goal, that is: to retrieve fine
details of the subsurface properties from seismic data, irrespectively
of any degree of incorrectness in the initial models of consideration.

Over the last two decades, numerous techniques have been pro-
posed to alleviate the dependence of FWI on the selection of initial
models. The most widely used strategy is a hierarchical scaling of

1On the framework of local non-linear optimization problem, FWI honors
single-scattering approximation which is known as Born approximation,
and, hence cannot render non-linear model perturbations from the seismic
data. As a result, FWI suffers from endemic cycle skipping problem.

the available frequencies in the data set (Bunks et al. 1995; Sirgue &
Pratt 2004; Boonyasiriwat et al. 2009; Yuan & Simons 2014). This
strategy involves gradually appending the high frequency details of
the data to the inversion results of the low frequency. Unfortunately,
this inefficient strategy often fails in a complicated field data set.
Fortunately, strategies that integrate image-domain inversion such
as migration velocity analysis to data domain schemes (i.e. FWI),
expedite the prospect of converging to the global minimum (Symes
2008; Biondi & Almomin 2014; Berkhout 2014; Allemand & Lam-
baré 2015; Alkhalifah & Wu 2016) with a trade off in computational
cost and various implementation difficulties including separation of
model scales.

In general, FWI minimizes an objective function with multiple
local minima. Therefore, FWI, more often than not, falls into one of
the many local minima, depending on the starting model. As a result,
people look for objective functions that can keep convexity for large
model perturbations, as an alternate to the conventional L2 norm of
the difference of observed and synthetic data. As a result, a wide
range of objective functions such as envelope-based (Bozdağ et al.
2011; Wu et al. 2014; Oh & Alkhalifah 2018), deconvolution-based
(Luo et al. 2011; Warner & Guasch 2016; Choi & Alkhalifah 2018),
optimal transport-based (Engquist & Froese 2013; Métivier et al.
2016; Yang et al. 2018), auxiliary bump functional (Bharadwaj et al.
2016), weighted correlation-based (Van Leeuwen & Mulder 2010;
Wu & Alkhalifah 2017) and so on attempt to deliver a converg-
ing model in conjunction with FWI. To expedite the convergence,
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2148 M. Kalita and T. Alkhalifah

Figure 1. Marmousi II model.

Figure 2. Wavefield recorded at z = 2.0 km depth with the source at x = 8.0 km for the model in Fig. 1. From left to right: ξ = { 0.15, 0.05, 0.005, 0}. ξ = 0
suggests conventional forward modelling.

Figure 3. Average power spectrum (normalized) of shot gathers shown in
Fig. 2. The marker symbols ‘+’, ‘-’, ‘o’ and ‘∗’ represent the spectrum of
the shot gathers obtained using ξ = { 0.15, 0.05, 0.005, 0}, respectively.

Figure 4. Overlay of seismic traces (normalized) with and without the non-
linear step in FCT (ξ = 0.005). They are kinematically almost similar.

Alkhalifah (2015) and Kazei et al. (2016) suggested the application
of a scattering angle filter, as a preconditioner to the gradient of the
objective function.

Almost all of the methods mentioned above present one or more
of the following serious drawbacks:

(i) lacking robustness, especially with a complicated noisy field
data set;

(ii) complicated to implement, using the existing framework of
the available code;

(iii) computationally infeasible in large-scale 3-D problems.

However, all these methods follow the same protocol in their quest
to reconstruct model parameters from seismic data by attempting
to retrieve long-scale model wavelengths accurately, and then the
short-scale wavelengths. This idea of an automated sequential re-
trieval of wavelengths through FWI has been contemplated since
Mora (1989): the tomographic components of the model primar-
ily governs the wave propagation, and the migration components
attempt to focus scattering events in the tomographic model. There-
fore, for an inversion process, it is quite natural to follow a hierar-
chical strategy aimed at retrieving long to short-scale components
in a sequential manner. Also, a very common practice in FWI is to
apply Gaussian kernel smoothing (Ravaut et al. 2004; Operto et al.
2006; Choi & Alkhalifah 2018) or low pass filter (Sirgue et al. 2003;
Sirgue & Pratt 2004) on the gradient direction, before its application
to update the background model. It is a post-processing step to the
gradient evaluation, and it is very easy to implement. However, it
is a static process and does not comply with the wave equation of
propagation scheme at all. As a result, it guarantees no better out-
comes from FWI. Moreover, FWI suffers from slow convergence
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Figure 5. (a) True velocity model, (b) per cent error in the background velocity model of consideration, sensitivity kernels using (c) conventional method, (d)
FCT method (ξ = 0.15) for a trace with 3 Hz dominant frequency. Source and receiver positions of the trace are also marked.

Figure 6. Sensitivity kernels for a trace of 10 Hz dominant frequency using (a) the conventional method and (b) the FCT method (ξ = 0.15).

Figure 7. Available streamer length for each shot gather. Acquisition cov-
erage towards the right part of the model is very poor.

rate in case of oversmoothing. Alkhalifah & Choi (2016) and Xue
et al. (2016) suggested the application of a smoothing kernel on
seismic records, in order to promote sufficient smoothness in the
gradient evaluation. However, like Gaussian smoothing, it is very
sensitive to the kernel-size of consideration.

In order to overcome most of the shortcomings mentioned above,
we introduce a multiscale flux-corrected transport (FCT) algorithm
which uses two finite difference schemes: a transport and a diffusion.
The diffusion flux at a gridpoint is governed by the solution of the
wave equation, that is the wavefield, and a smoothing parameter that
controls the hierarchical strategy we are advocating in this paper.
In doing so, we observe a couple of benefits associated with this
method. First, it yields a smooth gradient at the earlier iterations of
FWI by promoting the lower frequency content of the seismic data.
Secondly, it is easily compatible with the existing FWI code, with
any objective function. However, although promising, this method
is not fully immune to cycle-skipping, for any arbitrary starting
model and high frequency of the data set.

