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We theoretically propose scattering cancellation-based cloaks for heat waves that obey the Maxwell-
Cattaneo equation. The proposed cloaks possess carefully tailored diffusivity to cancel the dipole
scattering from the object that they surround, and thus can render a small object invisible in the near
and far fields, as demonstrated by full-wave finite-element simulations. Mantle heat cloaking is fur-
ther analyzed and proposed to simplify the design and bring this cloaking technology one step closer
to its practical implementation, with promising applications in nanoelectronics and defense-related
applications.
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I. INTRODUCTION

Ever since the scattering cancellation technique was pro-
posed in 2005 [1], there has been a keen interest in the
photonics community and significant studies investigat-
ing its intriguing mechanisms and promising applications
for different kinds of waves including, but not limited to,
microwaves [2], optics [3], elastodynamics [4,5], acous-
tics [6–8], thermal [9], and matter [10]. Soon afterward,
in 2006, Pendry and coauthors proposed first theoretically
[11] and then experimentally, to cover a copper disc of
25-mm radius with a cylindrical coating made of split ring
resonators, carefully tailored to make the medium hetero-
geneous in a way to curve the path of light in it. In fact,
one says that an object is invisible, if it does not modify (or
change by a little) the wave-field in which it is embedded
[12]. One speaks of transparency, if the object itself pos-
sesses these properties, and of cloaking, if it is surrounded
by a device that offers the same functionality. In this way,
invisibility cloaks guide waves around the considered area
by creating a hole in the space metric. A related, but
quite different technique was proposed at the same time
by Leonhardt on conformal-mapping-based cloaking [13].
Several other cloaking mechanisms have been put forward
in recent years. These range from active-cloaking-based on
anomalous localized resonances [14,15], homogenization-
based cloaking [16,17], waveguide theory [18], and the
use of invisibility layers that make an object appear to be
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located outside its domain invisible by employing a com-
plementary “anti-object” integrated inside a shell with a
“folded geometry” [19].

When it comes to heat waves, the design of convenient
invisibility devices is of paramount importance due to
potential applications related to heat exchange, power inte-
gration, microelectronics, and even green-building con-
struction or defense [20]. Transformation optics (TO),
anomalous resonance (AR), and scattering cancellation
techniques (SCT) have been applied toward this goal [21–
29]. In particular, SCT offers simpler designs than the
aforementioned approaches when the size of the objects is
smaller than, or comparable to, the wavelength and thus
the dipole approximation applies [30]. In this scenario,
isotropic layers of specific diffusivity are sufficient to can-
cel the first-order scattering and thus significantly reduce
the scattering cross section (or radar cross section) of the
core-shell system. It was even shown that mantle cloaks,
that is, ultrathin layers, can mimic invisibility for such
kinds of waves [31–34].

In this work, we propose to generalize the concepts of
SCT and mantle cloaking to the field of heat waves obey-
ing the Maxwell-Cattaneo equation [35,36]. The Fourier
transfer law of heat gives rise to a parabolic equation that
results in instantaneous propagation speeds, which is an
unphysical feature, as is the case with classical mechan-
ics [37]. This inconsistency is solved in the latter case by
the theory of special relativity [38]. Maxwell-Cattaneo law
in this sense is a generalization of the Fourier law that
results in hyperbolic equations, and therefore, finite speeds
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of propagation. In the following sections, we discuss the
details of the cloak design, the physical mechanisms of this
scattering cancellation mechanism, and its mantle cloak-
ing realization in the framework of Maxwell-Cattaneo heat
waves.

