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Abstract As the development of sensor network and Internet of Things, the vol-
ume of data is rapidly increasing and the streaming data has attracted much attention
recently. To efficiently process and explore data streams, the compact data represen-
tation is playing an important role, since the data approximations other than the
original data items are usually applied in many stream mining tasks, such as clus-
tering, classification and correlation analysis. In this chapter, we focus on the max-
imum error-bounded approximation of data stream, which represents the streaming
data with constrained approximation error on each data point. There are two crite-
ria for the approximation solution: self-adaption over time for varied error bound
and real-time processing. We reviewed the existing data approximation techniques
and summarized some essential theories such as optimization guarantee. Two op-
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timal linear-time algorithms are introduced to construct error-bounded piecewise
linear representation for data stream. One generates the line segments by data con-
vex analysis, and the other one is based on the transformed space, which can be
extended to a general model. We theoretically analyzed and compared these two
different spaces, and proved the theoretical equivalence between them, as well as
the two algorithms.

1 Introduction

As the development of information system and sensor networks, especially the in-
creasing attention on Internet of Things (IOT) [1, 17], streaming data is attracting
much attention and has now been involved in various applications, including the
medical data recording the status of patients [23, 28], financial data denoting the
changing trends of stock prices [29], the large amount of data during network com-
munications [18] and those scientific data such as sun spot numbers and ocean sur-
face temperatures. The booming web techniques and the widely popularized mobile
devices bring in the impressive popularity of web data access and sharing [30, 31],
which further increase the production and proliferation of streaming data. The rapid
growth of streaming data, together with its high significance in the area of health, fi-
nance, entertainment and communication in daily life, have desired novel techniques
and advanced systems to manage and process the streaming data efficiently.

Characterized as continuous, random, varying and rapid in arrival, streaming data
in the data stream model differ from conventionally stored data in several ways [2]:

• The data elements in the stream arrive online.
• The system has no control over the order in which data elements arrive to be

processed, either within a data stream or across data streams.
• Data streams are potentially unbounded in size.
• Once an element from a data stream has been processed, it is discarded or

archived, so that it cannot be retrieved easily unless it is explicitly stored in mem-
ory, which typically is small relative to the size of the data streams.

Since the streaming data have high input rate, and are potentially unbounded in
size, the query and operation on streaming data usually require approximate results.
Therefore it is necessary to find a proper and compact form to represent the data
stream, so that the query and operation on streaming data can be more efficiently
solved from the compact representations. In practical applications, the dynamics of
data such as trends, patterns and outliers are most attractive. In this regard, many
techniques such as histogram, line segment and wavelet are employed for effective
data approximation and efficient stream query processing [9, 11, 12, 32].

The intensive work on stream approximation research is the size-bounded repre-
sentation [5, 7]. Its objective is to construct a prescribed number of representations
that minimize the approximation error under a specified metric, where L2 norm (i.e.,
Euclidean Distance) is mostly used. However, there are two main drawbacks on the
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size-bounded constraint and the use of L2 norm for approximation: firstly, the size-
bounded constraint lacks the ability to generate error-guaranteed representations for
streaming data since the stream is naturally unbounded in size; secondly, the use of
L2 norm leads to the inability of controlling the approximation error on individual
stream data items. To alleviate these drawbacks, researchers have made efforts in
constructing the representations with guaranteed maximum allowable approximate
error on each data point (L∞ norm), which is termed as the error-bounded repre-
sentations. It has been engaged in many real world applications, such as continuous
queries over data streams [15, 19], sensor network management [25, 35], and mon-
itoring physiological data for surgery operations [23, 36].

The use of line segments to represent a time series data stream, termed as Piece-
wise Linear Representation (PLR) [4, 6, 16, 32], has been extensively studied for
decades under different criteria [22]. The idea of PLR is to represent a compli-
cated wave-like data stream with a number of simple line segments, so that the
streaming data can be efficiently archived, and a query on the stream can be approx-
imately answered by a query on the line segments. Compared with the stream itself,
the line segments constructed from PLR provide striking visual outlines of stream
trends and can be more efficiently processed and represented in the database (Fig. 1).
These advantages make PLR the most popular representation technique for the data
stream [14], and it has been widely applied to support date indexing [5, 13, 26],
similarity search [29, 37], and correlation analysis [33, 35].

Fig. 1 An example of PLR on a time series data stream.

Histogram is also employed as contemporary error-bounded representation, i.e.,
Piecewise Constant Representation (PCR). For error-bounded PCR, Lazaridis et
al. [15] provided an optimal algorithm to approximate sensor data stream. Gandhi
et al. [8] proposed GAMPS that compressed multi-stream with guaranteed L∞ error
as well as a notable worst-case quality of approximation. They also extended the
framework to address amnesic approximation and out-of-order approximation [7]
using bucket-merging. As the PCR uses constant values (i.e., horizontal line seg-
ments) in representing a wave-like stream, it fails to reflect the trends of streaming
data. Regarded as a generalized version of error-bounded PCR, the error-bounded
PLR usually achieves a greater compression ratio and has more superiority for ad-
vanced applications than PCR.

In comparison to wavelet-based methods [10], PLR is more visually comprehen-
sive and convenient for stream queries. For example, the line segments generated by
error-bounded PLR on a stream can denote the stream trends and be used directly for
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answering trend queries. Such queries are crucial in monitoring patients in intensive
care as medical specialists [21] believe that more accurate and earlier notifications
of adverse events can be predicated from the accumulated trends and variations of
the physiological streams. Even through error-bounded wavelet representations can
be constructed very efficiently and effectively [23, 24], the wavelet synopses may
not be ready to answer stream trends directly.

In this chapter, we introduce the state-of-art optimal algorithms to generate the
error-bounded PLR for data stream, which aim to construct the smallest number of
line segments with approximation error constrained on each data point. We will in-
vestigate the algorithm designed in time domain named as OptimalPLR [32], and
also another algorithm proposed in an interesting parameter space, which is named
as ParaOptimal [20]. Such innovative transformed space has been applied in the re-
cent research for advanced applications [27, 34]. Theoretically, the optimal results
can be achieved by greedy mechanism. In order to adjust a line segment to approxi-
mate as many stream points as possible, the general idea is to determine the range of
all feasible line segments, which is incrementally updated during the processing of
consecutive sequence points. Whenever the current point cannot be approximated
within error bound, a line segment can be determined.

Both of ParaOptimal and OptimalPLR are optimal solutions with linear time
complexity for error-bounded PLR problem, but derived from different spaces,
which provide essential and new sight on this classic problem. We further theo-
retically compare these two algorithms and the spaces they are based on, so as to
provide deeper and more theoretical understanding for this problem. By setting up
a mapping between the point and line in these two spaces, we theoretically proved
the equivalence of these two spaces, and further linked the two algorithms together,
which explained the optimal solution from different views.

2 Preliminary

In this section, along with some notations and new concepts for the study of error-
bounded PLR, we formally provide the problem definition and the objective ad-
dressed in this chapter. We also present Theorem 1 which guarantees that the small-
est number of line segments for the error-bounded PLR can be achieved by maxi-
mizing each representative line segment. The general notations used throughout this
chapter are summarized in Table 1.

