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ABSTRACT

This work addresses the state-parameter filtering problem for dynamical sys-

tems with relatively large-dimensional state and low-dimensional parameters’

vector. We propose a Bayesian filtering algorithm combining the strengths

of the particle filter (PF) and the ensemble Kalman filter (EnKF). At each

assimilation cycle of the proposed EnKF-PF, the PF is first used to sample

the parameters’ ensemble followed by the EnKF to compute the state ensem-

ble conditional on the resulting parameters’ ensemble. The proposed scheme

is expected to be more efficient than the traditional state augmentation tech-

niques, which suffer from the curse of dimensionality and inconsistency that

is particularly pronounced when the state is a strongly nonlinear function of

the parameters. In the new scheme, the EnKF and PF interact via their ensem-

bles’ members, in contrast with the recently introduced two-stage EnKF-PF

(TS-EnKF-PF), which exchanges point estimates between EnKF and PF while

requiring almost double the computational load. Numerical experiments are

conducted with the Lorenz-96 model to assess the behavior of the proposed

filter and to evaluate its performances against the joint PF, joint EnKF and

TS-EnKF-PF. Numerical results suggest that the EnKF-PF performs best in

all tested scenarios. It was further found to be more robust, successfully esti-

mating both state and parameters in different sensitivity experiments.
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1. Introduction30

Data assimilation combines data and dynamical models to provide the best possible estimate of31

the state of the underlying system. This approach is often implemented sequentially, infering the32

state given the available observations and the knowledge of the system dynamics. This is known33

as the so-called Bayesian filtering problem. In a Bayesian framework, the posterior probability34

density function (pdf) of the state, also called analysis pdf, is needed to compute any type of state35

estimate (and higher moments), as for instance the posterior mean (PM), which minimizes the36

mean-squared error (MSE) (van Trees 1968). In a filtering algorithm, the analysis pdf is computed37

recursively following two steps (Künsch 2001): a forecast (or propagation) step that integrates38

the previous analysis pdf with the dynamical model to obtain the forecast pdf and an analysis39

(or update) step to update the forecast pdf with the incoming observation. One can also reverse40

the order of the propagation-update steps without “violating” the Bayesian formulation of the41

filtering problem, which results in another generic algorithm involving the one- (or two-) step-42

ahead smoothing pdf of the state in addition to the forecast and analysis pdfs (Desbouvries and43

Ait-El-Fquih 2008; Desbouvries et al. 2011; Ait-El-Fquih et al. 2016).44

In practice, however, the optimal solution of the generic filtering algorithm, in the sense of45

MSE minimization, is generally not available except for linear-Gaussian systems for which this46

algorithm reduces to the famous Kalman filter (KF) (Kalman 1960; Jazwinski 1970; Anderson47

and Moore 1979). A number of suboptimal numerical methods have therefore been proposed, as48

for instance, the well-known sequential Monte Carlo (or particle filter, PF) method (Doucet et al.49

2001a). The PF algorithm recursively computes an approximation of the analysis distribution as a50

random sample of state vectors, called particles. The forecast step propagates the particles forward51
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with the dynamical model to approximate the forecast distribution. These forecast particles are52

then weighted in the update step based on their relative likelihoods (Gordon et al. 1993).53

The PF suffers from the weights’ degeneracy problem in which all particles’ weights, except very54

few, become almost zero after few assimilation cycles, which severly limits the filter’s performance55

(Liu and Chen 1998; Doucet et al. 2001a; Snyder et al. 2008; van Leeuwen 2009). This phenomena56

is in part due to the fact that in the update step, the PF only uses the incoming observations to57

update the weights and not the states (Hoteit et al. 2008; van Leeuwen 2009; Hoteit et al. 2012).58

One could drastically increase the number of particles to avoid this phenomenon, but this would59

certainly lead to a prohibitive computational cost. The most standard solution to mitigate this60

phenomenon is to resample the particles by duplicating those with large weights and abandoning61

those with low weights (Rubin 1988; Gordon et al. 1993; Liu and Chen 1998; Doucet et al. 2001a).62

Although the PFs were shown to perform well in a number of low-dimensional systems (Kivman63

2003; Subramanian et al. 2012), they nevertheless remain inefficient in large-dimensional systems64

due to the exorbitant number of particles needed to efficiently sample the state space (curse of65

dimensionality); in certain situations, the number of particles needed scales exponentially with the66

system dimension (Crisan and Doucet 2002; Snyder et al. 2008).67

Despite the promising PF-type schemes that have recently been proposed to cope with the curse68

of dimensionality (see e.g. Spiller et al. (2008); Husz et al. (2011); Morzfelda et al. (2012); Ades69

and van Leeuwen (2013); Djuric and Bugallo (2013); Ait-El-Fquih and Hoteit (2015); Septier70

and Peters (2015); Ait-El-Fquih and Hoteit (2016)), the so-called ensemble KF (EnKF) (Evensen71

1994, 2006; Hoteit et al. 2015) is still most commonly used for data assimilation into large-scale72

geophysical problems. The EnKF shares the same forecast step with the PF, but assumes the joint73

state-observation forecast pdf to be Gaussian at the update step. Indeed, it updates the particles74

(often called “ensemble members”) following a KF-like correction based on stochastically per-75
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turbed observations. The KF-like corrections keep the particles close to the observations, which76

helps mitigating the risk of degeneracy (Kivman 2003; Hoteit et al. 2008). This leads to remark-77

able performances even when the filter is implemented with small ensembles, especially when78

equipped with localization and inflation techniques (Anderson and Anderson 1999; Hamill and79

Snyder 2000).80

With more studies demonstrating the efficiency of the EnKF in various applications, other EnKF-81

like algorithms were introduced. These include derivation of deterministic EnKF variants, which82

were shown to be more robust with limited-size ensembles (e.g., Pham (2001); Bishop et al.83

(2001); Hoteit et al. (2002); Tippett et al. (2003); Hunt et al. (2007); Hoteit et al. (2015)); use84

of the less restrictive Gaussian mixture assumption (e.g., Hoteit et al. (2008); Stordal et al. (2011);85

Hoteit et al. (2012); Frei and Künsch (2013); Liu et al. (2015)); development of ensemble Kalman86

smoothing algorithms (e.g., Evensen and van Leeuwen (2000); Dunne et al. (2007)); and extending87

the EnKF to the framework of state-parameter filtering problems (e.g., Moradkhani et al. (2005);88

Annan et al. (2005); Chen and Zhang (2006); Aksoy et al. (2006); Bellsky et al. (2014); Rasmussen89

et al. (2015); Gharamti et al. (2014, 2015); Ait-El-Fquih et al. (2016)).90

The state-parameter filtering problem consists of filtering systems where the state model is not91

perfectly known, and depends on a set of unknown (static) parameters. In such a problem, the92

estimation of the state requires that of the parameters. The EnKF-like methods that have been93

introduced to address this problem follow either the so-called joint or dual approach. The joint ap-94

proach consists in gathering the state and parameters in the same vector and applying the standard95

EnKF to the resulting augmented system to simultaneously estimate the state and the parameters96

(Chen and Zhang 2006; Gharamti et al. 2015). In the dual approach, the state and the parameters97

are treated separately, starting with an update of the parameters followed by an update of the state98

(Moradkhani et al. 2005). The separation of the update steps was shown to provide more consis-99

5



tent estimates of the parameters (see e.g., Wen and Chen (2007)). Despite its heuristic framework100

(Hendricks Franssen and Kinzelbach 2008), the dual EnKF was found to be more efficient than101

the Joint-EnKF at the cost of increased computational burden (Gharamti et al. 2015). Recently,102

Ait-El-Fquih et al. (2016) followed the concept of one-step-ahead smoothing in a fully Bayesian103

filtering framework to derive a new dual-like EnKF that performs better than the standard dual104