There is very little literature on FCT in the seismic industry (Fei &
Larner 1995; Zheng et al. 2006); however, it is very common prac-
tice in computational fluid dynamics (CFD, Boris & Book 1973;
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2150 M. Kalita and T. Alkhalifah

Figure 8. (a) A Ricker wavelet of dominant frequency at 10 Hz filtered by a high-cut filter at 13.0 Hz is used as a source-function, (b) its power spectrum
(normalized).

Figure 9. Shot gathers from the sources placed at (a) x = 6.0 km and (b)x
= 14.0 km.

Figure 10. Average power spectrum (normalized) of the shot gather shown
in Fig. 9(a).

Book et al. 1975; Boris & Book 1976; Zalesak 1979) in order to re-
move the inviscid shocks and steep gradients near discontinuities. In
addition to the transport and diffusion steps, it involves a third step
to remove the undue flux corrections from the shock-profile. This
third limiting step is very non-linear in nature although carried out
based on the principal of mass conservation (Boris & Book 1997).
For the first time, Fei (1994) and Fei & Larner (1995) reported FCT
in seismic modelling and revere-time migration (RTM). The goal
of their work was to provide a computationally feasible algorithm

in order to obtain a high-resolution RTM image without numerical
dispersion. A high-resolution RTM image requires fine numerical
spatial grids. As a consequence of the Courant–Friedrichs–Lewy
(CFL) condition, the fine spatial grids require the wavefield to be
extrapolated using small time increments. Moreover, a detailed de-
scription of the image, especially for the deep regions, requires the
use of the entire data, at least as much as possible. However, with
the improvements in computational power, mitigation of numerical
dispersion in RTM image is no longer as challenging as it used to
be.2 Here in this article, we push the barrier to utilize FCT from
forward modelling to adjoint-state methods and in particular FWI.
In doing so, we compromise with the non-linear step involved in
Fei & Larner (1995).

The outline of the rest of this paper is as follows. We begin the
theory section with a short review of FCT in CFD. Next, we de-
scribe its application in exploration seismology as shown in Fei &
Larner (1995) and the necessary modification to make FCT compat-
ible for adjoint-state methods. We also show the role of smoothing
parameter ξ in the context of promoting low frequencies from a
source of high-frequency dominant seismic data. Towards that aim,
we show the nature of the sensitivity kernel of FWI using FCT. In
order to demonstrate the versatility of our proposed method, we con-
sider a synthetic, noise-free data set obtained from the Marmousi
II model. The model is well reconstructed starting from a poor ini-
tial 1-D model whose velocity increases linearly with depth. Also,
we demonstrate its application on a noisy data set from Marmousi
II model. Finally, we show an application to a field data set from
offshore Australia.

2 T H E O RY

L(m)u = s, (1)

where m describes the discretized earth subsurface parameters
defined at all space points, s represents the seismic source defined at
all time samples and the space points in the model, and L underpins
the governing physics of wave propagation in order to extrapolate

2The computational requirements for FWI of a 3-D data set that are col-
lected using modern broad-band, long offset, full-azimuthal systems are
enormous.
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Figure 11. 1-D starting model. Its velocity increases linearly with depth from the water bottom.

Figure 12. (a) Gradient direction of FWI with ξ = 0.20 at first iteration and (b) the model after the update process.

Figure 13. Evolution of velocity model through FWI using FCT algorithm at (a) 32nd iteration (ξ = 0.05), (b) 51st iteration (ξ = 0.001).

Figure 14. Final inverted model using FCT. Compare with the true model shown in Fig. 1. Despite limitations such as poor acquisition logistics into account,
FCT retrieves most of the model.
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Figure 15. Seismic data matching from the source, at x = 6.0 km, by interleaving 40 traces, starting from the observed followed by predicted traces. From left
to right predicted data synthesized at FWI iterations of 1, 2, 33, 52 and 81, respectively. Predicted data at the first iteration suffers from cycle-skipping. Over
the iterations, matching of observed and predicted data improves as indicated by ellipses. At the final iteration, the predicted data is almost identical with the
observed ones.

Figure 16. Per cent error of (a) initial velocity model, (b) final velocity model. The inversion process retrieves most of the velocity parameters, especially at
the shallow depth. Due to the limitations in acquisition sampling and the finite frequency data set, inversion can not recover the velocity field at deep and the
sharp boundaries.

Figure 17. FCT-based FWI reduced the misfit by almost 75 per cent. We
assigned ξ = {0.2, 0.15, 0.1, 0.05, 0.01, 0.008, 0.005, 0.001, 0} over the
interations of the multiscale approach. The first stage (ξ = 0.2) took 4
iterations followed by {6, 4, 4, 7, 7, 5, 12, 31} number of iterations for the
rest of ξ values to retrieve the final velocity model shown in Fig. 14.

the wavefield u at all the space points in the model and time sam-
ples. In general, L is a finite difference time-stepping explicit im-
plementation of the appropriate wave equation. Here, we advocate
the modification of L using FCT, in order to embrace a multiscale
approach in FWI and obtain the final inverted model. Before de-
veloping the adjoint-state formulation to FCT algorithms for FWI,
we explore FCT algorithms on CFD and the seismic industry in
Sections 2.1 and 2.2, respectively.

2.1 FCT in CFD

FCT is a popular technique in CFD (Zalesak 1979; Löhner et al.
1987; Tóth & Odstrčil 1996) to remove the non-physical numerical
oscillations from the mass density (ρ) profile by honouring the

mass-conserving property of the continuity equation, given by:

∂ρ

∂t
+ ∇ · (ρv) = 0, (2)

where v is a given velocity field. It relaxes strict asymptotic ordering
expansions with the much more flexible physical fact that positivity
must be maintained in the vicinity of strong gradients, in order to
limit the non-physical behavior of a conserved quantity, that is mass
density. In doing so, the process involves two steps : a conventional
finite difference transport, followed by a local corrective diffusion
to the region where non-physical ripples tend to form. Since there
is no a priori knowledge about the region of non-physical ripples,
the practical implementation of FCT requires to supply sufficient
diffusion everywhere, followed by a limitation of the flux wherever
over correction happens in a non-linear way. The flux limitation
at the evolution of ρ, although non-linear because of its spatial
dependency on ρ, confirms the absence of accentuation of already
existing extrema points on the profile (Boris & Book 1976).