Let S = 〈s1,s2, . . . ,sk, . . .〉 denote a data stream where each point si = (xi,yi)
designates the actual value yi at time stamp xi. We use S[i, j] = 〈si,si+1, . . . ,s j〉 to
denote the stream fragment on time slot [xi,x j] (i < j) and |S[i, j]| = j− i+ 1 to
denote the cardinality of S[i, j].

As an approximation technique, PLR approximates S with line segments. A line
segment on time slot [xi,x j] is representable by the linear function y = a · x+ b for
x ∈ [xi,x j] with two parameters: slope a and offset b. Since a line can be determined
by its slope and a line point or two different line points alternatively, for the conve-
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Table 1 Notations

Symbol Description

δ Error bound for approximation (> 0)
S = 〈s1,s2, ...,sk, ...〉 A data stream
si = (xi,yi) Data point si at time stamp xi with value yi
S[i, j] = 〈si,si+1, ...,s j〉 A (stream) fragment from time xi to x j
si = (xi,yi−δ ) Data point with deleted tolerant error
si = (xi,yi +δ ) Data point with added tolerant error
seg[i, j] A δ -representative line on time slot [xi,x j]
slp[i, j] The slope of seg[i, j]
slp[i, j] or slp[i, j] The minimum or maximum slopes of all slp[i, j]
line(si,s j) Line (segment) that passes point si and s j
line(ρ,s) Line (segment) with slope ρ that passes point s
slope(si,s j) The slope of line(si,s j)
cvxk, cvxk Reduced convex hulls for S[1,k].

cvx / cvx bulge downward/upward

nience of presentation, we also use line(ρ,s) to denote the line that passes point s
with slope ρ , and line(si,s j) to denote the line that passes the two points si and s j.
With this notation, we use slope(si,s j) as the slope of line(si,s j).

We define a stream fragment S[i, j] (i < j) as δ -representable (at time slot [ti, t j])
if there exists a line segment identified by y′h = a · xh + b, such that |y′h− yh| ≤ δ

holds for each point sh = (xh,yh) of S[i, j] (i ≤ h ≤ j). In this situation, such line
segment is defined as a δ -representative for fragment S[i, j]. (Notice that there can
be more than one δ -representative.) For simplicity, we use seg[i, j] to represent the
δ -representative, and slp[i, j] to denote the slope of seg[i, j]. Here, we use the max-
imum error metric L∞ to guarantee the approximation quality at each stream data
point. Furthermore, if fragment S[i, j] is δ -representable but S[i, j+ 1] is not, then
fragment S[i, j] is maximally δ -representable on time slot [ti, t j]

2 and accordingly its
seg[i, j] is called maximal δ -representative.

With these designations, the Error-bounded Piecewise Linear Representation
(Error-bounded PLR) problem discussed in this chapter is precisely defined as fol-
lows:

Definition 1. [Error-bounded PLR] Given a predefined error bound δ > 0 and a
data stream fragment S[1,n] = 〈s1,s2, . . . ,sn〉, the (optimal) error-bounded PLR is
to construct a (minimal) number of δ -representative line segments {seg[i1, i2−
1],seg[i2, i3−1], . . . ,seg[ik, ik+1−1]} to represent S[1,n], where i1 = 1 and ik+1−1= n.

By the definition, we specify that this problem focuses on generating disconnected
line segments, i.e., the consecutive segments do not share same end points.

The following theorem has been explored in literature [4, 15] which indicates
that the optimal error-bounded PLR can be solved through computing maximal δ -
representative line segments.

2 It should be noted that S[i − 1, j] can be δ -representable even if S[i, j] is maximally δ -
representable.
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Theorem 1. Given an error bound δ > 0 and stream fragment S[1,n], assume that
seg[i j, i j+1−1] is a maximal δ -representative of S[i j, i j+1−1] on time slot [i j, i j+1−1]
for 1≤ j ≤ k with i1 = 1 and ik+1−1 = n. Then the error-bounded PLR on fragment
S[1,n] has at least k line segments.
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Fig. 2 The proof of Theorem 1: α = 4.

Proof. Clearly, the claim is true for k = 1. For k > 1, assume that an optimal error-
bounded PLR solution for fragment S[1,n] is the set of segments seg′[lh, lh+1−1] for
1≤ h≤ m, where l1 = 1, lm+1−1 = n and m < k (Fig. 2).

As claimed in the theorem, since each segment is a maximal δ -representative,
both i1 = l1 = 1 and l2 ≤ i2 hold. Let α be the index value such that lα ≤ iα and
lα+1 > iα+1 holds. Alternatively, since both m < k and lm+1−1 = n hold, im+1 < lm+1
holds. Hence, we have that α exists and 1≤ α ≤ m is confirmed.

Thus, we have lα ≤ iα < iα+1−1 < lα+1−1. It means that S[iα , lα+1−1] is δ -
representable and is contradictory to the hypothesis that seg[iα , iα+1−1] is a maximal
δ -representative line segment. Therefore, k ≤ m holds, and the result is proven. ut

With Theorem 1, it is inspired that the optimal error-bounded PLR results can
be achieved by maximizing each δ -representative line segment, which is naturally
the greedy mechanism. The algorithms introduced in this chapter all follow such
mechanism.

3 OptimalPLR: an optimal algorithm to generate error-bounded
PLR

In this section, we will introduce an optimal algorithm to generate the error-bounded
PLR, named OptimalPLR [32]. It can theoretically construct the minimal number
of line segments, and achieve the linear time efficiency. The algorithm is based on
the essential analysis on the convex outline of the data stream.
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Fig. 3 Rotation examples.

3.1 Extreme slopes of maximal δ -representative

Generally, there can exist many δ -representative segments with various slopes for
a δ -representable stream fragment. The range of the candidates’ slopes depends
on the tolerant error δ and the stream itself. We first discuss the complete slope
range of the δ -representative segments for a δ -representable stream fragment, and
then study the slope reductions and alterations when a new point is added to the
stream fragment. Such analysis can provide the intuition of how to maximize the
δ -representatives. Our discussion is based on the rotation of Cartesian coordinate
system.

3.1.1 Slope rotation and extreme slopes

We start from the methods proposed by Buragohain et al. [4] and Lazaridis et
al. [15] for error-bounded PCR. As a simplified version of error-bounded PLR,
error-bounded PCR uses constant values rather than general line segments for the
representation. Constant values can be regarded as a line with zero slope that is de-
noted by a horizontal line in a Cartesian coordinate plane as in Fig. 3(a). Under a
predefined error bound δ > 0, the optimal error-bounded PCR aims at construct-
ing the smallest number of representation B = {ci1 ,ci2 , ...,cih} for a given stream
fragment S[1,n] = 〈s1,s2, . . . ,sn〉 such that{

0 = i0 < ik < ih = n for 0 < k < h,
|y j− cik | ≤ δ for ik−1 < j ≤ ik and 1≤ k ≤ h.

