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Abstract—A higher-order Nyström scheme is developed for
discretizing the scalar potential integral equation (SPIE) for
analyzing electromagnetic field/wave interactions on penetrable
scatterers. The unknown scalar potential and its normal deriva-
tive are expanded using higher-order Lagrange interpolation
functions. Inserting this expansion into the SPIE and point-testing
the resulting equation yields a matrix system that is solved for the
unknown expansion coefficients. Numerical results demonstrate
that this matrix system is well-conditioned regardless of the
discretization order and mesh density, and that its solution has
higher-order convergence.

I. INTRODUCTION

Electromagnetic scattering from homogeneous penetrable
objects are often analyzed by solving different combinations
of electric and magnetic field surface integral equations (EFIE
and MFIE) [1]. However, it is well-known that the EFIE suffers
from low-frequency and dense-mesh break downs [2], [3].
Even though the MFIE is always well-conditioned (thanks to
its second-kind nature), its solution obtained using traditional
methods at low-frequencies is inaccurate [4], [5]. Even though
these problems can be alleviated using new discretization and
preconditioning techniques, these often come at the expense
of implementation simplicity.

In recent years, potential surface integral equations have
been proposed as “break-down free” alternatives to field
surface integral equations. These equations have first been
formulated for perfect electrically conducting objects in [6],
[7] and later extended for penetrable objects [8], [9]. In [9],
a de-coupled formulation, which allows for solving for scalar
and vector potential individually, has been proposed.

In this work, a higher-order Nyström method [10] is used to
solve the scalar potential integral equation (SPIE) formulated
in [9]. The proposed method uses higher-order basis functions
defined at a set of discrete points to expand the unknown
potential and its normal derivative on the surface of the
scatterer, inserts this expansion in the SPIE, and point-tests
the resulting equation to obtain a matrix system. This matrix
system is solved for the unknown expansion coefficients.
Numerical results demonstrate that this matrix system is well-
conditioned regardless of the discretization order and mesh
density, and that its solution has higher-order convergence.

II. FORMULATION

Let S denote the surface of a homogeneous penetrable
scatterer residing in an unbounded background medium. The

permittivity, permeability, and wavenumber of the background
medium and scatterer are {ε1, µ1, k1} and {ε2, µ2, k2}, re-
spectively. The scatterer is excited by an incident scalar
potential φi(r). Using the scalar Green’s theorem, the gov-
erning Helmholtz equation, and the equivalence principle, the
scalar potentials outside S (exterior problem) and inside S
(interior problem), φ1(r) and φ2(r), can be represented in
terms of the integrals of {φ1(r′), ∂n′φ1(r

′)}, r′ ∈ S and
{φ2(r′), ∂n′φ2(r

′)}, r′ ∈ S, respectively. Here, ∂n′ = n̂(r′) ·
∇′ and n̂(r′) is the outward pointing unit normal vector on S
at r′ [9]. Linearly combining these representations and their
normal derivatives on S, and enforcing the boundary condi-
tions φ1(r′) = φ2(r

′), r′ ∈ S and ε1∂n′φ1(r
′) = ε2∂n′φ2(r

′),
r′ ∈ S yield the following SPIE [9]:[α1+α2

2 I + C11 C12

C21
β1+β2

2 I + C22

] [
φ

ε1
k0ε0

∂nφ

]
=
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where C11 = −α1D̃1 + α2D̃2 , C12 = (α1k0ε0/ε1)S1 −
(α2k0ε0/ε2)S2 , C21 = − (β1ε1/k0ε0)N1+(β2ε2/k0ε0)N2,
and C22 = β1D̃

′
1 − β2D̃′2 with

Si[x] =

∫
S

Gi(r, r
′)x(r′)dr′

D̃i[x] = −
∫
S

∂n′Gi(r, r
′)x(r′)dr′

D̃′i[x] = −
∫
S

∂nGi(r, r
′)x(r′)dr′

Ni[x] = ∂n

∫
S

∂n′Gi(r, r
′)x(r′)dr′

and Gi(r, r
′) = e−jkiR/4πR, R = |r− r′|. Here, ε0, µ0,

and k0 are the permittivity, permeability, and wavenumber in
free-space, and α1, α2, β1, and β2 are constant coefficients.
β1 and β2 are selected to satisfy β1ε1 = β2ε2 so that the
hyper-singularity in C21 is cancelled out.