The practical implementation of FCT involves two linear opera-
tions: a transport (T) and a diffusion (D), followed by a non-linear
operation of antidiffusion (A) to limit the flux. The old values of
the density profile, {ρ0

j }, are transported to by an operation (I + T).
They are subsequently subjected to the diffusion process in order
to obtain {ρT D

j }. After the antidiffusion, the values at the new time
step form the flux-corrected density profile, {ρ1

j }. Symbolically, the
explicit version of FCT can be given by:

ρT D = (I + T + D)ρ0,

ρ1 = (I + A)ρT D = (I + A) (I + T + D) ρ0. (3)
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FWI with FCT 2153

Figure 18. Final inverted model using (a) conventional method for the full bandwidth and (b) multiscale method as described in Bunks et al. (1995). In the
multiscale approach, we inverted for sub data sets of frequencies less than 1 Hz, followed by 2 Hz, 4 Hz, 10 Hz and the full bandwidth.

Figure 19. (a) Noise is added to the shot gather shown in Fig. 9(a) to prepare noisy data, and (b) its normalized power spectrum (marker symbol ‘o’) compared
with noise-free-data (marker symbol ‘∗’).

Figure 20. (a) Gradient direction of FWI with ξ = 0.15 at first iteration and (b) final inverted model using FCT.

Figure 21. (a) Gradient direction of FWI at first iteration and (b) final inverted model using conventional multiscale approach.
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2154 M. Kalita and T. Alkhalifah

Figure 22. Shot gathers from the sources placed at (a) x = 6.0 km and its (b) normalized power spectrum (marker symbol ‘+’) compared with those from the
previous two examples: marker symbols ‘o’ for previous noisy-data and ‘∗’ for noise-free-data.

Figure 23. Final inverted model of the noisy data displayed in Fig. 22(a) using (a) conventional multiscale method and (b) FCT algorithm. Apart from the left
part of the model, FCT-based FWI recovers the velocity reasonably well, especially the shallow region of the model.

Figure 24. Available streamer length for the shots of consideration in the
field-data example.

Depending on the numerical-scheme of consideration in T, the
implementation of D and A varies. More Details are given in Boris
& Book (1976); Zalesak (1979). Inspired by its success on CFD, Fei
& Larner (1995) applied FCT in exploration seismology for the first
time, with a goal of circumventing numerical dispersion, even with
coarse grid samples. Clearly, the problems of numerical dispersion
can easily be negotiated by sampling the wavefield at finer grid
intervals. The advancements in computational power make finer
grid affordable, which might be the primary reason for which FCT is
not so popular among the seismic community. Another shortcoming
of FCT is that it requires the selection of two parameters (ξ , ψ) for
identifying the numerically affected troublesome regions. However,
we can exploit this phenomenon to steer FCT in FWI to reconstruct
the unknown parameters from seismic data.

Figure 25. Shot gathers from the sources placed at (a) x = 1.0 km and (b)
x = 9.0 km.

2.2 Forward modelling using FCT

This section describes FCT in the context seismic wavefield extrap-
olation as proposed in Fei & Larner (1995), and also the necessary
modifications required to make it viable for the adjoint-state method.
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Figure 26. Average frequency content (normalized) of the shot gather dis-
played in Fig. 25(a).

Without loss of generality, we consider the 2nd-order seismic wave
equation in a 2-D acoustic medium to describe the methodology of
the FCT technique. We denote the wavefield at any arbitrary grid-
point (i, j) with un

i, j for any arbitrary nth time-step. Its numerical
flux is defined as f n

i+1/2, j = un
i+1, j − un

i, j and f n
i, j+1/2 = un

i, j+1 − un
i, j

along the x and z directions, respectively. Next, we compute the as-
sociated diffusive flux defined as:

qn−1/2
i+1/2, j = ξ

(
f n
i+1/2, j − f n−1

i+1/2, j

)
qn−1/2

i, j+1/2

= ξ
(

f n
i, j+1/2 − f n−1

i, j+1/2

)
; 0 ≤ ξ ≤ 1. (4)

Therefore the diffusion flux of u is evaluated by employing two
finite-difference operations: a spatial derivative operation followed
by a temporal one. Using eq. (4), we modify the wavefield at (n +
1)th time step as follows:

ũn+1
i, j = un+1

i, j +
(

qn−1/2
i+1/2, j − qn−1/2

i−1/2, j

)
+

(
qn−1/2

i, j+1/2 − qn−1/2
i, j−1/2

)
. (5)

ũ is used for its propagation to the next time-step. Thus, the wave-
field extrapolation benefits from an addition of a small corrective
quantity (a function of both x and t) at every time step, yielding a
smooth solution with a loss in amplitude. The corrective measure
is carried out in a conservative way (except at the boundaries), that
is whenever a quantity of diffusive flux is added at one point, that
same amount is subtracted from somewhere else. Thus, it is moved
from point to point locally, but with no net loss or gain to the system.
However, the smoothness order depends on the parameter ξ , which
varies with the scheme of finite difference under consideration. ξ

should not be too big to violate the CFL criteria. In order to depict
the role of ξ in seismic modeling, we show the wavefield recorded at
a depth of z = 2.0 km of Marmousi II model (Fig. 1) from a source
placed at (x, z) = (8.0, 0) km (Fig. 2). In Fig. 2, we observe that
large ξ yields a smoother wavefield compared to the conventional
counterpart (ξ = 0). Fig. 3 displays the average power spectra of
the shot gathers shown in Fig. 2.