EnKF, while requiring almost no increase in the computational load.105

While EnKFs are commonly used in large-scale (state and parameters) applications, we focus106

here on the situation in which the number of parameters to be estimated is small, so a PF does not107

require a prohibitive number of particles to sample the parameters space (provided that the number108

of observations is not too large1). We thus introduce a new filtering scheme that combines the PF,109

to sample the parameters’ ensemble, with an EnKF, to sample the state ensemble conditionally110

on the parameters’ ensemble. The use of a PF to estimate the parameters is intended to deal with111

the non-Gaussian character of the parameters posterior pdf (Kivman 2003). The benefit of the PF112

is expected to be more pronounced when the nonlinearity between the state and the parameters113

is pronounced, case in which the Joint-EnKF was shown to provide spurious cross-covariances114

between the state and the parameters, leading to poor performances (Carrassi and Vannitsem 2011;115

Santitissadeekorn and Jones 2015).116

Among the proposed works that combine the EnKF and PF (see e.g., Hoteit et al. (2008, 2012);117

Frei and Künsch (2012); Slivinski et al. (2015); Liu et al. (2015); Zhang et al. (2016)), only that118

of Santitissadeekorn and Jones (2015) relates to our study, as it deals with dynamical systems119

in which the state model is large and depends on few unknown parameters. In that work, the120

1For a narrow likelihood (i.e., that peaks in a very small portion of the observations space), the curse of dimensionality may also occur even if

the parameters space is small, unless the amount of sampled particles is very large. As discussed in Bengtsson et al. (2008) (see also Snyder et al.

(2008); van Leeuwen (2009)), such a scenario occurs especially when the data involve a large number of conditionally independent and Gaussian

observations.
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authors introduced a two-stage EnKF-PF scheme that exchanges estimates (ensemble means) of121

parameters and state between the PF and the EnKF components. In contrast, our scheme exchanges122

the ensembles, representing the approximate posterior distributions, instead of only their means,123

which is expected to lead to better performances while requiring only half the computational load.124

The remainder of this paper is organized as follows. Section 2 states the problem and reviews the125

joint PF and EnKF. Section 3 derives the new scheme combining EnKF with PF and discusses126

the main differences with the algorithm of Santitissadeekorn and Jones (2015). Section 4 presents127

results of various numerical experiments with the Lorenz-96 model, and Section 5 concludes the128

work and discusses future directions.129

2. Problem statement130

Consider a discrete-time state-parameter dynamical system:131 
xn = fn−1 (xn−1,θ)+un−1

yn = hn(xn)+vn

, (1)

in which xn ∈ Rnx , θ ∈ Rnθ and yn ∈ Rny denote the system state, the parameters’ vector and the132

observation at time tn, of dimensions nx, nθ and ny, respectively. fn is the dynamical operator133

integrating the state from time tn to tn+1, and hn is the observational operator at time tn. The noise134

processes, u = {un}n∈N and v = {vn}n∈N, are assumed to be independent, jointly independent and135

independent of x0 and θ. Throughout the paper, y0:n
def
= {y0,y1, · · · ,yn}, and p(xn) and p(xn|y0:l)136

stand for the prior pdf of xn and the posterior pdf of xn given y0:l , respectively. All other pdfs used137

are defined in a similar way.138

The state-parameter filtering problem aims at estimating at each time, tn, the state, xn, and the139

parameters vector, θ, from the history of the observations, y0:n. Let for a random variable u and140

a realization v of another random variable, E[u] and E[u|v] denote the expected values of u with141
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respect to (w.r.t.) p(u) and p(u|v), respectively. A standard solution of this problem is the PM:142

E[xn|y0:n] =
∫

xn p(xn|y0:n)dxn, (2)

E[θ|y0:n] =
∫
θp(θ|y0:n)dθ, (3)

which minimizes the MSE. The evaluation of (2) and (3) requires the knowledge of the so-called143

analysis pdfs, p(xn|y0:n) and p(θ|y0:n). One classical way to compute these pdfs starts by comput-144

ing the analysis pdf p(zn|y0:n) of the augmented state zn
def
= [xT

n ,θ
T
n ]

T , where θn = θn−1, followed145

by a marginalization. By virtue of the factorization,146

p(z0:N ,y0:N) = p(z0)
N

∏
n=1

p(zn|zn−1)×
N

∏
n=0

p(yn|zn), (4)

which, in turn, follows from the hidden Markov chain character of the pairwise process, (z,y) =147

{zn,yn}n∈N, it is possible to recursively compute p(zn|y0:n) (see e.g., Ait-El-Fquih and Desbou-148

vries (2006); Ait-El-Fquih and Desbouvries (2011) and references therein). Two steps are per-149

formed to compute p(zn|y0:n) from p(zn−1|y0:n−1):150

• Forecast step. The joint transition pdf, p(zn|zn−1) = p(xn|xn−1,θn)p(θn|θn−1), is used to151

compute the joint forecast pdf, p(zn|y0:n−1), following a marginalization formula (Chapman-152

Kolmogorov equation (Jazwinski 1970)):153

p(zn|y0:n−1) =
∫

p(zn|zn−1)p(zn−1|y0:n−1)dzn−1. (5)

• Analysis step. The likelihood, p(yn|zn) = p(yn|xn), is combined with the joint forecast pdf,154

following the Bayes’ rule, to obtain:155

p(zn|y0:n) ∝ p(yn,zn|y0:n−1), (6)

= p(yn|zn)p(zn|y0:n−1). (7)

Before we focus on the practical derivation of this generic algorithm, it is worth mentioning that156

the PF is inevitably vulnerable to the “sample attrition” issue when dealing with (fixed) parameters.157
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This may result in loss of diversity of particles, and eventually one ending up with identical parti-158

cles (see e.g., West and Liu (2001); Frei and Künsch (2012); Santitissadeekorn and Jones (2015)).159

One popular way to cope with this is to impose some artificial dynamics on the parameters:160

θn = gn−1(θn−1)+wn−1, (8)

where {wn}n∈N is a zero mean Gaussian process assumed to be independent and independent of z0,161

{un}n∈N and {vn}n∈N. The reader may consult West and Liu (2001) and Frei and Künsch (2012)162

and references therein for a comprehensive literature about the choice of the operator, gn−1(.),163

and the covariance, Wn−1, of the noise, wn−1. We also assume z0, un and vn to be Gaussian with164

un ∼N (0,Un) and vn ∼N (0,Vn). The transition pdfs, p(xn|xn−1,θn) and p(θn|θn−1), and the165

likelihood, p(yn|xn), are therefore Gaussian with166

p(xn|xn−1,θn)
(1)
= Nxn (fn−1(xn−1,θn),Un−1) , (9)

p(θn|θn−1)
(8)
= Nθn (gn−1(θn−1),Wn−1) , (10)

p(yn|xn)
(1)
= Nyn (hn(xn),Vn) , (11)

where Nx(m,C) denotes a Gaussian pdf of argument x and parameters (m,C).167

Joint state-parameters filtering with PF and EnKF168

The main idea is to transform the state-parameter system (x,θ,y) into a classical state-space169

system with an augmented state z = (x,θ) and then applying the standard PF (Gordon et al. 1993)170

and EnKF (Evensen 1994) to the augmented system. The resulting Joint-PF and Joint-EnKF are171

Monte Carlo implementations of the generic algorithms ((5),(7)) and ((5),(6)), respectively. They172

share the same forecast step (that follows from the Markov property (5)) and differ in their analysis173

steps (that follow from the Bayes’ formulas (7) and (6), respectively).174
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Assume that one has an independently and identically distributed (i.i.d.) (analysis) random en-175

semble of members (or particles), {za,(m)
n−1

def
= (xa,(m)

n−1 ,θ
a,(m)
n−1 )}

M

m=1, from p(zn−1|y0:n−1), and wants176

to sample an i.i.d. (forecast) random ensemble, {z f ,(m)
n }

M
m=1 from p(zn|y0:n−1). This can be177

achieved by applying the hierarchical sampling property 1 (see Appendix A) on eq. (5):178