That is, using constant value cik represents y j for ik−1 < j ≤ ik and 1≤ k ≤ h.
To build B, the scheme of [4, 15] greedily checks the points of the stream frag-

ment in order and finds the maximally δ -representable stream fragment iteratively.
Here, the stream fragment is only approximated by horizontal lines. To choose the
maximally δ -representable fragment started from xi, the scheme needs to find the
maximum time stamp x j such that max

i≤i1<i2≤ j
|yi1−yi2 | ≤ 2δ . In fact, the scheme con-

structs the longest horizontal rectangle with 2δ width starting from xi to cover the
maximal number of steam points. The intuition is depicted in Fig. 3(a) in general.
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Extending the idea to error-bounded PLR, we have the following observation that
can be proven easily according to the error bound definition.

Observation 1 A stream fragment S[i, j] is δ -representable if and only if there exists
a parallelogram of 2δ width in the vertical direction such that no points of S[i, j]
are placed outside of the parallelogram.

The intuition of this observation is illustrated in Fig. 3(b). We will use this observa-
tion to study the feasible slopes of a line segment approximating a δ -representable
stream fragment through rotating the Cartesian coordinate plane.

To simplify the discussion, we assume that S[1,k−1] = 〈s1,s2, . . . ,sk−1〉 is δ -
representable, and we use a line segment to represent it. For each point si = (xi,yi)
of S[1,k−1] where 1 ≤ i < k, its new coordinates s′i = (x′i,y

′
i), after having the axis

rotated around the origin by an angle of −π/2 < θ < π/2, must satisfy:{
x′i = xi cosθ + yi sinθ ,
y′i =−xi sinθ + yi cosθ ,

as illustrated in Fig. 3(c), which is derived by rotation matrix. According to the
observation, since fragment S[1,k−1] is δ -representable, there exists −π/2 < θ <
π/2 such that for each pair of {i, j}, |y′i− y′j| ≤ 2δ |cosθ |. Since −π/2 < θ < π/2,
|cosθ | 6= 0 and

|y′i− y′j|= |[(−xi tanθ + yi)− (−x j tanθ + y j)]cosθ |

hold, we have |(x j−xi) tanθ−(y j−yi)| ≤ 2δ . By extending this formula, we have3:

(y j−δ )− (yi +δ )

(x j− xi)
≤ tanθ ≤

(y j +δ )− (yi−δ )

(x j− xi)
. (1)

In fact, θ is the intersection angle of x-axis and the parallelogram’s non-vertical
edge, which is also the inclination angle of a possible δ -representative for S[1,k−1]
(i.e., the centerline parallel to the parallelogram’s non-vertical edge). In this sense,
the tanθ is the slope of the δ -representative line segment.

Since for each pair of {i, j}, the relationship of Eq. (1) must hold, we can derive
the range of tanθ . Let slp[1,k−1] and slp[1,k−1] denote the minimum and maxi-
mum line slopes of the δ -representative for fragment S[1,k−1] respectively, and we
have 

slp[1,k−1] = max
1≤i< j≤k−1

(y j−δ )−(yi+δ )

(x j−xi)

= (yc−δ )−(ya+δ )
(xc−xa)

,

slp[1,k−1] = min
1≤i< j≤k−1

(y j+δ )−(yi−δ )

(x j−xi)

= (yd+δ )−(yb−δ )
(xd−xb)

,

(2)

3 Without the loss of generality, we assume that xi < x j .
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Then, for a possible δ -representative line segment of S[1,k−1], its slope slp[1,k−1]
satisfies:

slp[1,k−1]≤ slp[1,k−1]≤ slp[1,k−1]. (3)

In fact, Eq. (3) denotes that the stream fragment S[1,k−1] is δ -representable if
and only if slp[1,k−1]≤ slp[1,k−1]. In the situations of slp[1,k−1]< slp[1,k−1],
slp[1,k−1] can have many feasible values within the range [slp[1,k−1],slp[1,k−
1]]. Hence, it is natural to discover the feasible range of the line slope in terms of
slp[1,k−1] and slp[1,k−1].

Specifically, we define the extreme points as those identify the δ -representatives
with extreme slopes. Based on Eq. (2), we define:

{a,c}= argmax
1≤i< j≤k−1

(y j−δ )−(yi+δ )

(x j−xi)
, (a < c)

{b,d}= argmin
1≤i< j≤k−1

(y j+δ )−(yi−δ )

(x j−xi)
, (b < d)

where points sa and sb (sc and sd , respectively) are the rightmost (leftmost, re-
spectively) points that satisfy 1 ≤ a < c ≤ k− 1 and 1 ≤ b < d ≤ k− 1. Assume
si = (xi,yi− δ ) denotes data point with deleted tolerant error, and si = (xi,yi + δ )
denotes data point with added tolerant error, then sa, sc, sb and sd are the extreme
points. As previously mentioned, we use line(sa,sc) to denote the line that passes
points sa and sc, and use line(sb,sd) to denote the line that passes points sb and sd .
In this way, line(sa,sc) and line(sb,sd) are the bounding lines with extreme slopes
for all δ -representatives (Fig. 4).

L1: line(sa, sc)    L2: line(sb, sd)

data range [yi-δ, yi+δ] at xi

xa xb xd xkxc

ya+δ

yb-δ

yd+δ

yc-δ

slp[1,k-1]

slp[1,k-1]

L1

L2
yc+δ

yk-δ

S[1,k]

Fig. 4 Extreme slope evolution.

According to Eqs. (2) and (3), we have the following lemma:
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Lemma 1. For each 1 ≤ i ≤ k−1, data range [yi−δ ,yi+δ ] at time stamp xi is
intersected or met by line(sa,sc) and line(sb,sd).

The proof is straightforward: If any range [yi−δ ,yi+δ ] is not intersected or met by
one of these two lines, it will be contradictory with the definition of slp[1,k−1] or
slp[1,k−1].

As depicted in Fig. 4, Lemma 1 means that each data range [yi− δ ,yi + δ ], de-
noted by the thick vertical gray line at xi, interacts (or meets) with both line(sa,sc)
(labeled by L1) and line(sb,sd) (labeled by L2).

3.1.2 Slope evolution and reduction

Let S[1,k] be the fragment created by the addition of a new point sk at the end
of fragment S[1,k−1]. As inspired by Theorem 1, we need to check if S[1,k] is
δ -representable greedily and resolve slp[1,k], slp[1,k] and slp[1,k] to derive the po-
tential maximal δ -representative. We will interpret how to simplify the process in
three stages: Increment, Localization, and the Reduction of convex hull.

First, derived from Lemma 1, we have the following corollary [4, 6] to incremen-
tally determine whether S[1,k] is δ -representable when S[1,k−1] is.

Corollary 1. Suppose fragment S[1,k−1] is δ -representable, fragment S[1,k] is δ -
representable if and only if the range [yk−δ ,yk +δ ] at time xk is not located below
line(sa,sc) or above line(sb,sd).

Proof. For sufficiency, if the range [yk− δ ,yk + δ ] at time xk is not located below
line(sa,sc) or above line(sb,sd), it is obvious that sk can be approximated within
error bound δ by at least one seg[1,k−1], so S[1,k] is δ -representable.

