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Abstract

In this article, we consider a two-phase immiscible incompressible flow includ-

ing nanoparticles transport in fractured heterogeneous porous media. The

system of the governing equations consists of water saturation, Darcy’s law,

nanoparticles concentration in water, deposited nanoparticles concentration

on the pore-wall, and entrapped nanoparticles concentration in the pore-

throat, as well as, porosity and permeability variation due to the nanopar-

ticles deposition/entrapment on/in the pores. The discrete-fracture model

(DFM) is used to describe the flow and transport in fractured porous media.

Moreover, multiscale time-splitting strategy has been employed to manage

different time-step sizes for different physics, such as saturation, concentra-

tion, etc. Numerical examples are provided to demonstrate the efficiency of

the proposed multi-scale time splitting approach.
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1. Introduction

The fractured porous media are mainly composed of two heterogeneous

parts, namely, matrices and fractures. The fractures have higher perme-

ability than the matrix, but contains very small volume of fluid (porosity)

compare to the matrix. Therefore, different scales are encountered in frac-

tured porous media, and usually, dual-continua and discrete-fracture models

are employed in modeling [1]–[14]. Warren and Root [14] have developed

an idealized model to study the behavior flow in fractured porous media

based on dual continua models. Dual–Porosity model was used when two

porosity values existed in the domain. The dual–continua models (such as

dual–porosity/dual–permeability model) [2], [6]–[8], [11], [12], [14] treat the

matrix blocks and the fractures as two separate continua, that are theoret-

ically interconnected by fluid mass transfer across their interfaces. In the

discrete–fracture–model (DFM)[2], [9], [10], the fracture is treated as a lower

dimensional domain to reduce the contrast of geometric scales.

Nowadays, nanoparticles injection into oil reservoirs is considered as an

enhanced oil recovery method. Ju et al. [33] introduced a two-phase model

with nanoparticles transport in porous media based on the modeling of par-

ticle migration through porous media [34]. El-Amin et al. [35, 36, 37] devel-

oped the model of transport in a two-phase flow in porous media, then, they
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introduced numerical and dimensional analysis for the problem [38]. Salama

et al. [39] studied the problem of nanoparticles transport in anisotropic

porous media using the multipoint flux approximation. Recently, Chen et al.

[40] presented a numerical simulation of drag reduction effects by hydropho-

bic nanoparticles adsorption method in water flooding processes. Chen et

al. [41] have considered the dynamic update of anisotropic permeability field

during the transport of nanoparticles in the subsurface.

In order to solve the system of equations that governing the two–phase

flow in porous media, the IMplicit Pressure Explicit Saturation (IMPES)

scheme can be used (e.g. [15, 16, 17, 18]). In IMPES scheme, the pressure

equation is solved implicitly while the saturation is treated explicitly. The

IMPES is a conditionally stable approach, hence it takes very small time step

size, in particular with heterogeneous porous media. On the other hand, the

temporal discretization has a significant effect on the efficiency of numeri-

cal simulators. Hence, employing traditional single-scale temporal scheme is

restricted by the rapid of changes of the pressure and saturation with capil-

larity and concentrations in matrix or fracture if applicable. Therefore, the

multiscale time splitting strategy is considered one of a significant improve-

ment to treating the gap between the pressure and the saturation. Multiscale

time splitting method has been considered in a number of publications such

as, [20]–[29]. Similar methodology has been used to the problem of flow

and transport simulations in fractured porous media [24]. VanderKwaak [30]

used a hybrid implicit-explicit scheme by treating implicitly some portions
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of the domain under certain stability conditions, while the rest of the do-

main is treated by the explicit time-stepping approach. Kou et al. [19] have

developed a multiscale time–splitting strategy for simulating two–phase flow

in fractured porous media. In [42] we have introduced nonlinear iterative

IMPES-IMC (IMplicit Pressure Explicit Saturation–IMplicit Concentration)

scheme to solve the flow equation of the model of nanoparticles transport in

porous media. Recently, El-Amin et al. [43] presented a convergence analysis

of the nonlinear iterative IMPES-IMC method for a two-phase flow in porous

media associated with nanoparticle injection.

In the current article, we present a multiscale time-stepping technique

for the modeling and simulation of nanoparticles transport with a two-phase

flow in fractured porous media. An IMPES-IMC scheme is employed for the

numerical treatment and the capillary pressure is treated implicitly, while the

CCFD technique is used for the spatial discretization. We use a large time-

step size in the matrix domain,while we use a smaller one in the fractures.

Also, the time-step of the fractures pressure is partitioned to subtime-steps,

then, we update the saturation in the same level of time-discretization ex-

plicitly. On the other hand, the saturation employs a coarse time-stepping

in the matrix blocks, while a fine time-stepping in the fractures. We employ

a similar time-splitting strategy of saturation for concentration equations.

Finally, several numerical examples are provided to show the efficiency of

the proposed scheme. The paper is organized as follows: The second section

is devoted to the modeling and mathematical formulation. The third sec-
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tion is devoted to the multiscale time-stepping technique with CCFD spatial

discretization including subsections about time-splitting techniques in matrix

and fracture for different physics such as pressure, saturation, and concentra-

tion. Then, Sec. 4 is devoted to numerical tests, and finally, the conclusions

are drawn in Sec. 5.

2. Modeling and Mathematical Formulation

2.1. Governing equations

This paper considers the problem of nanoparticles transport with a two-

phase immiscible incompressible flow in porous media, the system of govern-

ing equations consists of water saturation, Darcy’s law, nanoparticles con-

centration, deposited nanoparticles concentration on the pore-wall, and en-

trapped nanoparticles concentration in the pore-throat. Also, the porosity

and permeability vary due to the nanoparticles deposition/entrapment on/in

the pores. In the following we introduce the governing equations briefly, (for

details see Refs. [35, 36, 37, 38, 39, 41, 42]):

2.1.1. Momentum Conservation (Darcy’s Law):

uα = −kα
µα
∇Pα, α = w, n, (1)

where K is the permeability tensor K = kI, I is the identity matrix and k

is a positive real number. φ is the porosity. uα, Pα, µα, krα are, respectively,
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the velocity, the pressure, the viscosity and the relative permeability of the

phase α.

2.1.2. Mass Conservation (Saturation Equation):

φ
∂Sα
∂t

+∇ · uα = qα, α = w, n, (2)

Sw + Sn = 1.

where Sα is the saturation of the phase α and qα is the external mass flow rate.

2.1.3. Flow Equations Reformulation:

Providing the following definitions:

The capillary pressure: Pc (Sw) = Pn − Pw.

The total velocity: ut = uw + un.

The flow fraction: fw = λw/λt.

The phase mobility: λα = krα/µα.

The total mobility: λt.

The total source mass transfer: qt = qw + qn.