θ
f ,(m)
n = gn−1(θ

a,(m)
n−1 )+w(m)

n−1, (12)

x f ,(m)
n = fn−1(x

a,(m)
n−1 ,θ

f ,(m)
n )+u(m)

n−1; (13)

w(m)
n−1 ∼N (0,Wn−1) and u(m)

n−1 ∼N (0,Un−1). In other words, the forecast members are obtained179

by integrating the previous analysis members forward with the state-parameter model.180

The analysis step of the Joint-PF involves a weighting and then a resampling of the forecast181

particles. The weight of each augmented particle, z f ,(m)
n , is computed by applying the Rubin’s182

sampling importance resampling (SIR) mechanism (recalled in Property 2 , Appendix A) on (7):183

λ
(m)
n ∝ Nyn(hn(x

f (m)
n ),Vn);

M

∑
m=1

λ
(m)
n = 1. (14)

The analysis estimates of state and parameters are computed from {z f ,(m)
n ,λ

(m)
n }

M
m=1, which ap-184

proximates the analysis distributions in (2) and (3). The ensemble {z f ,(m)
n ,λ

(m)
n }

M
m=1 is then sam-185

pled with replacement to obtain the (empirical) posterior {za,(m)
n , 1

M}
M

m=1 before we proceed to the186

next assimilation cycle.187

The Joint-PF was shown to provide satisfactory performances in many applications involving188

low-dimensional systems, but remains impractical in large dimensions. Indeed, when an insuf-189

ficient number of particles are used, regions of high probabilities are unlikely to be sampled in190

the forecast step. The analysis step cannot remedy this because the analysis particles are obtained191

from a (discrete) sampling of the forecast ensemble.192

The Joint-EnKF avoids this issue thanks to the (continuous) sampling character of its analysis193

step. The incoming observations are indeed used to update the forecast particles (or ensemble194
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members) using a KF-like analysis step, as in (15), which results in analysis members that are195

not only different from the forecast members, but also more likely to belong to regions of high196

probabilities. Let, hereafter, for any ensemble {u(m)}M
m=1, û and Pu denote its empirical mean197

and covariance, respectively; and Pu,v the cross-covariance between {u(m)}M
m=1 and {v(m)}M

m=1.198

Assuming p(zn,yn|y0:n−1) is Gaussian, the analysis members are computed by applying the con-199

ditional sampling property 3 (Appendix A) to eq. (6):200 xa,(m)
n

θ
a,(m)
n


︸ ︷︷ ︸

za,(m)
n

=

x f ,(m)
n

θ
f ,(m)
n


︸ ︷︷ ︸

z f ,(m)
n

+

Px f
n ,y

f
n

P
θ

f
n ,y

f
n


︸ ︷︷ ︸

P
z f
n ,y

f
n

P−1
y f

n

(
yn−y f ,(m)

n

)
, (15)

where y f ,(m)
n is an observation forecast member that is computed by sampling from the Gaus-201

sian N (hn(x
f ,(m)
n ),Vn). The KF-like update of the parameters is based on the sampled cross-202

covariance, P
θ

f
n ,y

f
n
. The later may however not be well estimated when the parameters and state203

variables are strongly nonlinearly related, which may severely limit the performance of the Joint-204

EnKF (Kivman 2003). In the subsequent section, we introduce an alternative scheme that uses the205

PF to sample the parameters and the EnKF to sample the state.206

3. The EnKF-PF scheme207

a. The generic algorithm208

The forecast step of the proposed scheme is identical to that of the Joint-PF and the Joint-EnKF.209

In the analysis step, instead of using a truly augmented (i.e., joint) approach to compute p(zn|y0:n)210

from p(zn|y0:n−1), we adopt a conditional strategy that involves an analysis step that separately211

updates p(θn|y0:n) and p(xn|θn,y0:n), from which one then obtains:212

p(zn|y0:n) = p(θn|y0:n)× p(xn|θn,y0:n). (16)
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The idea of using the conditional (or marginalization) strategy (16) has been already used in213

systems with particular structures, including those for which a part of the augmented state (here214

xn) involves linear-Gaussian models (Doucet et al. 2000, 2001b; Schön et al. 2005; Guimaraes215

et al. 2010) or models with finite (discrete) state spaces (Ghahramani and Jordan 1997; Doucet216

et al. 2000). In these cases, p(xn|θn,y0:n) is analytically tractable either using the KF or the hidden217

Markov model (HMM) algorithm (depending on whether the state is continuous or discrete). This218

enables one to marginalize out xn from the joint posterior distribution and only focus on estimating,219

using the PF, p(θn|y0:n), which belongs to a space of reduced dimension. More related to our work,220

this conditional technique, also known as Rao-Blackwellisation, has been recently adopted by221

Santitissadeekorn and Jones (2015) in the context of state-parameter filtering, yet with a nonlinear222

(conditional) state model, in order to apply the EnKF to estimate the state. This allows the authors223

to derive a two-stage EnKF-PF scheme that exchanges estimates (ensemble means) of parameters224

and state between the PF and the EnKF components. Here, we propose an alternative scheme that225

exchanges the ensembles instead of only their means. A thorough discussion about the differences226

between these two approaches is given in Subsection c below.227

1) PARAMETERS’ ANALYSIS STEP228

Since the parameters will be updated based on the PF, one chooses the form (7) for the generic229

analysis step:230

p(θn|y0:n) ∝ p(yn|θn,y0:n−1)p(θn|y0:n−1). (17)

The conditional likelihood, p(yn|θn,y0:n−1), is not known. As will be made clearer in next section,231

this pdf needs to be assumed Gaussian in the (EnKF) state update step, as it is used to sample the232

observations forecast ensemble. While we exploit this Gaussian assumption here, we still need to233

compute the first two moments of this likelihood. To that end, we propose to approximate these234
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moments based on a linear minimum MSE (LMMSE) optimization criteria2 (Anderson and Moore235

1979; Kailath et al. 2000). Given y0:n−1, one readily obtains a LMMSE-based estimation of the236

first two moments of p(yn|θn,y0:n−1) as:237

y̌n(θn) = E[yn|y0:n−1]+Cov[yn,θn|y0:n−1]Cov[θn|y0:n−1]
−1(θn−E[θn|y0:n−1]), (18)

P̌yn|θn = Cov[yn|y0:n−1]−Cov[yn,θn|y0:n−1]Cov[θn|y0:n−1]
−1Cov[θn,yn|y0:n−1]. (19)

2) (CONDITIONAL) STATE ANALYSIS STEP238

Similarly to (6), one has:239

p(xn|θn,y0:n) ∝ p(yn,xn|θn,y0:n−1). (20)

The use of the EnKF to “sample” (20) requires p(yn,xn|θn,y0:n−1) to be Gaussian. On the other240

hand, the EnKF-like sampling of (20) relies on sampling the marginals, p(yn|θn,y0:n−1) and241

p(xn|θn,y0:n−1), and thus a beforehand computation of their first two moments. A LMMSE242

estimate of those of p(yn|θn,y0:n−1) has been already considered in (18)-(19). Those of243

p(xn|θn,y0:n−1) are similarly approximated as244

x̌n(θn) = E[xn|y0:n−1]+Cov[xn,θn|y0:n−1]Cov[θn|y0:n−1]
−1(θn−E[θn|y0:n−1]), (21)

P̌xn|θn = Cov[xn|y0:n−1]−Cov[xn,θn|y0:n−1]Cov[θn|y0:n−1]
−1Cov[θn,xn|y0:n−1]. (22)

Note that in the linear observational operator case (i.e., hn(xn) = Hnxn in system (1)), only245

p(xn|θn,y0:n−1) needs to be assumed Gaussian since in such a case the pdf p(yn|θn,y0:n−1), which246

is given by247

p(yn|θn,y0:n−1) =
∫

p(yn|xn)p(xn|θn,y0:n−1)dxn, (23)

