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Scalability of a parallel monolithic
multilevel solver for poroelasticity

Arne Nägel and Gabriel Wittum

Abstract

This study investigates a solver for the quasi-static Biot model for soil con-
solidation. The scheme consists of an extrapolation scheme in time, com-
plemented by a scalable monolithic multigrid method for solving the linear
systems resulting after spatial discretisation. The key ingredient for the later
is a fixed-stress inexact Uzawa smoother that has been suggested and anal-
ysed using local Fourier analysis before [8]. The work at hand investigates
the parallel properties of the resulting multigrid solver. For a 3D benchmark
problem with roughly 400 million degrees of freedom, scalability is demon-
strated in a preliminary study on HazelHen. The presented solver framework
should be seen as a prototype, and can be extended and generalized, e.g., to
non-linear problems easily.
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1 Introduction

As access to high-end computational systems is nowadays widely spread and
computational time is available in ever increasing amounts, this sparks the
desire to solve larger and larger problems in the applications. The goal of
this work is to develop an efficient and scalable solver for poroelasticity, i.e.,
porous media flow problems considering deformations of the medium. We fo-
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cus on the linear quasi-static Biot model [2]. This system is a saddle point
problem. At the core is a constraint for the stresses, coupling deformations
and pressure. The second component is the flow equation, which considers
the deformation of the medium in the volume terms of the time derivative.

Solvers for poroelasticity (and coupled processes in general) may be sub-
divided into the following classes (cf. [17]).

Fully implicit schemes (or: monolithic schemes) tackle the block system re-
sulting from the spatial discretisation as single monolithic block. Efficient
solvers rely on blocking strategies, thus require access to the software in-
frastructure, and must be implemented with proper care.

Iterative coupling is an alternative strategy. As the name indicates, conver-
gence is achieved by iterating back and forth between the equations for
the different unknowns. This approach is more modular than monolithic
schemes and is less intrusive with respect to software infrastructure. For
poroelasticity different algorithms have been suggested in [13], with a uni-
fied presentation in [23]. In order to accelerate convergence, equations are
modified in order to account for contributions from the Schur complement.
The extended nonlinear case has been treated, e.g., in [16, 14].

Explicit coupling (or: loosely, weakly coupled schemes) suffer from severe time
step restrictions, and are not considered here.

In passing we note that in the non-linear case, the linear system arising from
a fully-implicit scheme can also be solved by a block-iterative preconditioner.
This is similar to iterative coupling. However, since the problem at hand is
linear, we do not formally distinguish these two cases here.

With respect to parallel performance, some investigations for an iteratively
coupled scheme with implicit Euler time-stepping have been made, e.g., in
[11, 23]. In this work, we investigate a monolithic solver with two key com-
ponents: The first component is an adaptive time-stepping that is is based
on (linearly implicit) extrapolation methods [7]. The building block of this
method are sequences of (linearly-) implicit Euler steps, that are combined
with an Aitken-Neville extrapolation. The second component is a monolithic
multi-level solver. It is inspired by works on scalable solvers for the Stokes
system in [9, 12]. Here, however, the Uzawa-type smoother, is constructed
using the fixed stress approximation of the Schur complement [8].

The presentation is organized as follows: The mathematical model is for-
mulated in Section 2, the description of the solver setup is given in Section 3.
The work is concluded a numerical experiment in Section 4.
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2 Governing equations

In some domain Ω ⊂ Rd, we seek to solve the quasi-static Biot system for
poroelasticity. The original formulation and derivation dates back to [2]; a
recent description can be found, e.g., in the textbooks [5, 4]. The model is
formulated in terms of a displacement u and a pressure p:

∂t(
1

M
p+ αdiv(u)) +∇ · [q| = 0 (1a)

∇ · [σ] = −f . (1b)

These equations describe the conservation of mass and momentum of the
fluid respectively. The system includes the Biot modulus M and the Biot
coeffient 0 ≤ α ≤ 1. We close the system by two constitutive material laws:

q = −κ(∇p− ρg) (1c)

σ = λdiv(u)I + 2µε(u)− αpI. (1d)

The Darcy velocity (1c) includes the permeability κ, and a density ρ, which
is assumed to be constant. The linear elastic model (1d) for the stress tensor
σ includes the infinitesimal linearized strains ε(u) = 1

2 (∇u +∇uT ) and the
Lamé parameters λ, µ.

