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ABSTRACT
Spintronic devices are prime candidates for Beyond CMOS
era due to their potential for low power consumption and
high density computation and storage. All-spin logic (ASL)
is among the most promising spintronic logic switches. Pre-
vious attempts to model ASL in the linear and diffusive
regime either neglect the dynamic characteristics of the trans-
port or do not provide a scalable and robust platform for full
micromagnetic simulations and inclusion of other effects like
spin Hall effect (SHE) and spin-orbit torque (SOT). In this
paper, and based on a finite difference scheme, we propose
an improved self-consisting magnetization dynamics/time-
dependent carrier transport model that captures the main
characteristics of ASL devices.

1. INTRODUCTION
Promising candidates for Beyond CMOS technologies to

sustain the advancement of Moore’s law are the so-called
spintronic devices [26, 28]. Those are devices that enable
the control of spin as an extra state variable of binary na-
ture (e.g., “1” = spin up, “0” = spin down). Among the
most promising spintronic logic switches is a device called
all-spin logic (ASL) [4, 23] that has recently attracted in-
creasing interest due to its low power operation and logic-
in-memory structure. In addition, the device utilizes pure
spin currents throughout every stage, and thus eliminates
any spurious charge current effects and the need for repeated
spin-to-charge conversion.

ASL is based on a lateral nonlocal spin valve (LNLSV)
structure and spin-transfer torque (STT) [6, 22] switching.
Fig. 1 shows the main parts of an ASL inverter. The device
utilizes two nanomagnets (whereby information is stored)
that communicate with pure spin currents through a spin-
coherent nonmagnetic channel. The main principle behind
its operation is the accumulation of spins beneath the in-
put nanomagnet which creates an imbalance of spins and
hence drives diffusion of spins in both directions. If sufficient
amount of noncollinear spins reaches the output nanomag-
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Figure 1: Schematic of an ASL inverter.

net, the spins can exert enough torque to switch the magne-
tization into another stable state. This directivity of signal
in one direction (and not the other) is achieved by placing
the ground lead closer to one end of the nanomagnet.

Previous successful attempts have been made to model
ASL with circuit components, and most fall into one of
two categories: (1) Self-consistently solving the magneti-
zation dynamics (governed by the Landau-Lifshitz-Gilbert-
Slonczewski (LLGS) equation) and the spin transport model
(governed by the steady-state spin drift-diffusion equation
(SDDE) represented in the 4-component spin circuit for-
malism), as in [23, 5, 21, 13, 12, 3, 20]; (2) Simulations
solely based on circuit modeling of the LLGS and the time-
dependent SDDE for implementation in SPICE and similar
software as proposed in [8]. As pointed out in [5], the frame-
work of simultaneously solving the magnetization dynamics
and the steady-state spin transport is accurate as long as
the transit time of carrier diffusion in the transport section
is much shorter than the dynamics of the nanomagnets, i.e.
for τt � τsw, where the transit time by diffusion can be es-
timated as τt = L2/2D, with L being the section length and
D the diffusion coefficient. Although this condition holds
sufficiently well for metals of a few 100’s of nm [24], these
times might become comparable as we advance in technol-
ogy where magnetization switching becomes faster. In fact,
we are not restricted to all-metallic structures and might use
semiconducting channels, which, in addition, brings up the
advantage of longer spin-diffusion lengths. In such cases, a
dynamical description of carrier transport is necessary. The
second model provides the necessary tools to capture the
dynamics in the transport section, but lacks the freedom
provided in the first model and the ability to program in
common languages. In addition, it assumes a macrospin
magnet, and thus neglects any spatial variations in magne-
tization. It might also be difficult to augment or modify
to include other interesting phenomena like spin Hall effect
(SHE) and spin-orbit torque (SOT). These considerations
suggest an extension of the currently available models.

In this paper, we present an improved model [1] that goes
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in the spirit of the magnetization dynamics/spin transport
framework [5, 23, 21] and the circuit-based model [8].