2For two random variables u and v, the LMMSE estimator of u given (a realization of) v and the associated error covariance are respectively

given by E[u]+Cov[u,v]Cov[v]−1(v−E[v]) and Cov[u]−Cov[u,v]Cov[v]−1Cov[v,u]; where Cov[u], Cov[v] and Cov[u,v] denote the covariances

of u and v, and the cross-covariance between u and v, respectively.
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is also Gaussian with parameters exactly equal to the LMMSE estimates (18) and (19), which, in248

turn, are equal to Hnx̌n(θn) and HnP̌xn|θnHT
n +Vn, respectively.249

b. Practical implementation250

We resort to classical sampling properties, recalled in the Appendix, to derive a Monte Carlo251

implementation of the generic algorithm (5), (17) and (20). As stated previously, the forecast252

step of the proposed scheme is the same as those of the PF and EnKF, given by (12)-(13). In the253

analysis step and using (16), each joint analysis member za,(m)
n ∼ p(zn|y0:n) is computed follow-254

ing a conditioning strategy that requires first computing θ
a,(m)
n ∼ p(θn|y0:n) using the PF update255

and then xa,(m)
n ∼ p(xn|θa,(m)

n ,y0:n) using an EnKF update. The proposed EnKF-PF algorithm is256

summarized below (the proof is given in Appendix B).257

• Joint forecast of state and parameters.258

1. The joint forecast ensemble, {x f ,(m)
n ,θ

f ,(m)
n }

M
m=1, is first computed using (12)-(13). This step259

is initialized at time t0 by sampling from a given joint prior, p(x0,θ0).260

2. The observation forecast ensemble is obtained as y f ,(m)
n = η

(m)
n +v(m)

n , with η
(m)
n = hn(x

f ,(m)
n )261

and v(m)
n ∼N (0,Vn).262

3. Compute the empirical means, x̂ f
n , θ̂ f

n and η̂
f
n , and the forecast perturbed matrices, Sx f

n
, S

θ
f
n

263

and S
η

f
n
, from which the (cross-)covariances, Px f

n ,θ
f
n
= Sx f

n
ST
θ

f
n
, Px f

n ,η
f
n
= Sx f

n
ST
η

f
n
, P

η
f
n ,θ

f
n
=264

S
η

f
n
ST
θ

f
n
, P

θ
f
n
= S

θ
f
n
ST
θ

f
n
, P

η
f
n
= S

η
f
n
ST
η

f
n
, Pηn|θn = P

η
f
n
−K

η
f
n ,θ

f
n
P
θ

f
n ,η

f
n

, Pxn,yn|θ = Px f
n ,η

f
n
−265

Kx f
n ,θ

f
n
P
θ

f
n ,η

f
n
, and “the gains”, Kx f

n ,θ
f
n
= Px f

n ,θ
f
n
P−1
θ

f
n

, K
η

f
n ,θ

f
n
= P

η
f
n ,θ

f
n
P−1
θ

f
n

, are then evaluated3.266

• Parameters’ analysis (PF-like update).267

3Note that the nθ×nθ matrix, P
θ

f
n

, whose inverse is needed in the expression of “the gains” is positive-definite, thus invertible, as the number

of particles, M, is supposed to be larger than the number of parameters nθ .
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1. The normalized weights, w(m)
n ∝ Nyn(y̌n(θ

f ,(m)
n ), P̌yn|θn), are computed based on268

y̌n(θ
f ,(m)
n ) ≈ η̂ f

n +K
η

f
n ,θ

f
n
(θ

f ,(m)
n − θ̂ f

n ), (24)

P̌yn|θn ≈ Pηn|θn +Vn. (25)

An approximation of the PM analysis estimate (3) and the associated error covariance are269

then given by θ̂a
n = ∑

M
m=1 w(m)

n θ
f ,(m)
n and ∑

M
m=1 w(m)

n (θ
f ,(m)
n − θ̂a

n)(θ
f ,(m)
n − θ̂a

n)
T , respectively.270

2. The weighted ensemble, {θ f ,(m)
n ,w f ,(m)

n }
M
m=1, is then sampled with replacement to obtain an271

analysis ensemble with equal weights, {θa,(m)
n , 1

M}
M

m=1.272

• State analysis (EnKF-like update).273

1. The means (for all m) of the conditional forecast pdf, p(xn|θa,(m)
n ,y0:n−1), are estimated as,274

x̌n(θ
a,(m)
n )≈ x̂ f

n +Kx f
n ,θ

f
n
(θ

a,(m)
n − θ̂ f

n ). (26)

2. A singular value decomposition (SVD) of the M×M symmetric matrix IM−ST
θ

f
n
P−1
θ

f
n

S
θ

f
n

is275

performed leading to M×M orthogonal Un and diagonal Σn matrices.276

3. Samples ξ
(m)
xn are then generated from p(xn|θa,(m)

n ,y0:n−1) as277

ξ
(m)
xn ≈ x̌n(θ

a,(m)
n )+Sx f

n
Un (Σn)

1
2 r(m)

n , (27)

where (Σn)
1
2 denotes the square-root of the diagonal matrix Σn and r(m)

n ∼N (0,IM).278

4. These are then updated based on the observation, yn, following a KF-like correction, leading279

to the state analysis ensemble of interest, {xa,(m)
n }

M
m=1, as,280

ξ
(m)
yn = hn(ξ

(m)
xn )+v(m)

n ; v(m)
n ∼N (0,Vn), (28)

xa,(m)
n = ξ

(m)
xn +Pxn,yn|θP−1

yn|θ(yn−ξ
(m)
yn ), (29)
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and whose mean is taken as an approximation of the PM estimate (2).281

A schematic illustration of these steps is given in Fig. 1. Once the forecast members θ
f ,(m)
n282

and x f ,(m)
n are generated, they are updated, successively, based on the observation, yn. The update283

of the parameters is performed following a PF-like mechanism which consists of a succession284

of a weighting step evaluating a (normalized) weight, w(m)
n , for each member θ

f ,(m)
n , based on285

the density, p(yn|θ f ,(m)
n ,y0:n−1), which is assumed to be Gaussian with moments computed based286

on LMMSE criteria; and a resampling step leading to the (equi-weighted) analysis members of287

interest, θa,(m)
n . The update of the state is then performed by first computing the moments of the288

assumed Gaussian density, p(xn|θa,(m)
n ,y0:n−1), based on the LMMSE criteria, then sampling this289

density before applying an EnKF-like update to the resulting samples to obtain the state analysis290

members of interest, xa,(m)
n . Here, the joint pdf p(xn,yn|θn,y0:n−1) needs to be Gaussian, not291

only its marginals as above. Finally, one notes that in the particular case of a linear observation292

operator, only p(xn|θn,y0:n−1) needs to be Gaussian (as this implies that both p(yn|θ f ,(m)
n ,y0:n−1)293

and p(xn,yn|θn,y0:n−1) are Gaussian).294

c. Discussion295

The proposed algorithm combines the PF to sample θ
a,(m)
n ∼ p(θn|y0:n), with the EnKF to296

sample xa,(m)
n ∼ p(xn|θa,(m)

n ,y0:n). The xa,(m)
n are taken as samples of the state analysis pdf,297

p(xn|y0:n). The algorithm has been derived following a Bayesian formulation, while assum-298

ing p(xn,yn|θn,y0:n−1) to be Gaussian with moments computed based on the LMMSE criteria.299

As it is well known, the Gaussian assumption of the joint state and observation forecast pdf is300

a standard assumption in the context of ensemble Kalman filtering. We further exploited this301

Gaussianity, along with the LMMSE criteria, in the PF stage to efficiently compute the likeli-302
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hood, p(yn|θn,y0:n−1), which, in turn, is used to evaluate the particles’ weights. Now, assuming4
303

p(xn,yn|θn,y0:n−1) is Gaussian implies that its marginals p(xn|θn,y0:n−1) and p(yn|θn,y0:n−1)304

are also Gaussian, but not the forecast / analysis pdfs of interest, p(xn|y0:n−1), p(xn|y0:n),305

p(θn|y0:n−1), nor p(θn|y0:n), in contrast with the Joint-EnKF in which all these pdfs need to be306