For necessity, given S[1,k] is δ -representable, according to Lemma 1, data range
[yk − δ ,yk + δ ] must be intersected or met by the bounding lines of S[1,k]. Since
S[1,k−1] is always δ -representable, the bounding lines of S[1,k] must be covered
by those of S[1,k−1], i.e., line(sa,sc) and line(sb,sd). If the range [yk− δ ,yk + δ ]
is located below line(sa,sc) or above line(sb,sd), then it will be also out of the
bounding lines of S[1,k], which conflicts with Lemma 1.

Combining the above two parts, the corollary is proven. ut

Such corollary provides the method to quick check whether we should keep up-
dating the extreme slopes for S[1,k], or we can determine a fragment S[1,k−1] as
maximally δ -representable. Assuming that S[1,k] is verified as δ -representable, the
next question is how to obtain slp[1,k] and slp[1,k]. Computing them directly via
Eq. (2) can be expensive in time cost as they require the complete computation of the
intersection of slopes delineated by the equation. In the following, we will simplify
the computation of slp[1,k] and slp[1,k] by incremental and localizing strategies in
terms of slp[1,k−1] and slp[1,k−1].
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Increment We will refine Eq. (2) and express slp[1,k] in terms of slp[1,k−1]. From
Eq. (2), we have  slp[1,k] = max1≤i< j≤k

(y j−δ )−(yi+δ )

(x j−xi)
,

slp[1,k] = min1≤i< j≤k
(y j+δ )−(yi−δ )

(x j−xi)
.

According to the definitions of slp[1,k−1] and slp[1,k−1], we have slp[1,k] = max
1≤i<k

{ (yk−δ )−(yi+δ )
(xk−xi)

,slp[1,k−1]},

slp[1,k] = min
1≤i<k

{ (yk+δ )−(yi−δ )
(xk−xi)

,slp[1,k−1]}.
(4)

Equation (4) indicates that slp[1,k] and slp[1,k] can be derived by comparing
point si with sk (i < k) rather than each pair of points si and s j (i < j≤ k). Therefore,
the extreme slopes can be more efficiently computed from Eq. (4) than from Eq. (2).
However, based on the incremental strategy, we demonstrate that this process can
be further simplified, according to the Lemma 1.

Localization With the availability of slp[1,k−1], slp[1,k−1] and {sa,sc,sb,sd} de-
fined before, we can further reduce the range of points needed to check for the
extreme slopes. We take the update of slp[1,k] as an example to explain the reduc-
tion.

1A

2A

{

is
bs

cs

js

2δ

as ds
ks

Fig. 5 Localization of slope reduction.

As exemplified in the Fig. 5, according to Corollary 1, if S[1,k] is δ -representable,
sk must be within area A1 or A2 (as indicated by the dotted line, and the length of
A1 is 2δ ). For i ∈ [1,b), if sk is in A1 area, slope(si,sk) ≥ slp[1,k−1] holds; if sk
is in A2 area, the range [yb− δ ,yb + δ ] is above line(si,sk). For i ∈ (c,k−1], the
range [yc−δ ,yc+δ ] is always above line(si,sk). According to the Lemma 1 and the
definition of extreme slopes, if S[1,k] is δ -representable, there is no need to check
the points before sb and after sc. The similar conclusion can be made on the case of
slp[1,k] update. Thus, Eq. (4) can be rewritten into
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a≤i≤d

{ (yk−δ )−(yi+δ )
(xk−xi)

,slp[1,k−1]},

slp[1,k] = min
b≤i≤c

{ (yk+δ )−(yi−δ )
(xk−xi)

,slp[1,k−1]}.
(5)

Convex Reduction In the following, based on the definition of the extreme lines
and Lemma 1, we further indicate that the computation can be constrained to those
localized points on the convex hulls.

1kcvx −

bs
is js

cs

Fig. 6 Example of the convex hull points cvx.

For stream fragment S[1,k−1], let cvxk−1 denote the set of convex points of the
sequence {sb,sb+1, . . . ,sc}, which are points with deleted tolerant error. Here, cvxk−1
bulges upward and is depicted by a sequence of point in the ascent time stamp
order. For example, cvxk−1 = 〈sb,si,s j,sc〉 in Fig. 6. Similarly, we define cvxk−1 to
be the points of the convex hull of {sa,sa+1, . . . ,sd} that bulges downward. With the
notations of cvxk−1 and cvxk−1, we have the following lemma.

Lemma 2. If slp[1,k] = slope(si,sk) and xa ≤ xi ≤ xd , then si is in cvxk−1. Similarly,
if slp[1,k] = slope(s j,sk) and xb ≤ x j ≤ xc, then s j is in cvxk−1.

Proof. We only prove the case of slp[1,k]. According to the definition of con-
vex hull, if si is not in the convex hull, line(si,sk) must go inside the convex
hull, and there is at least one point sh for xa ≤ xh ≤ xd below line(si,sk). If
slp[1,k] = slope(si,sk), it will be contradictory with Lemma 1 and Corollary 1, so si
is in cvxk−1. ut

Lemma 2 implies that Eq. (5) can be rewritten into
slp[1,k] = max

si∈cvxk−1
{ (yk−δ )−(yi+δ )

(xk−xi)
,slp[1,k−1]},

slp[1,k] = min
s j∈cvxk−1

{ (yk+δ )−(y j−δ )

(xk−x j)
,slp[1,k−1]}.

(6)

Clearly, slp[1,k] and slp[1,k] can be more efficiently obtained from Eq. (6) than
from Eq. (5) as the number of points in the convex hulls can be significantly smaller
than the total number of data points in the relevant intervals.
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3.2 Optimization strategies

Based on the previous discussion, we will provide some useful theorems, which
derive the design of the optimal algorithm for error-bounded PLR generation. The
update of extreme slopes and the convex hulls are the major points we will focus
on. In the following, we will study the maintenance of cvxk−1 and cvxk−1 and the
derivation of slp[1,k] and slp[1,k] based on Eq. (6). The results are demonstrated in
Theorem 2. For simplicity, we will only discuss the results for the update of cvxk
and slp[1,k] as the analogous results exist for cvxk and slp[1,k].

3.2.1 Computing extreme slopes

In the process of computing slp[1,k], we first decide whether slp[1,k]> slp[1,k−1]
and whether the bounding lines with extreme slopes need to update. Theorem 2
suggests that only the first and last points of the convex hulls need to be used to
determine further processing. If the extreme slope slp[1,k] needs to update from
slp[1,k−1], Theorem 2 also concludes that the computation can be incrementally
performed and the time cost for computing slp[1,k] is proportional to the number of
removed points from cvxk−1.

Theorem 2. Suppose cvxk−1 = 〈si1 , . . . ,sih〉, here si1 = sa and sih = sd , then the fol-
lowing results hold for slp[1,k] and cvxk.

(1) If slope(si1 ,sk)≤ slp[1,k−1] then slp[1,k] = slp[1,k−1] holds.
(2) If slope(si1 ,sk)> slp[1,k−1] then slp[1,k] =

maxe
(yk−δ )−(yie+δ )

(xk−xie )
where 1≤ e≤ h, and sim 6∈ cvxk for 1≤ m < e.