Eq. (5) represents the second step of FCT, that is an uncon-
trolled diffusion process performed everywhere in the model, and
responsible for smoothing the wavefield. In order to prevent the
diffusion fluxes from overcorrection, FCT requires the use of
an antidiffusion strategy consisting of the following cumbersome
steps:

• Compute the diffusive fluxes at time step n + 1:

q̃n+1/2
i+1/2, j = ψ

(
f n+1
i+1/2, j − f n

i+1/2, j

)
q̃n+1/2

i, j+1/2

= ψ
(

f n+1
i, j+1/2 − f n

i, j+1/2

)
; 0 ≤ ψ ≤ 1. (6)

• Compute the following quantities using eq. (5):

Xi+1/2, j = (
ũn+1

i+1, j − un
i+1, j

) − (
ũn+1

i, j − un
i, j

)
Yi, j+1/2

= (
ũn+1

i, j+1 − un
i, j+1

) − (
ũn+1

i, j − un
i, j

)
. (7)

• Compute the following using eqs (6) and (7):

Xc
i+1/2, j = Sx max{0, min[Sx Xi−1/2, j abs

(
q̃n+1

i+1/2, j

)
, Sx Xi+3/2, j ]}

Y c
i+1/2, j = Symax{0, min[SyYi, j−1/2abs

(
q̃n+1

i, j+1/2

)
, SyYi, j+3/2]}

Sx = sign
(

q̃n+1/2
i+1/2, j

)

Sy = sign
(

q̃n+1/2
i, j+1/2

)
(8)

• Correct the eq. (5) using eq. (8):

un+1
i, j = ũn+1

i, j + (
Xc

i+1/2, j − Xc
i−1/2, j

) + (
Y c

i, j+1/2 − Xc
i, j−1/2

)
. (9)

Eq. (9) represents the flux-corrected seismic wavefield (Fei &
Larner 1995). However, we exclude the essential limiting step from
FCT with the goal of obtaining the FWI gradient. The primary
reasons behind this exclusion are:

• It is highly non-linear. Eq. (8) involves non differentiable oper-
ators such as maximum, minimum, absolute and signum.

• Seismic source wavelet being continuous and simple in nature
is very unlikely to yield very strong ripples like shock waves.

Therefore, our FCT implementation halts at the second stage
(eq. 5) of the original version (eq. 9). However, this circumvention
does not affect the wavefield as such, particularly in the context of
smoothing the wavefield. For comparison purposes, we consider a
trace recorded at z = 2.0 from the example given in Fig. 2. We
show that FCT leads an almost identical solution with or without
the non-linear step (Fig. 4). Also, the absence of a non-linear step
effectively makes FCT’s algorithm very easy to implement with
conventional FWI machinery.

A further simplification of eq. (5) enables us to formulate the
FCT on a matrix-vector form, as follows:

ũn+1 = un+1 + D (un − un−1) with D = ξ

⎛
⎜⎝

0 −1 0

−1 4 1

0 1 0

⎞
⎟⎠;

(10)

where the superscript n > 1 is a time step; ũ is the flux-corrected
wavefield that yields the transport solution u for the next time-step.
The 3 × 3 kernel D is a self-adjoint linear operation due to ignoring
the flux’s limitations. In a nutshell, the FCT operator L̃ is simply
the wave equation operator L followed by D.

2.3 Multiscale FWI using FCT

FWI is a non-linear data-matching technique aiming to achieve a
detailed estimate of the subsurface model parameters from seismic
data. Given an initial model, the predicted data (dmod) satisfy the
wave eq. (1) at the receiver positions of the experiment. Mathe-
matically, dmod = Ru where R is a detection operator to extract u
only at the receiver positions. The next step involves updating the
initial model in order to reduce the misfit (f) between the observed
(dobs) and the predicted seismic data, and, feed back the updated
model into the iterative procedure as the background model. This
iterative loop is carried out until the data-misfit is sufficiently small.
At every iteration, the background model is updated by a search
direction (i.e. a function of the gradient of the misfit), depending
on the choice of optimization algorithms. For instance, the search
direction in the method of steepest descent is given by the negative
gradient of the misfit function. Following the adjoint-state method
(Plessix 2006), the gradient computation of FWI misfit function of
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Figure 27. (From top to bottom) Evolution of the velocity model through FWI using FCT approach. The top panel shows the starting model, followed by two
intermediate results of inversion process. The bottom panel displays the final inverted velocity model using FCT.

the form f = 1
2 yT y is given by:

∂ f

∂m
= −

(
∂L

∂m
u

)T (
L−1

)T
RT δs, (11)

where δs = ∂y
∂dmod

T
y is known as the adjoint-source; y is a function

of dmod and dobs (Lailly 1983; Pratt et al. 1998). Eq. (11) states (from
right to left) that the adjoint source from the position of receivers
(RTδs) is to be back-propagated in time, using an operator LT, to
perform a temporal cross-correlation with the forward wavefield (u)
that was affected by an additional operator ∂L

∂m , in order to evaluate
the gradient of an objective function of the form f. In particular, y

= dmod − dobs implies δs = dmod − dobs, and,

∂ f

∂m
= −

(
∂L

∂m
u

)T (
L−1

)T
RT (dmod − dobs )

= 2mb < ∇2u, v > with Lu = f & LT v = dmod − dobs ,

(12)

where <, > denotes the dot product between two vectors (the time-
series, in our case), mb is the background velocity at the gridpoint
x.

As mentioned earlier, The FCT modelling operator is nothing but
a modification in the wave-equation engine. Therefore, a formula-
tion of the gradient direction, at a gridpoint x, using FCT, g̃, also
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Figure 28. Shot gather displaying interleaved predicted and observed data
using the (a) initial velocity and (b) final velocity model. We intersperse
40 traces starting form the predicted followed by observed data. Note that
the final inverted velocity model predicts a data set that match the observed
ones better than the initial model does.

