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Abstract

We present a two-phase thermal-hydrologic-chemical coupled model for simulating the dis-

solution process during the acidization of carbonate rocks. In particular, we develop a new

model to describe the change in irreducible water saturation, residual oil saturation, and

the maximum relative permeability of oil and water phases with dissolution proceeding.

We also present a new method for the generation of the initial porosity field with con-

trollable correlation length. In numerical calculation, the sequential iteration approach is

adopted to solve the presented model, and splitting method is used to deal with the re-

action relevant equations. The involved equations are discretized using the finite-volume

method, where the convection term is discretized by the MINMOD scheme which can pre-

vent overshoot/undershoot of the numerical solution. Additionally, sensitivity analysis of

the dissolution process concerning rock properties, the exothermic heat of reaction, and two-

phase flow, is carried out. Based on the predicted results, several recommendations for the

carbonate acidizing operation are given, and the potential extensions of the current work

are summarized.

Keywords: Carbonate acidizing, Wormhole, Two-phase flow, T-H-C coupled, Reactive

flow

1. Introduction1

Acidizing is the most common methods developed to stimulate carbonate reservoirs. It is2

conducted by injecting acid into the formation at pressures that are lower than the fracturing3

∗ Corresponding author
Email address: shuyu.sun@kaust.edu.sa (Shuyu Sun)

Preprint submitted to Chemical Engineering Science April 6, 2019



pressure. As the acid is injected into the formation, it penetrates part of pores and dissolves4

some minerals, and usually, if successful, creates wormholes. These resulting wormholes can5

bypass the drilling-caused or production-caused damaged zone near the wellbore, providing6

a low resistance path for hydrocarbon flow into the well [1]. Therefore, there is a practical7

motivation to seek sets of conditions and characteristics that lead to the development of8

wormholes.9

The injection rate of acid is one of the earliest noticed factor affecting the formation of10

wormholes. By injecting the acid into carbonate cores at different rates in the laboratory11

[2, 3, 4], it has been found that five types of dissolution patterns, named face dissolution,12

conical wormhole, wormhole, ramified wormhole, and uniform dissolution, can be formed13

depending on the injection rate. If the injection velocity is meager, all acid will be consumed14

before penetrating deeply into the medium. As a result, the entire face of the rock is dissolved15

leading to the formation of the face dissolution pattern. On the contrary, when acid is16

injected at a very high rate, it does not have sufficient time to react with the rock before17

being flushed out by the subsequent acid. In this case, the injected acid can reach almost18

all of the connected pores, which results in a uniform increase in porosity and consequently19

leading to the uniform dissolution pattern. Only at an appropriate injection rate, the acid20

dissolves the rock preferentially, leading to the development of the wormhole pattern. When21

the injection rate is between the rates of formation of wormholes and uniform dissolution22

patterns, ramified wormholes can be observed, while when the injection rate is between23

the wormhole and face dissolution patterns, conical wormholes are formed. By measuring24

the acid volume required to increase the effective permeability of the core by a specific25

factor, i.e., the breakthrough volume PVBT , these experimental studies also found that the26

volume of acid needed is minimal when forming the wormhole dissolution pattern. Thus,27

the injection rate at which wormhole is formed is termed as the optimum injection rate, and28

the determination of it is critical to achieving successful stimulation of carbonate reservoir.29

To explore the mechanism that governs the wormhole formation and seek for the opti-30

mum injection rate, a considerable amount of experiments have been conducted [5, 6, 7, 8,31

9, 10, 11, 12, 13, 14, 15]. By treating the carbonate cores with different acid [2, 4, 9, 16],32

it is found that the formation of wormholes is determined by the combined effect of dif-33

fusivity and reactivity. By injecting the acid into rocks with different mineral component34

and heterogeneity [16, 17], it is found that the formed dissolution pattern varies with the35

mineral composition and rock heterogeneity even though the injection rate is the same. By36

injecting the acid linearly and radially into the rock [12], it is found that the optimum37
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injection rate observed in radial flow experiments is higher than that in linear flow case.38

The breakthrough volume PVBT obtained under the optimum conditions is also lower in39

case of radial flow than in case of linear flow. By performing the acid flooding experiment40

at different temperatures [3, 12, 16, 18], it is found that with the increase of temperature,41

the value of optimum injection rate increases, but the breakthrough volume may increases42

or decreases, depending on the type of rock-acid system. By injecting the acid into a core43

that is saturated with a non-aqueous phase [19, 20, 21], it is found that the presence of a44

non-aqueous phase will lead to the development of narrower and lower branched wormholes.45

Although these experimental results provide a fundamental understanding of the dissolu-46

tion process, the optimum injection rate obtained under laboratory conditions might not be47

translated directly into recommendations on performing a real acidizing treatment. This is48

partly due to the fact that the scale of the cores used in the experiment is much smaller than49

the field scale and hence dissolution structures observed in the acid flooding experiment may50

not be representative of those formed in the field. On the other hand, it is very hard to51

replicate the actual reservoir conditions, including pressure, temperature, and stress, in the52

laboratory. Alternately, numerical simulation of the dissolution process provides an efficient53

tool for seeking the optimum operating conditions of the acidizing treatment.54

Numerous mathematical models have also been presented in the literature to simulate55

the dissolution dynamic and account for the wormhole formation. The most widely used one56

is the two-scale continuum model (TSC) developed by Panga et al. [22] as it is advantageous57

at predicting the dissolution patterns observed in experiments and its accurate estimation58

of PVBT . For this reason, the TSC model is continuously extended to take into account59

the factors that affect the wormhole propagation [23, 24, 25, 26, 27, 28, 29, 30, 31, 32,60

33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46]. For example, Kalia and Balakotaiah61

[23], and Cohen et al. [24] extended the TSC model to the 2-D radial case by using the62

r − θ coordinates. They also compared the dissolution patterns and PVBT obtained under63

linear flow conditions with that obtained under radial flow conditions. Liu et al. [25, 26]64

introduced new methods for generating the initial porosity field used in the simulation to65

make the prediction of the TSC model closer to experimental observations. Ratnakar et66

al. [27, 28], and Maheshwari et al. [29] modified the momentum equation and included a67

rheological equation in the TSC model to make it capable of simulating the acidization with68

diverting acids, which are non-Newtonian in nature. Combining the discrete fracture model69

with the TSC model, Liu et al. [30, 31] obtained a two-scale discrete fracture continuum70

model which can be used to evaluate the influence of fractures on wormhole formation. Kalia71
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[32, 33], and Li et al. [34, 35] coupled the heat transport to the TSC model to investigate the72

effect of temperature on the dissolution process. Wei et al. [36] , Mahmoodi et al. [37], and73

Babaei et al. [38] used a two-phase flow field to study the influence of the presence of a non-74

aqueous phase on wormhole structure. In summary, reactive dissolution of carbonate rocks75

has been extensively studied both experimentally and theoretically to predict conditions76

under which wormholes are created. Several known factors affecting dissolution pattern77

formation, such as acid injection rate, heterogeneity, system geometry, reaction kinetics,78

temperature, multi-phase flow, et al., have been the subject of investigation. However, there79

is no comprehensive model in the literature that couples these known mechanisms together80

to investigate the influence of above-mentioned factors on the dissolution process under81

actual formation conditions.82

The main aim of this paper is to develop a comprehensive model that can take into83

account the effect of reaction kinetics, rock heterogeneity, system geometry, reaction tem-84

perature, and the presence of another phase on wormhole formation during acidization. This85

is accomplished by extending the commonly used TSC model developed by Panga et al. [22]86

to a two-phase thermal-hydrologic-chemical coupled model. Using this model, the disso-87

lution process under actual reservoir conditions can be easily investigated. The coupled88

thermal-hydrological-chemical processes are involved in various geological, scientific, and89

engineering areas. In addition to the acidization of carbonate reservoir, some prominent90

examples include melt migration [47, 48], environmental contaminant transport [49, 50], ge-91

ologic sequestration of carbondioxide [51, 52, 53], disposal of nuclear wastes[54] and so on. In92

the past three decades, researches on the development of reactive transport model coupled93

with heat transfer and/or mechanistic have exploded [55]. Various effective numerical algo-94

rithms have also been developed for solving different specific problems [56, 57, 58, 59, 60].95

These models are capable of handling a complete suite of geochemical reaction processes.96