Relationship to engineering constants

The presented model includes the material parameters α, λ, µ,M , and κ.
These can also be expressed in terms of the following engineering constants:

The parameter µ is the shear modulus which also sometimes denoted by
G. The Lamé parameters λ, µ are related to other moduli as follows:

λ =
2νG

1− 2ν
= K − 2

3
G =

νE

(1 + ν)(1− 2ν)

µ = G =
3K(1− 2ν)

2(1 + ν)
=

E

2(1 + ν)

Poisson’s ratio is given by ν = λ
2(λ+G) . Moreover, we can use the elasticity

modulus E, and the bulk modulus K = λ+ 2
3G.

Following [4], we introduce ξ = 1
M p + αe, e := div(u) i in (1a) as the

variation of fluid content in a representative volume (relative to the original
configuration). The undrained case corresponds to ξ = 0, i.e. p = −Mαe.
Inserting this into (1d) yields a redefined (p independent) stress tensor with
parameters λu = λ+Mα2, Ku = K +Mα2, and νu = λu

2(λu+G) .
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Variational form

In the variational form of (1), we seek to find (p,u) ∈ Vp × Vu, Vu ⊂ L2(Ω),
Vp ⊂ H1(Ω)d such that∫

ε(u) : C : ε(v)−
∫
α∇ · v p+

∫
fv = 0 (2a)∫

1

M
ṗ r +

∫
α∇ · u̇ r +

∫
κ∇p ∇r −

∫
q r = 0 (2b)

holds for all (r,v) ∈ Vp × Vu. Note that boundary conditions have been ne-
glected for the ease of presentation. In the discrete setting, we replace Vp and
Vu by discrete spaces V hp and V hu . Here, we use conforming finite elements
that are element-wise given by polynomials of degree 1 and 2 respectively.

Employing an implicit Euler scheme for time discretization, i.e.,

ut+τ := uht +4uh, pht+τ := pht +4ph

results in a large linear system in the following block form:[
K11 K12

K21 K22

] [
4ph
4uh

]
= −

[
rhu
rhp

]
(3a)

The particular form of the right hand side is not important here. In the
matrix

K :=

[
K11 K12

K21 K22

]
:=

[
Auu αGup
−αGTup ( 1

MMpp + τκApp)

]
. (3b)

we identify the terms from (2) and note in passing, that the second diagonal
term vanishes, if 1

M → 0 and τκ → 0 simultaneously. In this case, standard
smoothers are not applicable. In general (3) is a saddle point problem, as can,
e.g., be seen by multiplying the second row by −1 and by using the abstract
block decomposition:

K =

[
I

K21K
−1
11 I

] [
K11

S22

] [
I K−1

11 K12

0 I

]
(4)

with S22 = K22−K21K
−1
11 K12 denoting the Schur complement. This decom-

position is also important for the iterative solvers that are introduced in the
next section.
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3 Algorithmic details

3.1 Iterative schemes

Different strategies for solving (3) have been suggested in the literature. An
overview on general saddle-point problems is given, e.g., in [1]. Most methods
are based on iterative schemes of the following from

x(k+1) = x(k) + K̃−1(f −Kx(k)).

where K̃−1 is an approximate inverse that can be computed easily. In order
to devise K̃−1, one can employ the block decomposition (4) to define different
block preconditioners, e.g.,