2. THEORETICAL FRAMEWORK

2.1 Magnetization Dynamics
Within the framework of the continuum theory of mi-

cromagnetism, a magnetic body of volume Ω ∈ R
3 and a

smooth boundary ∂Ω has a rescaled magnetization repre-
sented as the differentiable vector field m : (0, T )×Ω → S

2,
where S

2 denotes the unit sphere of R3. Here M = Msm,
where Ms > 0 is the saturation magnetization, which is
constant at a given temperature. The magnetization is as-
sumed to vanish on R

3\Ω and for T � Tc, with Tc being
the Curie temperature. In general, m is a function of both
space and time. However, since spintronic devices involve
magnets with dimensions in the nanoscopic (1 − 100 nm)
scale, exchange interaction prevails over all other interac-
tions, aligning spins together and hence rendering spatial
variations irrelevant [7, 19]. In this case, a magnetic sample
is effectively single domain and one can describe the mag-
netization with a giant macrospin.

In the presence of spin-polarized currents, the dynamics of
magnetization can be computed from the Landau-Lifshitz-
Gilbert-Slonczewski (LLGS) equation. Namely the Cauchy
problem [2]

dm

dt
= −γm×Heff + αm× dm

dt
+ τSTT , m (r, 0) = m0

(1)
where τSTT = 1/ (eNs) IS,⊥ is the STT driven by the trans-
verse component of the spin current IS,⊥ = IS−(IS ·m)m =
m × (IS ×m) [9]. Here, e is the electron charge, Ns =
MsV/μB the number of Bohr magnetons comprising the
magnet, V the volume, μB the Bohr magneton, Heff the
effective magnetic field, α the damping constant, and γ the
gyromagnetic ratio associated with the electron spin. To find
the form of the effective field, we write the Landau-Gibbs
free energy functional for the case of a uniformly magne-
tized specimen with uniaxial anisotropy [7]

GL (m) =

{
K1

[
1− (ean ·m)2

]
+

μ0M
2
s

2
m · (Nm)

}
V

(2)
where K1 is the first uniaxial anisotropy constant, ean the
easy axis unit vector, and N the diagonal demagnetization
tensor. The effective field can be found from the derivative
Heff = − 1

μ0Ms

δ2GL
δmδV

, which after using the rules of matrix
calculus yields

Heff = HK (ean ·m) ean −MsNm (3)

where HK = 2K1/μ0Ms is the anisotropy field.
The LLGS equation (1) models the magnetization dynam-

ics at 0 K. However, when T �= 0, a ferromagnet will expe-
rience the unavoidable thermal noise due to the interaction
with the thermal bath. As suggested by Brown [11], the
effects of thermal noise can be added as an extra Langevin
random field to the effective field given by (3) [19, 14]. The
thermal field will be assumed to be Gaussian since m inter-
acts with a large number of independent (or weakly coupled)
microscopic degrees of freedom with equivalent statistical
properties (Central Limit Theorem) [7]. The stochastically
perturbed LLGS equation is a stochastic differential equa-
tion (SDE) of the Langevin type with a multiplicative noise,

namely [18]

dm

dt
= −γm× (Heff +HT ) + αm× dm

dt
+ τSTT (4)

with m (r, 0) = m0. Here, HT is the thermal field, formally

defined as the derivative of a Wiener process, i.e. HT = σẆ.
It is an uncorrelated and independent Gaussian white noise
characterized by the two moments [18, 11]〈

Ẇi (t)
〉
= 0 (5)〈

Ẇi (t) Ẇj (t+ τ)
〉
= 2Dδijδ (τ) (6)

where D = αkBT/γμ0VMs is a measure of the fluctuat-
ing field strength, typically determined from the associated
Fokker-Planck equation by enforcing a Boltzmann distribu-
tion as a stationary solution [11, 19]. With the notation
above, the variance is given by σ2 = 2D.
Finally, since the initial angle of the nanomagnet is ther-

mally distributed, then for consistency one has to random-
ize the initial angle by the most probable angle deviation.
Using the equipartition theorem from statistical mechanics,
one can find

sin θ0 =

√
kBT

2KeffV
(7)

whereKeff = K1+Kd, which takes both magnetocrystalline
and shape anisotropy into account.