Because the geochemical processes are usually slow and reversible, the effects of chemical97

reactions on rock properties and fluid flow may take decades or even hundreds of years to98

manifest. However, different from the geochemical reaction, the reaction taking place during99

carbonate acidization is fast in comparison with transport phenomena. As a result, com-100

plete dissolution may occur in the rock under certain conditions, which brings challenges to101

modeling and numerical simulation. It is also the aim of this paper to develop a model to102

describe the variation of relative permeability with dissolution in the presence of multi-phase103

flow.104

This paper is organized as follows. In Section 2, the mathematical model is presented105
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detailedly, to describe the involved chemical system, fluid flow, mass and energy transport,106

rock dissolution, and other phenomenon induced by the reaction. In Section 3, the dimen-107

sionless model is derived by defining a series of dimensionless parameters. In Section 4,108

the numerical method used for solving the presented model is given. The effect of using109

the upwind scheme on simulation accuracy is also analyzed in this section. In Section 5110

we compare the calculation results of a degenerate model with an analytical solution and111

available experimental observations to verify our work. In Section 6, numerical experiments112

are performed to highlight the effect of rock properties, the exothermic heat of reaction, and113

two-phase flow on the dissolution process. Finally, the paper is summarized by conclusions114

in Section 7.115

2. Mathematical model116

The following assumptions are made for deriving the two-phase thermal-hydrologic-117

chemical coupled model for simulating the acidizing process in carbonate rocks: (1) the118

fluid is incompressible, i.e., the change in pressure and temperature does not affect the fluid119

density; (2) the compressibility of the rock is neglected because the porosity change caused120

by rock compressibility is much less than that caused by the chemical reaction during the121

acidizing procedure; (3) the water phase is regarded as the wet phase, and the oil phase is122

regarded as the non-wet phase; (4) fluid flow in carbonate rocks obeys Darcy’s law, and the123

gravity and capillary pressure are neglected because their values are small; (5) the injected124

acid is only dissolved in the water phase; (6) the thermal equilibrium between the fluid and125

rock can be achieved instantaneously.126

2.1. Chemical system127

Because the hydrochloric acid (HCl) can be completely ionized into hydrogen ions (H+)128

and chloride ions (Cl−) in aqueous solution, the stoichiometry of reaction between the hy-129

drochloric acid and calcite, which occurs at the fluid-solid surface, can be written as130

2H+ + CaCO3(s)
rs→ Ca2+ + H2O + CO2(g) (1)

where rs denotes the reaction rate of the reaction Eq. (1), which is defined based on the131

interfacial surface area, i.e., the change in the concentration of the reactants or products132

per unit time per unit interfacial surface area. In the definition of rs, the change rate in133

concentration of a substance is divided by its stoichiometric coefficient so that the defined134

rate is independent of which substance is chosen for measurement. According to Eq. (1), the135
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rate of disappearance of H+ is 2rs. It is acceptable to approximate the HCl-CaCO3 reaction136

as an irreversible first order reaction. Under this hypothesis, the rate law for reaction Eq.137

(1) is given as138

rs = kscs (2)

where cs denotes the concentration of the H+ at the fluid-solid surface. ks is the surface reac-139

tion rate constant, which is temperature dependent and can be calculated by the Arrhenius140

equation as141

ks = A · exp

(
− Ea
RT

)
(3)

where A is named as the pre-exponential factor, Ea is the activation energy, and the value142

of both them can be determined experimentally[32]. R is the universal gas constant, T is143

the temperature (in Kelvins), at which the reaction takes place. Through Eq. (3), If the144

rate constant at a temperature of T 0 is known as k0
s , the rate constant at any temperature145

can be calculated by146

ks = k0
s exp

(
−Ea
R

(
1

T
− 1

T 0

))
(4)

2.2. Fluid flow147

The formation was initially saturated by oil before the acid is injected. Therefore, during148

the acidizing procedure, two-phase flow exists in the formation. For each phase, the flow is149

governed by the mass balance law and Darcy’s law as [61]150

∂(φSα)

∂t
+∇ · uα = 0 (5)

151

uα = −KαK

µα
∇Pα (6)

where the subscript α ∈ {w, o}, in which w and o denote the water (acid) and oil phases,152

respectively. t is the time, φ is the formation porosity, Sα is the saturation of phase α, uα is153

the velocity of phase α, K is the absolute permeability of the formation, Kα is the relative154

permeability of phase α. µα is the viscosity of phase α, Pα is the pressure for phase α, and155

when neglecting the capillary pressure, we have156

Po = Pw = P (7)

The viscosity of both the oil and injected acid is temperature dependent. The viscosity157

of injected acid at a given temperature (in Kelvin) can be approximated by [62]158

µw(T ) = 2.4× 10−2 × 10247.8/(T−140) (8)
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where µw has the units of mPa · s.159

For the oil phase, the correlation between viscosity and temperature is not unique, but160

depends on many factors such as the oil composition and the dissolved gas. Here we adopt161

an exponential formula to describe the change of crude oil viscosity with temperature as162

[28]:163

µo(T ) = µ0
o exp

(
−αµ

T − T 0

T 0

)
, 0 < αµ � 1 (9)

where µ0
o is the viscosity of oil at temperature T 0. It should be point out that, in practical164

application, the temperature dependence of fluid viscosity should be determined or corrected165

based on the experimental data.166

A number of models have been developed to describe the relative permeabilities of oil and167

water phase. In these models, relative permeabilities are commonly assumed as a function168

of phase saturation. The most widely used model named modified Brooks-Corey relations169

are adopted in this work[63] , and the oil and water relative permeabilities are expressed as:170

171

Kro = Kmax
ro

(
1− Sw − Sor
1− Swi − Sor

)no

(10)

172

Krw = Kmax
rw

(
Sw − Swi

1− Swi − Sor

)nw

(11)

where Kmax
o is the oil relative permeability at irreducible water saturation Swi, K

max
w is the173

water relative permeability at maximum water saturation, i.e., Sw = 1 − Sor, and Sor is174

the residual oil saturation. no and nw are Corey oil exponent and Corey water exponent,175

respectively. Typical ranges of Corey exponents are from 1 to 6. In the following simulations,176

we take the values of no = 2.4 and nw = 2.4. The irreducible or residual saturation of a177

phase is the amount of that phase that is trapped in the pores. Many properties such as pore178

structure, permeability, and wettability of the rock affect the value of irreducible or residual179

saturation. Various techniques are available to determine the residual oil saturation or180

irreducible water saturation, such as core analysis methods, well logging methods. In usual181

reservoir simulations, these estimated residual saturations are constant. However, in the182

reactive transport process, the pore structure is continuously altered due to rock dissolution.183

It is obvious that no fluid will be trapped in the pores if the rock is completely dissolved.184

Therefore, the alteration of Swi and Sor with the rock dissolution should be considered185

when simulating the reactive transport process in oil-water phase system. This assumption186

is also applicable to Kmax
o and Kmax

w because they represent the relative permeability at187

Swi and 1 − Sor. In other words, the relative permeability curve changes dynamically as188
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the dissolution proceeding. However, there are no accurate correlations to describe these189

changes. Mahmoodi et al. [37] used a piecewise linear function to describe this phenomenon.190

Here, we propose a more general model to express the change of relative permeability curve191

with porosity variation as192

Swi = Swi,0
tanh(aw(1− φ))

tanh aw
(12)

193

Sor = Sor,0
tanh(ao(1− φ))

tanh ao
(13)

194

Kmax
rw = 1 + (1−Kmax

rw,0)
tanh(akw(φ− 1))

tanh akw
(14)

195

Kmax
ro = 1 + (1−Kmax

ro,0 )
tanh(ako(φ− 1))

tanh ako
(15)

where aw, ao, akw, and ako are constants that control the curvature of the curve of the196

dependent variable as a function of porosity. For simplicity, these constants take the same197

value in the current work and are denoted as a. To show the influence of a clearly, the profiles198

of Swi and Kmax
rw as a function of porosity are displayed in Fig. 1 for a taking different values.199

It can be clearly seen that variations in Swi and Kmax
rw with increasing porosity change from200

almost a linear profile when a approaches 0 to almost a step profile at high values of a.201

Fig. 2 shows the relative permeability curves for different values of porosity when a = 10,202

which is the adopted value in this work. The effect of a value on dissolution dynamic will203

be discussed later.204

A constraint for saturation is needed to close the two-phase flow equations and is written205

as206

Sw + So = 1 (16)

2.3. Reactive transport207

By applying the mass balance law to the specific chemical species, the reactive transport208

of H+ can be expressed via the cup-mixing concentration as209

∂(φSwcf )

∂t
+∇ · (uwcf ) = ∇ · (φSwDe∇cf )−Ra (17)

with the cup-mixing concentration cf defined by the velocity weighted average as[64]210

cf =

∫
V
u(x, y, z)cH+(x, y, z)dV∫

V
u(x, y, z)dV

(18)
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(a) (b)

Figure 1: Effect of a value on (a) irreducible water saturation and (b) maximum relative permeability of

water

where Ra represents the rate of disappearance of the species H+, which can be related to211

the surface reaction rate rs by the interfacial area available for reaction per unit volume of212

the medium av, and is found to be213

Ra = 2rsav (19)

where the constant 2 appeared on the right-hand side is due to the stoichiometric coefficient214

of H+ in Eq. (1). As the reaction proceeds, H+ is consumed at the interface, and has to be215

compensated by transport from the bulk fluid, the rate of which is given by [41]216

Nc = kc(cf − cs) (20)

where Nc is the molar flux of the species, kc is the mass transfer coefficient defined based on217

the concentration driving force.218

For steady state, the species transported to the fluid-solid interface is equal to that219

consumed on the surface due to the reaction, i.e.,220

kc(cf − cs) = 2rs = 2kscs (21)

which can be rearranged into221

cs =
kc

kc + 2ks
cf (22)

Substituting Eq. (22) into Eq. (2) yields222

rs =

(
1

kc
+

1

2ks

)−1

cf = kecf (23)
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(a) φ = 0.3 (b) φ = 0.8

(c) φ = 0.9 (d) φ = 0.999

Figure 2: The relative permeability curve for various porosity values when a = 10

here an effective rate constant ke has been defined as223

ke =

(
1

kc
+

1

2ks

)−1

(24)