Proof. The proof of claim (1): If slope(si1 ,sk) ≤ slp[1,k − 1], then point sk =
(xk,yk−δ ) is either below or on the line of line(sa,sc). Again, under the assumption,
each point sie ∈ cvxk−1 is not below the line of line(sa,sc). As a result,

max
si∈cvxk−1

{ (yk−δ )− (yi +δ )

(xk− xi)
} ≤ slp[1,k−1]

holds, which leads to slp[1,k] = slp[1,k−1] from Eq. (6).
The proof of claim (2): Clearly, if slope(si1 ,sk) > slp[1,k− 1] then point sk =

(xk,yk − δ ) is above the line of line(sa,sc), and the new extreme slope can be
derived from the points on the convex hull. From Eq. (6), we have slp[1,k] =

maxe
(yk−δ )−(yie+δ )

(xk−xie )
where 1≤ e≤ h. Moreover, since we confirm the new extreme

line is determined by sie and sk, sie will replace as new sa, so all the points on the
convex hull before sie will be removed from the new convex hull cvxk. ut

In fact, from the theorem and its proof, we can conclude that when we determine
that the extreme slope should be updated, the new extreme slope is actually the slope
of tangent line from sk to the convex hull cvxk−1.
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3.2.2 Updating convex hulls

If the extreme slopes are not updated when processing the new point, then the con-
vex hulls keep unchanged. Or else if we have updated the extreme slopes after
adding the new stream point, the convex hulls should be also updated. The mainte-
nance of convex hull is formed by two parts: point deletion and point addition. We
also take the updating of slp[1,k] as an example to explain the process.

The point deletion part has been previously mentioned in Theorem 2(2), that is,
if slp[1,k] = slope(si,sk) for si ∈ cvxk−1, then the earlier points of cvxk−1 before si
are NOT in cvxk.

For the point addition part, we have cvxk ⊆ cvx′k−1∪{sk}, where cvx′k−1 denotes
the updated cvxk−1 after removing those earlier points in point deletion. If sk deter-
mines the new extreme slope, it should also be added into cvxk, since it will replace
as new sc as defined before. After adding sk to the tail of cvx′k−1, some previous
convex points may have to be deleted in order to keep the convex characteristic.
Such process can be derived from the triangle check technique in [3], which will be
explained later.

3.3 Error-bounded PLR algorithm

Now we present the linear-time algorithm OptimalPLR for the error-bounded PLR
problem. Let us assume that the given stream fragment has n points, and the error
bound for each data point is δ . The OptimalPLR algorithm outputs a set of maximal
δ -representative line segments with a minimized space cost upper bounded by n,
and achieves the minimized number of segments. For the convenience of algorithm
presentation, we use ρ or ρ to represent the extreme slopes during processing. In
general, the strategy used in this algorithm is to progressively propagate the extreme
slopes slp[1,k] and slp[1,k] upon new stream points in the process of generating
maximal δ -representative segments.

3.3.1 Description of OptimalPLR

Given a stream fragment S[1,n], the OptimalPLR algorithm generates maximal δ -
representative line segments starting from x1 successively. In the process of gener-
ating the maximal δ -representative segment from xi (we assume i = 1 without the
loss of generality), the OptimalPLR algorithm needs to maintain cvxk−1, cvxk−1, ρ ,
and ρ to compute slp[1,k] and slp[1,k] as indicated in Sect. 3.2. In this part, we first
describe the OptimalPLR algorithm and then discuss its time and space complexi-
ties.

The general steps of OptimalPLR are interpreted in Fig. 7, and we depict the
procedure for constructing a maximal δ -representative line segment in Algorithm 1.
Referring to the figure and the algorithm, we describe the OptimalPLR in details.
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Fig. 7 Optimal algorithm: (a)Initialization; (b)Updating of extreme slopes; (c)Updating of convex
hull.

Algorithm 1: OptimalPLR
Input: S: stream fragment starts from x1; δ : the specified error bound
Output: A maximal δ -representative line segment starts from x1

1 % Initialization
2 s1 = (x1,y1); s2 = (x2,y2);
3 sa = (x1,y1 +δ ); sc = (x2,y2−δ );
4 sb = (x1,y1−δ ); sd = (x2,y2 +δ );
5 ρ = slope(sa,sc); ρ = slope(sb,sd);
6 cvx = 〈sa,sd〉; cvx = 〈sb,sc〉;
7 % Processing
8 while s is NOT outside the two lines, line(sa,sc) and line(sb,sd), more than δ do
9 % Maintain ρ , ρ , cvx and cvx

10 if y+δ < ρ(x− xb)− yb then
11 find the point q of cvx that minimizes slope(q,s);
12 let sb be q and sd be s;
13 delete all the points of cvx prior to point q;
14 ρ = slope(sb,s);
15 insert s to the tail of cvx, and update cvx by triangle check([3]);
16 end
17 if y−δ > ρ(x− xa)− ya then
18 find the point q of cvx that maximizes slope(q,s);
19 let sa be q and sc be s;
20 delete all the points of cvx prior to point q;
21 ρ = slope(sa,s);
22 insert s to the tail of cvx, and update cvx by triangle check;
23 end
24 end
25 % Producing a line segment
26 Let so = (xo,yo) be the intersection of line(sa,sc) and line(sb,sd);
27 ρ = (ρ +ρ)/2;
28 return a line segment: pass point so = (xo,yo) with slope ρ

Initialization. Primely we initialize the extreme lines and the convex hulls by the
first two stream points s1 and s2 by setting cvx = 〈sb,sc〉 and cvx = 〈sa,sd〉. (a = b =
1,c = d = 2)
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Extreme slope updating. As stated in Sect. 3.2, the extreme lines and the convex
hulls may need to be updated when a new point s is read in. The condition of Line
(8) implies that point s is in the current segment.

Taking the update of ρ as an example, since the approximate value for point
s is within the range of [s,s], if s is NOT under the extreme line line(sb,sd), the
maximum slope will not be updated and the extreme line line(sb,sd) will be used
as the new extreme line. Otherwise, the maximum slope should be reduced. As
exemplified in Fig. 7(b), the strategy is to find the point q of cvx that minimizes
slope(q,s), which can be found by the tangent line of the convex hull from s. The
new extreme line is then defined as line(q,s) and the new cvx is updated from the
old one by removing the points before q.

Convex hull updating. After updating the extreme line, s should be merged into
the upper convex hull cvx. Figure 7(c) depicts the merging strategy. After inserting
s into the tail of cvx, the triangle check [3] needs to be carried out to maintain the
convex characteristic. It starts by examining the three most recent consecutive points
and then moving backwards. If the middle point is above or on the line formed by
the other two points, then the middle point is removed. This process is continued
for the remaining three most recent consecutive points until the middle point is no
longer being removed (refer to [3] for the details of convex hull algorithm).

The correctness of OptimalPLR algorithm is evidenced from both Theorem 1 and
the derivation of Eq. (6) as the deduction process preserves the maximum range of
slopes for δ -representative segments.

3.3.2 Complexity Analysis

In the following, we discuss the time and space complexity of OptimalPLR.

Time complexity: To show that the time complexity of the OptimalPLR algorithm
is O(n) for stream fragment S[1,n], it is sufficient to show the time complexity of
Algorithm 1 is O(k) for maximally δ -representable fragment S[1,k].