2.2 Diffusive Spin Transport
Ferromagnets have spin-split density of states and differ-

ent Fermi velocities for majority and minority spins. This
transcends into its properties being spin-dependent, and one
has to use spin-resolved properties in the transport problem
[25, 16]. Labeling electrons with up- and down-spin with the
spin index s =↑, ↓, the macroscopic transport equations un-
der the relaxation time approximation (RTA) ansatz reads
[17]

∂ns

∂t
− 1

e
∇ · Js = −

(
δns

τs,−s
− δn−s

τ−s,s

)
(8)

τm,s
∂Js

∂t
+ Js = eDs∇ns + σsE (9)

where ns is carrier density, Js the current density, τm,s the
momentum relaxation time, Ds the diffusion coefficient, E =
−∇VC the electric field, σs the conductivity, and 1/τs,−s

(1/τ−s,s) the spin-flip rate from s to −s (−s to s). The
right-hand side of (8) appears due to the non-conserving
spin scattering events such as electron-magnon collisions or
spin-orbit interactions on defects and impurities [25]. Other
effects arising from electron-electron interactions (e.g. spin
Coulomb drag [15]) have been neglected. Otherwise all prop-
erties have to be extended into 2× 2 matrices in spin space
[17]. Now, since the momentum relaxation time is usually
much shorter than the time scales of interest, one can ne-
glect the wave-like behavior and drop the first term in (9) by
setting τm,s = 0. Moreover, in the low-field regime (|eVC | <
kBT ) one can write∇ns (r) =

∂n0,s

∂μs
∇μs =

∂n0,s

∂μs
∇ (μ̄s + eVC),

where μ̄s is the spin-dependent quasi-chemical potential.
Under global equilibrium, μ̄s is constant and the current
vanishes and one obtains

σs = e2Ds
∂n0,s

∂μs
(10)
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which is the general form of Einstein’s relation. The factor
χc,s = ∂n0,s/∂μs is called the charge compressibility (also
known as the thermodynamic density of states) [17]. For
times t > τd, where τd = σ/ε is the dielectric relaxation
time, the system can be considered locally charge neutral
[17]. The last fact implies the only the spin accumulation
matters and one has δn↑ = −δn↓ = δs

2
. Subtracting the

spin-resolved equations (8) and (9) and taking the vectorial
nature of spin accumulation into account, one obtains the
vector spin transport equations

∂s

∂t
= D∇2δs+ μ̃ (E · ∇) s− δs

τsf
(11)

JS,k = eD∇δsk + eμ̃skE (12)

where τsf = (1/τ↓↑ + 1/τ↑↓)
−1 is the average spin-flip (or

spin-relaxation) time [9].

3. CIRCUIT MODEL
In this section we show the circuit models for a FM/NM

interface and a NM section. We base our analysis on the 4-
component spin circuit approach [5, 21], whereby the total
current I and the total voltage V are related by the conduc-
tance matrix⎡

⎢⎢⎣
IC
IS,x
IS,y
IS,z

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

G11 G12 G13 G14

G21 G22 G23 G24

G31 G32 G33 G34

G41 G42 G43 G44

⎤
⎥⎥⎦
⎡
⎢⎢⎣

VC

VS,x

VS,y

VS,z

⎤
⎥⎥⎦ (13)

3.1 FM/NM Interface
Consider a magnetization initially aligned along the x-

axis, m0 = ax. According to [5, 23], and based on the
techniques of the semiclassical magnetoelectronic circuit the-
ory pioneered by Brataas et al. [9, 10], one can describe a
FM/NM interface by the following matrix

GFM/NM =

⎡
⎢⎢⎣

G PG 0 0
PG G 0 0
0 0 2Re {G↑↓} 2 Im {G↑↓}
0 0 −2 Im {G↑↓} 2Re {G↑↓}

⎤
⎥⎥⎦
(14)

where P = (G↑ −G↓) /G is the polarization. The spin-
dependent conductance Gs and the spin-mixing conductance
Gs,−s can be computed in terms of the scattering elements
in the Landauer-Büttiker formalism, namely [9]

Gs =
e2

h

[
M −

∑
nm

|rnm
s |2

]
=

e2

h

[∑
nm

|tnm
s |2

]
(15)

Gs,−s =
e2

h

[
M −

∑
nm

rnm
s (rnm

−s )
∗
]

(16)

where M is the number of modes at the NM side given by
M = kfA/4π and kf is the wave-vector in the channel.
Here, rnm

s is the reflection coefficient between the transverse
modes n and m at the Fermi level of an electron with spin
s in the NM that is connected to the FM.