Eq. (24) indicates that the value of the overall rate constant ke may vary depending on224

the relative magnitudes of kc and ks. When the rate of reaction is much greater than the225

rate of mass transfer, i.e., ks � kc, Eq. (24) gives ke ≈ kc, and Eq. (22) gives cs ≈ 0.226

The overall reaction rate is dominated by the mass transfer rate, so this is named as the227

diffusion-controlling reaction. On the contrary, if the surface reaction is much slower than228

the mass transfer, i.e., ks � kc, Eq.(24) gives ke ≈ 2ks, and Eq. (22) gives cs ≈ cf . The229

surface reaction rate controls the overall reaction rate, and this is named as the reaction230
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controlling reaction. For the isothermal case, because the reaction rate ks is a constant for a231

specified acid, the overall reaction rate ke only determined by the mass transfer coefficient kc232

which varies with the local fluid velocity, fluid properties, and the pore geometry. However,233

if the non-isothermal condition is considered, the dependence of the overall reaction rate on234

the surface reaction rate and mass transfer rate will become more complicated because both235

are related to temperature. Therefore, it is necessary to accurately calculate the change in236

ks and kc with temperature.237

The value of kc depends on the fluid velocity, physical properties of the fluid, and the238

pore geometry, all of which may change as reaction proceeding. Dimensional analysis is239

commonly used to express this dependence and evaluate the mass transfer coefficient. The240

dimensionless form of the mass transfer coefficient is named as the Sherwood number Sh,241

and is written as [65]242

Sh =
2kcrp
Dm

= Sh∞ + 0.7Re1/2
p Sc1/3 (25)

where rp is the pore radius; Sh∞ is the asymptotic Sherwood number which accounts for the243

contribution from molecular diffusion, and has typical values of 2.98, 2.5, and 3.66 for pores244

with a square, triangular and circular cross-sections, respectively. The value of Sh∞ is taken245

to be 3 in this work. Rep is the pore Reynolds number defined as Rep = 2urp/ν, with ν is246

the kinematic viscosity; Sc named Schmidt number and is defined as Sc = ν/Dm, and Dm247

is the molecular diffusivity. In order to estimate the range of Re and Sh, the experimental248

data reported in [4] and presented by Kalia et. al [23] are used, i.e., ν = 0.01cm2/s,249

Dm = 3.6 × 10−5cm2/s. When the injection rate increases from 5 × 10−4 cm/s to 1 cm/s,250

which are typical values used in the simulation, the range of initial Reynolds number for251

pores of size in the range 1 ∼ 200µm are 1× 10−5 ∼ 4, and the corresponding range of Sh252

are 3.015 ∼ 12.14. Detailed parameter values used in this work are list in Section 6.253

A few of research has been done on the influence of temperature on the diffusion coeffi-254

cient. It has been found that within a narrow temperature range—from 283K to 293K—the255

diffusion coefficient can be assumed to vary linearly with temperature as256

Dm = D0
m[1 + 20η

1/2

T 0 ρ
−1/3(T − T 0)] (26)

where D0
m is the diffusion coefficient at T 0 = 298K, ηT0 is the solvent viscosity at T 0 = 298K,257

Ns/m; ρ is the solvent density, g/cm3.258

Theoretically, the diffusion coefficient obeys the exponential Arrhenius relation and is259

given by:260

Dm = D0
m exp

(
−ED
R

(
1

T
− 1

T 0

))
(27)
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The experimental data of Wilke and Chang [66] give available evidence that the activation261

energy of diffusion ED varies from 12.6 to 28.1kJ/mol.262

Substituting Eqs. (23) and (19) into Eq. (17), the reactive transport equation is trans-263

formed to264

∂(φSwcf )

∂t
+∇ · (uwcf ) = ∇ · (φSwDe∇cf )−

2avkskc
2ks + kc

cf (28)

In Eqs. (17) and (28), De is the effective dispersion tensor for species H+ in the water-265

phase, and its longitudinal and transverse components are given, respectively by [36]266

DeL = αosDm +
2λL|uw|rp

φ
(29)

267

DeT = αosDm +
2λT |uw|rp

φ
(30)

where |uw| is the magnitude of the water-phase velocity. αos, λL, and λT are pore structure268

dependent constants, and they have typical values of 0.5, 0.5, and 0.1 for a packed-bed of269

spheres, respectively.270

2.4. Energy transport271

The temperature of the injected acid is usually different from that of the formation, so272

there is an energy exchange between the injected acid, initial saturated oil, and rock solid.273

Additionally, the reaction of HCl with calcite will release heat. As a result, the temperature274

inside the formation varies with space and time. Because the temperature affects chemical275

reaction rate and acid transport, the non-isothermal flow conditions should be considered276

when modeling the acidizing process. The heat transport equation for the three-phase system277

considered here—the two fluids and the solid matrix—is given by:278

∂

∂t

(∑
α=w,o

φSαραC
p
αT + (1− φ)ρsC

p
sT

)
+
∑
α=w,o

ραC
p
α∇ · (uαT )

=

(∑
α=w,o

φSαΓα + (1− φ)Γs

)
∇ · (∇T ) + 2 (−∆Hr(T )) avkecf

(31)

where ρα is the density of the phase α, ρs is the density of the solid, Cp
α is the specific heat279

capacity of the phase α, Cp
s is the specific heat capacity of the solid, T is the temperature,280

Γα is the thermal conductivity of the phase α, Γs is the thermal conductivity of the solid,281

∆Hr(T ) is the reaction exothermic heat at temperature T defined as the heat generated282
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per mole of H+ consumed. ∆Hr(T ) can be calculated by the difference in enthalpy between283

resultants and reactants. Mathematically, we have284

∆Hr(T ) =
∑
|∆Hresultants(T )| −

∑
|∆Hreactants(T )| (32)

Because the enthalpy of any substance changes with temperature variation, ∆Hr is a function285

of temperature as presented in Eq. (32). The value of the enthalpy at different temperature286

can be evaluated through the Kirchhoff’s law, by which Li [35] derived an expression to287

calculate the exothermic heat of reaction Eq. (1) at temperature T as288

∆Hr(T ) = −6846 + 8.038T − 3.22× 10−3T 2 − 870.3T−1 (33)

where the units of ∆Hr and T are J/mole H+ and K, respectively.289

2.5. Rock dissolution290

The local reaction leads to alterations of the porosity, and the change of porosity with291

time is given by [30]292

∂φ

∂t
=
Raαc
ρs

=
2avαckskc
ρs(2ks + kc)

cf (34)

where αc is the acid dissolving power defined as grams of calcite dissolved per mole of acid293

consumed.294

2.6. Reaction induced property changes295

The local porosity increase caused by calcite dissolution will change the rock properties296

such as permeability, pore radius, and specific surface area. It is computationally prohibitive297

to calculate the permeability evolution by solving equations at the pore scale. Moreover,298

as has been identified by previous investigators [67, 25] , the permeability-porosity relations299

used in the acidizing simulation have a significant effect on wormhole propagate. Numerous300

works have been done on developing a proper permeability-porosity relation. Liu [25] sum-301

marized some commonly used formulas in the literature, and recommend to use a fractal302

theory based formulation to describe the evolution of permeability with porosity, which is303

adopted in this work.304

By defining the fractal dimension for pore spaces and tortuosity, Df and DT , respectively,305

as306

Df = dE −
lnφ

ln λmin

λmax

(35)
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307

DT = 1 +

ln

(
1− φ

2
+
√

1−φ
4

+
(φ+1+

√
1−φ)·
√

9−5φ−8
√

1−φ
8φ

)
ln

(
Df−1√
Df

λmax

λmin

√
1−φ
φ

π
8−4Df

) (36)

the permeability can be related to the porosity as308

K

K0

=
(πDf )

1−DT
2 (8− 4Df )

1+DT
2 (3 +DT0 −Df0)

(πDf0)
1−DT0

2 (8− 4Df0)
1+DT0

2 (3 +DT −Df )

(
φ

1− φ

) 3+DT
2
(

φ0

1− φ0

)− 3+DT0
2

(37)

where the subscript 0 denotes the initial value of the corresponding parameter, dE is the309

Euclidean dimension. λmin and λmax are the smallest and the largest pore diameter, respec-310

tively, and λmin/λmax have the typical value of 0.01 as analyzed in [25].311

As shown in Eq. (19), the rate of species consumption requires the knowledge of the312

specific surface area av, which is calculated by [30]313

av
a0

=
φr0

φ0rp
(38)

with314

rp
r0

=

√
Kφ0

K0φ
(39)

2.7. Initial and boundary conditions315

Considering a polygonal and bounded domain Ω ⊂ Rd(d = 2, 3), the following boundary316

conditions are used to represent that used in the acidizing experiments, where the acid is317

injected into the rock at a constant rate from the inlet, and the pressure at the outlet is318

fixed. For fluid flow,319

u0 = −KwK

µw
∇P · n, on ∂Ωin (40)

320

P = Pe, on ∂Ωout (41)

For solute transport,321

(uwcf − φSwDe∇cf ) · n = u0cf0, on ∂Ωin (42)

322

∇cf · n = 0, on ∂Ωout (43)
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For energy transport,323

T = Tf , on ∂Ωin (44)

