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1 Introduction

Carbon dioxide (CO2) is one of the major greenhouse gases in the Earth’s atmosphere. With

global warming and climate change being urgent issues, the mapping of CO2 sources and sinks

through time is essential, and satellites offer raw measurements of CO2 at various spatial and

temporal resolutions. Noël Cressie has provided a very informative overview of the statistical

methodology needed for the analysis of data from the Orbiting Carbon Observatory 2 (OCO-2)

satellite and discussed the statisticians’ role in the study of carbon dioxide molecules in the

atmosphere. The strength of the paper is its comprehensive review and commentary on satellite

remote sensing of CO2. At each level of the remote sensing mission, the author shared real

experiences and examples. In the last section of the discussion paper (DP), he commented on

future directions of statistical science for CO2 including statistical models and decision-making

under uncertainty. We extend the discussion of two points from a modeling side: non-Gaussian

spatial models and nonstationary covariance functions on the sphere.

2 Beyond Gaussian random fields

Statistical inference and predictions for spatial data are often based on Gaussian random fields.

Since CO2 is a long-lived gas with sources and sinks, and a central-limit-type result for the

column-averaged CO2 (XCO2) values at different pressure levels makes it close to Gaussian, the

proposed model in the DP is well suited for XCO2. The Gaussian assumption simplifies the

structure of spatial models and facilitates statistical predictions, yet it is not always supported
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by data on a global scale. For instance for methane, which is a relatively short-lived gas with

sources, the author and collaborators relaxed this assumption by using a non-Gaussian model,

such as the log-normal (Zammit-Mangion et al., 2015) or Box-Cox (Zammit-Mangion et al., 2016)

spatial random fields. As mentioned in the discussion section of the DP, geophysical data are

not always symmetric and bell-shaped, therefore non-Gaussian distributions may bring further

improvements to the models.

One simple yet flexible way to construct non-Gaussian random fields is to use Tukey g-and-

h distributions (Tukey, 1977), which can approximate many distributions, such as Student’s

t, Cauchy, and Weibull distributions (Xu and Genton, 2015). Tukey’s g-and-h transformation

function is τg,h(z) = g−1{exp(gz) − 1} exp(hz2/2), where z ∈ R, g ∈ R, and τg,h(z) is strictly

monotone when h ≥ 0. If Z ∼ N(0, 1), then Y = ξ + ωτg,h(Z) is said to have a Tukey g-and-h

distribution. Here, ξ is a location parameter, ω is a scale parameter, g controls the skewness (i.e.,

g > 0 and g < 0 make the distribution right-skewed and left-skewed, respectively), and h governs

the tail behavior. In a similar fashion, a general Tukey g-and-h random field, Y (s), can be defined

(Xu and Genton, 2017) as Y (s) = ξ+X(s)>β+ωτg,h{Z(s)}, where X(s) represents the observed

covariates at location s and Z(s) is a standard Gaussian random field, with E{Z(s)} = 0 and

var{Z(s)} = 1. For h = 0, Y (s) is essentially a log-normal random field used by Zammit-Mangion

et al. (2015) for methane. For more detailed properties about the Tukey g-and-h random field,

such as its spatial mean and covariance function needed for kriging, see Xu and Genton (2017).

A significant advantage of Tukey g-and-h random fields is that they provide very flexible

marginal distributions, allowing skewness and heavy tails to be adjusted. Moreover, if Z(s)

posesses properties such as second-order stationarity, mean-square continuity, and mean-square

differentiability, then τg,h{Z(s)}, h < 1/2, also retains such properties. This can lead to useful

spatial dependence structures and second-order moments that are tailored to a particular appli-

cation. Model inference can be performed similarly to the case of trans-Gaussian random fields,

but for Tukey g-and-h random fields, which form a new class of trans-Gaussian random fields,
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the most suitable transformation for the dataset is estimated along with model parameters. One