After some mathematical manipulations and referring to Refs. [31], the pres-

sure equation can be rewritten as,

∇ · ut = −∇ · λtK∇Pw −∇ · λnK∇Pc = qt. (3)
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Because this equation contents the capillary pressure which is a function

of saturation, it will be coupled with the following saturation equation to

calculate the pressure:

φ
∂Sw
∂t
− qw = ∇ · λwK∇Pw. (4)

However, the saturation is updated using the following form,

φ
∂Sw
∂t
− qw = −∇ · (fwua). (5)

where uw = fwua and ua = −λtK∇Pw .

2.1.4. Nanoparticles Transport:

Assuming that the nanoparticles exists only in the water phase of one size

interval. So, the transport equation of the nanoparticles in the water phase

is given as ([32, 33, 34, 35, 36, 37, 38, 39, 41, 42]),

φ
∂ (SwC)

∂t
+∇ · (uwC − φSwD∇C) = R +Qc, (6)

where C is the nanoparticles concentrations. D is the Brownian diffusion.

Qc is the rate of change of particle volume belonging to a source/sink term.

R is the net rate of loss of nanoparticles which is defined by,

R =
∂Cs1
∂t

+
∂Cs2
∂t

(7)
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2.1.5. Nanoparticles Surface Deposition:

The surface deposition is expressed by,

∂Cs1
∂t

=





γd|uw|C, uw ≤ ur

γd|uw|C − γe|uw − ur|Cs1, uw > ur

(8)

where Cs1 is the deposited nanoparticles concentration on the pore surfaces

of the porous medium. γd is the rate coefficients for surface retention of the

nanoparticles. γe is the rate coefficients for entrainment of the nanoparticles.

ur is the critical velocity of the water phase.

2.1.6. Nanoparticles Throat Entrapment:

The rate of entrapment of the nanoparticles is,

∂Cs2
∂t

= γpt|uw|C, (9)

where Cs2 is the entrapped nanoparticles concentration in pore throats and

γpt is the pore throat blocking constants.

2.2. Porosity and Permeability Variations

If a particle is larger than a pore throat may block at the pore throat

(for example in the case of nanopore) during nanoparticles transport. It may

cause blocking of the porous medium, or in general, it could cause changing in

porosity and permeability due to nanoparticles precipitation on the walls and
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throats of the pores. So, solid properties such as porosity and permeability

may be slightly changed due to nanoparticles precipitation on the walls and

throats of the pores. Therefore, it may be neglected in the regular cases but

in general, it is worth to investigate. The porosity variation may be defined

as,

φ = φ0 − δφ (10)

where φ0 is the initial porosity and,

δφ = Cs1 + Cs2, (11)

is the porosity change due to release or retention of nanoparticles. On the

other hand, the change in permeability due to nanoparticles deposition on

the pore–walls and entrapped in the pore–throats is represented as [33],

K = K0

[
(1− f) kf + f

φ

φ0

]l
, (12)

f = 1− γfCs2 (13)

where K0 is the initial permeability, kf is constant for fluid seepage, γf is the

coefficient of flow efficiency for the particles and 2.5 ≤ l ≤ 3.5 is constant.

For the nanoparticles transport carried by the fluid stream in the porous

media, deposition on pore surfaces and blockage in pore throats may occur.

The retained particles on pore surfaces may desorb for hydrodynamic forces,

and then possibly adsorb on other sites of the pore bodies or get entrapped

9



at other pore throats.

2.3. Initial and Boundary Conditions:

Consider the computational domain Ω with the boundary ∂Ω which is

subjected to Dirichlet ΓD and Neumann ΓN boundaries, where ∂Ω = ΓD∪ΓN

and ΓD ∩ ΓN = ø. At the beginning of the injection process, we have,

Sw = S0
w, C = Cs1 = Cs2 = 0 in Ω at t = 0, (14)

The boundary conditions are given as,

Pw (or Pn) = PD on ΓD, (15)

ut · n = qN , Sw = SN , C = C0, Cs1 = Cs2 = 0 on ΓN . (16)

where n is the outward unit normal vector to ∂Ω, PD is the pressure on ΓD

and qN the imposed inflow rate on ΓN , respectively.

2.4. Discrete-Fracture Model

In order to represent the fractures explicitly in the fractured porous me-

dia, we use the discrete-fracture model (DFM) [5, 45]. In the DFM, the

fracture gridcells are simplified as the matrix gridcell interfaces and the frac-

tures are surrounded by the matrix blocks. Thus, if the matrix gridcells are

of n-dimension, then, the fracture gridcells are of (n − 1)-dimension. The

domain is decomposed into the matrix domain, Ωm and fracture domain, Ωf.
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The pressure equation in the matrix domain is given by,

−∇ · λt,mKm∇Pw,m −∇ · λn,mKm∇Pc,m = qt,m, (17)

Assuming that the pressure and saturation along the fracture width are con-

stants, and by integration, the pressure equation in the fracture becomes,

−∇ · λt,fKf∇Pw,f −∇ · λn,fKf∇Pc,f = qt,f +Qt,f, (18)

The matrix-fracture interface condition is given by,

Pw,m = Pw,f, Pc,m = Pc,f, on ∂Ωm ∩ Ωf. (19)

where the subscript m represents the matrix domain, while the subscript f

represents the fracture domain. Qt,f is the mass transfer across the matrix-

fracture interfaces.

Similarly, the saturation equation in the matrix domain can be written

as,

φm
∂Sw,m
∂t

−∇ · λw,mKm∇Pw,m = qw,m, (20)

On the other hand, the saturation equation, will be used to rebuild the

coupling relationship between the pressure and saturation, in the fracture

system is given by,

φf
∂Sw,f
∂t
−∇ · λw,fKf∇Pw,f = qw,f +Qw,f, (21)
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where Qw,f represents the mass transfer across the matrix-fracture interfaces,

Qw,f = (λw,fKf∇Pw,f) · n.

where n is a normal unit vector from matrix to fracture. The second form of

the saturation equation which is used to update the saturation, is expressed

in the matrix domain as,

φm
∂Sw,m
∂t

+∇ · (fw,mua,m) = qw,m, (22)

and in the fracture domain it is given as,

φf
∂Sw,f
∂t

+∇ · (fw,fua,f) = qw,f + Q̂w,f, (23)

where Q̂w,f is given as,

Q̂w,f = (fw,fua,f) · n.

where n is a normal unit vector from matrix to fracture. The nanoparticles

transport equation in the matrix domain may be expressed as,

φm
∂ (Sw,mCm)

∂t
+∇ · (uw,mCm − φmSw,mD∇Cm) = Rm +Qc,m, (24)

where Cm is the nanoparticles concentrations in the matrix domain. Qc,m

is the rate of change of particle volume belonging to a source/sink term in

the matrix domain. Rm is the net rate of loss of nanoparticles in the matrix
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domain. On the other hand, the nanoparticles transport equation in the

fracture domain is given by,

φf
∂ (Sw,fCf)