The conductance matrix above was obtained for a fixed
magnetization orientation. Although this would not mat-
ter for a single magnet, when working with multiple non-
collinear magnets one has to write all the matrices in a single
uniform basis. In general, the matrix above can be trans-
formed to any arbitrary basis by a unitary rotation operation

using an extended rotation matrix belonging to SO(3)—the
group of all rotation matrices—under the constraint of keep-
ing the charge component invariant. Let us assume we have
a rotation matrix R that relates the vectors in the old and
new coordinates as I′ = RI and V′ = RV. Using these
relations in Ohm’s law, we can write the equivalent rela-
tion in the new coordinate frame as I′ = GFM/NM (m)V′,
where the rotated matrix is given by the quaternion formula
GFM/NM (m) = RGFM/NM (m0)R

−1. The rotation matrix
of interest to us in general belongs to the subgroup of SO(4)
consisting of the matrices of the form

R =

⎡
⎢⎢⎣

1 0 0 0
0 r′11 r′12 r′13
0 r′21 r′22 r′23
0 r′31 r′32 r′33

⎤
⎥⎥⎦ (17)

which leaves one component invariant under rotation (e.g.
charge). The components of the block 3 × 3 matrix in R
can be found by using Rodrigues’ rotation formula, which
efficiently computes a rotation matrix in SO(3) of R3 corre-
sponding to a rotation by an angle θ (anticlockwise) about a
fixed axis specified by the unit vectorm0 = (mx0,my0,mz0).
The formula is given as the exponential map

R′ = eM0θ = I + sin θM0 + (1− cos θ)M0
2 (18)

where M0 is the skew-symmetric matrix of the Lie algebra
so(3) of SO(3) given by

M0 =

⎡
⎣ 0 −mz0 my0

mz0 0 −mx0

−my0 mx0 0

⎤
⎦ (19)

3.2 NM

3.2.1 Charge Transport
In a 1D diffusive wire, the continuity and current density

equations are given by

∂n

∂t
− 1

e

∂JC

∂z
= 0 (20)

JC = eD
∂n

∂z
+ σE (21)

For a uniform cross-section A, the line and volume charge
densities are related by ρ� = ρvA where ρv = −en. In
addition, the relation Q = CVC on a per length basis is
given by ρ� = C�VC , where C� is the capacitance per unit
length. Ignoring diffusion contribution, we can write

∂IC
∂z

= −C�
∂VC

∂t
(22)

IC = −σA
∂VC

∂z
(23)

Now, employing first-order finite difference method for a fi-
nite section Δz, we obtain

IC (z)− IC (z +Δz) = C�Δz
∂VC

∂t
(24)

IC =
σA

Δz
[VC (z)− VC (z +Δz)] (25)

which yields the typical RC network with G = σA/Δz and
C = C�Δz. The π- and T -model networks are as shown
below.
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Figure 2: Distributed RC circuit models. (a) π-network. (b)
T -network.

3.2.2 Spin Transport
As with the charge transport problem, the 1D transport of

spins starts from the continuity and current density equa-
tions. Taking the fact that spins can in general be non-
collinear, one has [17]

∂s

∂t
− 1

e
∇ · JS = − δs

τsf
(26)

JS = eD
∂δs

∂z
+ eμ̃Es (27)

Following [8], we use the relation sk = μ̄S,k
∂n0
∂μ

along with
μ̄S,k = eVS,k to obtain the quantum capacitance per unit
volume Cq = esk

VS,k
= e2 ∂n0

∂μ
= σ

D
. These facts can be used

to write

CqA
∂VS

∂t
=

∂IS
∂z

− CqA
VS

τsf
(28)

IS =
μ̃IC
D

VS + σA
∂VS

∂z
(29)

Employing finite differences for each component of the spin,
we obtain

IS,k (z)− IS,k (z +Δz)− CqAΔz
VS,k

τsf
= CqAΔz

∂VS,k

∂t
(30)

IS,k =
μ̃IC
D

VS,k +
σA

Δz
[VS,k (z)− VS,k (z +Δz)] (31)

which result in the equivalent circuit in Fig. 3. Here G =
σA/Δz, GS = CqAΔz/τsf , CS = CqAΔz, and I (VS,k) =
μ̃ICVS,k/D. The last term would vanishes in the ASL chan-
nel.