324

∇T · n = 0, on ∂Ωout (45)

where u0 is the constant injection rate; cf0 and T0 are the concentration and temperature325

of the injected acid, respectively; Pe is the fixed pressure at the outlet boundary; n is326

the outward pointing unit vector normal to the specified boundary. For the transverse327

boundaries, the no-flux conditions are imposed to restrict the fluid, solute, and heat in the328

domain, and are expressed as329

∇P · n = 0, ∇cf · n = 0, ∇T · n = 0, on ∂Ωtran (46)

The initial conditions of acid concentration, rock temperature, and water saturation are330

given by331

cf = 0, T = Ts, Sw0 = Swi,0, at t = 0 (47)

where Ts is the initial temperature of the rock, which may varies with space.332

If acid is injected into a homogeneous rock, only face dissolution pattern can be formed no333

matter how the injection rate varies. This is because that the dissolution front propagates334

stably in a uniform system. Therefore, in order to simulate all types of etched patterns335

observed in the acidizing experiments, the heterogeneity needs to be introduced into at336

least one of the porosity field, permeability field, and injection scheme when performing337

numerical simulations. In previous studies [22, 23, 65, 67, 28], the most commonly used338

method to introduce the heterogeneity is perturbing the initial mean porosity with a random339

perturbation to generate a heterogeneous porosity field. Then the permeability field is340

related to the porosity value through the permeability-porosity correlations, for example,341

the commonly used Carman-Kozeny equation as:342

K

K0

=
φ3

φ3
0

(
1− φ0

1− φ

)2

(48)

Up to now, many efforts [22, 26, 44] have been given to generate a proper initial porosity343

field. For example, Panga et al. [22] added a uniformly distributed random fluctuation in the344

interval [−∆φ, ∆φ] to a uniform porosity field with the value of φ0 to get the heterogeneous345

porosity field when they performed numerical simulations. Using the heterogeneous porosity346

field as an initial condition, they simulated five types of dissolution patterns, which are the347

same with that observed in experiments. Liu et al. [26] improved Panga’s method of348
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generating the initial porosity field by adding a normally distributed random disturbance349

to the average porosity value. Because the porosity in real rocks is normally distributed350

rather than uniformly, more reasonable results on breakthrough volume are obtained when351

comparing with Panga’s work. However, based on the characteristics of normal distribution,352

it is not sure that the generated normally distributed random numbers are all in the valid353

interval ([0, 1] for porosity). Liu et al. [26] dealt with this problem by truncating some354

porosity values that are larger or smaller than the specified threshold values. Nevertheless,355

this truncation may destroy the property of the normal distribution. Additionally, the356

use of variance to quantitatively represent the heterogeneity of the porosity field is not357

commonly used in reservoir engineering. Here, we present a new initial porosity generation358

method to avoid the above problems. Noted that except the porosity obey the normal359

distribution, it has been shown that permeabilities in most reservoirs exhibit a log-normal360

distribution. Therefore, we first generate a log-normal distributed permeability field Kr,361

and then calculate the porosity field by solving the Carman-Kozeny equation Eq. (48).362

The heterogeneity magnitude of the permeability field is quantitatively expressed using363

the Dykstra-Parsons coefficient VDP , which is commonly used in the petroleum industry to364

measure the permeability variation[68], and is defined as365

VDP =
K0.5 −K0.16

K0.5

(49)

where K0.5 is the mean permeability, K0.16 is the permeability that one standard deviation366

below the mean on a ln(K)-probability plot. For the case that permeability is log-normal367

distributed, VDP can be related with the stand deviation of ln(K), i.e. σ as368

VDP = 1− e−σ (50)

The Dykstra-Parsons coefficient VDP ranges from 0 to 1, and the larger the value of VDP ,369

the more heterogeneous of the reservoir. For most reservoirs, VDP falls within a range of370

[0.5, 0.9][69].371

The moving average method proposed by Journel [70] is adopted here to generate a372

correlated permeability field. Firstly, a Gaussian distribution with zero mean and unit373

variance is generated. Then, the following steps are involved to achieve the correlation:374

1. Select an appropriate type of covariance function to describe the correlation. Here we375

use the Gaussian covariance model as given by:376

C(r) = σ2 exp(−r
2

a2
) (51)
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where σ2 is the variance, a is the correlation length, r is the space lag with r =377 √
x2

1 + x2
2 + · · ·+ x2

n for n dimension case.378

2. Calculate the kernel matrix (weight matrix) f(r) using the kernel of the square root of379

covariance formula, of which the analytical expression has been derived by Oliver [71].380

The kernel of the square root of Gaussian covariance function used here is expressed381

as:382

f(r) = σ

(
4

a2π

)n/4
exp

(
−2r2

a2

)
(52)

3. Convolve the previous generated Gaussian distribution Z with the kernel matrix f(r)383

to achieve the correlation as:384

Z ′ =

∫ ∞
−∞

f(r − s)Z(s)ds = f ∗ Z (53)

Noted that the Fourier transform of the convolution of two functions is the product of385

their Fourier transforms, i.e.,386

F(f ∗ Z) = F(f) · F(Z) (54)

Accordingly, a fast Fourier transform (FFT) algorithm and an inverse FFT algorithm387

are used to calculate the convolution in Eq. (53). Then, the correlated Gaussian388

distribution Z ′ is found to be389

Z ′ = F−1 (F(f) · F(Z)) (55)

4. Add the prior mean to the distribution Z ′ and then, calculate the exponential of the390

sum to get the log-normally distributed permeability field with specified mean and391

covariance. Mathematically this is written as392

Kr = exp(µprior + Z ′) (56)

The prior mean µprior and standard deviation σ used in above procedures are given by393

394

µprior = lnKavg −
σ2

2
(57)

395

σ = − ln(1− VDP ) (58)

Eq. (57) is derived from the parametric relationship between the normal and log-396

normal distribution, and Kavg is the average permeability of the designed permeability397

field. Eq. (58) is the rearrangement of Eq. (50).398
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The steps presented above are for generating an isotropic permeability field. Anisotropy399

can be achieved by stretching the axis of the coordinate system so that the spatial correlation400

in the new coordinate system is isotropic. The coordinate transformation is given by401  x′

y′

z′

 =

 1 0 0

0 αxy 0

0 0 αxz


 x

y

z

 (59)

with402

αxy =
lx
ly
, αxz =

lx
lz

(60)

where lx, ly, and lz are correlation length in x, y, and z directions, respectively.403

3. Dimensionless model404

The non-dimensional forms of the equations presented in Section 2 are obtained by

defining the following dimensionless parameters:

tD =
t

L/u0

, U =
u

u0

, cD =
cf
cf0

, TD =
T

T 0
,

Λt =
K (Krw/µw +Kro/µo)

K0

(
Kmax
rw,0/µw +Kmax

ro,0 /µo
) , fw =

Krw/µw
Krw/µw +Kro/µo

,

PD =
K0(P − Pe)

Lu0

(
Kmax
rw,0

µw
+
Kmax
ro,0

µo

)
, h2

T =
2ks(T

0)r̄0

D0
m

, Da =
ks(T

0)av0L

u0

,

rpD =
rp
r̄0

, DmD =
Dm

D0
m

, avD =
av
av0

, P eL =
u0L

D0
m

, η =
2r̄0

L
, H2

T =
ks(T

0)av0L
2

D0
m

,

ρwD =
ρw
ρs
, ρoD =

ρo
ρs
, ρsD =

ρs
ρs

= 1, Cp
wD =

Cp
w

Cp
s
, Cp

oD =
Cp
o

Cp
s
, AE =

Ea
RT 0

,

Cp
sD =

Cp
s

Cp
s

= 1, P eH =
Lu0ρsC

p
s

φSwΓew + φ(1− Sw)Γeo + (1− φ)Γes
, HD =

−∆Hrc0

T0ρsC
p
s
, Nac =

αc0

ρs
.

where the subscript D indicates the corresponding variable is dimensionless; L is the char-405

acteristic length, which takes the value of the core length for linear flow and the core radius406

for radial flow; U is the dimensionless velocity; Λt is the dimensionless total mobility; fw407

is the fractional flow of water; η is the pore-to-domain scale ratio; AE is the dimension-408

less activation energy; HD is the dimensionless exothermic heat of reaction; h2
T and H2

T are409

Thiele modulus defined on pore scale and core scale, respectively, and they are the ratio of410

reaction rate to diffusive mass transfer rate; Da is the Damkohler number defined as the411

ratio of reaction rate to convective mass transport rate; PeL is the core scale Peclet number412
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defined as the ratio of the convective transport rate to the diffusive transport rate; PeH is413

the heat transfer Peclet number defined as the ratio of heat transfer by convection of the414

fluid to thermal conduction; Nac is the acid capacity number defined as the volume of solid415

dissolved per unit volume of acid consumed.416

The resulting dimensionless model are:417

Ut = −Λt∇PD (61)

418

Uw = fwUt (62)

419

∂φ

∂tD
+∇ ·Ut = 0 (63)

420

∂(φSw)

∂tD
+∇ ·Uw = 0 (64)

421

∂(φSwcD)

∂tD
+∇ · (UwcD) = ∇ · (DeD∇cD)−

Sh ·DmDDa · avD · exp
(
AE(1− 1

TD
)
)
cD

Sh ·DmD + h2
T rpD · exp

(
AE(1− 1

TD
)
) (65)

422

∂

∂tD

[(∑
α=w,o

φSαραDC
p
αD + (1− φ)