Figure 29. Correlation factor maps for all predicted traces using the (a)
initial, (b) final velocity models. The zero values in the right corner of the
maps are because of the unavailability of traces. Note that two identical
signals produce a correlation factor of unity.

requires to embrace the following changes:

g̃ = −
(

∂L̃

∂m
ũ

)T (
L̃−1

)T
RT (dmod − dobs )

= 2mb < ∇2ũ, ṽ > with L̃ũ = f & L̃T ṽ = dmod − dobs . (13)

Therefore, the gradient evaluation of FWI, using FCT, is a simple
pre-conditioner of the conventional formulation, due to the modi-
fication in the wave-equation operator, controlled by the parameter
ξ . We propose to harness ξ , in descending order, to invert the full-
bandwidth of the data set. We start the inversion with a large ξ

and relax it progressively to zero so that the final inverted model is
achieved from conventional FWI. With large ξ values, FCT attempts
to retrieve the model’s long-wavelength components from the data.
With the maturity of the inversion process, FCT with smaller ξ

values starts recovering the fine-scale wavelengths. Some of the
obvious features of our method are as follow:

(i) It can be easily extended to any objective functions, since
required modifications take place only in the wave equation propa-
gator, rather than the entire inversion setup.

(ii) A large ξ promotes low frequencies in the wavefield, hence
will produce a smooth gradient even from full bandwidth data.
Unlike Gaussian kernel smoothing, it is a dynamic filter that tackles
the convergence issues at stake.

(iii) It is more convenient than the popular multiscale approach
presented by Bunks et al. (1995). In general, the signal-to-noise ratio
in the low frequency bandwidth of seismic recordings is very poor,
hence, it produces a noisy-gradient with the conventional approach.
However, FCT produces a smooth gradient from full bandwidth
data with a better signal-to-noise ratio.3 Finally, unlike conventional
approaches, FCT does not require any preconditioning such as the
use of band-pass filtering for the observed data.

(iv) It is very easy to implement within the existing FWI codes.
(v) At the end, it only requires a classical FWI (ξ = 0, in this

case) with a background model that has undergone multiple refine-
ment over the FWI iterations for ξ �= 0. Therefore, starting from a
better initial model, we, finally, achieve the inverted model through
classical FWI.

2.4 Sensitivity kernel using FCT: from hollow to solid fat
banana-kernel

In seismic waveform tomography, the sensitivity kernel or the
Fréchet derivative provides insights into the Fresnel zone, along
the wavepath due to model perturbations (Woodward 1992; Tromp
et al. 2005; van der Hilst & de Hoop 2005; Djebbi et al. 2013).
Therefore, it delineates the zone of model perturbations that con-
tribute to the data residuals (difference between the predicted and
the observed records). Thus, we, analyse the sensitivity kernels of
a trace, with 3 Hz dominant frequency and for a velocity model,
as shown in Fig. 5(a). Fig. 5(b) shows the model perturbations that
yield non-zero differences in data residuals. As expected, the kernel
for the seismic trace resembles a banana shape around the source
and receiver positions (Figs 5c and d). However, the kernel using
FCT (Fig. 5d), is slightly fatter than with the conventional method
(Fig. 5c).

Next, we carry out the same experiment with 10 Hz dominant
frequency. As expected, the conventional sensitivity kernel as shown
in Fig. 6(a) incurs a wider insensitive zone across the geometrical

3Details are provided in Section 2.4.
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2158 M. Kalita and T. Alkhalifah

Figure 30. Reverse-time-migration images overlaying over the initial (top panel) and final (bottom panel) migration velocity models. As indicated by the
arrows, final velocity model better delineates the reflectors than the starting model.

Figure 31. ADCIGs below the see bottom of initial (top panel) and final inverted (bottom panel) models, computed at an interval of 0.4 km in the region of
x = [3.0 km, 8.2 km]. The arrows indicate general trends of events in ADCIGs. Compared to the top panel, the events are flatter in the bottom panel which
signify improvements in the retrieval process of velocity field from sesimic data using FCT approach.
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Figure 32. (a) A shot gather for the first stage of multiscale FWI method, (b) its average power spectrum (normalized) shown by the marker symbol ‘+’. The
other symbols ‘-’, ’x’, ‘o’ and ‘∗’ represent the frequency content of the shot-gather used in different stages of the conventional multiscale method.

Figure 33. Final inverted model using conventional FWI (Bunks et al. 1995). The arrows point to a zone with water layer velocity which is most-probably an
artifact of FWI.

ray path in comparison with the previous case. However, FCT has a
profound impact on reducing that region of zero sensitivity (Fig. 6b).
Moreover, it enjoys a kernel response similar to that of 3 Hz data
(Fig. 5).

2.5 Implementation strategy of FWI using FCT

The essence of our proposed method is that it is very easy to im-
plement in the existing framework of FWI. It requires no changes
besides the modifications in the modelling engine as shown in Algo-
rithm 1. Computational costs due to the modifications are negligi-
ble. It is worth mentioning that the exclusion of the non-linear step
from original FCT has reduced the bulk of floating point operations
such as finding maxima, minima, etc., thus, the computational time.
Given the flux-corrected wavefield, the gradient computation is very
straightforward and only requires a temporal cross-correlation pro-
cess between the source wavefield and the back-propagated adjoint
wavefield. In doing so, we usually need to store the entire source
wavefield, often referred to as history saving scheme, or include
an extra extrapolation step to propagate the source wavefield from
its storage to the boundary (Berkhout 1988; Clapp 2008), often
referred as boundary saving scheme. With advancements in acqui-
sition process, such as multicomponent and wide azimuth, which

are cultivating huge data sets of the order of terabytes in size, the
boundary saving scheme is more attractive albeit we will incur an
additional wavefield extrapolation compared to the history saving
scheme. However, it is possible to use the history saving scheme
for the examples being considered here. Both schemes to compute
the gradient directions using FCT are reported in Algorithms 2
and 3. Unlike conventional FWI, the history-saving scheme in FCT
requires an additional wavefield extrapolation to predict seismic
records in order to prepare the adjoint source, as shown in Algo-
rithm 3. However, number of wavefield extrapolation remains same
for both the conventional and FCT-based FWI, using boundary sav-
ing scheme.