Gaussian as the derivation of this filter relies on the Gaussian assumption over p(xn,θn,yn|y0:n−1).307

Although the proposed EnKF-PF involves the cross-covariances between the state (resp. obser-308

vations) and parameters’ forecast pdfs as in (21)-(22) (resp. (18)-(19)), these are indeed not used309

in practice, as in the Joint-EnKF, to generate the analysis members of interest, xa,(m)
n (resp. θa,(m)

n ).310

Instead they are only used to compute the means of p(xn|θa,(m)
n ,y0:n−1) in the EnKF stage as in311

(26) (resp. the weights in the PF stage as in (24)), which are then used to generate these members.312

The resulting members are therefore not restricted to approximate Gaussian distributions as in the313

Joint-EnKF. While θa,(m)
n are computed by the free-Gaussian sampling PF, the non-Gaussian char-314

acter of xa,(m)
n stems from the fact that these members are computed based on an EnKF update315

but conditionally on θ
a,(m)
n (this can be seen from eq. (29) which involves θ

a,(m)
n through ξ

(m)
yn316

and (27)-(28)). On the other hand, the proposed EnKF-PF requires as many model integrations317

as the Joint-EnKF (as they share the same forecast step). The analysis steps of these algorithms318

involve operations with linear complexity in nx. Thus, although the analysis step of the proposed319

scheme involves a few more operations than that of the Joint-EnKF, the computational complex-320

ities of these schemes should be approximately of the same order in relatively large-dimensional321

state applications.322

4It should be stressed that eqs. (21)-(22) (resp. (18)-(19)) that approximate the moments of the assumed Gaussian pdf p(xn|θn,y0:n−1) (resp.

p(yn|θn,y0:n−1)) under the LMMSE optimization criteria, have the same form as the true moments if p(xn,θn|y0:n−1) (resp. p(yn,θn|y0:n−1)) is

Gaussian. However, in our study, these joint pdfs are not required to be Gaussian as the proposed algorithm uses only their first two moments, that

are empirically estimated from the members, and still valid if they are not Gaussian.
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In terms of algorithmic comparison with the recently introduced two-stage EnKF-PF (TS-EnKF-323

PF) by Santitissadeekorn and Jones (2015), we note the following aspects:324

• As the proposed scheme, the TS-EnKF-PF inherently relies on the Gaussian assumption over325

p(xn,yn|θn,y0:n−1). However, instead of using the LMMSE criteria to compute the first two326

moments, the authors approximate p(xn|θn,y0:n−1) with the forecast pdf p(xn|y0:n−1), whose327

moments can be estimated from the ensemble members. Such an assumption further en-328

ables to compute the mean of the pdf p(yn|θn,y0:n−1), which serves to evaluate the particles’329

weights in the PF stage, and the observation forecast members in the EnKF stage (see eqs. (9)330

and (11) in Santitissadeekorn and Jones (2015)). As for the covariance of p(yn|θn,y0:n−1),331

it is set to be equal to the covariance of p(yn|xn), Vn. However, based on (23), this co-332

variance is actually equal to Cn
def
= cov[hn(xn)|θn,y0:n−1]+Vn, which therefore suggests that333

cov[hn(xn)|θn,y0:n−1] is neglected in Santitissadeekorn and Jones (2015). This may strongly334

underestimates the true covariance, Cn, when it is much larger than Vn. Such a problem could335

be mitigated in the proposed approach in which the particles’ weights are computed based on336

p(yn|θ f ,(m)
n ,y0:n−1) = Nyn(y̌n(θ

f ,(m)
n ), P̌yn|θn), where y̌n(θ

f ,(m)
n ) and P̌yn|θn are given in (24)337

and (25), respectively. Indeed, Cn is approximated by P̌yn|θn = Pηn|θn +Vn, where Pηn|θn is338

the LMMSE-based approximation of cov[hn(xn)|θn,y0:n−1], which is not assumed to be zero339

as in the TS-EnKF-PF, but evaluated from the ensembles.340

• In the EnKF-PF, the information between the PF and EnKF is exchanged through the ensem-341

bles’ members (see e.g., Fig. 1). In the TS-EnKF-PF, the exchange only carried through the342

ensembles’ means, which should result in loss of performance, especially when multimodal343

posterior distributions are involved. As discussed in Santitissadeekorn and Jones (2015),344

“feeding” the EnKF with the parameters’ mean only may divert the background ensemble of345

the EnKF from high-probability regions, and likewise when the state mean “feeds” the PF.346
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• Because of the independent two-stage formulation of the TS-EnKF-PF, the dynamical model347

needs to be integrated in both PF and EnKF stages, each of them involving a different state348

forecast ensemble. In the proposed scheme, the model is run only in the (shared) forecast349

stage, to obtain a state forecast ensemble that is used in both PF and EnKF update stages.350

Therefore, the proposed scheme can be roughly half computationally less demanding than351

the TS-EnKF-PF when the same ensemble size is used in both PF and EnKF.352

4. Numerical experiments353

Numerical experiments are performed with the strongly nonlinear Lorenz-96 (L96) (Lorenz and354

Emanuel 1998) to assess the behavior of the proposed EnKF-PF and to evaluate its performance355

against the Joint-PF, the Joint-EnKF and the TS-EnKF-PF. The L96 model, which describes the356

time evolution of an atmospheric quantity, solves the following set of differential equations:357

dx( j, t)
dt

= x( j−1, t)[x( j+1, t)− x( j−2, t)]− x( j, t)+F( j), (30)

where x( j, t), j = 1,2, · · · ,nx, with, unless otherwise stated, nx = 40, denotes the jth element of358

the state at time t. Boundary conditions are cyclic, (i.e., x(−1, t) = x(nx−1, t), x(0, t) = x(nx, t),359

and x(1, t) = x(nx +1, t)). The constant F( j), which represents dissipation, is commonly equal to360

8 for all j; such a value has been shown to exhibit a chaotic behavior of the model (Karimi and361

Paul 2010). Here, we follow Santitissadeekorn and Jones (2015) and assume it unknown and a362

function of two parameters, θ = [θ(1),θ(2)]T , through the equation:363

F( j) = θ(1)sin
(

2π

θ(2)
j
)
+8. (31)

We consider for now a perfect model scenario (i.e., the noise un in model (1) vanishes), so the364

uncertainty in θ is the only source of model error. The imperfect model scenario will be considered365

later.366
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We use the standard fourth-order Runge-Kutta method to numerically integrate the model (30)367

with a time step size δm = 0.05, equivalent to six hours in real time. The reference (true) state368

trajectory is built based on the reference parameters, with values θ ∗(1) = 2 and θ ∗(2) = 40. The369

initial (reference) state is set to F , based on the reference parameters. The model is then integrated370

for 36000 time steps (corresponding to 24.6575 years in real time). The first 30000 time steps of371

the resulting trajectory is discarded (as a spin-up period), and the remaining 6000 time steps are372

considered as the reference states. The observations are obtained by perturbing the corresponding373

states with a standard Gaussian noise (i.e., Vn = Iny).374

We follow Santitissadeekorn and Jones (2015) and choose for all filters involving the PF (i.e., all375

except the Joint-EnKF), the “parameters’ kernel smoothing” model (see eq. (8)) of West and Liu376

(2001) in which gn−1(θn−1) = αθn−1 +(1−α)θ̂a
n−1 and Wn−1 = (1−α2)Pθa

n−1
, with α = 0.9.377

This model has been shown to be more efficient than the random walk model (Gordon et al. 1993),378

for which gn−1(θn−1) = θn−1 and Wn−1 = Pθa
n−1

. This was explained by the ability of this model379

to push the new set of particles towards the mean, which eliminates “the overdispersion” issue, the380

main limitation of the random walk model.381

In all filters, the initial forecast ensembles of the parameters θ(1) and θ(2) are independently382

generated according to the (prior) Gaussian distributions N (4,
√

2) and N (60,3), respectively383

(Santitissadeekorn and Jones 2015). The initial forecast state ensemble is generated from a Gaus-384

sian distribution centred around the mean of the reference states with an identity covariance, fol-385

lowing Hamill and Whitaker (2010) and Song et al. (2010).386

In all experiments, the Joint-PF and the PF components of the EnKF-PF and TS-EnKF-PF use387

the residual resampling strategy (Liu and Chen 1998; van Leeuwen 2009), which is well-known388

to improve upon the simple probabilistic one used in the bootstrap PF of Gordon et al. (1993).389