)
· TD

]
+
∑
α=w,o

ραC
p
αD∇ · (UαTD)

=
1

PeH
∇ · (∇T ) +

HDSh ·DmDDa · avD · exp
(
AE(1− 1

TD
)
)
cD

Sh ·DmD + h2
T rpD · exp

(
AE(1− 1

TD
)
) (66)

423

∂φ

∂tD
= Nac ·

Sh ·DmDDa · avD · exp
(
AE(1− 1

TD
)
)
cD

Sh ·DmD + h2
T rpD · exp

(
AE(1− 1

TD
)
) (67)

with424

DX
eD =

φSwαosDaDmD

H2
T

+ λX |Uw|rpD · ηSw (68)

425

DY
eD =

φSwαosDaDmD

H2
T

+ λY |Uw|rpD · ηSw (69)

The initial and boundary conditions can also be transformed into dimensionless form as426

−Λt∇PD · n = 1, on ∂Ωin (70)
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427

Sw = 1, on ∂Ωin (71)

428

cD −
(
φSwαosDaDmD

H2
T

+ λX |Uw|rpD · ηSw
)
∇cD · n = 1, on ∂Ωin (72)

429

TD = TfD, on ∂Ωin (73)

PD = 0, on ∂Ωout (74)

430

∇cD · n = 0, on ∂Ωout on ∂Ωtran (75)

431

∇TD · n = 0 on ∂Ωout and ∂Ωtran (76)

432

∇PD · n = 0, on ∂Ωtran (77)

433

cD = 0, TD = TsD, Sw0 = Swi,0, at t = 0 (78)

4. Numerical method434

The governing equations presented in Section 3 are a set of coupled, non-linear partial435

differential equations, which can be solved sequentially or using the global implicit method.436

The sequential method is adopted here to solve the coupled T-H-C problem because it437

possesses several attractive features, such as different numerical techniques can be used to438

solve the sub-problems, the size of the system of linear equations to be solved is not as larger439

as that involved in the global implicit method.440

Using the sequential method, the flow equations are solved first to obtain the Darcy441

velocity of each phase. Then the calculated velocity field is substituted into the acid and en-442

ergy transport equations to compute the concentration and temperature distribution. The443

mass balance equation of the rock, which describes the change of porosity with dissolu-444

tion proceed, is coupled with the reactive-transport equation. Whereas the flow equations445

are solved using the fully implicit method, the equations governed the concentration and446

temperature transport are solved with the use of operator splitting method.447
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The resulting nonlinear equations from the discretization of the flow equations are solved448

using the Newton-Raphson iteration method. The operator splitting is accomplished by449

splitting the reactive transport procedure into a physical transport process and a process450

incorporating reactions. In any single time step, the distribution of temperature and acid451

concentration governed by the physical transport are first calculated. Then their values are452

modified due to the reactions occur. Mathematically, this process starts by solving453 

∂(φSwcD)

∂tD
+∇ · (UwcD) = ∇ · (DeD∇cD)

∂

∂tD

[(∑
α=w,o

φSαραDC
p
αD + (1− φ)

)
· TD

]
+
∑
α=w,o

ραC
p
αD∇ · (UαTD) =

∇ · (∇T )

PeH

∂φ

∂tD
= 0

(79)

to obtain the acid concentration and temperature at t∗, which is the time when the transport454

process has completed, but the reaction has not started.455

Then the effect of reaction is included by solving456 

∂

∂tD

(
φSwcD +

φ

Nac

)
= 0

∂

∂tD

[(∑
α=w,o

φSαραDC
p
αD + (1− φ)

)
· TD −

HDφ

Nac

]
= 0

∂φ

∂tD
= Nac ·

Sh ·DmDDa · avD · exp
(
AE(1− 1

TD
)
)
cD

Sh ·DmD + h2
T rpD · exp

(
AE(1− 1

TD
)
)

(80)

Discretizing Eq. (80) using the backward Euler approach, three coupled nonlinear equa-457

tions are obtained for each node. Solving these equations by iterative method gives the458

acid concentration, temperature, and porosity values at t + ∆t. Noted that the diffusion459

coefficient in Eq. (79) is also temperature dependent. Thus, iteration is needed between460

the transport and reaction process. After this iteration converges, the porosity value at461

time t + ∆t is used to update the parameters involved in the flow equations and then the462

algorithm marches forward.463

The procedure described above continues until the acid breaks through the rock. For the464

single phase flow, the effective permeability of the porous media is related to the pressure465

drop through Darcy’s law. Therefore, the pressure drop can be used to measure if the injected466

acid breaks out, which is widely used in previous works. However, for two-phase flow, the467
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pressure drop will be affected by both the relative permeability and absolute permeability. In468

order to reduce the effect of relative permeability, at each time step, the effective permeability469

in the flow direction is calculated using the dynamic method. Specifically, a single flow470

problem is solved using the acidizing permeability field with the Dirichlet boundary condition471

imposed on the inlet and outlet boundaries and no-flow boundary condition imposed on other472

boundaries. After that, the pressure and velocity at each node can be obtained. Then, the473

effective permeability of the whole porous media can be calculated through474

Keff =

∫
Ω
u(x, y, z)dV∫

Ω
∇P (x, y, z)dV

(81)

The acid breakthrough is defined as the increase in the effective permeability by a factor475

of 100.476

We use the finite volume method to discretize these governing equations. Specifically,477

the diffusion term is discretized via the central difference scheme. To avoid the instability478

issues and achieve the second-order accuracy in time, the transient term is discretized us-479

ing the backward Euler scheme combined with an extrapolation technique as discussed in480

Maheshwari et al. [67]. For the convection term, in most of the previous relevant works,481

it is discretized using the upwind scheme. Even though the upwind scheme can guaran-482

tee unconditionally stable and leads to physically plausible predictions, it is not the ideal483

scheme because it is of low order and solutions obtained with this scheme are of low accuracy.484

Therefore, a high order high resolution scheme named MINMOD scheme is used in our work485

to discretize the convection terms [72, 73]. The MINMOD scheme is constructed based on486

the Total Variation Diminishing (TVD) framework by express the value of the variable Ψ487

at the cell face as488

Ψf = ΨC +
1

2
ψ(rf )(ΨD −ΨC) (82)

with489

rf =
ΨC −ΨU

ΨD −ΨC

(83)

and the limiter ψ(rf ) subject to490

ψ(rf ) = max(0, min(1, rf )) (84)

where the subscript f represents the cell face; D, C, and U denote the downstream, up-491

stream, and far upstream nodes of the face f , respectively.492

To show the necessity of using the high resolution scheme, the commonly used two-scale493

continuum model presented in [65] is resolved, with the discretization of the convection term494
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Figure 3: Comparison of the breakthrough volume calculated using the upwind scheme and the MINMOD

scheme

using the upwind and MINMOD schemes, respectively. The PVBT computed by using these495

two schemes is compared in Fig. 3. It can be seen that the breakthrough volume calculated496

by using the upwind scheme is higher than that calculated using the MINMOD scheme.497

This is because that using upwind scheme to discretize the convection term will cause an498

additional component added to the diffusion coefficient of the equation being solved. This499

additional diffusion is come from the truncation error and is known as stream wise diffusion.500

As a result, the effect of diffusion on convection-diffusion transport is expanded. Specific501

to this example, the magnification of the diffusion coefficient leads to a result that more502

acid transports to the transverse direction resulting in more mineral to be dissolved, and503

consequently increase the amount of consumed acid. This is confirmed by comparing the504

dissolution patterns obtained through the use of these two discretization schemes. As shown505

in Fig. 4, the diameter of the dissolved channels calculated by using the upwind scheme is506

larger than that calculated by using the MINMOD scheme.507

The grid size used in the simulation is determined based on the value of PVBT as described508

in [30]. Specifically, the grid is refined until the PVBT is insensitive to any grid size changes.509

During this process, very small time steps are used. To make the dissolution structures510

smoother, a finer grid is used in the current work. The calculations reported in Section 6 are511

performed with a mesh fixed at 80× 320 (80 cells in r direction and 320 cells in θ direction)512

for 2D radial cases, and 90× 240× 40 (90 cells in r direction, 240 cells in θ direction and 40513

cells in z direction) for 3D radial cases. It should be pointed out that the operator splitting514

method will result in mass-balance errors even though each sub-problem is solved exactly. To515

minimize this error, the CFL condition must always be satisfied when determining the time516
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Figure 4: Comparison of the dissolution patterns calculated using the upwind scheme and the MINMOD

scheme

step. In our simulations, the dynamic time step scheme is used with the upper bound set by517

the CFL condition. In order to guarantee the stability and the accuracy of the simulation,518

the variation of the solution variables between any two consecutive time steps is set to be519

no more than a tolerance ε. We use Sw and φ to monitor the variation rate of the transport520

and reaction processes respectively. Specifically, we use the time step determined by the521

CFL condition as the initial time step, and if the difference in Sw and φ calculated from522

two consecutive time steps is less than ε, the current time step is used as the computational523

step, otherwise the time step is reduced until it satisfies the set criterion.524

5. Validation525

We have developed an in-house code based on the presented two-phase T-H-C coupled526

model with the use of the numerical method described above. The code is capable of simu-527

lating the acidizing process in carbonate rocks under 2-D/3-D linear/radial flow conditions.528