Clearly, the iteration times of while loop is bounded by k for fragment S[1,k]. In
each loop, the extreme slopes (slp and slp) and convex hulls (cvx and cvx) need to be
updated for the newly inserted stream point. As indicated in Line (10-15), the costs
of updating extreme slopes are dominated by the costs of updating convex hulls.
In the process of updating convex hulls, each convex hull (cvx or cvx) needs to be
maintained by deleting some earlier stream points from it (e.g., Line (13)) and/or
inserting a recent stream point into it (e.g., Line (15)). Once a point is deleted from
cvx (or cvx), the point will not be inserted back into cvx (or cvx). Therefore, the total
costs for maintaining cvx (or cvx) in the process of constructing the segment are
bounded by 2k. Thus, the time cost of Algorithm 1 on fragment S[1,k] is bounded
by (2k+ 2k)+ ck = (4+ c)k, where c is a constant number that summarizes other
costs in the loop. We conclude that the time complexity of OptimalPLR is O(n).
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Space complexity: Since each early obtained segment is not used for latter com-
putation and can be output directly, the space cost of the OptimalPLR algorithm on
stream fragment S[1,n] is proportional to the space cost on generating a maximal
δ -representative segment of S[1,n].

During the process of generating a segment, we only need to maintain cvx plus a
constant number of points such as ρ , at each while loop of Algorithm 1. Therefore,
the space complexity of the OptimalPLR algorithm is O(ncx), where ncx is the size of
maximum cvx. Let nsg denote the maximum number of stream points in the derived
maximal δ -representative segments of S[1,n]. Then, we have ncx ≤ nsg ≤ n holds.
Therefore, the space cost of the OptimalPLR algorithm is also bounded by O(n).

In summary, we have the following major result for the OptimalPLR algorithm.

Theorem 3. Given a stream fragment S[1,n] and the error bound δ , the Opti-
malPLR algorithm is an optimal algorithm for error-bounded PLR with O(n) time
and O(ncx) space complexities where ncx ≤ n.

3.3.3 Discussions of OptimalPLR

In this section, we will discuss some important issues of OptimalPLR algorithm,
including the application for high-dimensional data and the adaption for varied error
bound.

Extension for high-dimensional data

High-dimensional data are popular in streaming data nowadays, so here we dis-
cuss whether OptimalPLR can work on high-dimensional data and how it can be
extended effectively.

Since the aim is to generate error-bounded PLR for data stream, it is essential
how we define the error bound. Different from the case that the stream point value
is a single number, for high-dimensional data, we have to consider whether the error
bound is defined on each dimension, or on the data point in high-dimensional space.

Case 1: error bound defined on each dimension.
If the error bound is same for each dimension, it will be easy to extend. We can
simply treat the data values of each dimension as a data stream and carry out the
original OptimalPLR algorithm to generate line segments. To combine the segments
of different dimensions together, when we find the first maximal δ -representative for
any dimension, we stop and determine a maximally representable segment, and then
start a new segmentation. Such strategy is also applied in [6].

Case 2: error bound defined on high-dimension point.
If the error bound is defined in high-dimensional space, it will be more complicated.
We will only discuss the data stream in 3D space, in which each stream point at time
stamp xk is identified by {yk,zk}. In this case, the error bound δ will be defined as
follows: For each stream point sk, the Euclidean distance between original point
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and the approximate point satisfies
√
(y′k− yk)

2 +(z′k− zk)
2 ≤ δ . From geometrical

view, the error bound describes a circle with radius δ around the point sk, so the
OptimalPLR cannot be applied for this situation directly. However, we can still find
an approximated way to embed OptimalPLR.

First we have the following relationship:√
2|y′k− yk||z′k− zk| ≤

√
(y′k− yk)

2 +(z′k− zk)
2 ≤ δ .

If we define |y′k−yk| ≤ δ

/√
2 and |z′k− zk| ≤ δ

/√
2, then it can be guaranteed that

the above relationship always holds. In this way, instead of dealing with the error
bound in high-dimensional space, we can define alternative error bound in each
dimension, and the solution can be designed as Case 1.

It should be noticed that such strategy cannot guarantee optimal results (mini-
mized number of segments), since we are not maintaining all feasible line segments.
However, it can be executed efficiently and promise the bounded approximation er-
ror in high-dimensional space.

Adaption to varied error bound

In practical applications, the real-time approximation criteria may vary during the
stream processing, so the error bound for different data points may change according
to the current data status. For example, when the sampling rate increases, the system
may need to reduce the approximation error, so the error bound should be reduced
accordingly. In those applications with periodic variation, e.g., the traffic monitoring
system, the approximation error margin for traffic flow in rush hour may be much
smaller than that in slack hours.

Fortunately, OptimalPLR algorithm can be easily extended to adapt to varied
error bound. During the algorithm, assume the approximate error bound for each
data point si is δi. In the algorithm procedure, the parameter δ can be replaced by δi
when processing si. In this way, the algorithm can execute as usual and at the same
time, adapt to different error bounds.

4 ParaOptimal: an optimal algorithm in transformed space

In this section, we will introduce an interesting optimal algorithm to generate the
error-bounded PLR in transformed space, named ParaOptimal [20]. It designs the
algorithm in a special slope-offset parameter space, also with linear time efficiency.
Furthermore, we will introduce the generalization of such algorithm model.
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4.1 Description of ParaOptimal

Similarly, the data stream is a sequence of data points which are numerical numbers,
and we denote it as S = 〈s1,s2, . . . ,sn〉. Each data point si consists of the value yi and
the time stamp xi. The approximate value of si can be determined by y′i = a · xi +b,
where the a and b respectively stand for the slope and the offset of the line segment
approximating si. The error bound δ is defined to restrict the approximate error on
single point, i.e., ∀i ∈ [1,n], |y′i− yi| ≤ δ .

The ParaOptimal is a greedy and incremental algorithm in which the line seg-
ments are generated and adjusted to approximate as many points as possible. The
basic idea of ParaOptimal is to determine the line function by maintaining the fea-
sible region of all line candidates in the parameter space. More specifically, for a
point si, the approximate value should be within the error bound, that is,

yi−δ ≤ a · xi +b≤ yi +δ .

It means any pair of parameters {a,b} that meets the above inequalities can identify
a candidate line function, which composes the solution set. If more data points are
approximated, the solution set of line functions approximating all data points will
be the intersection of all solution sets for individual points.

Considering the parameter pair in the parameter space (Fig. 8), each pair can be
viewed as a point, and the error bound provides linear constraints on the parameters.
The ParaOptimal algorithm runs in this way: Each new point provides two linear
constraints; the algorithm incrementally updates the feasible region of candidate line
parameters by intersecting the feasible region with the solution region of new linear
constraints; a new line segment is determined if the feasible region is empty, and
then, the algorithm initializes the feasible region for a new segmentation. Figure 8
exemplifies the feasible region update in parameter space.

constraint 1

constraint 2

a

b

Fig. 8 Feasible region update in parameter space.
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4.1.1 Theoretical preparation

Primely, we provide some basic properties and lemmas for the further description.