To numerically solve (1), S is discretized into Np curvi-
linear triangular patches and φ(r′) and (ε1/k0ε0)∂n′φ(r′) are
expanded as:

φ(r′) =
∑Np

p=1

∑Ni

i=1
ϑ(r′)Lip(r

′){I1}ip
ε1
k0ε0

∂n′φ(r′) =
∑Np

p=1

∑Ni

i=1
ϑ(r′)Lip(r

′){I2}ip (2)

where Ni is the number of interpolation points on each patch,
ϑ(r) is the inverse of the Jacobian, Lip(r) is the Lagrange



interpolator defined at rip (interpolation point i on patch p),
and {I1}ip and {I2}ip are the unknown expansion coefficients.
Inserting (2) into (1), and testing the resulting equation at rjq ,
j = 1, .., Ni , q = 1, .., Np, yield a linear matrix system:[

Z11 Z12

Z21 Z22

] [
I1
I2

]
=

[
V1

V2

]
. (3)

Here, {V1}jq = α1φ
i(rjq), {V2}jq = (β1ε1/k0ε0)∂nφ

i(rjq),

{Z11}jq,ip = (α1+α2)ϑ(rjq)δijδpq/2+C11[ϑ(r)Lip(r)],

{Z12}jq,ip = C12[ϑ(r)Lip(r)], {Z21}jq,ip = C21[ϑ(r)Lip(r)],

{Z22}jq,ip = (β1+β2)ϑ(rjq)δijδpq
/
2+C22[ϑ(r)Lip(r)].

III. NUMERICAL RESULTS

The proposed scheme is used for analyzing electromagnetic
scattering from a unit dielectric sphere with ε2 = 2ε0 and
µ2 = µ0 residing in a background medium with ε1 = ε0 and
µ1 = µ0. The sphere is centered at the origin. The excitation
is a plane wave: φi(r) = e−jk1z

/√
µ1ε1 with frequency

f = 300 MHz. The transpose-free quasi-minimal residual
method [11] is used to solve the matrix system iteratively.
The residual error threshold is set to 10−6.

The sphere surface is discretized into seven different meshes
using 2nd-order curvilinear patches with average edge lengths
h = {0.4, 0.35, 0.3, 0.25, 0.2, 0.15, 0.1} m. These meshes
have Np = {136, 202, 280, 396, 622, 1126, 2560} numbers
of patches. The order of the interpolation functions (i.e.,
discretization order) is selected from {0, 1, 2, 3}, which corre-
sponds to Ni = {1, 3, 6, 12} numbers of interpolation points
on each curvilinear patch. The matrix system (3) is computed
and solved for every combination of Np and Ni, resulting in
a total of 28 matrix solutions.

After each matrix solution, the scattered scalar poten-
tial φsca(r0) is calculated on a circle described by r0 =
(4.0 sin θ, 0.0, 4.0 cos θ) m, for θ = [0◦, 180◦]. The scattered
scalar potential computed using 2nd-order discretization for
Np = 2560 is used as the reference result (it has been reported
in [10] 2nd-order interpolation gives the best accuracy). Then,
relative norm errors in all other results are computed. Fig.
1 plots this error versus the product 2NpNi (total number of
unknowns). The figure clearly shows that the Nyström scheme
used here to solve (1) achieves higher-order convergence in
the solution as expected. It is clear that for a given number of
unknowns, higher-order discretizations reach higher accuracy
levels. However, one can also see that the convergence rate
of the solution of the 3rd-order discretization is smaller than
that of the 2nd-order discretization. This is also observed
in [10] and might be explained by the fact that only 2nd-order
curvilinear patches are used to discretize the sphere surface.

Table I lists the condition number of the matrix in (3)
for different combinations of the discretization order and h.
It clearly shows that matrix system stays well-conditioned
independent of the discretization order and mesh density. This
is due to fact that diagonal and off-diagonal entries in (1) are
second-kind and compact operators, respectively.
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Fig. 1. Relative norm error in scattered scalar potential versus total number
of unknowns for different discretization orders.

TABLE I
CONDITION NUMBERS FOR DIFFERENT DISCRETIZATION ORDERS AND

DIFFERENT h

h 0.4 m 0.35 m 0.3 m 0.25 m 0.2 m
0th order 18.1 15.2 16.1 14.8 12.6
1st order 14.9 14.1 15.3 15.1 12.8
2nd order 14.3 15.0 16.6 16.2 13.8
3rd order 13.8 14.6 16.2 15.8 13.5
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