Because no numerical or experimental result that obtained considering all involved factors is529

available in the literature, we validate the code by reducing the model to a simple case. Con-530

sidering that the T-H-C coupled problem is solved sequentially, the code will be validated if531
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we can demonstrate that each sub-problem is solved correctly. On the other hand, it can be532

seen that the governing equation of the heat transport model has the same form as the acid533

transport equation and the same solution methodology is applied to them. Therefore, the534

code validation can be accomplished by verifying the correctness of (1) solving the two-phase535

flow problem, and (2) solving the reactive-transport problem. The former is performed by536

comparing the displacement front with the analytical solution while the latter is achieved537

by comparing the computed dissolution structures with the experimental observations.538

To test the accuracy of our code in solving the two-phase flow problem, a 2-D Buck-539

ley–Leverett displacement problem is solved. The parameters used in this case are summa-540

rized in Table. 1. The relative permeability data is calculated through Eq. (10) and Eq.541

(11), and the resulting relative permeability curve is the same with that shown in Fig. 2(a).542

The capillary pressure and gravity terms are neglected, and the formation are assumed to be543

homogeneous. For the numerical case, we descretized the domain by a 100× 50 orthogonal544

grid. Fig. 5 shows the saturation profiles of displacement after a 800s and 1600s injection545

period. It can be seen that the numerical results is very close to the analytical solution.546

Table 1: Values of parameters used in the Buckley-Leverett displacement problem

Parameters Values

Length of the domain, L 2m

Width of the domain, W 1m

Cross-section area, A 1m2

Permeability of the domain, KBL 1× 10−12m2

Porosity of the domain, φBL 0.2

Water viscosity, µBLw 1× 10−3Pa · s
Oil viscosity, µBLo 1× 10−3Pa · s
Maximum relative permeability of water, KBL

rw,max 0.26

Maximum relative permeability of oil, KBL
ro,max 0.98

Irreducible water saturation, SBLwi 0.25

Residual oil saturation, SBLor 0.22

Corey oil exponent, nBLo 0.24

Corey water exponent, nBLw 0.24

Injection rate, qt 1× 10−4m3/s

To test the effectiveness of the code in solving the reactive-transport problem, the pre-547
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Figure 5: Comparison of the water saturation profiles from numerical solution and analytic solution

sented two-phase T-H-C coupled model can be reduced into the TSC model by neglecting548

the effect of heat transfer and using the single-phase flow field. The accurateness of the code549

in solving the reactive-transport problem under radial conditions has been validated in our550

previous works [25]. Here we test the code by comparing the simulation results with the551

experimental observations reported by McDuff et al. [74] to show its capacity for solving552

the reactive-transport problem under the 3-D linear flow condition. In McDuff’s acidizing553

experiment, the HCl is injected into a series of carbonate cores with a length of 15.2 cm554

and a diameter of 3.8 cm. Through high resolution CT scanning of acidified cores, the cor-555

responding 3-D visualization images of dissolution patterns at different injection rates were556

obtained, as shown in Fig. 6(B). We use our numerical model to replicate the experimental557

operating conditions. The value of parameters used in the simulation is same with the data558

used in the experiment. Because some variables involved in the numerical model, such as559

the average pore radius, the interfacial surface area, the diffusion coefficient, etc., are not560

specified in the experiment report, we evaluate their values via previous similar acidizing561

numerical studies [67, 41]. The dissolution patterns calculated using our numerical simulator562

for different injection rates are depicted in Fig. 6(A). It can be seen that these dissolution563

patterns generating at low, medium, and high injection rates are all in good agreement with564

that observed in the acid flooding experiment. This indicates that the code we developed is565

effective in solving the reactive-transport problem.566
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Figure 6: Comparison of (A) the dissolution patterns calculated using our code with (B) the experimental

observation [74] for (a) low injection rate, (b) medium injection rate, and (c) high injection rate.

6. Results and analysis567

This section presents simulation results to analyze the sensitivity of the dissolution dy-568

namic with respect to the rock properties, temperature, and two-phase flow. The values of569

variables used in the simulations are shown in Table 2. All the values remained the same570

throughout the study unless otherwise stated.571

Table 2: List of values of parameters used in simulation

Parameters Values

Initial irreducible water saturation, Swi,0 0.25

Initial residual oil saturation, Sor,0 0.22

Initial maximum relative permeability of aqueous phase, Kmax
rw,0 0.26

Initial maximum relative permeability of oil-phase, Kmax
ro,0 0.98

Water density, ρw 1100kg/m3

Water viscosity, µw 1mPa · s
Specific heat capacity of water, Cp

w 4130J/(kg ·K)

Thermal conductivity of water, Γw 0.6J/(s · cm ·K)

Oil density, ρo 1000kg/m3

Oil viscosity, µo 1mPa · s
Specific heat capacity of oil, Cp

o 1200J/(kg ·K)
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Thermal conductivity of oil, Γo 0.8J/(s · cm ·K)

3-D radial core dimensions, re, rw, h 10cm, 1cm, 4cm

2-D radial core dimensions, re, rw 5cm, 1cm

Initial average porosity, φ0 0.3

Initial interfacial area per unit volume of rock, av0 50cm−1

Initial average permeability, K0 2md

Initial average pore radius, r̄0 1× 10−4cm

Initial water saturation, Sw0 0.251

Rock density, ρs 2600kg/m3

Specific heat capacity of rock, Cp
s 879J/(kg ·K)

Thermal conductivity of rock, Γs 1.57J/(s · cm ·K)

Reaction rate constant, k0
s 0.2cm/s

Diffusion coefficient at T 0, D0
m 3.6× 10−5cm2/s

Activation energy, Ea 50241J/mol

Activation energy of diffusion, ED 16700J/mol

Universal gas constant, R 8.314J/(mol ·K)

Acid capacity number Nac 0.11

Temperature of the rock, Ts 343K

Temperature of the acid at the inlet, Tf 298K

Pressure at the exit, Pe 20MPa

Inlet acid concentration, cf0 2 wt % HCl

Constants in Eqs. (12)∼(15): aw, ao, akw, ako 10, 10, 10, 10

Asymptotic Sherwood number, Sh∞ 3

572

6.1. Effect of rock properties573

6.1.1. Effect of heterogeneity magnitude574

Carbonate rocks are inherently heterogeneous in permeability, porosity, and mineralogi-575

cal distribution. This heterogeneity comes from the evolution of the rock over a long period.576

It is difficult to experimentally study the effect of rock heterogeneity on the dissolution dy-577

namics of acidization, because it is not possible to get natural rock samples with different578

heterogeneity magnitude but identical other properties. On the contrary, this effect can be579

easily investigated numerically by varying the magnitude of the heterogeneity while keeping580

other variables fixed. Some efforts have been made to do this. De Oliveira et al. [75] studied581
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the effect of mineralogical heterogeneity and found that it influences both the wormhole582

structure and PVBT . Kalia and Balakotaiah [65], Maheshwari, et al. [67, 76], and Liu, et al583

[25] discussed the effect of porosity heterogeneity on dissolution process by performing sim-584

ulations of carbonate acidizing under 2-D linear, 3-D linear, and 3-D radial flow conditions.585

However, the effect of permeability heterogeneity on dissolution patterns and breakthrough586

volume is still remained to be investigated.587

Here, with the use of the Dykstra-Parsons coefficient VDP , we analyze the effect of per-

meability heterogeneity magnitude on the dissolution process under 3-D radial condition.

In order to avoid complications from heat transfer and multi-phase flow, the following pa-

rameter values are set as:

Tf = Ts = 343K; Sw0 = 1; Krw = 1; Kro = 0.

The influence of varying VDP on PVBT for different acid injection rate (presented in588

terms of Da) is plotted in Fig. 7. It can be seen that when the injection rate is very low589

(1/Da = 5 × 10−4) or very high (Da = 1.3), PVBT keeps nearly as a constant with the590

increase of VDP . The cause for this behavior can be understood by insightfully examining591

the mechanism that controls the dissolution dynamic. When the acid is injected into the592

rock at a very low rate, the transport velocity of the solute is very slow compared to the593

reaction rate, which results in that most of the acid is consumed instantaneously at the594

inlet before it penetrates deep into the rock. In this case, as discussed by Kalia [23, 65], the595

breakthrough volume is determined by the acid dissolution capacity and the initial average596

porosity, so it is independent with the heterogeneity magnitude. On the other hand, when597

the injection rate is very high, the injected acid transports so fast that it does not have598

sufficient time to react with the rock. As a result, all the connected pores are filled with599

the acid leading to a uniform increase in porosity. In this case, the breakthrough volume600

depends only on the injection rate, acid dissolution capacity, and the initial concentration601

of the injected acid, as analyzed by Kalia [23]. Therefore, the increase in the heterogeneity602

magnitude does not influence on PVBT .603

The conclusion obtained from the simulation with high injection rate is slightly different604

from that presented by Kilia [65], in which a rapid decline in PVBT is observed when the605

heterogeneity magnitude of the porosity field is extremely high. It should be pointed out that606

the initial porosity field used in [65] for performing the numerical experiments is uniformly607

distributed in a given interval [φ0 − ∆φ0, φ0 + ∆φ0], and the heterogeneity magnitude of608

this porosity field is defined by the value of ∆φ0. However, it is not a sensible parameter609
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Figure 7: PVBT as a function of VDP for very high and very low Da values

to quantitatively analyze the change of PVBT with heterogeneity magnitude because the610

value of ∆φ0 is not independent. For example, based on Kilia’s definition, the heterogeneity611

magnitude value of porosity fields distributed in both [0.2 − 0.19, 0.2 + 0.19] and [0.5 −612