3 E X A M P L E S

3.1 Marmousi II

We demonstrate an application of the proposed method to the Mar-
mousi II velocity model. There are several normal faults and re-
sulting tilted blocks towards the centre, as well as complicated fine
structures particularly towards the right, and horizontal layering
towards the left side of the model. We display the true synthetic
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Algorithm 1 FCT

Input: u0 wavefield at ti−1.
Input: u1 wavefield at ti .
Input: u2 wavefield at ti+1.
Output: ũ2 flux corrected wavefield at ti+1.

1: Compute the flux along x and z directions using eq. (4) which
involves u0 and u1.

2: Use eq. (5) to compute ũ2.
3: u0 ←− u1; u1 ←− ũ2.
4: Extrapolate the wavefield for next time step ti+2.

Algorithm 2 GRADIENT COMPUTATION (BOUNDARY SAVING

SCHEME)

Input: do, source wavelet, acquisition geometries.
Input: m0 background velocity model.
Output: g̃ flux corrected gradient.

1: Solve eq. (1) forward in time, save the extrapolated wavefield,u,
at the boundary and also at the receivers, dp .

2: Compute the adjoint source of interest, e.g., here it is dmod −
dobs .

3: Obtain the flux corrected source wavefield ũ using Algorithm
1 from the values stored at the boundary.

4: Obtain the adjoint wavefield, ṽ, using Algorithm 1.
5: Compute g̃ using eq. (13).

Algorithm 3 GRADIENT COMPUTATION (HISTORY SAVING SCHEME)

Input: do, source wavelet, acquisition geometries.
Input: m0 background velocity model.
Output: g̃ flux corrected gradient.

1: ũ flux corrected source wavefield using Algorithm 1.
2: Predict the synthetic data dmod using eq. (1).
3: Compute the adjoint source of interest, e.g., here it is dmod −

dobs .
4: Obtain the adjoint wavefield, ṽ, using Algorithm 1.
5: Compute g̃ using eq. (13).

Algorithm 4 MULTISCALE FWI USING FCT

Output: mk Inverted velocity model.
1: ξ = ξmax

2: while ξ �= 0 do
3: k = 0
4: while halting criterion false do
5: g̃k ←− argmin

m
|| dk

mod − dobs ||22 using Algorithm 2.

6: Normalize g̃k .
7: Compute conjugate gradient, c̃gk .
8: mk+1 = mk + α cgk ; α: step length.
9: k = k + 1

10: end while
11: Reduce ξ .
12: m0 = mk

13: end while

model of our consideration in Fig. 1. The model contains 679 and
139 gridpoints along the x and z directions, respectively, at an equal
interval of 0.025 km. There are 300 sources placed between x =
0.5 and 15.45 km at intervals of 0.05 km, and a depth of z =
0.025 km. Data are recorded by a 10.0-km-long streamer, starting
from 0.2 km at the near offset for 8 seconds. We set the length of

the streamer to vary with the position of the sources in order to em-
ulate the typical marine acquisition geometry. Fig. 7 confirms the
poor acquisition geometry towards the right part of the model. The
streamer is floated at the same depth as the source-line. A Ricker
wavelet of 10 Hz dominant frequency filtered by a high-cut filter at
13 Hz, is used to synthesize the observed data with the free surface
boundary condition. Fig. 8 displays the source wavelet and its power
spectrum. Next, we show two shot gathers from sources placed at
x = 6 and 14 km in Figs 9(a) and (b), respectively. We display the
frequency content of the shot gather from Fig. 9(a) in Fig. 10.

We start the inversion process with a model (Fig. 11), in which
the velocity increases linearly with depth from the water bottom.
Fig. 12(a) shows the gradient direction computed at the first iteration
of FWI using ξ = 0.20. As expected, it accentuates the smooth
features of the true model that are missing from the initial model
(Fig. 12b). As we decrease ξ over the iterations, FWI progressively
attempts to capture the fine-scale features of the model (Fig. 13).
The inversion starts by with the recovery of the smooth tomographic
part, especially at the shallow region, then progressively propagates
further down with an enhancement in the resolution of the model.
We display the final inverted model in Fig. 14 which depicts a close
resemblance with the true model shown in Fig. 1.

We analyse the evolution of predicted data over the FWI iterations
shown in Fig. 15. For comparison purposes, we interleave observed
and predicted seismic records from the source at x = 6 km. The
initial velocity model (Fig. 11) is very smooth and hence produces
no reflection events apart from the water bottom represented in
Fig. 15(a). Also, we observe that the diving waves produced in the
initial model, arrive at the receivers, especially at far-offset, more
than a cycle later than those in observed recordings. FWI after the
first iteration attempts to minimize that delay in arrivals as shown
in Fig. 15(b). However, the velocity model, shown in Fig. 12(b),
is not mature enough to produce any reflection events that match
the observed counterparts, especially in the near-offset recordings.
The velocity model, shown in Fig. 13(a), generates seismic records
that start resembling the observed data. For instance events pointed
out by ellipses in Fig. 15(c) suggests clear improvements in the
velocity model. At the 51st iteration, we retrieve a velocity model
(Fig. 13(b) that depicts a smoother version of the true model, and
hence, a better matching of the waveform (Fig. 15d). The final
velocity model, Fig. 14, produces a data set that is almost identical
to the observed ones as shown in Fig. 15(e). Fig. 16 shows the
percentage of errors4 for the initial and the final velocity models.
Taking the innate limitations such as the finite frequency bandwidth
data set, incomplete acquisition aperture and so forth into account,
Fig. 14 suggests that our proposed method successfully retrieves
most, if not all of the true velocity features. Fig. 17 shows the
history of the L2 norm of data-residual. Next, we show the failure
that conventional FWI experiences for the full-bandwidth data in
Fig. 18(a). However, the multiscale method (Bunks et al. 1995)
recovers the model as shown in Fig. 18(b).