On the other hand, the EnKF was implemented with the covariance inflation and localization390
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techniques to enhance the filter’s robustness and improve its performance with small ensembles.391

Covariance inflation mitigates for the underestimation of the sample error variances that result392

from the use of a small ensemble, among other neglected uncertainties and filtering approximations393

(Anderson and Anderson 1999; Hoteit et al. 2002). Covariance localization tackles the rank-394

deficiency and spuriously large cross-correlations between distant state variables in the ensemble395

covariance matrix (Hamill and Whitaker 2010). Here, localization is applied using the fifth-order396

correlation function given in (Gaspari and Cohn 1999, eq. (4.10)). In all experiments, we follow397

Santitissadeekorn and Jones (2015) and use a localization length-scale `= 2 and an inflation factor398

α = 1.2 for which the Joint-EnKF provided the best performances5.399

In the first set of experiments, we compare the filters’ behavior with M = 100 ensemble members400

in a setting where the data are assimilated every four model time steps, which is equivalent to401

one day in real time (i.e., the observations time step is δo = 4δm). In all the experiments, the402

results are averaged over 30 independent simulations, each time with a randomly generated initial403

ensembles and observation noise. In terms of computational cost, the EnKF and PF components404

of the TS-EnKF-PF use the same ensemble size; this means that the latter is more computationally405

demanding than the Joint-EnKF and the proposed EnKF-PF.406

Figure 2 plots the time evolution of the analysis estimates of the marginal parameters and as-407

sociated 95% confidence intervals (bounded by ±1.96× standard deviation). As expected, the408

Joint-PF seems to suffer from the high dimensionality of the system6. The Joint-EnKF outper-409

forms the Joint-PF, suggesting the relevance of using a KF-like update on the forecast members.410

5More precisely, Santitissadeekorn and Jones (2015) used an inflation α = 1, suggesting that the Joint-EnKF results are not too sensitive to

α when ` . 4. Our tests reveal that the Joint-EnKF provides the best estimates with α = 1.2, especially when implemented with not too large

ensembles.
6Other experiments that have been conducted using alternative initial priors of the parameters with supports including the true values θ ∗(1) and

θ ∗(2), suggested an improvement of the Joint-PF in tracking these true values, while remaining less accurate than the three other filters.
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Its performance nevertheless saturates after about 100 assimilation cycles and the contribution of411

the observations becomes less and less significant. The associated standard deviations are very412

small (close to zero), meaning a very narrow confidence interval with bounds coinciding with the413

estimates and far from containing the true values of parameters. The TS-EnKF-PF estimates very414

well both parameters compared to the joint schemes (even though θ(2) requires about 500 assim-415

ilation cycles to be well estimated). Furthermore, the true values of θ(2) and θ(1) fall within the416

TS-EnKF-PF confidence intervals, in contrast with the Joint-PF and the Joint-EnKF. The proposed417

EnKF-PF provides the most accurate estimates (in terms of reaching the true values) for both pa-418

rameters, further suggesting confidence intervals that include the true values of these parameters7.419

Figure 3 plots the bias of the analysis estimates of the first four components of the state and420

the parameters (i.e., the error between the reference states / parameters and the average of their421

estimates over 30 different set of observations). Overall, the proposed EnKF-PF and, to a lesser422

extent, the TS-EnKF-PF suggest the lowest biases, followed by the Joint-EnKF, which, in turn,423

clearly outperforms the Joint-PF.424

In the next set of experiments, the filters’ performances are evaluated based on the root MSE425

(RMSE) misfits between the reference augmented states z( j,n) and the filter (analysis) estimates426

ẑ( j,n) averaged over all variables and over the last Nn = 100 assimilation cycles427

RMSE =
1

Nn

Nn

∑
n=1

√√√√ 1
nx +nθ

nx+nθ

∑
j=1

(z( j,n)− ẑ( j,n))2. (32)

The RMSEs of the parameters’ vector and the actual state are evaluated similarly. The relative428

estimation error is also considered for the (scalar) marginal parameters. Similarly to above, the429

presented RMSEs / relative errors are averaged over 30 independent repetitions.430

7As commonly done, we tolerate here some flexibility in the notion of “accuracy” and limit it to the closeness to the reference state/parameters

instead of its true PM estimate, which is not accessible. We further provide the (empirical) confidence intervals (or uncertainties) only as a way to

assess whether the range of values, which is likely to include the estimates, includes the reference state/parameters.
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a. Sensitivity to the ensemble size431

We now study the sensitivity of the four filtering algorithms to the ensemble size, assimilating432

again the data every δo = 4δm. Figure 4 plots the RMSE (resp. the relative error), as a function of433

the ensemble size, of the analysis estimates of the full joint state-parameters’ vector, zn = (xn,θ),434

the state, xn, and the parameters’ vector, θ = (θ(1),θ(2)) (resp. the marginal parameters θ(1)435

and θ(2)). As can be seen, the “blended” schemes that combine PF with EnKF roughly lead436

to comparable performances, and both clearly outperform the Joint-EnKF, especially for not too437

large ensembles (i.e., M < 200). Indeed, one can notice that the Joint-EnKF requires more than438

150 members to reach the accuracy of the blended schemes using only 50 members. On the439

other hand, although the Joint-EnKF with M ≥ 200 members performs slightly better than the440

blended schemes in estimating the marginal parameter, θ(1), it, nevertheless, provides similar441

performances in estimating the joint parameters’ vector, θ. Recalling442

p(θ(1),θ(2)︸ ︷︷ ︸
θ

|y0:n) = p(θ(2)|θ(1),y0:n)︸ ︷︷ ︸
term1

p(θ(1)|y0:n)︸ ︷︷ ︸
term2

,

this can be explained by the fact that, compared to the Joint-EnKF, the EnKF-PF and TS-EnKF-PF443

generate more representative analysis members of θ(2) given those of θ(1) (i.e., they more effi-444

ciently sample p(θ(2)|θ(1)a,(m),y0:n) in term 1), which compensates for the effect of (slightly)445

less accurately estimating θ(1), which, in turn, may originate from less efficiently sampling446

p(θ(1)|y0:n) (in term 2). Furthermore, the linear relationship between θ(1) and yn (which comes447

from (30)-(31) and the linear observation model) may explain the reasonable estimation of θ(1)448

by the Joint-EnKF.449
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b. Sensitivity to the frequency of observations450

We now fix the ensemble size to M = 100 and test the filters’ performances with different lengths451

of assimilation windows, fo =
δo
δm

(i.e., the times at which data are assimilated). Figure 5 displays452

the RMSE (resp. the relative error), as a function of fo, of the analysis estimates of the state-453

parameters’ vector, zn, the state, xn and the parameters’ vector, θ (resp. the marginal parameters454

θ(1) and θ(2)). Again, overall, the TS-EnKF-PF and the EnKF-PF suggest better performances455

than the Joint-EnKF, in particular for estimating the full state-parameters’ vector. The two former456

filters lead to comparable results when the assimilation period of the data does not exceed 2 days.457

However, when the data are assimilated less frequently, the performance of TS-EnKF-PF degrades458

increasingly with fo, while the proposed EnKF-PF is shown to be more robust to changes in fo.459

One can also see from Sub-Figures (b) and (c) that the Joint-EnKF performs almost as well as460

the blended schemes in estimating the state, but it is clearly less accurate when it comes to the461

parameters’ vector. The fact that the Joint-EnKF suggests RMSEs closer to those of the hybrid462

schemes for the state (than for the parameters’ vector), is also consistent with the results of Figures463