Wl =

[
K11

K21 K22

]
, Wd =

[
K11

S22

]
, Wu =

[
K11 K12

S22

]
Inexact variants can also be devised, e.g.,

W̃l =

[
K̃11

K21 S̃22

]
, W̃d =

[
K̃11

S̃22

]
, W̃u =

[
K̃11 K12

S̃22

]
It is well know, e.g. [3, 23], that the term K21K

−1
11 K12 is spectrally equivalent

to a rescaled mass matrix Mpp. Using the approximation

S22 = K22 −K21K
−1
11 K12 ≈ (

1

M
+
α2

K
)Mpp + τκApp (5)

yields the fixed stress splitting [13]. We do not follow this approach here, but
rely on the decomposition for building a smoother [15, 8] for a monolithic
multigrid method.

3.2 Monolithic multigrid solver

Multigrid methods, as introduced in greater detail, e.g. in the monographs
[10, 20], are based on the property that all frequencies in the error are reduces
equally well. This is obtained by an efficient interplay between smoothing and
interpolation between grid levels. These two components need to be defined:

The grid transfer operators are given by the standard operators as de-
fined (elementwise) by the Lagrange polynomials. The coarse grid operators
are recursively defined by the Galerkin products. For smoothing we employ
an inxact Uzawa method, as suggested for Biot-System in [15, 8], with the
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following modifications: In the forward sweep, we use W̃l, where the inverse
of K̃11 is approximated by a forward Gauss-Seidel sweep for Auu, and the
inverse of S̃22 is given by a damped Jacobi iteration for the right hand side of
(5). The backward sweep is built using W̃u using the adjoint iterations. Note
that a similar approach has successfully been used for the (related) Stokes
equation before [12, 9] with excellent scalability properties.

3.3 Software

All algorithms and solvers have been implemented in the software framework
UG4 [22, 18]. Details of the MPI based parallelization of UG4’s multigrid
solver, highly scalable on hundreds of thousands of processes, have been de-
scribed in previous reports, e.g. [19].

4 Results

4.1 Benchmark problem

As a benchmark problem, we consider the deformation of a cylinder, as sug-
gested by de Leeuw [6, 4]: For t > 0 a cylinder of radius a is subject to uniform
radial stress σrr = −q at the cylinder wall, while drainage is instantaneously
induced by p = 0 outside.

This problem has an analytical solution [21]. Ibid., the initial value is given
by a homogeneous pressure distribution corresponding to the undrained case
for given q:

p(x) ≡ p0 =
Mα

K + 1
3G+Mα2

q

and its corresponding consistent displacement field u0. Note, that the first
factor evaluates as 1, i.e., p0 = q, if solid and fluid are incompressible(α = 1,
M =∞). The full set of parameters is provided in Tab. 1.

Figure 1 shows the geometry as well as the solution after some time.
Figure 2 compares the analytical and numerical solution with respect to

the normalized pressure p(x0)/p0at the center x0 of the cylinder. As ν <
0.5 the configuration gives rise to the well-known Mandel-Cryer effect: The
pressure in the interior increases first, before it relaxes and decays to p→ 0.
We also note that the adaptive time-stepping captures the dynamics correctly
and selects the exponentially increasing time steps. In our case, the error was
measured in the L2 norm for the pressure p, with a relative tolerance of 0.1%.
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Fig. 1 Benchmark problem: Illustration of pressure and deformation.
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Fig. 2 Benchmark problem: Normalized pressure p/p0 at the core of the cylinder as a

function of the dimensionless time. The Mandel-Cryer effect leads to an increase in pressure
that is followed by a drop. Note, that time the extrapolation scheme selects an exponentially

increasing time step size.
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Parameter Value Unit

E 80 MPa

M 1.1 × 107 MPa
ν 0.25

α 1

κ 10−6 m2/(Pa · s)
a 1 m

q 1 MPa

Table 1 Parameters for the test case. Although computations are perfomed in the adi-

mensional form, they are provided with physical units here for the sake of orientation.