3.2 Marmousi II: noisy data

We demonstrate the versatility of FCT-based FWI on a noisy-data
set from the Marmousi II velocity model. In order to prepare the
observed data as shown in Fig. 19(a), we add white-noise to the
data set of the previous example (Fig. 9a). The SNR at the lower
frequency bandwidths of the data is very poor, that is negative in

4per cent error = 100 | 1 − m
mtrue

|.
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dB scale. For example, the SNR for the frequency bandwidth of {
0–1 Hz, 0–2 Hz, 0–3 Hz, 0–4 Hz, 0–5 Hz, 0–6 Hz} are {–42 dB,
–24 dB, –12 dB, –4 dB, –1 dB, 5 dB}, respectively. We compare
the power spectra of noisy and noise-free data in Fig. 9(b) which
shows a clear dominance of noise over signal in the lower frequency
bandwidth (below than 5Hz).

We start the inversion process with a linear v(z) model as shown
in Fig. 11. We show the gradient direction computed at the first
iteration of FWI using ξ = 0.15 in Fig. 20(a).5 Fig. 20(b) shows
the final inverted velocity model using our proposed method. The
conventional multiscale FWI severely fails to recover the model as
shown in Fig. 21. The computed gradient even at the first iteration
(Fig. 21a) is very noisy, and also contaminated with short-scale
wavelengths (migration components) rather than it being smooth
(tomographic components) due to the poor SNR of the lower fre-
quency bandwidths of the observed recordings. As a consequence,
conventional FWI retrieved a model (Fig. 21b) which is very far
fromthe true global minimum model (Fig. 1). On the other hand,
FCT enjoys a much better convergence than classical multiscale
FWI, even in the presence of noise in the observed data.

Next, we increase the noise level further to investigate the break-
down of FCT in presence of extreme noise. Fig. 21 shows a shot
gather and its power spectrum. The comparison of power spectrum
of the shot gather with those from the last two examples confirms
the hike in the noise level. For example, the SNR for the bandwidths
of { 0–1 Hz, 0–2 Hz, 0–3 Hz, 0–4 Hz, 0–5 Hz, 0–6 Hz, 0–7 Hz} is
{–51 dB, –32 dB, –24 dB, –12 dB, –7 dB, –2 dB, 1 dB}, respectively.
As expected, conventional FWI fails to retrieve the model as shown
in Fig. 23(a). We show the final inverted model using our porposed
method in Fig. 23(b). Although the left part of the model is con-
taminated with the artifacts due to the noise present in the recorded
seismic signal, we manage to retrieve the right part, especially the
shallow region. Nevertheless. FCT-based FWI reconstructs the in-
verted model way better than the conventional multiscale scheme.

3.3 Field data set

This example corresponds to a 2-D field marine data set acquired in
North-Western Australia Continental shelf using a Broadseis system
with a variable depth streamer. This type of acquisition technique
enriches the low frequency content of the data set (Soubaras &
Dowle 2010). The minimum available frequency of the data set is
around 3.0 Hz. We consider a model of 11.6 km long and 3.75 km
deep in size. Accordingly, only 576 out of 1824 shot-gathers with
a source interval of approximately 0.01875 km are selected for
inversion purposes. The length of the streamer is 8.3 km: it contains
648 receivers with the near offset at 0.169 km. Fig. 24 represents
the number of receivers per shot fit inside the area of investigation.
It confirms the poor acquisition sampling towards the right side of
the model. We display two shot gathers from the sources placed at
x = 1.0 and 9.0 km in Fig. 25. Fig. 26 shows the frequency content
of the shot displayed in Fig. 25(a).

We choose to minimize the normalized cross-correlation objec-
tive function (Routh et al. 2011; Choi & Alkhalifah 2012) instead
of the L2 norm of the data misfit. Borrowing the inverted wavelet
from Kalita & Alkhalifah (2017), we start the inversion with a
model (Fig. 27a), derived from the given brute-stack time-domain

5Although smooth, the resulting update direction using ξ = 0.20 cannot
reduce the data misfit. Hence, FCT-based FWI automatically considers the
next available ξ value which is 0.15 in this case.

velocity information. Additionally, we keep the water layer veloc-
ity unchanged throughout the inversion process. Fig. 27 shows the
evolution of the velocity model. As expected, the inversion starts re-
covering the low wavenumber, and then the high wavenumbers. We
retrieve the final velocity model as shown in Fig. 27(d), featuring
many sharp contrasting regions, especially at depths of z = 1.5 and
3.0 km.

We validate the inversion result by the following QC measures:

(i) We compare the observed data with synthetic counterparts
that computed by applying acoustic constant density wave equation
into the model. We interleave synthetic and observed shot records
in Fig. 28 to accentuate the matching the kinematics of associated
arrivals. Fig. 28(a) shows the matching of data from the initial model
and Fig. 28(b) from the final model. The coherency in the events
that are shown in Fig. 28(b) confirms improvements in the final
velocity model (Fig. 27d), compared to the initial model (Fig. 27a).

(ii) To make the data matching comparison more quantitative,
we display the correlation factor (CF), defined as (Wu & Alkhalifah
2015)

C F = < dmod , dobs >√
< dmod , dmod >< dobs, dobs >

. (14)

Two identical signals yield a CF of unity. We compute the CF for
each pair of traces in Fig. 29. The zero values in the right corner of
the maps, is due to the unavailability of traces (Fig. 24). CF’s map
confirms the better matching of synthetic data with the observed
counterparts for the final velocity model than the initial model.

(iii) We observe improvements in the migration image also. The
final velocity model accentuates the reflectors much better than the
initial does (Fig. 30).

(iv) For velocity analysis, it is often useful to display partial im-
age profiles as a function of reflection angles, known as angle do-
main common image gathers (ADCIGs). The erroneous velocities
produce non-flat events in ADCIGs. We have computed ADCIGs
(Fig. 31) using excitation method (Kalita & Alkhalifah 2016)6 for
initial (Fig. 27a) and final inverted (Fig. 27d) models at every in-
terval of 0.4 km, starting from 3.0 to 8.2 km. It shows some of the
events, as pointed out by the arrows, are flatter with the inverted
model compared to initial model.