II. DISPERSION MECHANISM OF
MAXWELL-CATTANEO WAVES

A. Maxwell-Cattaneo equation

Thanks to all of the aforementioned advantages, we
propose to apply the SCT to heat waves using the Maxwell-
Cattaneo formalism. As a matter of fact, when the Fourier
law is used to describe the heat transfer, that is,

� = −κ0∇T, (1)

with � the local heat flux density (in W m−2), κ0 the
conductivity of the medium that can be anisotropic (in
W m−1 K−1), and T the temperature field (in K), it is well
known that this law leads to a parabolic equation for T
(the Fourier heat equation). Thus, any initial disturbance in
the medium (or object) is propagated instantly due to the
parabolic nature of the equation [37]. In order to circum-
vent this apparent unphysical situation, one can use instead
the Maxwell-Cattaneo law, which is one of various widely
accepted modifications of the Fourier law [36]. It takes the
form (

1 + τ0
∂

∂t

)
� = −κ0∇T, (2)

with τ0 being the thermal relaxation time (that corresponds
to the time it takes for the object to reduce its temperature
to half. The heat transfer rate thus decays for larger ther-
mal relaxation times) [37,39]. The additional term τ0∂t�

accounts for thermal inertia, which avoids the so-called
phenomenon of infinite propagation. It is also necessary
to add another corrective term that accounts for flux diffu-
sion. The Maxwell-Cattaneo equation, as described above,
therefore, takes the final form of a system of coupled
partial differential equations (PDEs)

∂T
∂t

= −∇ · �,

τ0

(
∂�

∂t
− σ0��

)
= −� − κ0∇T,

(3)

that can be rewritten as

τ0
∂2T
∂t2

+ ∂T
∂t

− κ0�T − τ0σ0�

(
∂T
∂t

)
= δ, (4)

with δ being the Dirac distribution representing the source
term and σ0 accounting for the diffusive phenomena. This
extra diffusive term is a corrective term representing the

flux diffusion added to the system of equations in order to
make the discretizing process asymptotically stable, when
solving the Maxwell-Cattaneo equation by means of the
finite difference method for example [40,41].

B. Dispersion relation of the Maxwell-Cattaneo
equation

Assuming a time harmonic incident wave, that is, pro-
portional to e−iωt, with ω the angular frequency, Eq. (4) is
further simplified to (by omitting the δ term)

�T + ω(ωτ0 + i)
κ − iωτ0σ0

T = 0. (5)

By inspection of Eq. (5), one immediately sees that
an effective wave number k0 can be defined as k0 =
ω

√
(ωτ0 + i)/(κω − iω2τ0σ0). This means that k0 is a

complex number for all frequencies, which is markedly
different from classical heat waves (Fourier transfer) or
even diffusive waves (or diffuse photon density waves,
DPDWs) that possess complex wave numbers in specific
frequency ranges. This phenomenon is quite understand-
able, since one expects new physics to be at play [42].
Figure 1(b) plots the dispersion relation, that is, k0 vs
the normalized frequency ωτ0, for two specific scenar-
ios. In the upper panel of Fig. 1(b), one assumes an
extra term (corresponding to DPDWs) in k0, that is, k0 =
ω

√
(ωτ0 + i − 1/(ωτd))/(κω − iω2τ0σ0), with τd the life-

time of photons. The second scenario assumes τd = ∞, or
in a sense, the absence of absorption (absence of DPDWs).
For the first scenario, we observe three specific spectral
domains: in the first one, Im(k0) � Re(k0), where absorp-
tion dominates and for ωτ0 → 0, there is a convergence
toward ks

0 = √
1/(τdκ0) (purely imaginary wave number);

(a) (b)

FIG. 1. (a) Schematic representation of the core-shell system
in cross-section view in the x-z plane. (b) Dispersion relation for
the medium computed using Eq. (5) for the Maxwell-Cattaneo,
with (top) and without (bottom) the extra absorption term (corre-
sponding to diffusive waves).
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in the second domain, one has Re(k0) � Im(k0), that is,
propagative regime; and in the third domain, one has
Re(k0) ≈ Im(k0), that is, the scattering and absorption are
balanced. For the second scenario, we have the same
behavior for spectral regions 2 and 3, and in region 1, we
have Re(k0) ≈ Im(k0), and both converge toward 0 in the
static regime since there is no absorption there. In these
plots, the parameters are assumed to be τ0 = 0.2 s, σ0 =
0.1 W m−1 K−1, κ0 = 0.75 W m−1 K−1, and τd = 0.03 s.