0.19, 0.5 + 0.19]is 0.19, but the actual heterogeneity magnitude is different. For the former,613

∆φ0 = 0.19 stands for a very high heterogeneity magnitude, while for the later, ∆φ0 = 0.19614

means the porosity field has an intermediate heterogeneity magnitude. The decline in PVBT615

observed by Kilia[65] may because the porous medium generated when ∆φ0 approaches φ0616

will contain more and more regions that are almost impermeable.617

When acid is injected at the optimum rate, the effect of VDP on PVBT is quite different618

from that observed at very low and very high injection rates, as shown in Fig. 8. A minimum619

is observed in PVBT indicating a critical heterogeneity magnitude (VDP = 0.8 in this case),620

which confirms the studies by[65, 67, 76, 25]. This phenomenon can be seen more clearly in621

Fig. 9, where the wormhole structures at the breakthrough time are displayed for various622

heterogeneity magnitudes. When the heterogeneity magnitude is very low, the permeability623

over all spatial directions is almost a constant, so it is difficult for the injected acid to find624

a preferential way to flow out. As a result, a considerable number of straight wormholes625

with low branching are formed when acid breaks through the rock, as shown in Fig. 9(a).626
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Therefore, a high volume of acid is needed to dissolve the rock to form these wormholes.627

As the heterogeneity magnitude increasing, the number of dominate wormholes decreases628

and the formed wormholes become highly branched, as shown in Fig. 9 (b) and (c). This629

is because that the presence of some high permeability regions makes acid easy to flow630

in. When the heterogeneity magnitude reached at the critical value (VDP = 0.8 in our631

simulations, as shown in Fig. 9(d)), only one dominate wormhole is formed and the growth632

of others is stopped because the one providing the least resistance to flow captures most633

of the acid. As the heterogeneity magnitude continues to increase, more high permeability634

regions exist in the rock leading to some highly branched wormholes as can be seen in Fig.635

9(f). Besides, the acid must dissolve some rocks with lower porosity to connect these high636

permeability regions. Thus, acid dissolves overall more rock in this case than the rock with637

critical heterogeneity, which is responsible for the resulting higher PVBT value.638

Figure 8: Effect of heterogeneity magnitude VDP on the breakthrough volume PVBT at the wormhole regime

(1/Da = 0.006)

The simulations for varying VDP is also performed under 2-D radial condition, and the639

wormhole structures obtained at optimum injection rate are displayed in Fig. 10. Comparing640

Fig. 10 with Fig. 9, it can be clearly seen that the main difference between the 2-D and 3-D641

analysis is the number of wormholes and side branches. In the following analysis, because642

we are only interested in qualitative understanding of the effects of specifying parameters643

on acidizing process, the 2-D simulations are sufficient to provide this insight. Moreover,644

31



Figure 9: The effect of heterogeneity magnitude on wormhole structures under 3-D condition: (a) VDP = 0.1,

(b) VDP = 0.5, (c) VDP = 0.6, (d) VDP = 0.7, (e) VDP = 0.8, (f) VDP = 0.9. (The color is to show the

elevation.)
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the simulation under 2-D conditions is more time-saving than that under 3-D conditions,645

and the visualization of the temperature and saturation distribution in 2-D is easier than646

in 3-D. Therefore, in the following sections, we use a 2-D radial geometry to perform the647

simulation and analyze the effect of various parameters.648

Figure 10: The effect of heterogeneity magnitude on wormhole structures under 2-D condition: (a) VDP =

0.1, (b) VDP = 0.5, (c) VDP = 0.6, (d) VDP = 0.7, (e) VDP = 0.8, (f) VDP = 0.9.

6.1.2. Effect of anisotropy649

The effect of anisotropy is studied by varying the ratio of correlation length in x and650

y directions. Four porosity fields with different correlation length ratio of value lx/ly = 1,651

lx/ly = 2, lx/ly = 5, and lx/ly = 10, are generated. The heterogeneity magnitude for these652

cases is fixed at VDP = 0.75. The acid is injected at the optimum rate. Fig. 11 depicts653

the wormhole structures when acid breaks through the core. As intuitively expected, with654

33



the increase of anisotropic magnitude, wormhole propagation becomes more and more direc-655

tional. For the isotropic porous media (Fig.11(a)), the generated wormholes are distributed656

uniformly and symmetrically in terms of angular direction. As the ratio of correlation length657

in horizontal and vertical directions increasing, the propagation of wormholes in the vertical658

direction is suppressed. This is because the injected acid mainly flows along the path with659

the least resistance. The pores have better connectivity in the horizontal direction than660

in the vertical direction leading to lower resistance for fluid flowing. When the anisotropic661

magnitude is very high, as shown in Fig. 11 (d), the growth of wormhole in the vertical662

direction will be stopped and wormholes are only formed in the direction that has a larger663

correlation length. It should be noted that the main purpose of injecting acid into a car-664

bonate reservoir is to ensure that all reservoir zones are sufficiently treated, not limited665

to wormhole formation. Accordingly, for the anisotropic formation, self-diverting acids are666

recommended to make the stimulation more uniform. The simulation study of injecting667

self-diverting acid into carbonate rocks using the two-phase coupled T-H-C model will be668

conducted in our future work.669

Figure 11: The effect of anisotropy magnitude on wormhole structures
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6.2. Effect of reaction exotherm670

Temperature plays a significant role in carbonate acidizing treatments, in which the acid671

is typically injected at a temperature below the reservoir temperature. During the process,672

temperature changes occur inside both the wellbore and formation. In the wellbore, the673

temperature of injected acid increase with the depth increasing because of the existence674

of the geothermal gradient. In the formation, temperature changes with space and time675

are attributed to (1) the heat transfer between injected acid and formation, and (2) the676

exothermic heat of reaction. The effect of heat transfer on the optimum injection rate, PVBT ,677

and dissolution patterns has been investigated experimentally and numerically in previous678

works[3, 18, 32, 33, 34], and some remarkable observations have been reported. For example,679

Fredd [3] injected different types of acid into limestone rocks at varying temperatures and680

found that the optimum injection rate increases with the increase of temperature, but the681

PVBT may decrease or increase with the increase of temperature depending on the acid682

types. A similar trend is observed by Kalia [33] through numerical simulation. Thus, we are683

not going to repeat this kind of studies here but focus on the effect of reaction exotherm.684

By measuring the temperature along the wellbore during a real acidizing treatment [33], it685

has been found that the temperature at some points is higher than the baseline temperature.686

This increase in temperature is apparently the result of the exothermic heat of reaction.687

Therefore, understanding the effect of reaction exotherm on dissolution dynamic is critical688

for understanding the stimulation effect for real acidizing treatment. However, only limited689

efforts are made in this regard[33, 34]. Kalia [33] investigated the effect of exothermic heat690

by including and not including the energy transport equation in the model when simulating691

the wormhole formation, and concluded that the temperature increase resulting from the692

exothermic heat of reaction does not affect the PVBT value under radial flow condition.693

Although this conclusion obtained by their work is valid for the wormhole regime, they694

did not study the effect of a wider range of injection rates. Here, the influence of reaction695

exotherm is investigated in more detail by simulating the acidizing process at a wider range696

of injection rates.697

In our numerical experiment, the acid is injected into the rock radially at the same698

temperature (343K) with the formation. The energy balance equation is included in the699

model to simulate the generation and conduction of the exothermic heat of reaction. So,700

the reactive-transport phenomena occur under non-isothermal conditions. Again, in order701

to avoid complications from the multi-phase flow, the initial water saturation is set to 1.702

The calculated PVBT is plotted against 1/Da in Fig. 12, and is compared with the isother-703
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Figure 12: Comparison of the PVBT calculated under the isothermal and non-isothermal conditions

mal case, in which the energy balances are not included. It can be seen from Fig. 12,704

at the intermediate injection rate (1/Da = 0.008) where the wormhole is formed, PVBT705

obtained under the non-isothermal condition is almost the same with that obtained under706

the isothermal condition, which confirms Kalia’s observation [33]. However, at low injection707

rates where conical wormhole is formed, PVBT for the non-isothermal case is higher than708

the isothermal case. The governing mechanism of dissolution patterns is responsible for this709

difference in PVBT . As acid is injected into the rock, the reaction occurs and leads to an710

increase in temperature due to the exothermic heat. This increase in temperature results in711

an increase in diffusivity and reactivity. When the injection rate is low, the reaction process712

is controlled by the solute transport rate because it is lower than the reaction rate. Whereas713

the increase in reaction rate will not affect the relative magnitude of them, the increase in714

diffusivity causes more acid to transport to the surrounding pores before being consumed.715