Lemma 3. For the candidate line parameters, any edge of the feasible region be-
longs to a boundary of a linear constraint.

Proof. Since the feasible region is the intersection of all the solution regions for
all linear constraints, it is obvious that the boundaries of the feasible region are
composed of the boundaries of linear constraints, so any edge is part of a boundary
of a linear constraint. ut

Corollary 2. The feasible region of the candidate line parameters is a convex poly-
gon.

Proof. Given an edge of the feasible region, it is part of a boundary of certain linear
constraint. Since the feasible region is the intersection of all solution regions of
linear constraints, it must be the subset of the solution region of corresponding linear
constraint, so all the feasible region lies on one side of the given edge. According to
the convex definition, the feasible region is a convex polygon. ut

Lemma 4. For the boundary of linear constraints provided by error bound, the
slopes are less than zero, and decreasing monotonously as the order of data points.

Proof. Given an upper error bound of point si, the linear constraint is identified by
a ·xi +b≤ yi +δ , so the slope of the linear constraint boundary is −xi. Since xi > 0
always holds, the slope is less than zero.

For any two points si and s j, if xi < x j, then the slope of the constraint boundary
corresponding to si is greater than that of s j. ut

Corollary 3. The left most point of the feasible region is the highest point; the right
most point of the feasible region is the lowest point.

Proof. Given a point on the feasible region boundary, since all the edge slopes are
less than zero, it must be lower than the boundary point to its left. The rest can be
done in the same manner, and we will have the point is lower than the leftmost point
of the feasible region. So, the leftmost point is the highest point. Similarly, we can
have the rightmost point of the feasible region is the lowest point. ut

Now, we describe the ParaOptimal algorithm step by step in the following parts.

4.1.2 Initialization

In the parameter space, the error bound of a data point will provide two linear con-
straints for the candidate line parameters, which compose a pair of parallels. When
the segmentation starts, to restrict the feasible region with bounded size, the al-
gorithm considers the first two points for initialization and generates the feasible
region. Figure 9 demonstrates this process.
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1 1a x b y δ⋅ + ≤ +

1 1y a x bδ− ≤ ⋅ +

2 2y a x bδ− ≤ ⋅ +

2 2a x b y δ⋅ + ≤ +

δ

Fig. 9 Initialization of feasible region.

4.1.3 Feasible region update

When the algorithm processes a new data point, it updates the current feasible region
according to the new linear constraints and checks whether it is possible to process
more points, or else a line segment can be determined. For simplification, we only
discuss the linear constraint by the upper error bound.

Assume we process a new data point si, and the linear constraint provided by
the upper error bound is a · xi + b ≤ yi + δ . Since xi is always greater than zero,
the solution area for the above linear constraint is the half space to the left of the
boundary, which is identified by linear function a · xi + b = yi + δ . As exemplified
in Fig. 10 in the clockwise order, we divide the edge points of feasible region into
〈p1, p2, . . . , pt〉 and 〈p1, p2, . . . , ps〉 by the leftmost point pl and rightmost point pr.
Each point is a 2-tuple {a,b} in parameter space.

lp

rp

1p

2p

1
p

2
p

Fig. 10 Points definition of feasible region.
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The feasible region update can be categorized into three cases (Fig. 11).

lp

rp

1p

2p

1
p

2
p

(a) Case 1

lp

rp

1p

2p

1
p

2
p

(b) Case 2

lp

rp

1p

2p

1
p

2
p

(c) Case 3

Fig. 11 Three cases for feasible region update.

Case 1: pr.a · xi + pr.b < yi + δ . In this case, the whole feasible region satisfies
the linear constraint, so the updated feasible region will remain the same and no
extra processing is needed.

Case 2: pl .a ·xi+ pl .b≤ yi+δ ≤ pr.a ·xi+ pr.b. In this case, the solution area of
the linear constraint will intersect with the current feasible region, and the updated
feasible region should be determined. Since we discuss the linear constraint from the
upper error bound, we can first determine the new pr for the new feasible region. We
start from the first point of the sequence 〈p1, p2, . . . , ps〉, and check backwards until
the current point pi lies on the right side of the boundary of linear constraint, that is,
pi.a · xi + pi.b ≤ yi + δ . Then, we calculate the intersection point generated by the
boundary line of linear constraint, and the line identified by point pi and point pi−1.
(For p1, pi−1 is pr.) We set the intersection point as new pr. Then, the sequence of
〈pi〉 should be updated similarly as the previous procedure did, and then, the feasible
region can be updated according to the new boundary points.

Case 3: pl .a · xi + pl .b > yi + δ . In this case, the whole feasible region will fall
outside the solution area of linear constraint, so the updated region will be empty.
The line segment can be determined, and new segmentation can be initialized.

After the feasible region update, if the new feasible region is empty, we can ran-
domly choose a point in the old feasible region and apply the line segment identified
by the chosen parameter to approximate the streaming points until the current point.
The current point will be applied to initialize a new segmentation. Otherwise, the
feasible region is not empty, and the algorithm will continue reading points and
updating feasible region. All the procedures will work until the data stream ends.

Formally, the procedure for constructing a maximal δ -representative line seg-
ment by ParaOptimal is described in Algorithm 2.
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Algorithm 2: ParaOptimal
Input: S: stream fragment starts from x1; δ : the specified error bound
Output: A maximal δ -representative line segment starts from x1

1 % Initialization
2 s1 = (x1,y1); s2 = (x2,y2);
3 pl = ( y2−y1−2δ

x2−x1
, x2y1−x1y2+x2δ+x1δ

x2−x1
); pr = ( y2−y1+2δ

x2−x1
, x2y1−x1y2−x2δ−x1δ

x2−x1
);

4 p1 = ( y2−y1
x2−x1

, x2y1−x1y2+x2δ−x1δ

x2−x1
); p1 = ( y2−y1

x2−x1
, x2y1−x1y2−x2δ+x1δ

x2−x1
);

5 Maintain the edge points of feasible region in clockwise order as pl , 〈p1〉,pr ,〈p1〉;
6 % Processing a new point s = (x,y)
7 while pl .a · x+ pl .b≤ y+δ do
8 % Update the edge points of feasible region
9 if pl .a · x+ pl .b≤ y+δ ≤ pr.a · x+ pr.b then

10 set the new pr as the intersection point of line b =−x ·a+ y+δ with the sequence
〈p1, p2, . . . , ps〉;

11 update the sequence 〈p1, p2, . . . , pt〉 after intersecting with line b =−x ·a+ y+δ ;
12 set the new pl as the intersection point of line b =−x ·a+ y−δ with the sequence

〈p1, p2, . . . , pt〉;
13 update the sequence 〈p1, p2, . . . , ps〉 after intersecting with line b =−x ·a+ y−δ ;
14 end
15 end
16 % Producing a line segment
17 Let (ao,bo) be one point in the feasible region;
18 return a line segment: y = ao · x+bo

4.2 Generalization of ParaOptimal

The core idea of ParaOptimal is to deal with the problem in the transformed space,
which can inspire a more general model to approximate the data stream.