III. SCATTERING CANCELLATION FOR THE
MAXWELL-CATTANEO EQUATION

A. Set up of the scattering problem

We now move to the derivation and analysis of the scat-
tering problem in the framework of Maxwell-Cattaneo heat
waves. We assume that incident waves are plane waves
(which is a good approximation for spherical waves far
away from the source). These plane waves impinge on the
core-shell system [spherical object and shell, schematized
in Fig. 1(a)] and are shown in the x-z plane. The geomet-
rical and physical parameters of the object and the cloak
are identified using subscripts 1 and 2, respectively, while
free-space parameters have subscript 0 (k0 as wave number
in free space, for example). We further make the assump-
tion that the origin of the spherical coordinates lies in the
center of the object without loss of generality. It is thus
possible to find solutions to Eq. (5) by developing the tem-
perature field in the different regions of space in terms of
spherical Bessel and Hankel functions of different kinds.
These eigensolutions are shown to obey the Helmholtz
equation with an equivalent (complex) wave number in the
argument.

Inside free space, two components of the temperature
field (normalized to the incident amplitude, or equivalently
assuming a unit-amplitude incident field) exist, namely, the
incident field Tin, that is, the plane wave eik0r cos θ

T in =
∞∑

l=0

il(2l + 1)jl(k0r)Pl(cos θ), (6)

with Pl the Legendre polynomial of order l, jl denoting the
spherical Bessel function of order l, and θ the incidence
angle of the waves, where we took advantage of the spheri-
cal symmetry of the problem, and placed the source in the z
axis. The second field in free space, and the most important
one regarding our problem, is the scattered temperature
field T sc, resulting from the inhomogeneity encountered by
the wave where it impinges from one medium to another,
that is,

T sc =
∞∑

l=0

il(2l + 1)slh
(1)

l (k0r)Pl(cos θ), (7)

where sl are complex numbers accounting for the scatter-
ing coefficients and h(1)

l are the spherical Hankel functions
of order l and the first kind.

Inside the object, that is, for r ≤ a1, we have

T1 =
∞∑

l=0

il(2l + 1)aljl(k1r)Pl(cos θ), (8)

and finally, inside the shell, that is, for r ∈ [a1, a2]

T2 =
∞∑

l=0

il(2l + 1){bljl(k2r) + clyl(k2r)}Pl(cos θ), (9)

where al, bl, and cl are unknown coefficients that will be
determined along with sl by applying the boundary con-
ditions at r = a1 and r = a2. The boundary conditions
involve continuity of the temperature field T, as well as
its flux κ∇T, or more precisely its radial component κr∂rT.

By denoting the scattering coefficients in a more conve-
nient form, that is,

sl = −ςl

ςl + iβl
, (10)

one finds that

ςl = det

⎛
⎜⎜⎝

−jl(k1a1) yl(k2a1) jl(k2a1) 0
0 yl(k2a2) jl(k2a2) yl(k0a2)

−κ1k1j ′
l(k1a1) κ2k2y ′

l(k2a1) κ2k2j ′
l(k2a1) 0

0 κ2k2y ′
l(k2a2) κ2k2j ′

l(k2a2) κ0kj ′
l(k0a2)

⎞
⎟⎟⎠ , (11)

and

βl = det

⎛
⎜⎜⎝

−jl(k1a1) yl(k2a1) jl(k2a1) 0
0 yl(k2a2) jl(k2a2) jl(k0a2)

−κ1k1j ′
l(k1a1) κ2k2y ′

l(k2a1) κ2k2j ′
l(k2a1) 0

0 κ2k2y ′
l(k2a2) κ2k2j ′

l(k2a2) κ0ky ′
l(k0a2)

⎞
⎟⎟⎠ . (12)
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In these determinants, the wave numbers kj (j = 0, 1, 2),
are given by the dispersion relation

kj = ω

√
ωτj + i

ωκj − iω2τj σj
, (13)

where one ignores the extra absorption term corresponding
to diffuse photon density waves.