∂t
+∇ · (uw,fCf − φfSw,fD∇Cf) = Rf +Qc,f +Qc,w,f, (25)

where Cf is the nanoparticles concentrations in the fracture domain. Qc,f is

the rate of change of particle volume belonging to a source/sink term in the

fracture domain. Rf is the net rate of loss of nanoparticles in the fracture

domain. Qc,w,f represents the rate of change of particle volume across the

matrix-fracture interfaces,

Qc,w,f = (uw,fCf − φfSw,fD∇Cf) · n.

where n is a normal unit vector from matrix to fracture. The interface

condition of the nanoparticles concentration is,

Cm = Cf, on ∂Ωm ∩ Ωf. (26)

The surface deposition in the matrix domain is given by,

∂Cs1,m
∂t

=





γd|uw,m|Cm, uw,m ≤ ur

γd|uw,m|Cm − γe|uw,m − ur|Cs1,m, uw,m > ur

(27)

where Cs1,m is the deposited nanoparticles concentration on the pore surfaces

13



of the matrix domain. Similarly, surface deposition in the fracture domain is

represented by,

∂Cs1,f
∂t

=





γd|uw,f|Cf, uw,f ≤ ur

γd|uw,f|Cf − γe|uw,f − ur|Cs1,f, uw,f > ur

(28)

where Cs1,f is the deposited nanoparticles concentration on the pore surfaces

of the fracture domain with the interface condition,

Cs1,m = Cs1,f, on ∂Ωm ∩ Ωf. (29)

Finally, the rate of entrapment of the nanoparticles in the matrix domain is

written as,

∂Cs2,m
∂t

= γpt|uw,m|Cm, (30)

where Cs2,m is the entrapped nanoparticles concentration in pore throats of

matrix domain. Also, the rate of entrapment of the nanoparticles in the

fractures is,

∂Cs2,f
∂t

= γpt|uw,f|Cf +QCs1,,m,f, (31)

where Cs2,f is the entrapped nanoparticles concentration in pore throats of

fracture with the following interface condition,

Cs2,m = Cs2,f, on ∂Ωm ∩ Ωf. (32)
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3. Multi-Scale Time-Splitting and Spatial Discretization

In the multiscale time splitting method, we employ a different time step

size for each time derivative term as they have different physics. For example,

the time-step size for the pressure can be taken larger than those of saturation

and nanoparticle concentrations. Also, the pressure in the fractures varies

more rapidly than the matrix domain, we use a smaller time step size for the

pressure in the fractures, and so on. For the spatial discretization, we use the

cell-centered finite difference (CCFD) method, which is locally conservative

and equivalent to the quadratic finite element method (see Ref. [44]). In

general, the current scheme can be used with other spatial discretization

schemes.

It is worthy to point out that the elliptic/parabolic components of the

equation system (i.e. the pressure equations here) should be treated implic-

itly because otherwise the explicit-stepping CFL condition usually requires

the time size less than O(h2), with h being the spatial mesh size, which is

too restrictive for our applications. The treatment of the hyperbolic compo-

nent of the equation system (i.e. the saturation equation), however, can be

implicit or explicit, or even semi-implicit. The explicit-stepping CFL condi-

tion for hyperbolic equation requires the time step to be Cth only, providing

possibility of explicit treatment. For convenience, in this paper we consider

explicit treatment of the saturation equation in both fractures and matrix.

We note that, there were works in the literature [48, 49] to use explicit time-

stepping for the saturation equation in matrix, but implicit treatment in
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fractures. This is because the CFL requirement of Cth has quite dramatic

difference constant Ct in fractures and in matrix, with usually much smaller

Ct in fractures as compared to it in matrix. Thus, one might want to use

implicit treatment in fractures to avoid the otherwise very restrictive time

step condition.

3.1. Multi-Scale Time-Splitting Approach for pressure

Now, let us introduce the time discretization for the pressure in the matrix

domain. We divide the total time interval [0, T ] into Np,m steps, i.e., 0 =

t0 < t1 < · · · < tNp,m = T and the time step length is 4ti = ti+1 − ti.

We use a smaller time step size for the pressure in the fractures because

the pressure in the fractures varies more rapidly than the pressure in the

matrix domain. Thus, we divide each subinterval (ti, ti+1] into Np,f sub-

subintervals as (ti, ti+1] =
⋃Np,f−1
j=0 (ti,j, ti,j+1], where ti,0 = ti and ti,Np,f = ti+1

and 4ti,j = ti,j+1 − ti,j.

Because the classical IMPES method is usually unstable, so, we employ

an implicit approach to treating capillary pressure [18]. In the following, b

refers to the boundary of the matrix gridcells K such that its area is |K|.

The flux across the boundary b of the gridcell K is denoted by ξ. On each

interface b ∈ ∂K ∩ ∂K ′, nb is the unit normal vector pointing from K to K ′.

|b| is the length of b and dK,K′ stands for the Euclidean distance between the

central points of the cells K and K ′. dK,b stands for the Euclidean distance

from the central points of the cell K and the cell boundary b. For the case b
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locating on the entire domain boundary, the pressure is provided by Dirichlet

boundary conditions if b ∈ ΓD, otherwise, the fluxes are determined by the

Neumann conditions if b ∈ ∂ΩN .

The pressure equation in the matrix domain and fractures is written,

respectively as,

−∇·λt(Siw,m)Km∇P i+1
w,m−∇·λn(Siw,m)Km∇((1−ω)P i

c,m+ωP i+1
c,m ) = qi+1

t,m , (33)

and

−∇ ·λt(Siw,f)Kf∇P i+1
w,f −∇ · λn(Siw,f)Kf∇((1−ω)P i

c,f +ωP i+1
c,f ) = qi+1

t,f +Qi+1
t,f .

(34)

where ω is the temporal discretization parameter. It is clear that the above

equation, (33), is reduced to the classical IMPES scheme if ω = 0. In (33)

and (34), λw, λn and λt in the pressure equations are treated explicitly. Now,

applying the CCFD scheme on (33), one obtains,

∑

b∈∂K
ξi+1
a,m,b +

∑

b∈∂K
((1− ω)ξic,m,b + ωξi+1

c,m,b) = qi+1
t,m,K |K|, (35)

If b ∈ ∂K ∩ ∂K ′ and b * Ωf, the fluxes in (35) are given by,

ξi+1
a,m,b = −|b|χit,b

P i+1
w,m,K′ − P i+1

w,m,K

dK,K′
, (36)
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ξic,m,b = −|e|χin,b
P i
c,m,K′ − P i

c,m,K

dK,K′
, (37)

ξi+1
c,m,b = −|b|χin,b

P i+1
c,m,K′ − P i+1

c,m,K

dK,K′
, (38)

where χit,b and χin,b are given by

χit,b =
dK,K′λit,m,Kλ

i
t,m,K′Km,KKm,K′

dK,bλit,m,K′Km,K′ + dK′,bλit,m,KKm,K

, (39)