In order to compare the outcomes of FCT method with conven-
tional FWI, we perform the multiscale approach (Bunks et al. 1995)
on this seismic data set, starting the inversion at the lower frequency
bandwidth and progressively including the higher frequencies. We
display a shot-gather and its frequency content that is involved in the
first-stage of the multiscale scheme in Fig. 32. In addition, we over-
lay all the frequency bandwidths of consideration for various stages
of the inversion in Fig. 32(b). Next, we display the inversion result
in Fig. 33. We retrieve a thin layer of water velocity at x > 8.0 km
below the sea-bottom, as pointed out by the arrows, which is proba-
bly one of the artifacts of FWI incurred because of cycle-skipping.
An enlarged region from Fig. 33 as shown in Fig. 34 suggests that
the velocity model obtained using FCT method (Fig. 34a) contains
more prominent and continuous geological features than that using
conventional FWI (Fig. 34b). We validate this claim by comparing
ADCIGs in the region of consideration (Fig. 35). Lastly, we pro-
duce the RTM image in Fig. 36 using the migration velocity model

6Excitation approach reduces computational overburden of ADCIGs’ eval-
uation.
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Figure 34. Enlarged section of final inverted models using (a) FCT and (b) conventional method. It suggests that conventional FWI failed to retrieve some of
the high and low velocity zones as recovered by the FCT method.

Figure 35. ADCIGs computed at x = {7.0, 7.2, 7.4, 7.6, 7.8, 8.0} km for a region of z = 1.25 km to z = 3.25 km using velocity models obtained by FCT
approach (left-hand panel) and conventional method (right-hand panel). The arrows indicate a general trend of the events, which are, in general, flatter in the
left-hand panel compared to the right-hand panel. It suggests that our approach retrieved velocity parameters better than conventional multiscale method from
the field data set of consideration.

Figure 36. Enlarged section of the reverse-time-migration image overlaying over the final migration velocity model obtained using conventional multiscale
FWI. The reflectors as pointed out the by the arrows are less focused, flat and continuous compared to the FCT counterparts in Fig. 30 (bottom panel).

obtained by conventional multiscale method. Comparing it with the
RTM image in Fig. 30(bottom panel), we observe that the events
are better focused, more continuous and flatter with the inverted
migration velocity of FCT method.

4 D I S C U S S I O N

Because of the exclusion of the anti-diffusion step from the original
version of Fei & Larner (1995), the FCT operator becomes linear,
and hence, it can easily be employed in an adjoint tomography. It
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promotes low frequencies in the wavefield, thus the smooth gradient
from a high-frequency dominant source. It is worth mentioning
that, unlike many other recent algorithms, it requires no tampering
with the objective function of FWI to produce a smooth gradient
direction. Neither we do require cumbersome efforts to adopt the
algorithm into the existing FWI code. However, it is not a panacea
to resolve the endemic cycle skipping in FWI once and for all,
especially in absence of adequate low-frequencies in the data set.
For instance, it failed to retrieve the velocity field starting from a
v(z) model in the case of the field data example.

The predicted seismic gathers using FCT, especially for large ξ

values are smoother than the full-bandwidth observed data. Hence,
they cannot be considered for the misfit measurements. Therefore,
we require a conventional modeling step (ξ = 0) in order to com-
pute synthetic data for the preparation of adjoint sources of FWI.
As a consequence, we require an additional wavefield extrapolation
in case we opt the history saving scheme for inversion machinery7

However, as ξ approaches to zero, we can safely consider the pre-
dicted seismic data using FCT to the inversion scheme. For ξ = 0,
it is nothing but a conventional FWI.

The smoothing parameter, ξ , controls the success and conver-
gence rate of FCT algorithm in FWI. As pointed out by Boris &
Book (1973), ξ depends on the numerical FD scheme under consid-
eration, sampling intervals and velocity model. In their work, Boris
& Book (1973) set ξ = 0.125 in order to remove the undesired
ripples of a shock profile. Fei & Larner (1995) considered ξ to be
less than or equal to 1. As a rule of thumb, ξ should not be too large
to incur the numerical stability of wave equation. We heuristically
select plausible ξ = ξmax and gradually decrease ξ to zero in the
proposed multiscale inversion scheme.8 More research will be nec-
essary to optimize the selection procedure of ξ in order to reduce
the redundancy.

The main goal of this study was to develop a robust and easy-to-
implement strategy in waveform inversion to mitigate the problem
of cycle-skipping. We have done so by developing FCT for a 2-D
acoustic medium with a constant density. However, our premise of
a simplistic physical behavior of the wavefield may not be valid
for a complicated earth model. Therefore, we cannot rule out the
challenges that arise when inverting more complex provinces, using
FCT. Thanks to the previous work of Fei & Larner (1995) and
Zheng et al. (2006), the work presented here may also be extended
to a non-linear 3-D elastic medium with an anisotropic behavior.
Further studies on more complicated media will shed some light on
the versatility of our method, and, will be reported in future papers.

5 C O N C LU S I O N S

We developed a novel multiscale approach in FWI using flux cor-
rection transport, which serves as an improved alternative to the
conventional hierarchical frequency scaling approach. It involves a
parameter ξ , which governs the smoothness of the wavefield, hence,
the gradient. FCT with a large ξ promotes available low frequen-
cies, hence a smooth gradient from the high-frequency dominant
seismic data. A gradual decrease of ξ to zero results in conventional

7For large 3-D scale problems, FWI prefers boundary saving scheme. This
scheme for FCT-based FWI requires same number of modelling steps with
that for conventional FWI.

8In order to select plausible ξmax under the in situ experimental conditions,
we do forward modelling for the initial velocity model using a set of ξ

values just before initiating FWI.

FWI for the full bandwidth of the data set. Besides its robustness,
this algorithm can easily be adapted to the existing FWI code. The
modifications in FCT are very cheap, requiring only a few addi-
tional algebraic operations to the wavefield solution. We validated
the proposed method on data sets of Marmousi II model. FCT-
based FWI successfully retrieved most of the model. Moreover, we
demonstrated it could be applied to a field data set in which the
FCT method clearly outperforms the conventional multiscale FWI
method.
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