B. Ideal cloaking conditions

Now, we are in a position to compute both analytically
and numerically the scattering cross section (SCS) of the
system sc, which represents the quantity that can be mea-
sured by a radar device, placed far away from the structure.
In a sense, this scalar physical parameter quantifies how
visible (or equivalently invisible) an object or a collection
of objects may be to an external observer. In order to render
an object completely opaque, one must consider instead the
extinction cross section that contains both scattering and
absorption, but this goes beyond the scope of this study.
The SCS is given by

sc = 4π

|k0|2
∞∑

l=0

(2l + 1)
|ςl|2

|ςl + iβl|2
. (14)

To make an object invisible or transparent, it is straightfor-
ward to see that one needs to have sc = 0. But this is an
impossible task since the SCS involves an infinite number
of terms.

A more realistic task is to cancel the first few leading
order terms present in Eq. (7). This does not render an
object invisible, but in the quasistatic limit, this substan-
tially reduces scattering and is a viable way to realize near
perfect invisibility, since only the first (dominant) terms
contribute non-negligibly to the scattering.

When the dimension of the system is smaller than the
wavelength, ka2 � 1, cancelling the first two terms is
sufficient, as sc ≈ 4π/|k0|2(|s0|2 + 3|s1|2). This leads to

τ2 − τ0

τ2 − τ1
− γ 3 = 0, (15)

with the ratio γ = a1/a2 for ς0 = 0, and

[(κ0 − κ2) − iω(τ0σ0 − τ2σ2)][(κ1 + 2κ2) − iω(τ1σ1 + 2τ2σ2)]
[(κ1 − κ2) − iω(τ1σ1 − τ2σ2)][(κ0 + 2κ2) − iω(τ0σ0 + 2τ2σ2)]

− γ 3 = 0, (16)

for ς1 = 0.
Figure 2(a) plots the solution of Eq. (15) for varying

ratio γ and thermal relaxation time τ1 (in units of τ0).
One can observe a classical behavior in its lower part for
k0a1 = 0.5. The white region corresponds to negative val-
ues of τ2, and is henceforth ignored since it is unphysical,

whereas the red part corresponds to values of τ2 in the
range of 0.1τ0 to 3.5τ0. The upper black curve stands for
τ2 = 0 (i.e., γ 3τ1/τ0 = 1). Equation (16) is, however, dif-
ferent from other scenarios (heat waves of DPDWs) as
its first term is complex valued. To realize perfect dipole
scattering cancellation, one has to cancel both its real and
imaginary parts. However, by decomposing it, one can
observe that the imaginary part takes close-to-zero values,
except for κ2 = κ1 and κ2 = −1/2κ0. Thus, it is possible
to cancel the real part of Eq. (16) and exclude these values
(κ1 and −1/2κ0) from the possible solutions. The real part
of the left-hand side of Eq. (16) can be cast in the form of

A/B − γ 3 = 0 (17)

with,

A = (x1 − x2)(x3 + x4)(x5 − x6)(x7 + x8), (18)

and

B = (x2
3 + x2

4)(x
2
7 + x2

8), (19)

where x1 = κ0 − κ2, x2 = ω(τ0σ0 − τ2σ2), x3 = κ1 − κ2,
x4 = ω(τ1σ1 − τ2σ2), x5 = κ1 + 2κ2, x6 =ω(τ1σ1 + 2τ2σ2),
x7 = κ0 + 2κ2, and x8 = ω(τ0σ0 + 2τ2σ2).

Equation (17) is of fourth-order, so one expects to
have four possible solutions for κ2. This is exactly what
one can observe from Figs. 2(b) and 2(c), where four
branches can be distinguished from the three-dimensional
plot. Figure 2(c) plots the solutions (contour plots) for dif-
ferent values of the ratio γ , that is, 0.01, 0.5, and 0.95, from
left to right, respectively. For each value of κ1 (and γ ), one
has four possible solutions for κ2 that cancel Eq. (17).