χin,b =
dK,K′λin,m,Kλ

i
n,m,K′Km,KKm,K′

dK,bλin,m,K′Km,K′ + dK′,bλin,m,KKm,K

. (40)

On the other hand, if b ∈ Ωf ∩ ∂K ∩ ∂K ′ and b is a gridcell of the fracture

system, we have

ξi+1
a,m,b ≡ ξi+1

a,m,b,K = −|b|χit,mf,b

P i+1
w,f,b − P i+1

w,m,K

dK,b + ε
2

, (41)

ξic,m,b ≡ ξic,m,b,K = −|b|χin,mf,b

P i
c,f,b − P i

c,m,K

dK,b + ε
2

, (42)

ξi+1
c,m,b ≡ ξi+1

c,m,b,K = −|b|χin,mf,b

P i+1
c,f,b − P i+1

c,m,K

dK,b + ε
2

, (43)

where χit,mf,b and χin,mf,e are given by

χit,mf,b =
(dK,b + ε

2
)λit,f,Kλ

i
t,m,KKf,KKm,K

ε
2
λit,m,KKm,K + dK,bλit,f,KKf,K

, (44)

χin,mf,b =
(dK,b + ε

2
)λin,f,Kλ

i
n,m,KKf,KKm,K

ε
2
λin,m,KKm,K + dK,bλin,f,KKf,K

. (45)
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where ε is the fracture width. The above processes of deriving the equations

(35)-(45) can also be carried out for the reduced-dimensional fracture system.

Let b be a gridcell of the fracture network. The CCFD scheme is applied to

(34), and then we have

∑

γ∈∂b
ξi+1
a,f,γ +

∑

γ∈∂b
((1− ω)ξic,f,γ + ωξi+1

c,f,γ) = qi+1
t,f,b|b|+Qi+1

t,f,b|b|, (46)

where γ is the face of the gridcell b in the fracture network. ξ is the flux

across the boundary γ of the fracture gridcell b. The matrix-fracture transfer

is treated as a source term in the fracture system.

Qi+1
t,f,b = −(Qi+1

t,f,b,K +Qi+1
t,f,b,K′)/ε, (47)

Qi+1
t,f,b,K = ξi+1

a,m,b,K + (1− ω)ξic,m,b,K + ωξi+1
c,m,b,K , (48)

Qi+1
t,f,b,K′ = ξi+1

a,m,b,K′ + (1− ω)ξic,m,b,K′ + ωξi+1
c,m,b,K′ , (49)

where ξi+1
a,m,b, ξ

i
c,m,b and ξi+1

c,m,b are defined in (41)-(43).

Now, let us consider the interface connecting multiple fractures. Let Λγ

be the set composed of the fracture grid cells that are jointed by γ, the

discretization of the mass conservation equation is,

∑

b∈Λγ

(
ξi+1
a,f,γ,e + (1− ω)ξic,f,γ,b + ωξi+1

c,f,γ,b

)
= 0, (50)

where ξa,f,γ,b = ξa,f,γ|γ∈b and ξc,f,γ,b = ξc,f,γ|γ∈b.

19



Combining the formulations in the matrix domain and fracture network,

we obtain the discretization of total mass conservation equation given by




Ai
a,m,m Ai

a,m,f

Ai
a,f,m Ai

a,f,f






P i+1
w,m

P i+1
w,f


+




Ai
c,m,m Ai

c,m,f

Ai
c,f,m Ai

c,f,f








(1− ω)



P i
c,m

P i
c,f


+ ω



P i+1
c,m

P i+1
c,f








=




Qi+1
ac,m

Qi+1
ac,f


 . (51)

The capillary pressure Pc(S
i+1
w ) is linearized w.r.t. Siw as,

Pc(S
i+1
w ) ' Pc(S

i
w) + P ′c(S

i
w)(Si+1

w − Siw). (52)

The backward Euler is used for time discretization as,

Pm

Si+1
w,m − Siw,m

∆ti
−∇ · λw(Siw,m)Km∇P i+1

w,m = qi+1
w,m, (53)

and

Pf

Si+1
w,f − Siw,f

∆ti
−∇ · λw(Siw,f)Kf∇P i+1

w,f = qi+1
w,f +Qi+1

w,f . (54)
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The CCFD discretization can be represented by,

1

∆ti




Mm

Mf







Si+1
w,m − Siw,m

Si+1
w,f − Siw,f


+




Ai
w,m,m Ai

w,m,f

Ai
w,f,m Ai

w,f,f






P i+1
w,m

P i+1
w,f




=




Qi+1
w,m

Qi+1
w,f


 . (55)

Substituting (52) and (55) into (51), we obtain the coupled pressure equation

Ai
t



P i+1
w,m

P i+1
w,f


 = Qi

t, (56)

where

Ai
t =




Ai
a,m,m Ai

a,m,f

Ai
a,f,m Ai

a,f,f


− ω∆ti




Ai
c,m,m Ai

c,m,f

Ai
c,f,m Ai

c,f,f






P ′c(S

i
w,m)

P ′c(S
i
w,f)







M−1
m

M−1
f







Ai
w,m,m Ai

w,m,f

Ai
w,f,m Ai

w,f,f


 , (57)

and

Qi
t =




Qi+1
ac,m

Qi+1
ac,f


−




Ai
c,m,m Ai

c,m,f

Ai
c,f,m Ai

c,f,f






Pc(S

i
w,m)

Pc(S
i
w,f)


− ω∆ti




Ai
c,m,m Ai

c,m,f

Ai
c,f,m Ai

c,f,f






P ′c(S

i
w,m)

P ′c(S
i
w,f)







M−1
m

M−1
f







Qi+1
w,m

Qi+1
w,f


 . (58)
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The pressure equation in the fractures at each time subtime-step is given

by,

−∇·λt(Si,jw,f)Kf∇P i,j+1
w,f −∇·λn(Si,jw,f)Kf∇((1−ω)P i,j

c,f +ωP i,j+1
c,f ) = qi,j+1

t,f +Qi,j+1
t,f .