challenge in evaluating the likelihood function is that numerical evaluation can be slow for large

data sets because the reciprocal transformation τ−1g,h(·) does not have a closed form. To ad-

dress this problem, Xu and Genton (2015, 2017) proposed a computationally efficient estimation

method based on an approximated likelihood. A limitation of transformed Gaussian random

fields is that the underlying dependence structure is still described by a Gaussian copula that

lacks tail dependence and has a symmetric reflection regarding the joint dependence structure

between the variables. Spatial and spatio-temporal random fields with flexible non-Gaussian

copula structures have been proposed by Krupskii et al. (2017) and Krupskii and Genton (2017).

3 Nonstationary covariance models on the sphere

In the DP, there is a comment that the spatial random effects model has a spatially non-stationary

covariance function that holds equally well on the surface of the sphere. Here we discuss some

other works that developed nonstationary covariance models for global processes on the surface

of a sphere. In a recent review, Jeong et al. (2017b) described a few available models that

incorporate different construction approaches, such as differential operators (Jun and Stein, 2007;

Jun, 2011, 2014), spherical harmonic representation (Stein, 2007), stochastic partial differential

equations (SPDE) (Lindgren et al., 2011; Bolin and Lindgren, 2011), kernel convolution (Heaton

et al., 2014), and deformation approaches (Das, 2000).

As a particular type of optimal spatial prediction for large data sets, the fixed rank kriging

technique uses a covariance function that depends on a spatial random effects model (Cressie

and Johannesson, 2008) to fill in gaps in global maps of XCO2 measurements. This approach is

computationally efficient regarding CPU time and memory storage (Bradley et al., 2015, 2016).

Regarding scalable algorithms, the nested SPDE models (Bolin and Lindgren, 2011) are addi-

tionally appropriate for modeling global data. This class of models posesses desirable properties

of the Markov random field framework, such as fast computation, adaptable extensions to non-
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stationarity, and applicability to general smooth manifolds. The nested SPDE models introduce

nonstationarity via directional derivatives similar to Jun and Stein (2008), are computationally

efficient via the Hilbert space approximation, hence are an appealing choice for large data sets.

For regularly spaced data in typical climate model outputs, multi-step spectrum models

(Castruccio and Stein, 2013; Castruccio and Genton, 2014, 2016, 2018) are an option for inference

on the full data set. This spectrum approach generalizes axially symmetric processes so that

they are nonstationarity and have a flexible structure in the spectral domain while maintaining

positive definiteness of the covariance functions. In particular, the multi-step spectrum model

was designed to consider nonstationary covariance models across longitudes and to allow analysis

of very large data sets by evaluating the likelihood with parallel and distributed computing.

Castruccio and Guinness (2017) and Jeong et al. (2017a) showed how these models can be coupled

with a land/ocean indicator and mountain ranges in the evolutionary spectrum. Since data from

orbiting satellites have a particular observational location structure, the implementation of the

above spectrum procedure on a non-gridded structure may be problematic. In this case, an

interpolated likelihood approach could leverage on spectral methods (Horrell and Stein, 2015).

Given the ubiquity of big data in complex data structures such as satellite measurements

evolving in space and time, computational methods for massive data sets have drawn a lot of

attention in recent years; see Sun et al. (2012) and Bradley et al. (2016) for reviews. The

dimension-reduction approaches that have been proposed for dealing with large data sets may

lead to a loss of information when the spatial range is moderate to large, making them inadequate

for space-time analysis (Stein, 2014). However, there is continued demand for computationally

efficient methodologies that can handle massive data sets. Algorithms from other disciplines are

appealing, e.g., one can consider approximations through parallel Cholesky decompositions of

H-matrices (Hackbusch, 1999, 2015) on different architectures (Litvinenko et al., 2017) and the

integration of high-performance computing in exact likelihood inference and kriging (Abdulah

et al., 2017) to handle large covariance matrices.
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