C. Scattering cancellation technique

The considered geometry is shown in Fig. 1(a) with
radius a1 = 1 cm, and we choose the radius of the shell
a1 = 1.15 cm (or γ = 0.87), which corresponds to a rela-
tively thin cloaking shell. The parameters of the object are
κ1 = 3κ0 and τ1σ1 = τ0σ0. Then, the SCS is numerically
computed for a finite scattering order N0. In fact, it has
been shown in many recent studies that the scattering coef-
ficients |sl| are of the order |k0a1|2l+1, so when |k0a1| � 1,
only a few coefficients are enough to reach convergence of
sc. In this study, one verifies convergence, and chooses
N0 = 10. The SCS of the structure is thus normalized with
the SCS of the bare object and plotted in logarithmic scale
(to base 10) in Fig. 3(a) vs the diffusivity coefficient κ2 (in
units of κ0) and the thermal relaxation time τ2 (in units of
τ0). It can be seen from this two-dimensional (2D) plot that
the normalized SCS is increased in some regions (dark red
color), which corresponds to enhanced scattering as well
as reduced scattering (dark blue color), which corresponds
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(a) (b)

(c)

FIG. 2. (a) Monopole scatter-
ing cancellation deduced from
Eq. (15). (b) Dipole scattering
cancellation for the imaginary
and real parts deduced from
Eq. (16). (c) Cross-section
plots for γ = 0.01, 0.5 and 0.95,
respectively (from left to right).

to transparency (or cloaking) effect. In particular, a mini-
mum of sc

2 is obtained around the values κ2 = 0.6κ0 and
τ2 = 0.3τ0 [dark spot in Fig. 3(a)].

To isolate the effect of κ2 and τ2 on the scattering reduc-
tion, a plot of sc

2 is given vs κ2 for different values

of τ2 in Fig. 3(b). One can see that two regimes exist.
First, for small values of τ2, no reduction is significantly
obtained for all values of κ2 [red line on the bottom
of Fig. 3(a)]. Then the scattering reduction regime starts
operating and is maximal for τ2 = 0.3τ0, and again starts

(a) (b)

(c) (d)

FIG. 3. (a) Scattering cross section in
logarithmic scale (to base 10) vs the
normalized diffusivity coefficient κ2 and
thermal relaxation time τ2. (b) Cross-
section plots from the 2D graph [in
Fig. 3(a)] for different values of τ2. (c)
Far-field polar scattering amplitude for
both the uncloaked object (red line) and
cloaked one (green line). Near-field plot
of the temperature field in the vicinity of
the core-shell structure.
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(a) (b) FIG. 4. (a) Scheme of the object sur-
rounded by the metasurface cloak of
radius a2. (b) SCS in logarithmic scale
(to base 10) vs the normalized frequency
ω/ω0 for the object and cloaked object
for two different radii of the metasurface.

gradually disappearing. This shows that effective cloaking
can be obtained only by optimizing both parameters (τ2
and κ2) of the shell, unlike in static studies, where only κ2
is considered. One goes one step further by analyzing the
SCS in polar coordinates, by imposing the values of κ2 and
τ2 that better reduce the SCS, and plotting sc

2 in the far-
field vs the angle of observation θ . Figure 3(c) shows such
a plot, and a significant reduction of sc

2 is obtained for
all angles by using the cloaking shell. The near-field plot
of the temperature field is further given in Fig. 3(d) in the
presence of the same core-shell structure for k0a1 = 0.5,
and shows no perturbation of the amplitude of the field in
the vicinity of the cloaked object, thus demonstrating the
robustness of the SCS for such kind of waves.