(59)

It is obtained by using the CCFD scheme to (59) that

∑

γ∈∂e
ξi,j+1
a,f,γ +

∑

γ∈∂e
((1− ω)ξi,jc,f,γ + ωξi,j+1

c,f,γ ) = qi,j+1
t,f,e |e|+Qi,j+1

t,f,e |e|, (60)

The matrix-fracture transfer is given by,

Qi,j+1
t,f,b = −(Qi,j+1

t,f,b,K +Qi,j+1
t,f,b,K′)/ε, (61)

Qi,j+1
t,f,b,K = ξi,j+1

a,m,e,K + (1− ω)ξi,jc,m,b,K + ωξi,j+1
c,m,b,K , (62)

Qi,j+1
t,f,e,K′ = ξi,j+1

a,m,b,K′ + (1− ω)ξi,jc,m,b,K′ + ωξi,j+1
c,m,b,K′ , (63)

where

ξi,j+1
a,m,b,K ≡ ξi,j+1

a,m,b = −|e|χi,jt,mf,b

P i,j+1
w,f,b − P i+1

w,m,K

dK,b + ε
2

, (64)

ξi,jc,m,b,K ≡ ξi,jc,m,b = −|b|χi,jc,mf,b

P i,j
c,f,b − P i,j

c,m,K

dK,b + ε
2

, (65)

ξi,j+1
c,m,b,K ≡ ξi,j+1

c,m,b = −|b|χi,jc,mf,b

P i,j+1
c,f,b − P i,j+1

c,m,K

dK,b + ε
2

, (66)
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along with

χi,jt,mf,b =
(dK,b + ε

2
)λi,jt,f,Kλ

i,j
t,m,KKf,KKm,K

ε
2
λi,jt,m,KKm,K + dK,bλ

i,j
t,f,KKf,K

, (67)

χi,jc,mf,b =
(dK,b + ε

2
)λi,jn,f,Kλ

i,j
n,m,KKf,KKm,K

ε
2
λi,jn,m,KKm,K + dK,bλ

i,j
n,f,KKf,K

. (68)

The treatment of the interface connecting multiple fractures is similar to

(49). Therefore, in the time step used for the pressure in the fractures, we

solve the following pressure equation

Ai,j
t,fP

i,j+1
w,f = Qi,j

t,f , (69)

where

Ai,j
t,f = Ai,j

a,f,f − ω∆ti,j
(
Ai,j
c,f,fP

′
c(S

i,j
w,f)M

−1
f Ai,j

w,f,f + Ai,j
c,f,mP

′
c(S

i,j
w,m)M−1

m Ai,j
w,m,f

)
,

(70)

and

Qi,j
t,f = Qi,j+1

ac,f −Ai,j
a,f,mP

i+1
w,m

+ω∆ti,j
(
Ai,j
c,f,mP

′
c(S

i,j
w,m)M−1

m Ai,j
w,m,m + Ai,j

c,f,fP
′
c(S

i,j
w,f)M

−1
f Ai,j

w,f,m

)
P i+1
w,m

−Ai,j
c,f,mPc(S

i,j
w,m)−Ai,j

c,f,fPc(S
i,j
w,f)

−ω∆ti,j
(
Ai,j
c,f,mP

′
c(S

i,j
w,m)M−1

m Qi+1
w,m + Ai,j

c,f,fP
′
c(S

i,j
w,f)M

−1
f Qi+1

w,f

)
. (71)

In the above equations, the inverse of Mm and Mf is not expensive as

they are diagonal. In the time step (ti, ti+1), we solve the linear system
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(56) implicitly to obtain the pressure P i+1
w,m, and then in the time substep

(ti,j, ti,j+1) compute P i,j+1
w,f by solving (69).

Once the pressures P i+1
w,m and P i,j+1

w,f is obtained, the fluxes can be evaluated

as described below. For a boundary b of matrix gridcell K, nb is the unit

normal vector pointing towards outside K. If e ∈ ∂K ∩ ∂K ′ and b * Ωf,

ξi,j+1
a,m,b = −|b|χi,jt,b

P i+1
w,m,K′ − P i+1

w,m,K

dK,K′
, (72)

where

χi,jt,b =
dK,K′λi,jt,m,Kλ

i,j
t,m,K′Km,KKm,K′

dK,bλ
i,j
t,m,K′Km,K′ + dK′,bλ

i,j
t,m,KKm,K

. (73)

If b ∈ Ωf ∩ ∂K ∩ ∂K ′ and b is a fracture gridcell.

3.2. Multi-scale Time-Stepping for the Saturation Equation

The forward Euler scheme is used for time discretization of the saturation

equation. in each time step used for the pressure in the fracture [17, 46, 18].

Now, let us divide the time-step (ti,j, ti,j+1] of the fractures pressure into

Ns,m sub-steps such that (ti,j, ti,j+1] =
⋃Ns,m−1
k=0 (ti,j,k, ti,j,k+1], ti,j,0 = ti,j and

ti,j,Ns,m = ti,j+1. This time discretization is employed for the saturation in the

matrix domain. Moreover, we use a smaller time-step size for the fracture

saturation. Thus, we partition the time-step, (ti,j,k, ti,j,k+1] into Ns,f time

sub-steps as (ti,j,k, ti,j,k+1] =
⋃Ns,f−1

l=0 (ti,j,k,l, ti,j,k,l+1], where ti,j,k,0 = ti,j,k and

ti,j,k,Ns,f = ti,j,k+1. Both the saturation equation in the matrix domain and in
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the fractures network are solved explicitly as follows,

φm

Si,j,k+1
w,m − Si,j,kw,m

∆ti,j,k
+∇ · (f i,j,kw,mui,j+1

a,m ) = qi,j,kw,m, (74)

and

φf

Si,j,k,l+1
w,f − Si,j,k,lw,f

∆ti,j,k,l
+∇ · (f i,j,k,lw,f ui,j+1

a,f ) = qi,j,k,lw,f +Qi,j,k
w,f . (75)

where 4ti,j,k = ti,j,k+1 − ti,j,k and 4ti,j,k,l = ti,j,k,l+1 − ti,j,k,l. We use the

upwind CCFD method to discretize the saturation equation (74),

|K|φm,K

Si,j,k+1
w,m,K − Si,j,kw,m,K

∆ti,j,k
+
∑

b∈∂K
f i,j,kw,b ξ

i,j+1
a,m,b = qi,j,kw,m,K |K|. (76)

Let b be the interface between the matrix gridcells K and K ′; that is, b =

∂K ∩ ∂K ′. If b * Ωf, the term fw,b in (76) is given by,

f i,j,kw,b =





f i,j,kw,m,K , ξi,j+1
a,m,b > 0,

f i,j,kw,m,K′ , ξi,j+1
a,m,b < 0.

(77)

If b ⊆ Ωf is a gridcell of the fracture network, the term fw,b in (76) becomes,

f i,j,kw,b =





f i,j,kw,m,K , ξi,j+1
a,m,b > 0,

f̂ i,j,kw,f,b, ξi,j+1
a,m,b < 0,

(78)
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where

f̂ i,j,kw,f,b =
1

Ns,f

Ns,f−1∑

l=0

f i,j,k,l+1
w,f,b + f i,j,k,lw,f,b

2
. (79)

It is analogous to discretize the saturation equation in the fracture system

as

|b|φf,b

Si,j,k,l+1
w,f,b − Si,j,k,lw,f,b

∆ti,j,k,l
+
∑

γ∈∂b
f i,j,k,lw,γ ξi,j+1

a,f,γ = qi,j,k,lw,f,γ |e|+Qi,j,k,l
w,f,b |b|, (80)

where b is a gridcell of the fracture network. Let γ = ∂b∩ ∂b′ where b and b′

are the fracture gridcells, then we have

f i,j,k,lw,γ =





f i,j,k,lw,f,b , ξi,j+1
a,f,γ > 0,

f i,j,k,lw,f,b′ , ξi,j+1
a,f,γ < 0.