GS CS

I(VS,k)

2G

I(VS,k)

2G

Figure 3: RC network for the transport of spins in a NM.

3.2.3 Finite Difference Conductance Matrices
Now that we found the circuit representations of charge

and spin transport in the NM, we employ finite differences
again, but for the time derivatives [1]. In particular, using
the backward Euler (BE) method in the relation I = C ∂V

∂t
,

we obtain

In+1 =
C

Δt

(
V n+1 − V n) =

C

Δt
V n+1− C

Δt
V n = G0V

n+1+I0

(32)

which suggests the capacitor model shown below.

G0 I0≡C

Figure 4: Finite difference model of a capacitor.

Using this idea for (24) and (30), we write

In+1
C (z)− In+1

C (z +Δz) =
C�Δz

Δt

(
V n+1
C − V n

C

)
(33)

In+1
S,k (z)− In+1

S,k (z +Δz) =
CqAΔz

Δt

(
V n+1
S,k − V n

S,k

)
+

CqAΔz

τsf
V n+1
S,k

(34)

or

In+1
C (z)− In+1

C (z +Δz) = GC,0V
n+1
C + IC,0 (V

n
C ) (35)

In+1
S,k (z)− In+1

S,k (z +Δz) = GS,0V
n+1
S + IS,0

(
V n
S,k

)
(36)

and thus we can approximate the capacitors in Figs. 2 and
3 with the one in Fig. 4.
As with the FM/NM interface, we can now represent every

RC section with the following series and shunt conductance
matrices in the T model

GNM,se =

⎡
⎢⎢⎣

GC,se 0 0 0
0 GS,se 0 0
0 0 GS,se 0
0 0 0 GS,se

⎤
⎥⎥⎦ (37)

GNM,sh =

⎡
⎢⎢⎣

GC,sh 0 0 0
0 GS,sh 0 0
0 0 GS,sh 0
0 0 0 GS,sh

⎤
⎥⎥⎦ (38)

along with the vector current

INM,0 (V
n) =

⎡
⎢⎢⎣

IC,0 (V
n
C )

IS,x,0
(
V n
S,x

)
IS,y,0

(
V n
S,y

)
IS,z,0

(
V n
S,z

)
⎤
⎥⎥⎦ (39)

where the components are given by

GC,se = GS,se =
2σA

Δz
(40)

GC,sh =
C�Δz

Δt
(41)

GS,sh = CqAΔz

(
1

Δt
+

1

τsf

)
(42)

IC,0 (V
n
C ) = −C�Δz

Δt
V n
C (43)

IS,k
(
V n
S,k

)
= −CqAΔz

Δt
V n
S,k (44)

3.3 Complete ASL Model
Using the finitedifference model above, we can represent

an ASL with the equivalent circuit shown in Fig. 5. We
have labeled the nodes in a way that conforms with the
rules of modified nodal analysis (MNA). Node 5 was in-
troduced to facilitate computations since GFM/NM has in
general nonzero off-diagonal elements and thus any conduc-
tance in series with it does not make use of the simple rule(
G−1

1 +G−1
2

)−1
, where “−1” denotes matrix inversion.
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FM

NM

NM
(lead)

Isource

Figure 5: ASL equivalent circuit.