IV. MANTLE CLOAKING

Mantle cloaking has been shown to make possible con-
siderable scattering reduction for several kinds of waves
[7,25,26,31] using an ultrathin metasurface cloak. It relies

on coating an object with a metasurface (ideally 2D)
with tailored impedance to cancel the radar scattering.
In the case of Maxwell-Cattaneo heat waves, the bound-
ary conditions at the interface r = a1 is the same as
in Section C (i.e., continuity of T and its flux κr∂rT).
However, at the boundary r = a2 (i.e., at the metasur-
face), one has T(r = a−

2 ) = T(r = a+
2 ), where the – and +

signs stand for the inside and outside of the metasurface,
respectively, as shown in Fig. 4(a). The second condition
is

(κ0 − iωσ0τ0)
∂T
∂r

(r = a+
2 ) − (κ2 − iωσ2τ2)

∂T
∂r

(r = a−
2 )

= Z−1
MCT(a2), (20)

with ZMC the average surface impedance of Maxwell-
Cattaneo heat waves relating the temperature T to its
flux κr∂rT. The scattering coefficients in this configuration
become

ςl = det

⎛
⎜⎜⎝

−jl(k1a1) yl(k0a1) jl(k0a1) 0
0 yl(k0a2) jl(k0a2) yl(k0a2)

−κ1k1j ′
l(k1a1) κ0k2y ′

l(k0a1) κ0k2j ′
l(k0a1) 0

0 y ′
l(k0a2) + χyl(k0a2) j ′

l(k0a2) + χ jl(k0a2) j ′
l(k0a2)

⎞
⎟⎟⎠ , (21)

with χ = iω/[ZMCk0(κ0 − iωσ0τ0)] a dimensionless func-
tion. For l = 0, and by imposing ς0 = 0, we get

XMC = 2
3γ 3ωa1

(
κ0γ

3 + Re
[

(κ0 − iωσ0τ0) + 2(κ1 − iωσ1τ1)

(κ1 − iωσ1τ1) − (κ0 − iωσ0τ0)

])
,

(22)

by denoting XMC = Im[ZMC] the reactive part of the total
impedance.

Figure 4(b) gives the SCS of the structure shown in
Fig. 4(a), that is, the object surrounded by the mantle

cloak with a1 = 1 cm and a2 = 1.15 cm. It can be clearly
seen that a substantial scattering reduction can be achieved
around the design wave number k0a1 = 0.5 (that corre-
sponds to ω0).

V. CONCLUSIONS

In summary, this study presents the first demonstration
of scattering cancellation cloaking for heat waves obeying
the Maxwell-Cattaneo transfer law, which permits to avoid
unphysical features associated with Fourier transfer law,

044089-6
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such as instantaneous diffusion. This problem can become
a key issue in the analysis of time-modulated media since
the Fourier heat equation is not frame invariant. In a mov-
ing medium it reads as ∂tT + u · ∇T − κ�T = δ where u
is the velocity taken at a given point of the moving
medium. When the velocity vanishes, one retrieves the
usual Fourier equation. Since this frame-invariant equation
is itself parabolic, it suffers from the same pitfall as the
Fourier equation, any change in temperature at a given
point of the moving medium is felt instantaneously else-
where. A frame-invariant-form of the Maxwell-Catteneo
equation solves this issue [43] and should thus be pre-
ferred in the analysis of heat problems in time-modulated
media. The time relaxation parameter becomes all the more
important because the time-modulation is fast.

Both SCT and mantle cloaking are analyzed for this
kind of heat waves and are shown to result in near-perfect
invisibility in all directions. The far-field and near-field
numerical calculations demonstrate the robustness of such
thin cloaks, which should be fairly easy to fabricate, due to
the isotropy and homogeneity of the cloaking shell param-
eters (thermal conductivity and thermal relaxation time),
unlike TO-based cloaks. Here, we wish to add a com-
ment about controlling the thermal relaxation time. For
instance, the relaxation time can be tuned by generating
some time modulations in a way similar to that proposed
in Ref. [44]. The faster the time modulation, the larger the
relaxation time. Note that a Maxwell-Cattaneo equation
would be a good way to analyze such nonreciprocal
media.
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