(81)

The volumetric transfer across the matrix-fracture interface b is given by

Qi,j,k,l
w,f,b = −(f i,j,k,lw,b,Kξ

i,j+1
a,m,b,K + f i,j,k,lw,b,K′ξ

i,j+1
a,m,b,K′)/ε, (82)

where

f i,j,k,lw,b,K =





f i,j,kw,m,K , ξi,j+1
a,m,b,K > 0,

f i,j,k,lw,f,b , ξi,j+1
a,m,b,K < 0.

(83)

In the above equations, the fluxes are obtained after solving the pressure

equation.

To explicitly update of the saturation in the fractures, we use the previ-
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ous matrix saturation in the matrix-fracture interfaces, and then obtain the

matrix-vector form of (80),

1

∆ti,j,k,l
Mf

(
Si,j,k,l+1
w,f − Si,j,k,lw,f

)
+ Ai,j+1

s,f,f fi,j,k,lw,f + Ai,j+1
s,f,m fi,j,kw,m = Qi,j,k,l

s,f . (84)

After Ns,f smaller time steps, we update the saturation in the matrix domain

by employing the following matrix-vector form of (75) as,

1

∆ti,j,k,l




Mm

Mf







Si,j,k,l+1
w,m − Si,j,k,lw,m

Si,j,k,l+1
w,f − Si,j,k,lw,f


+




Ai,j+1
s,m,m Ai,j+1

s,m,f

Ai,j+1
s,f,m Ai,j+1

s,f,f







fi,j,k,lw,m

fi,j,k,lw,f




=




Qi,j,k,l
s,m

Qi,j,k,l
s,f


 . (85)

1

∆ti,j,k
Mm

(
Si,j,k+1
w,m − Si,j,kw,m

)
+ Ai,j+1

s,m,mf
i,j,k
w,m + Ai,j+1

s,m,f f̂
i,j,k

w,f = Qi,j,k
s,m . (86)

In (85) and (86), Ai,j+1
s,m,f and Ai,j+1

s,f,m indicate the interconnections of the

saturation in the matrix blocks and fracture system.

3.3. Multi-scale explicit time-stepping for the concentration equation

On the other hand, as the nanoparticles concentrations vary more rapidly

than the pressures (we assume a similar level of saturation discretization).

We also use a smaller time-step size for the concentrations in matrix do-

main and the smallest time-step size for the concentrations in fractures. The
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backward Euler time discretization is used for the equations of concentra-

tion and the deposited nanoparticles concentration on the pore–walls and

entrapped nanoparticles concentration in the pore–throats. Therefore, the

system of governing equations, (3), (5), (6), (10) and (11), is solved based on

the adapted multiscale time-splitting technique. Therefore, the nanoparti-

cles concentration, deposited nanoparticles concentration on the pore–walls

and entrapped nanoparticles concentration in the pore–throats in the matrix

domain are computed implicitly as follow,

φm

(
Ci,j,k
s1,m, C

i,j,k
s2,m

) Si,j,k+1
w,m Ci,j,k+1

m − Si,j,kw,mC
i,j,k
m

∆ti,j,k
+

∇ ·
{
ui+1
w,mC

i,j,k+1
m − φm

(
Ci,j,k
s1,m, C

i,j,k
s2,m

)
Si,j,k+1
w,m D

(
Ci,j,k
s1,m, C

i,j,k
s2,m

)
∇Ci,j,k+1

m

}
=

R
(
ui+1
w,m, C

i,j,k+1
m , Ci,j,k

s1,m

)
+Qi,j,k+1

c,m , (87)

Ci,j,k+1
s1,m − Ci,j,k

s1,m

∆ti,j,k
=





γd|uk+1
w,m|Ci,j,k+1

m , ui+1
w,m ≤ ur

γd|uk+1
w,m|Ci,j,k+1

m − γe|uk+1
w,m − ur|Ci,j,k+1

s1,m , ui+1
w,m > ur

(88)

and,
Ci,j,k+1
s2,m − ci,j,ks2,m

∆ti,,j,k
= γpt|uk+1

w,m|Ci,j,k+1
m (89)

In the same manner, we consider the variations of nanoparticles concen-

trations in the fractures are faster than those in the matrix domain. So,
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the nanoparticles concentration, the deposited nanoparticles concentration

on the pore–walls and entrapped nanoparticles concentration in the pore–

throats in the fractures are expressed as follow,

φf

(
Ci,j,k,l
s1,f , Ci,j,k,l

s2,f

) Si,j,k,l+1
w,f Ci,j,k,l+1

f − Si,j,k,lw,f Ci,j,k,l
f

∆ti,j,k,l
+

∇ ·
{
ui+1
w,f C

i,j,k,l+1
f − φf

(
Ci,j,k,l
s1,f , Ci,j,k,l

s2,f

)
Si,j,k,l+1
w,f D

(
Ci,j,k,l
s1,f , Ci,j,k,l

s2,f

)
∇Ci,j,k,l+1

f

}
=

R
(
ui+1
w,f , C

i,j,k,l+1
f , Ci,j,k,l

s1,f

)
+Qi,j,k,l+1

c,f +Qi,j,k,l+1
c,m,f , (90)

Ci,j,k,l+1
s1,f − Ci,j,k,l

s1,f

∆ti,j,k
=





γd|uk+1
w,f |Ci,j,k,l+1

f , ui+1
w,f ≤ ur

γd|uk+1
w,f |Ci,j,k,l+1

f − γe|uk+1
w,f − ur|Ci,j,k,l+1

s1,f , ui+1
w,f > ur

(91)

and,
Ci,j,k,l+1
s2,f − ci,j,ks2,f

∆ti,,j,k,l
= γpt|uk+1

w,f |Ci,j,k,l+1
f (92)

We use the upwind CCFD method to discretize the concentration equa-

tion (87),

|K|φm,K

Si,j,k+1
w,m,KC

i,j,k+1
m,K − Si,j,kw,m,KC

i,j,k
m,K

∆ti,j,k
+
∑

b∈∂K
Ĉi,j,k+1
m,K Fi,j+1

a,m,b +
∑

b∈∂K
Fi,j,k+1
D,m,b =

R
(
ui+1
w,m, C

i,j,k+1
m , Ci,j,k

s1,m

)
|K|+Qi,j,k+1

c,m,K |K|. (93)

Fi,j+1
w,m,b = ui,j+1

w,m,b|b|
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Let b be the interface between the matrix gridcells K and K ′; that is, b =