4 and 6 which outline the impact of the ensemble size and the observation noise, respectively.464

Furthermore, while the Joint-EnKF performs poorly with θ, it still estimates θ(1) as good as the465

hybrid algorithms. Based on466

p(θ(1),θ(2)︸ ︷︷ ︸
θ

|y0:n) = p(θ(1)|θ(2),y0:n)︸ ︷︷ ︸
term1

p(θ(2)|y0:n)︸ ︷︷ ︸
term2

,

the (relative) poor performance of the Joint-EnKF in estimating θ is not only due to the filter’s467

inability to well estimate the cross-covariance of the posterior marginal pdfs (which is involved468

in term 1), but also to its inability to efficiently sample the posterior p(θ(2)|y0:n) (term 2). The469

strong nonlinear relationship between θ(1) and θ(2), and between θ(2) and yn (see (30)-(31)),470
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may explain the poor estimation of the cross-covariance in term 1 and the inefficient sampling in471

term 2, respectively.472

c. Sensitivity to the observation noise473

The filters are now tested in more challenging scenarios by studying their sensitivity to larger474

observation noise (i.e., to different variances σ2 ≥ 1). We fix the ensemble size to M = 100 and475

the assimilation window to fo = 4. Figure 6 displays the RMSE (resp. the relative error), as a476

function of σ2, of the analysis estimates of the joint state-parameters’ vector zn, the state xn and477

the parameters’ vector θ (resp. the marginal parameters θ(1) and θ(2)). The Joint-EnKF, EnKF-478

PF and, to a lesser extent, TS-EnKF-PF, are not very sensitive to the increase of the noise in the479

data (especially for σ2 ≥ 2). Furthermore, for all tested values of σ2, the proposed EnKF-PF480

exhibits the best behavior in estimating the joint state-parameters’ vector and its marginal (state481

and parameters) components. For instance, for σ2 = 5, which is the noisiest scenario, EnKF-PF482

is more accurate (in terms of RMSE of estimating zn) than TS-EnKF-PF with σ2 = 2 and Joint-483

EnKF with σ2 = 1. On the other hand, while the TS-EnKF-PF and Joint-EnKF estimate the state484

almost as accurately as the proposed scheme, the former performs clearly better than the second485

for both the joint parameters’ vector and its marginal θ(2). As for θ(1), however, the TS-EnKF-486

PF performs worse than the Joint-EnKF, which, in turn, compares well with the EnKF-PF. This487

however does not prevent the TS-EnKF-PF from more accurately computing the analysis members488

of θ(2) given those of θ(1), providing joint estimates of these parameters (i.e. of θ) that are more489

accurate than those provided by the Joint-EnKF.490

d. Case of stochastic state model and nonlinear observation operator491

We conduct here the same experiment as above in a scenario where the L96 model is stochastic492

given the parameters. We therefore include, as in system (1), an additive Gaussian noise with zero493
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mean and covariance U= 0.1I40 (see e.g., Stordal et al. (2011); Shen and Tang (2015)). The RMSE494

and relative errors of the analysis estimates of the state and parameters are displayed in Figure 7.495

As one can see, the errors are slightly larger than those in Figure 6, but these were obtained in496

the perfect model case, while roughly suggesting a similar global behavior. More specifically,497

the proposed filter exhibits the best behavior, especially for strongly noisy scenarios (σ2 ≥ 2),498

followed by the TS-EnKF-PF when the state-parameters’ vector, z, the parameters’ vector, θ, and499

the marginal parameter, θ(2), are concerned, or by the Joint-EnKF when the state, x, and the500

marginal parameter, θ(1), are concerned.501

We further consider a more challenging scenario which includes, as above, a noise in the L96502

model, and a strongly nonlinear observation operator hn(xn) = 5tanh(xn) (Shen and Tang 2015).503

The averaged estimation errors are plotted in Figure 8. As expected, these errors are generally504

larger than those of Figure 7. Furthermore, in contrast with the linear observation operator case,505

the Joint-EnKF outperforms the TS-EnKF-PF in all cases, even for z, θ and θ(2). The behavior506

of the TS-EnKF-PF is probably due to the strong linearity of the observation operator, which507

may lead to more pronounced multimodal distributions, case for which passing only the mean508

of the parameters’ posterior distribution to one EnKF may result in the filter divergence as the509

background ensemble in the EnKF may diverge from a high probability region and likewise for510

passing only the mean of the state posterior distribution to the PF (Santitissadeekorn and Jones511

2015, p. 2031). The performance of the TS-EnKF-PF improves for mildly nonlinear observation512

operator, as can be seen in Figure 9 corresponding to hn(xn) = 5tanh( xn
10) (Shen and Tang 2015).513

5. Conclusion514

We proposed a Bayesian filtering algorithm for state-parameter dynamical systems of large di-515

mension and depending on few unknown parameters. The new scheme combines the PF to sam-516
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ple the parameters’ ensembles with the EnKF to compute the state ensembles conditional on the517

parameters’ ensembles. In the case of (relatively) small ensembles, the proposed EnKF-PF is518

expected to perform better than the Joint-PF, as it uses the EnKF for the large-dimensional com-519

ponent (state) to avoid the curse of dimensionality, and the Joint-EnKF, as it uses the PF for the520

low-dimensional component (parameters) to avoid inconsistency issues related to the limitation of521

the Gaussian framework. Compared to a recently introduced two-stage EnKF-PF (TS-EnKF-PF)522

scheme, in which the PF and EnKF exchange information through their ensembles means, the523

EnKF-PF exchanges the EnKF and PF ensembles.524

We tested the proposed EnKF-PF with the nonlinear Lorenz-96 model in which the dissipation525

factor is parametrized by two parameters, θ = (θ(1),θ(2)). We conducted various sensitivity526

experiments to evaluate the behavior and robustness of the proposed scheme and to compare its527

performance against those of the Joint-PF, Joint-EnKF and TS-EnKF-PF. In the linear observation528

operator scenario, the results suggest that the EnKF-PF always outperforms the other filters, be-529

ing more robust and successfully estimating both state and parameters under different scenarios.530

While the Joint-PF leads to the worst performances for state estimation, the Joint-EnKF and the531

TS-EnKF-PF often exhibited performances that are similar to that of the proposed EnKF-PF. For532

parameters estimation, however, the proposed scheme always provided the best results, exhibiting533

robust behavior under challenging scenarios, where data are very noisy or assimilated less fre-534

quently. Regarding the TS-EnKF-PF and the Joint-EnKF, while the former provides less reliable535

estimates of the marginal parameter θ(1) when data are not frequently assimilated, it still neverthe-536

less provides better estimates of the joint parameters’ vector, θ. However, in the case of a strongly537

nonlinear observation operator, the Joint-EnKF becomes more accurate that the TS-EnKF-PF.538

In the proposed EnKF-PF, the number of particles / members must be the same in both PF and539

EnKF, as these communicate via their ensembles, and not only through the means, as in the TS-540
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EnKF-PF, or the means and cross-covariances, as in the divided EnKF scheme of Luo and Hoteit541

(2014). The EnKF-PF could however be extended to derive a new two-stage scheme for which the542

EnKF and PF exchange information via their means, or any other statistics of the ensembles. In543

this case, one may consider using different ensemble sizes in the EnKF and PF, as in the TS-EnKF-544