4.2 Load balancing and grid distribution

The performance of the multigrid algorithm depends on a proper load bal-
ancing. Following [19], the grid distribution quality ql onto Pl processes on
level l of the hierarchy is computed as

ql :=

{
ntotal
l −nmax

l

nmax
l ·(Pl−1) , Pl > 1

1, Pl = 1

Here, npl is the number of elements in level l on process p, and

ntotall :=

Pl∑
p=1

npl , n
max
l := max

p=1,...,Pl

npl .

The quality measure ql is in the range [0, 1]. For ql = 0 all elements of level l
are contained on one process only, and ql = 1 indicates that the elements are
shared equally among all processes.

4.3 Numerical experiments

The performance of the solver is investigated in a weak scaling study, using
isotropic refinement. Problem size and involved number of cores increase as
reported in Table 2:

PEs Levels l DoFs

96 5 6,714,692

768 6 53,070,468

6144 7 421,991,684

Table 2 Each line corresponds to an individual run. Recorded are the number of processes
(PE), the number of levels (l), and the number of degrees of freedom (DoFs).
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Using a hierarchical load-balancing and distribution scheme [18], not all
processes are contributing on all levels. For each configuration, Table 3 pro-
vides a summary of number of processes used on each level of the multigrid
hierarchy. Table 4 shows the levelwise distribution qualities for each run.

PE lv-0 lv-1 lv-2 lv-3 lv-4 lv-5 lv-6 lv-7

96 1 1 96 96 96 96 - -

768 1 1 96 96 768 768 768 -

6144 1 1 96 96 6144 6144 6144 6144

Table 3 Number of processes used on each level for the individual runs

PE lv-0 lv-1 lv-2 lv-3 lv-4 lv-5 lv-6 lv-7

96 1 1 1 1 0.82 0.82 - -

768 1 1 1 1 0.84 0.84 0.99 -

6144 1 1 1 1 0.40 0.40 0.90 0.90

Table 4 Distribution qualities for each level of the multigrid hierarchy for the different
runs

Aiming for representative results, performance has been evaluated in an
interval of 1h wall clock time, which corresponds to at least 25 time steps.
One time step corresponds is computed by extrapolation [7], and is based of
three implicit Euler steps. In each of these steps, the resulting system has
been solved using a BiCGStab algorithm, that was preconditioned by the
monolithic multigrid solver described in Section 3. The residual were reduced
by 8 orders of magnitude, or, alternatively, to absolute tolerance of 10−14.

Figure 3 provides the results for this setup: As a performance measure, we
consider the average number of time steps per wall clock time unit. Results
range between 0.5 steps / min in the worst case (W-cycle on 6144 PE) and
0.8 steps/min in the best case (F-cycle on 96 PE). On 96 PE, W-cycle and F-
cycle show almost identical performance. However, as can be expected, the W
cycle deteriorates when increasing the level of parallelism. This issue is well
known. It is due to increasing number of smoother and coarse grid correction
calls on the coarse levels l, which is a accompanied by a relative reduction of
the level of parallelism (as illustrated in Table 3). Using the F cycle mitigates
these issues, and results improve slightly with ≈ 0.7 steps/min on 768 PE,
and ≈ 0.6 steps/min on 6144 PE respectively. Using the V-cycle is desirable
from the point of view of scalability, but is not a viable alternative here.
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Fig. 3 Time steps per elapsed wall clock time: Results of weak scaling for 96, 768, and

6144 PE for W- and F-cycle respectively.

5 Conclusion

The presented preliminary results show the potential of the combination of
time-stepping and linear solver. Using an adaptive time integrator is key
for improving the performance. The linear solver indicates its potential, but
improving its scalability porperties is still subject to further investigations
and profiling. Although for the F-cycle a relative efficiency of at least 75% is
obtained, it must be clarified, if this can be improved further. The imbalance
shown in Table 4 (row for 6144 PE) may have a severe impact.
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