Generally speaking, an application may need to approximate the data with an
k-degree polynomial, i.e., the approximate value of si is determined by y′i = a0 +
a1xi +a2x2

i + . . .+akxk
i . Given the error bound δ , we have

yi−δ ≤ a0 +a1xi +a2x2
i + . . .+akxk

i ≤ yi +δ .

These inequalities identify two hyperplanes in the parameter space of {ai} (i =
1,2, . . . ,k), which are the linear constraints of the solution set. Similarly, if more data
points are considered, the intersection of all sub-spaces identified by the hyperplanes
can compose the final solution set. In this way, the ParaOptimal can be generalized
to process the polynomial approximation of any order. Specifically, when k = 0, the
problem is the PCR (Piecewise Constant Representation); when k = 1, the problem
is exactly the PLR. It should be noticed that when k ≥ 2, the algorithm will be
executed in high-dimensional space, and the complexity will increase to O(nk) [34].

In addition, ParaOptimal algorithm can also support varied error bound, i.e., for
point si, its corresponding error bound is defined as δi. During the processing, only
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the offset of the linear constraints will be adjusted accordingly, which will not affect
the algorithm mechanism.

5 Theoretical analysis of the equivalence

The OptimalPLR and ParaOptimal both achieve the optimal results with linear com-
plexity, but process the data points in different spaces, i.e. time-value stream space
and slope-offset parameter space. As a result, we are motivated to compare these
two algorithms theoretically. In this part, we will formally analyze the relationship
and difference between the stream space and the parameter space, and discuss the
equivalence between the two spaces and these two algorithms, which is able to pro-
vide a deeper understanding for the optimal algorithm.

5.1 Mapping of two spaces

First, we put our effort to discover the relationship between the stream point space
and line parameter space, namely S-space and P-space. We have the following the-
orem:

Theorem 4. The line function identified by two points in S-space, is the intersection
point of two lines in P-space, which are corresponding to the linear constraints
brought by related points in S-space. Vise versa.

( , )i ix y δ+
( , )j jx y δ+

i ia x b y δ⋅ + = +

j ja x b y δ⋅ + = +

Fig. 12 Mapping between two spaces.

Proof. As denoted in Fig. 12, consider the stream points si and s j, and for the line
function to approximate the data points, the function parameters must satisfy the
following inequality set for upper error bound:{

a · xi +b≤ yi +δ

a · x j +b≤ y j +δ
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Therefore, the boundary lines for corresponding linear constraints in P-space are
a ·xi+b= yi+δ and a ·x j+b= y j+δ , respectively. In this way, we can calculate the
intersection point of these two lines by combining and solving the above equations.

Notice that in S-space, the line identified by the upper error bound points of si and
s j is the line crossing (xi,yi + δ ) and (x j,y j + δ ). So, the line function parameters
are just mapped to the intersection point in the P-space as described above.

With the same argument, we claim that the line function identified by two points
in P-space is the intersection point of corresponding lines in S-space. ut

5.2 Equivalence discussion

Based on Theorem 4, we can formally establish the equivalence between Opti-
malPLR and ParaOptimal algorithms.

For OptimalPLR, we model the convex hull which constrains the line candidates
in the following way. As depicted in Fig. 13, the segment sequence composing the
upper convex hull is denoted as 〈q1,q2, . . . ,qs〉, and the sequence composing the
lower convex hull is 〈q

1
,q

2
, . . . ,q

t
〉. The line segments with maximum slope and

minimum slope are qh and ql respectively.

1q
2q

3q

1
q

2
q

hq

lq

Fig. 13 Segment definition of convex hull in S-space.

Define p∼ q as the mapping relationship between point p and segment q, and the
following theorem illustrates the equivalence between OptimalPLR and ParaOpti-
mal in different spaces.

Theorem 5. The points on the feasible region in P-space are one-to-one mapped
with those segments composing the convex hull in S-space. More specifically, pi∼ qi,
pi ∼ q

i
, pr ∼ qh and pl ∼ ql .

We apply mathematical induction method to prove the theorem.
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Proof. Step 1: For the first two points of initialization, the theorem holds obviously
(Fig. 14).

1p

1q

1
p

1
q rp

lp
hq

lq

S-space P-space

Fig. 14 Mapping for the first two points.

Step 2: Assume for the first k points, the theorem holds.

1
q

2
q 3

q

4
q

1 1( , )i ix y δ+ + +

1 1( , )i ix y δ+ + +

1q
2q

3q
4q

1
p2

p3
p

4
p

rp

lp

rp

lp
1p

2p

3p

4p

(a)

(b)

Fig. 15 Mapping for k+1 points.

Step 3: Now, we discuss when processing the k+1 point and still only consider
the upper error bound of sk+1. The case of lower error bound can be proved with
similar argument.

• Case 1: qh.a · xi+1 + qh.b < yi+1 + δ . In this case, the segment indicating the
maximum slope qh will not change. Since qh ∼ pr, Case 1 describes the same
situation as the first case in Fig. 11.

• Case 2: ql .a · xi+1 +ql .b≤ yi+1 +δ ≤ qh.a · xi+1+qh.b.
In this case, qh should be adjusted. According to OptimalPLR, the new qh is
the tangent line from the point (xi+1,yi+1 + δ ) toward the lower convex hull.
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As described in Fig. 15(a), the point of tangency is the intersection point of q
2

and q
3
, one of which is out of the upper error bound, and the other of which is

within the upper error bound. According to Theorem 4, the intersection point is
the segment connecting p2 and p3. Therefore, the new qh is mapped with new pr.
For the lower convex hull, q

1
and q

2
should be deleted, and also for the feasible

region in the P-space, p1 and p2 are deleted. So, the rest of q
i

and pi is still
mapped.
Furthermore, the upper convex hull should also change according to the new
qh. The OptimalPLR proposes to find the tangent line from point (xi+1,yi+1 +
δ ) toward the upper convex hull. Similar as lower convex hull, we can find the
tangency point, and q3 and q4 are deleted. Accordingly, in P-space, p3 and p4 are
deleted, and the rest of qi and pi is still mapped.

• Case 3: ql .a · xi+1 +ql .b > yi+1 +δ . In this case, the convex hull to indicate the
possible line segment candidates is empty, which is exactly same as the third case
in Fig. 11.

Based on the above analysis, we prove that ParaOptimal and OptimalPLR are
theoretically equivalent. ut

The theoretical meaning above is that it guarantees that the two methods are
basically the same, which reveals the inherent reason deriving the optimal approxi-
mation with linear complexity and also provides the understanding of the algorithm
from different view. However, the two algorithms may have different performance
in practice, due to the different ways of recording intermediate data during the pro-
cessing, which results from the space they are based on. Such difference may affect
the processing efficiency in both memory and time cost under certain situation.

6 Summary

In this chapter, the significant piecewise linear representation (PLR) for online
stream approximation problem is investigated with given error bound in L∞ norm.
Based on the theoretical analysis, highly practical algorithms in time domain and
parameter domain are introduced to achieve the optimal results with linear time and
space complexity. The relationship between the time-value space and the parameter
space is further investigated, which provides complete and better theoretical under-
standing for this classic problem. In the future, we will further study the application
of PLR, and focus on the predictive stream analysis based on PLR patterns.
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