PF and divided EnKF. It could also be generalized to the case of Gaussian-mixture EnKFs, instead545

of EnKF, and to the unsupervised case for which one or more of the system hyper-parameters is546

unknown, as for instance the observation noise covariance. Such extensions will be considered in547

future studies.548

APPENDIX A549

Some useful random sampling results550

Property 1 (Hierarchical sampling (Robert 2007)). Assuming that one can sample from p(x1) and551

p(x2|x1), then a sample, x∗2, from p(x2) can be obtained by drawing x∗1 from p(x1) and then x∗2552

from p(x2|x∗1).553

Property 2 (Rubin’s SIR (Rubin 1988)). Assuming that one has sampled a set, {x(s)}S
s=1, of554

independent and identical (i.i.d.) realizations from a prior, p(x), then, one can asymptotically555

draw an i.i.d. set, {x∗(s)}S
s=1, from the posterior, p(x|y), in two steps:556

1. Weighting. A normalized weight, ω(s) ∝ p(y|x(s)), is first assigned to each sample x(s).557

2. Resampling. Each sample, x∗(s), is then computed by sampling from the probability mass558

function, ∑
S
`=1 ω(`)δ (x−x(`)), where δ (.) is the Kronecker delta.559

Property 3 (Conditional sampling (Hoffman and Ribak 1991)). Consider a Gaussian pdf, p(x,y),560

with Pxy and Py denoting the cross-covariance of x and y and the covariance of y, respectively.561

Then, a sample, x∗, from p(x|y), can obtained as, x∗ = x̃+PxyP−1
y [y− ỹ], where (x̃, ỹ)∼ p(x,y).562
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APPENDIX B563

The EnKF-PF update steps564

a. PF-like update of the parameters565

Starting from a forecast ensemble, {θ f ,(m)
n }

M
m=1, an analysis ensemble, {θa,(m)

n }
M
m=1, is computed566

following a PF-like strategy based on Property 2 and (17). The normalized weights of θ f ,(m)
n are567

first computed as w(m)
n ∝ p(yn|θ f ,(m)

n ,y0:n−1). The forecast ensemble is then resampled according568

to the resulting weights. As shown in Section 3.a.1, p(yn|θ f ,(m)
n ,y0:n−1) is approximated by a569

Gaussian density with parameters given by y̌n(θ
f ,(m)
n ) and P̌yn|θn in (18)-(19), with θn = θ

f ,(m)
n .570

Approximating expectations and (cross)-covariances in (18)-(19) using the forecast ensembles571

{θ f ,(m)
n }

M
m=1 and {y f ,(m)

n }
M
m=1, one eventually obtains (24) and (25) as approximations of y̌n(θ

f ,(m)
n )572

and P̌yn|θn , respectively.573

b. EnKF-like update of the state574

The state analysis ensemble, {xa,(m)
n }

M
m=1, is computed using an EnKF-like update based575

on (20) and Property 3, by assuming that p(xn,yn|θn,y0:n−1) is Gaussian. Indeed, for each576

m = 1, · · · ,M, given ξ
(m)
xn ∼ p(xn|θa,(m)

n ,y0:n−1) and ξ
(m)
yn ∼ p(yn|θa,(m)

n ,y0:n−1), one obtains577

xa,(m)
n through an update of ξ

(m)
xn based on yn, following a KF-like correction with a gain,578

Kn = cov[xn,yn|θa,(m)
n ,y0:n−1]

(
cov[yn|θa,(m)

n ,y0:n−1]
)−1

:579

xa,(m)
n = ξ

(m)
xn +Kn(yn−ξ

(m)
yn ). (B1)

An ensemble estimation of the (cross)-covariances in the expression of the gain, Kn, can be580

obtained from the LMMSE-based estimation of the covariance of p(xn,yn|θa,(m)
n ,y0:n−1):581

cov[xn,yn|θa,(m)
n ,y0:n−1] ≈ Px f

n ,η
f
n
− Kx f

n ,θ
f
n
P
θ

f
n ,η

f
n

and cov[yn|θa,(m)
n ,y0:n−1] ≈ P

η
f
n
−582

K
η

f
n ,θ

f
n
P
θ

f
n ,η

f
n
+Vn. These are then inserted in (B1) to obtain the analysis update (29).583
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Finally, one needs to compute the members ξ
(m)
xn (from which the expression (28) of ξ

(m)
yn is584

readily obtained by applying Prop. 1 on eq. (23)). To that end, we propose to sample them from the585

(assumed) Gaussian pdf p(xn|θa,(m)
n ,y0:n−1) with moments (x̌n(θ

a,(m)
n ), P̌xn|θn). Using the forecast586

ensembles, {x f ,(m)
n }

M
m=1 and {θ f ,(m)

n }
M
m=1, the mean x̌n(θ

a,(m)
n ) (in (21)) is approximated as in (26)587

and the covariance P̌xn|θn (in (22)) is approximated by Px f
n
−Px f

n ,θ
f
n
P−1
θ

f
n

P
θ

f
n ,x

f
n
. This leads to588

ξ
(m)
xn = x̌n(θ

a,(m)
n )+Cxnr(m)

n , (B2)

where r(m)
n ∼N (0,IM) and (Cxn)nx×M is a square-root of P̌xn|θn . To compute a square-root of589

P̌xn|θn ≈ Sx f
n
ΛnST

x f
n

with Λn = IM−ST
θ

f
n
P−1
θ

f
n

S
θ

f
n
, one uses the SVD decomposition to factorize the590

M×M symmetric matrix Λn as UnΣnU T
n , where the matrix Un is orthogonal and Σn diagonal.591

One then computes Cxn = Sx f
n
Un (Σn)

1
2 , which is finally used in (B2) to obtain (27).592
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FIG. 2: Time-evolution of the parameters analysis estimates (dashed blue) and associated 95%
confidence intervals (green) using the Joint-PF, Joint-EnKF, TS-EnKF-PF and EnKF-PF with 100
members. The true values of parameters are indicated in red. In the last three filters, the local-
ization length scale and inflation factor were set to 2 and 1.2, respectively. All observations were
assimilated at every four model time steps (one day in real time).
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(a) EnKF-PF (b) TS-EnKF-PF

(c) Joint-EnKF (d) Joint-PF

FIG. 3: Time-evolution of the bias (dashed blue) of the first four components of the state and the
parameters, computed as the error between the true values of these variables and the average (over
30 independent repetitions) of their analysis estimates obtained using the EnKF-PF, TS-EnKF-PF,
Joint-EnKF and Joint-PF with 100 members. In the first three filters, the localization length scale
and inflation factor were set to 2 and 1.2, respectively. All observations were assimilated at every
four model time steps (one day in real time).
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FIG. 4: Time- and variable-averaged RMSE of the analysis estimates of state-parameters’ vector
(a), state (b) and parameters’ vector (c), and time-averaged relative error of the analysis estimates
of marginal parameters ((d) and (e)), provided by Joint-EnKF, TS-EnKF-PF and EnKF-PF as a
function of ensemble size. In all filters, the localization length scale and inflation factor were set
to 2 and 1.2, respectively. All observations were assimilated at every four model time steps (one
day in real time).
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FIG. 5: Time- and variable-averaged RMSE of the analysis estimates of state-parameters’ vector
(a), state (b) and parameters’ vector (c), and time-averaged relative error of the analysis estimates
of marginal parameters ((d) and (e)), provided by the Joint-EnKF (blue square), TS-EnKF-PF
(green circle) and EnKF-PF (red triangle) as a function of the temporal assimilation period. In
all filters, ensemble size, localization length scale and inflation factor were set to 100, 2 and 1.2,
respectively.
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FIG. 6: Time- and variable-averaged RMSE of the analysis estimates of state-parameters’ vector
(a), state (b) and parameters’ vector (c), and time-averaged relative error of the analysis estimates
of marginal parameters ((d) and (e)), provided by the Joint-EnKF (blue square), TS-EnKF-PF
(green circle) and EnKF-PF (red triangle) as a function of observation error variance. In all filters,
ensemble size, localization length scale and inflation factor were set to 100, 2 and 1.2, respectively.
All observations were assimilated at every four model time steps (one day in real time).
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FIG. 7: The same as Fig. 6 in the case of an imperfect state model with an error variance of 0.1.
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FIG. 8: The same as Fig. 7 in the case of a strongly nonlinear observation operator.
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FIG. 9: The same as Fig. 7 in the case of a weakly nonlinear observation operator.
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