4. SIMULATION OF ASL
The transient response of ASL can be obtained by solv-

ing the stochastic LLGS equation together with spin circuit
model. The stochastic LLGS is an SDE of the Langevin
type with multiplicative noise and should be interpreted
with care. The equation can be casted into the form of
a general system of Langevin equations as

dmi = ai (t,m) dt+bik (t,m)◦HT,k (t) dt, mi (t0) = mi,0

(45)
for i ∈ {x, y, z}. Here, the symbol“◦”indicates a Stratonovich
interpretation. As pointed in [19], the Stratonovich inter-
pretation of the LLGS equation leads to correct thermal
properties, in contrast to the Itô interpretation. In general,
the white noise interpretation of at least scalar SDEs should
be handled in the Stratonovich sense. By using the anti-
symmetrical unit tensor εijk (Levi-Civita symbol) one can
get rid of the cross products in (4) and get expressions for
the drift vector and the diffusion matrix components for al-
gorithm implementation [1]. For numerical integration, we
employ the generalized Heun predictor-corrector scheme as
proposed in [19]

m̃n+1
i = mn

i + ai (t
n,mn)Δt+ bik (t

n,mn)ΔWn
k

mn+1
i = mn

i +
Δt

2

[
ai (t

n,mn) + ai

(
tn+1, m̃n+1)]

+
ΔWn

k

2

[
bik (t

n,mn) + bik
(
tn+1, m̃n+1)]

for n = 1, 2, . . . , N where N = (tfinal − t0) /Δt. The simu-
lation parameters are shown in Table 1.

Fig. 6 shows the 3D trajectory of the magnetization tip
on the unit sphere, while Fig. 7 show the transient simula-
tions. The device was driven by a 5 mV pulse with a fre-
quency 0.25 × 109 GHz. The device roughly switches from
P to AP after 0.5−0.6 ns, and from AP to P after 1.25−1.3
ns. The simulations has been performed for two different
values of channel capacitance: C = 1 pF and C = 100 pF,
which are reasonable values [27] and can result from, say,
parasitics, loading, a Schottky contact in the case of a semi-
conductor, or even a capacitance for dynamic measurement
of magnetization. Although Fig. 7(b) and shows apparent
overshoot “spiking” due to the capacitance, one might won-
der why is not there a notable charging/discharging char-
acter on time scales G/C. We recall that we are using an
all-metallic structure for which voltage swings on the capac-
itors are on the order of Δμ̄S = 1 μeV, which would imply
a very large capacitor to be used for the transient current

Table 1: ASL Simulation Parameters

Parameter Description Value Units
FMa (Co)

tFM Thickness 3 nm
WFM Width 50 nm
LFM Length 100 nm
ρFM Resistivity 56 nΩ·m
α Damping factor 0.01 -
Ms Saturation magnetization 1.414×106 A/m
K1 First uniaxial anisotropy constant 10×104 J/m3

HK Anisotropy field 1.126×105 A/m
Nx,Ny,Nz Demagnetization factors 0,1,0 -

FM/NM Interface
P Polarization 0.5 -
g↑ Spin-up conductance 0.42×1015 S/m2

g↓ Spin-down conductance 0.38×1015 S/m2

Re {g↑↓} Real-part of the mixing conductance 0.546×1015 S/m2

Im {g↑↓} Imaginary-part of the mixing conductance 0.015×1015 S/m2

NM1 (Cu)
tNM1 Thickness 200 nm
WNM1 Width 50 nm
LNM1 Length 100 nm
lsf,NM1 Spin-diffusion length 450 nm
ρNM1 Resistivity 16.7 nΩ·m

NM2 (Al)
tNM2 Thickness 200 nm
WNM2 Width 50 nm
LNM2 Length 100 nm
lsf,NM2 Spin-diffusion length 600 nm
ρNM2 Resistivity 26.3 nΩ·m

a.
The magnets were taken to be rectangular thin films on the xz-

plane with in-plane magnetic anisotropy (IMA) along the z-axis.

C (∂Δμ̄S/∂t) to be significantly altered with some finite rise
and fall times [24]. This is in fact the case as one can see
from Fig. 7(d). The model thus adequately captures any
introduced dynamics in the circuit.
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Figure 6: Magnetization trajectories on the unit sphere.

5. CONCLUSION
In this work we proposed an improved circuit model that

can be used to adequately capture any introduced dynam-
ics in the transport channel of spintronic devices in general,
and ASL in particular. Although the model has been used
to simulate an ASL inverter, the model is general and en-
compasses a discretization framework that can be used for
improved dynamics modeling of emerging spintronic devices.
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Figure 7: Transient simulation showing ASL inverter switch-
ing characteristics. For (a) and (b), we have set C = 1 pF,
whereas we used C = 100 pF for (c) and (d).
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