As a result, the diameter of the dissolved channels obtained under non-isothermal conditions716

is larger than that obtained under isothermal conditions, which leads to a high PVBT value717

for the non-isothermal case. This is evident in Fig. 13 where the dissolution structures718

for both non-isothermal and isothermal cases at different injection rates are displayed. On719

the other side, when the injection rate is high, PVBT for the non-isothermal case is lower720

than the isothermal case as shown in Fig. 12. This is because at high injection rate the721

velocity of solute transport is higher than the reaction rate. With the increase in reaction722

rate as a result of the reaction exotherms, more acid is consumed before penetrating further,723

which retards the formation of the ramified wormholes as can be seen in Fig. 13. For the724

case that the injection rate has the value of 1/Da = 0.06, the wormhole simulated under725

the isothermal condition is ramified while the branchiness of wormhole calculated under the726
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non-isothermal condition is low (Fig. 13 row (d)). The temperature distributions for the727

non-isothermal case at the early time and the breakthrough time are shown in Fig. 14. It728

can be observed that the exothermic heat is released at the dissolution front and is flushed729

into the formation. When acid breaks through the rock, although the dissolved channels are730

cooled down by the subsequent acid, the temperature in undissolved regions is higher than731

its initial temperature.732

6.3. Effect of two-phase flow733

6.3.1. Effect of relative permeability curve734

As presented in the previous section, we have developed a model to describe the evolution735

of relative permeability curve with porosity. In this model, a constant a was used to describe736

the change in Swi, Sor, K
max
ro , and Kmax

rw with porosity. Because the value of a is difficult to737

determine, here we analyze the effect of the choice of a value on the dissolution dynamic.738

Four simulation cases with the value of a = 10−4, a = 1, a = 5, and a = 100 are performed739

and the computational results are compared with that calculated using a fixed relative740

permeability curve.741

The acid is injected at the optimum rate so that wormhole dissolution is formed. The742

breakthrough volumes for these cases are compared in Fig. 15 (f). It can be seen that743

the PVBT calculated using a fixed relative permeability cure is larger than that using our744

developed model, but PVBT is almost insensitive to the value of a. As dissolution proceeding,745

if the rock is completely dissolved, no fluid will be trapped in pores. Accordingly, the relative746

permeability of both acid and oil phase inside wormholes approaches 1, which results in that747

almost all the oil in the wormholes was displaced by acid. So, the acid should be transported748

more effectively in wormholes than in other areas, but using a fixed relative permeability749

curve ignored this effect. The transport efficiency of acid in the wormhole is underestimated750

with the use of a fixed relative permeability curve, which leads to the high breakthrough751

volume calculated. This can be seen clearly in Fig. 15 (a)∼(e), where the saturation752

distributions at the breakthrough time are displayed for various a values and compared with753

that obtained using a fixed relative permeability curve.754

6.3.2. Effect of oil-water viscosity ratio755

The influence of varying the oil viscosity under isotherm condition has been studied by756

Wei [36] and Mahmoodi [37]. A common conclusion that PVBT decreases with the increase757

of oil viscosity was obtained by them. However, the reason why this decrease occurs was758

explained differently. Whereas Wei [36] claim that larger oil viscosity leads to a decrease in759
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Figure 13: Comparison of dissolution structures for non-isothermal and isothermal cases at different injection

rates: (a) 1/Da = 5× 10−5, (b) 1/Da = 3.6× 10−4, (c) 1/Da = 0.008, (d) 1/Da = 0.06, (e) 1/Da = 0.5
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Figure 14: Temperature distributions at (A) tD = 0.5 and (B) breakthrough time for various injection rate:

(a) 1/Da = 5× 10−5, (b) 1/Da = 3.6× 10−4, (c) 1/Da = 0.008, (d) 1/Da = 0.06, (e) 1/Da = 0.5

39



Figure 15: Effect of a value on water saturation at the breakthrough time as well as PVBT : (a) fixed relative

permeability curve, (b) a = 10−4, (c) a = 1, (d) a = 5, (e) a = 100, (f) breakthrough volume.
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sweep efficiency and hence most injected acid flows into the dominate wormhole causing the760

fact that less acid is consumed when breakthrough, Mahmoodi [37] ascribed the decrease in761

PVBT to a reduction in acid leakage from the dissolved channel to its surrounding zone and762

the viscous fingering. To clarify, the effect of oil-water viscosity ratio on dissolution dynamic763

under the non-isotherm condition is investigated here.

Figure 16: Effect of oil viscosity on breakthrough volume

764

The initial temperature of the injected acid and the rock saturated with oil is set to765

298K and 343K, respectively. The water viscosity is fixed at 1mPa · s while the oil viscosity766

is varying. Four cases with µo = 1mPa · s, µo = 10mPa · s, µo = 100mPa · s, and µo =767

1000mPa · s are simulated. In these simulation cases, the viscosity of water and oil is768

assumed as temperature independent. This choice allows us to focus on the effect of oil-769

water viscosity ratio on the dissolution dynamic, without any complications from changes770

to viscosity ratio itself. Fig. 16 shows the breakthrough curves for cases with various oil771

viscosity. It can be seen that lower PVBT is obtained for the rock saturated with oil that772

has high viscosity, which confirms the conclusion obtained by Wei [36] and Mahmoodi [37].773

To examine the mechanism behind this phenomenon, the wormhole structures obtained774

at the optimum injection rate for various oil viscosity are depicted in Fig. 17(A). It can775

be seen that, except for the dominate wormhole, the length of other wormholes is shorter776

for the case with higher oil viscosity, and the branchiness of the wormhole decreases as the777

oil viscosity increases. Because high oil viscosity will result in a poor sweeping efficiency778

overall, the saturation of the immovable oil increases with oil viscosity increasing, as can be779

seen in Fig. 17(B), where the water saturation at the breakthrough time is displayed. For780

example, when oil viscosity is 1mPa · s, the oil saturation in the core is close to the residual781
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Figure 17: Porisity (A) and acid saturation (B) distributions for various oil viscosity cases at breakthrough

time: (a) µo = 1mPa · s, (b) µo = 10mPa · s, (c) µo = 100mPa · s, (d) µo = 1000mPa · s
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oil saturation after displacement, while when oil viscosity is 1000mPa · s, the saturation782

of the oil in the core by the end of the displacement is still high. The high saturation of783

oil phase reduces the relative permeability of water phase and hence makes it diffcult for784

injected acid to flow into the surrounding area of wormhole, which leads to the formation of785

shorter wormholes with lower branchiness, and consequently a lower PVBT because the acid786

is consumed for dissolving the rock. However, this lower PVBT does not always indicate a787

high efficiency for acidizing treatment because in this case only small part of formation is788

stimulated by the acid. Therefore, to get a uniform stimulation, it is necessary to inject a789

pre-flulsh before injecting the acid if the formation is initially saturated with high viscosity790

oil.791

7. Conclusions792

The main contribution of this work is the development of a two-phase thermal-hydrologic-793

chemical coupled model that can simulate the dissolution process of carbonate acidizing un-794

der non-isotherm condition. Particularly, a new model is developed to describe the change in795

irreducible water saturation, residual oil saturation, and the maximum relative permeability796

of oil and water phases with dissolution proceeding. A new method for generation of the797

initial porosity field is also presented. Unlike the upwind scheme used in previous works for798

discretizing the convection term, the MINMOD scheme based on the TVD framework is used799

in this work. The dissolution patterns and breakthrough curves calculated using these two800

schemes are compared, and it is found that the upwind scheme will introduce stream wise801

diffusion, which leads to an overestimation of PVBT and an enlargement of the wormhole802

diameter. Hence, the upwind scheme is not recommended when simulating the reactive flow803

problem. By analyzing the influence of rock properties, the exothermic heat of reaction, and804

two-phase flow, on the dissolution process, the following conclusions are obtained:805

1. The PVBT predictions are independent of the permeability heterogeneity magnitude806

at very high and very low injection rates. However, at intermediate injection rate,807

which corresponds to the wormhole regime, both the PVBT predictions and wormhole808

branchiness are influenced by the heterogeneity magnitude.809

2. The formed wormhole is directional in anisotropic formations. Therefore, self-diverting810

acids are recommended to make all reservoir zones being treated sufficiently.811

3. Temperature is a critical parameter in wormhole propagation and hence should be812

considered when designing the acidizing stimulation treatment.813
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4. The acid volume required for the generation of wormholes in a rock saturated with high814

viscosity oil is less than that saturated with low viscosity oil. Nevertheless, injecting815

the acid directly into the formation that is saturated with high viscosity oil is not816

recommended because in this case only small part of formation is stimulated by the817

acid.818

It should be noted that in this work we mainly focus on the development of the model819

and the construction of the solving algorithms, so only limited simulation result is presented,820

and the factors that governed the wormhole formation are analyzed individually. A more821

detailed analysis of the mutual influence of these factors will be presented in our future822

work. Regarding the effect of the presence of a non-aqueous phase on wormhole formation,823

a change in the optimum injection rate has been observed in the experiment studies [37],824

but not appeared in our simulation results. This may be because there are other proposed825

mechanisms that are not considered in our model. Therefore, a more detailed model is needed826

to account for other possible mechanisms such as the natural diverting effects of blocked pore827

throats, and the effect of reaction produced CO2. Moreover, wormhole formation is more828

complex than is usually assumed, and the number of the factors affecting wormhole formation829

is more than that mentioned in this work. One obvious influence factor that is not considered830

in the current work but has a significant effect on wormhole formation is the stress existed831

in the actual reservoir [77] . Therefore, a model providing a fundamental understanding of832

the interplay between the coupled T-H-C process and mechanical compaction also needs to833

be developed. Some of these further investigations will be pursued in future work.834
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