∂K ∩ ∂K ′. If b * Ωf, the term Ĉi,j,k+1
m,K in (93) is given by,

Ĉi,j,k+1
m,K =





Ci,j,k
m,K , Fi,j+1

w,m,b > 0,

Ci,j,k
m,K′ , Fi,j+1

w,m,b < 0.
(94)

Now for the diffusion term; if b ∈ ∂K ∩∂K ′ and b * Ωf, the fluxes in (93)

are given by,

Fi,j,k+1
D,m,b = −|b|χi,j,k+1

t,b

Ci,j,k+1
m,K′ − Ci,j,k+1

m,K

dK,K′
, (95)

where χi,j,kt,b is given by the harmonic mean as,

χi,j,k+1
t,b =

dK,K′Di,j,k
m,KD

i,j,k
m,K′φ

i,j,k
m,Kφ

i,j,k
m,K′S

i,j,k+1
w,m,K S

i,j,k+1
w,m,K′

dK,bD
i,j,k
m,K′φ

i,j,k
m,K′S

i,j,k+1
w,m,K′ + dK′,bD

i,j,k
m,Kφ

i,j,k
m,KS

i,j,k+1
w,m,K

, (96)

On the other hand, if b ∈ Ωf∩∂K ∩∂K ′ and b is a gridcell of the fracture

system, we have,

Fi,j,k,l+1
D,m,b ≡ Fi,j,k+1

D,m,b,K = −|b|χi,j,kt,mf,b

Ci,j,k+1
f,b − Ci,j,k+1

m,K

dK,b + ε
2

, (97)

where χi,j,k,l+1
t,mf,b is defined as,

χi,j,k,l+1
t,mf,b =

(dK,b + ε
2
)Di,j,k

m,KD
i,j,k
f,K φi,j,km,Kφ

i,j,k
f,K Si,j,k+1

w,m,K S
i,j,k,l+1
w,f,K

ε
2
Di,j,k

m,Kφ
i,j,k
m,KS

i,j,k+1
w,m,K + dK,bD

i,j,k
f,K φi,j,kf,K Si,j,k,l+1

w,f,K

, (98)

It can be noted that in the presence of counter-current flows resulted

from capillarity between matrix-fracture, the capillary pressure has a clear
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contribution in the transfer fluxes as shown in (37), (38), (42), (43), (48), (49),

(62), (63), (65) and (66). On the hand, for the counter-current flows resulted

from gravity between matrix-fracture, all the transfer fluxes that define in

terms of the pressure Pα, and the capillary pressure Pc, will be changed to

be functions of their corresponding potentials, Φα and Φc, instead of Pα and

Pc such that,

Φα = Pα + ραgz,

and

Φc = Pc + (ρn − ρw)gz.

Therefore,

ua = −λtK∇Φw,

and

uc = −λnK∇Φc

4. Time-Steps Adaptation

Alternative to the manual implementation of the multi-stepping process,

we can provide adaptive multi-stepping by verifying the Courant-Friedrichs-

Lewy (CFL) condition to guarantee its satisfactory (i.e. CFL<1). Now, let

us define the following CFLs,

CFLm,x =
ux∆t

i,j,k

∆x
, (99)
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CFLm,y =
uy∆t

i,j,k

∆y
, (100)

for saturation and concentration in matrix blocks, and,

CFLf,x =
ux∆t

i,j,k,l

∆x
, (101)

and

CFLf,y =
uy∆t

i,j,k,l

∆y
, (102)

for for saturation and concentration in fractures. In implementation, each

step we check if CFLm,x > 1 or CFLm,y > 1, the time-step of satura-

tion/concentration in matrix will be divided by 2 and the CFLm,x and CFLm,y

will be recalculated. This procedure will be repeated until satisfying the

condition CFLm,x < 1 and CFLm,y < 1, then the final adaptive time-step

saturation/concentration in matrix will be obtained. Similarly, we check if

the condition, CFLf,x > 1 or CFLf,y > 1 is satisfied, the time-step of satu-

ration/concentration in fractures will be divided by 2, then, we recalculate

both CFLf,x and CFLf,y. We repeat this procedure to satisfy the condition

CFLf,x < 1 and CFLf,y < 1, to get the final adaptive time-step satura-

tion/concentration in fractures.

We consider the following test to show how this scheme works. We select

two different values of the number of steps of the outer loop, i, to be: (i=50,

Fig. 1; i=100, Fig. 2). In these two figures, the adaptive time-step sizes, ∆tk

and ∆tl are plotted against the number of steps of the outer loop i and the
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Figure 1: Adaptive time-step sizes, ∆t = ∆tk (upper) and ∆t = ∆tl (lower), against the
number of steps of the outer loop i and the number of the inner loops k and l: Case 1
(∆ti=50).

number of the inner loops k and l. It can be seen from these figures (Fig. 1

– Fig. 2) that the behavior of adaptive ∆tk and ∆tl are very similar. This

may be because of the velocity is large and dominate the CFL. Also, both

∆tk and ∆tl start with large values then they gradually become smaller and

smaller as i increases. On the other hand, for the two cases when i=50, 100,

∆tk and ∆tl are small when k and l are small, then they increase to reach a

peak, and they are gradually decreasing.

5. Numerical Tests

In order to demonstrate the efficiency of the proposed scheme, we provide

three numerical examples. Now, let us introduce some physical parameters
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Figure 2: Adaptive time-step sizes, ∆t = ∆tk (upper) and ∆t = ∆tl (lower), against the
number of steps of the outer loop i and the number of the inner loops k and l: Case 2
(∆ti=100).
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that used in the numerical tests. The normalized saturation S is defined as,

Se =
Sw − Srw

1− Srw − Srn
, (103)

where Srw and Srn are the residual saturations of the wetting and non-wetting

phases, respectively. The capillary pressure function which is a function of

the normalized saturation, [31, 47] is given by,

pc(Sw) = −Pd ln(S), (104)

where Pd is the entry pressure. Also, the relative permeabilities of two phases

are functions of the normalized saturation, are defined as,

krw = Sd, (105)

krn = (1− S)d, (106)

where d is a positive integer.

A domain of dimensions 10 m × 10 m × 1 m is employed for Examples 1

and 2, and each of them is composed of two fractures but they have different

orientation (see Figs. 3 and 4. However, in Example 3, the domain has the

dimensions, 20 m × 15 m × 1 m with multiple interconnected fractures as

shown in Fig. 5. In Table 1, the physical and computational parameters are

given.
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Figure 3: Distribution of fractures: Example 1.

Figure 4: Distribution of fractures: Example 2.
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Table 1: Physical and computational parameters of Examples 1-3.

Parameter Example 1 Example 2 Examples 3
Domain dimensions (m) 10× 10× 1 10× 10× 1 20× 15× 1
Fracture aperture (m) 0.01 0.01 0.01
φm 0.2 0.2 0.15
φf 1 1 1
Km (md) 1 1 50
Kf (md) 105 106 106

µw (cP) 1 1 1
µn (cP) 0.5 0.65 0.6
d 3 3 2
Pd,m (bar) 0.15 0.1 0.003
Pd,f (bar) 10−3 10−4 10−4

Srw 0 0 0
Srn 0 0 0
Injection rate (PVI) 0.2 0.15 0.2
ω 1 1 0.5
Total gridcells 2704 2704 3300
∆t (days) 0.9827 1.6846 1.9010
Np,f 2 3 8
Ns,m 6 5 5
Ns,f 1 3 2
c0 0.1 0.1 0.1
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Figure 5: Distribution of fractures: Example 3.

The injection of the nanoparticles-water suspension into an oil reservoir

is used to enhance oil recovery. In this example, we simulate the displace-

ment process of oil by injecting the nanoparticles-water suspension with a

rate of 0.2 pore volume injection (PVI) until 0.35 pore volume (PV). The

nanoparticles concentration in the water is c0 = 0.1 on the west boundary of

the fractured domain. The permeability distribution of the fracture-matrix

of example 1 is shown in Fig. 3. The physical and computational parameters

are presented in Table 1. The permeability in the fractures is 105 md and in

the matrix is 1 md, while, the viscosity of the oil is 0.5 cP. The total number

of gridcells of matrix and fractures in example 1, is 2704. Also, Table 1 shows

the outer (matrix pressure) time-step size ∆t = 0.9827 and other levels of

the multiple sub-timing numbers, namely, Np,f = 2, Ns,m = 6 and Ns,f = 1.

These choices are sufficient for obtaining stable solutions by the proposed
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multi-scale time strategy. Fig. 6 shows the water saturation distribution in

the domain at 0.35 PV. From this figure, we may observe that the fluid moves

rapidly inside the fractures and start to imbibe into the matrix at the end of

the fracture faster than its beginning. The nanoparticles concentration dis-

tribution at 0.35 PV is presented in Fig. 7. As nanoparticles are carried by

the water, the distribution of the nanoparticles concentration in the reservoir

is very similar to the distribution of the water saturation. Moreover, the dis-

tribution of the concentration of deposited nanoparticles, cs1 is illustrated in

Fig. 8. It can be seen from this figure that cs1 in the fracture is much higher

than it in the matrix. Finally, the variations in both permeability and poros-

ity of the fractured-medium due to nanoparticles adhering are presented in

Figs. 9 and 10, respectively.

Figure 6: Distribution of the nanoparticles-water suspension saturation at 0.35 PV: Ex-
ample 1.
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Figure 7: Distribution of the nanoparticles concentration at 0.35 PV: Example 1.

In Example 2, we have two interconnected fractures in the porous medium

(see Fig. 4). The permeability in the matrix is 1 md and in fractures is 106

md, while, the viscosity of the oil is taken as 0.65 cP. The total number of

matrices and fractures gridcells is 2704. In this example, the water injection

rate is 0.15 PVI until 0.45 PV. The matrix-pressure time-step size is taken

as ∆t = 1.6846 and other levels of the multiple sub-timing numbers, namely,

Np,f = 3, Ns,m = 5 and Ns,f = 3. More data and parameters can be found in

Table 1. Also, we use the boundary nanoparticles concentration, c0 = 0.1,

on the west boundary of the fractured domain. The nanoparticles-water sus-

pension saturation distribution in the fractured medium at 0.45 PV is shown

in Fig. 11. This figure indicates that the nanoparticles-water suspension
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Figure 8: Distribution of the deposited nanoparticles concentration at 0.35 PV: Example
1.

Figure 9: Distribution of the permeability variation at 0.35 PV: Example 1.
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Figure 10: Distribution of the porosity of variation at 0.35 PV: Example 1.

transfers rapidly in the horizontal fracture into the other side of the frac-

tured domain. So, fractures enhance the water distribution in the fractured

medium. Also, the nanoparticles concentration profiles are shown in Fig. 12,

while, Fig. 8 illustrates the distribution of the deposited nanoparticles con-

centration, cs1. So, from these figures, we may again conclude that fractures

exist in the medium enhance the distribution of the nanoparticles concen-

tration. Moreover, the distribution of permeability and porosity variations

are shown in Figs. 14 and 15, respectively. It is clear from these two figures

that the permeability and the porosity variation are related to the deposited

nanoparticles in the fractured medium.
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Figure 11: Distribution of the nanoparticles-water suspension saturation at 0.45 PV: Ex-
ample 2.

Figure 12: Distribution of the nanoparticles concentration at 0.45 PV: Example 2.
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Figure 13: Distribution of the deposited nanoparticles concentration at 0.45 PV: Example
2

Figure 14: Distribution of the permeability variation at 0.45 PV: Example 2.
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Figure 15: Distribution of the porosity variation at 0.45 PV: Example 2.

In Example 3, we consider a network composed of multiple interconnected

fractures in the porous medium as shown in Fig. 5. The permeability in the

matrix is 1 md, while, in fractures is 106 md. The oil viscosity is 0.6 cP.

The total number of gridcells is 3300. The water injection rate is 0.2 PVI

until 0.45 PV. The matrix-pressure time-step size is taken as ∆t = 1.9010,

Np,f = 8, Ns,m = 5 and Ns,f = 2. Other physical and computational data

used in this example is provided in Table 1. For Example 3, the distribution

of the nanoparticles-water suspension in the fractured medium at 0.5 PV is

shown in Fig. 16. It can be noted from this figure that the nanoparticles-

water suspension moves rapidly in the horizontal fractures. Fig. 17 shows the

nanoparticles concentration in the fractured medium at 0.5 PV. Moreover,

the distribution of the deposited nanoparticles concentration is presented in
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Fig. 18.

Figure 16: Distribution of the nanoparticles-water suspension saturation at 0.5 PV: Ex-
ample 3.

6. Conclusions

In this paper, we studied the nanoparticles transport in two–phase flow in

fractured porous media using multiscale time-stepping method. We used the

IMPES-IMC scheme to solve the governing equations, and the CCFD method

was used in the spatial discretization. A large time-step size is used in the ma-

trix domain, while a smaller one is used in the fractures. The time-step of the

pressure in fractures is partitioned into smaller subtime-steps, therefore, we
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Figure 17: Distribution of the nanoparticles concentration at 0.5 PV: Example 3.
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Figure 18: Distribution of the deposited nanoparticles concentration at 0.5 PV: Example
3.
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update the saturation in the same level of time-discretization explicitly. Sim-

ilarly, the saturation concentration, deposited concentration, and entrapped

concentration have a bigger time-stepping in the matrix blocks, while finer

ones in the fractures. In order to show the efficiency of the proposed scheme,

three numerical examples with different configurations are provided. The

nanoparticles-water suspension transfers rapidly through the fractures. So,

existence of fractures in the oil-reservoir enhances the water distribution and

therefore the oil recovery in the fractured medium.
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