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Highlights

• Algorithms for bi-criteria optimization of decision trees are created.

• We compare twenty greedy heuristics for bi-criteria optimization of deci-
sion trees.

• We discover very small number of Pareto Optimal Points for an optimiza-
tion problem.
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Bi-Criteria Optimization of Decision Trees with
Applications to Data Analysis
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Abstract

This paper is devoted to the study of bi-criteria optimization problems for de-
cision trees. We consider different cost functions such as depth, average depth,
and number of nodes. We design algorithms that allow us to construct the set of
Pareto optimal points (POPs) for a given decision table and the corresponding
bi-criteria optimization problem. These algorithms are suitable for investigation
of medium-sized decision tables. We discuss three examples of applications of
the created tools: the study of relationships among depth, average depth and
number of nodes for decision trees for corner point detection (such trees are
used in computer vision for object tracking), study of systems of decision rules
derived from decision trees, and comparison of different greedy algorithms for
decision tree construction as single- and bi-criteria optimization algorithms.

Keywords: Multiple criteria analysis, bi criteria optimization, Dynamic
programming, Decision trees, Pareto optimal points, Heuristics

1. Introduction

Decision trees are widely used as classifiers [1, 9, 15] where a decision tree is
considered as a model of a data and is used to predict the value of the decision
attribute for a new object given by values of conditional attributes. In this
paper, we concentrate on the two other areas of applications where decision
trees are considered as algorithms for problem solving [21] and as tools for data
mining and knowledge representation [31].

When decision trees are considered as algorithms, we are interested in mini-
mizing the depth of decision trees (worst-case time complexity), average depth of
decision trees (average-case time complexity), and number of nodes in decision
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trees (space complexity). It is natural to study not only single- but also bi-
criteria optimization of decision trees. Note that the question about space-time
tradeoff in universal models of computation as well as non-universal models such
as branching programs and decision trees was studied by many authors [6, 8].

When decision trees are considered as tools for knowledge representation the
goal is to have a comprehensive tree. The standard way is to try to construct a
decision tree with minimum number of nodes. However, the depth of decision
trees is also important since we need to understand conjunctions of conditions
corresponding to paths in decision trees from the root to terminal nodes.

Another example of decision tree usage, where bi-criteria optimization is
required, is connected with induction of decision rules from the decision trees [25,
30]: the number of rules is equal to the number of terminal nodes in the tree
and the maximum length of a rule is equal to the depth of the tree.

The mentioned single- and bi-criteria optimization problems are compli-
cated. In particular, the following problems are NP-hard for exact decision
trees: minimization of the average depth [17], minimization of the depth and
number of nodes (see, for example [11]), minimization of the number of termi-
nal/nonterminal nodes (follow directly from the results obtained in [11]). Based
on results from [35] it is possible to prove that the problem of minimization of
the depth of approximate decision trees is also NP-hard.

Using extensions of the dynamic programming, we can solve the considered
bi-criteria optimization problems in a way which is better than the exhaustive
search. We construct a directed acyclic graph (DAG) such that the nodes of
graph are subtables of the initial decision table given by conditions “attribute
= value”. For each node (subtable) of the DAG, we construct the set of Pareto
optimal points (POPs) for the considered bi-criteria optimization problem. We
also show how to describe relationships between two criteria using the con-
structed set of POPs.

The main peculiarities of the considered bi-criteria optimization problems
are the following: the number of decision trees under consideration can be huge
but the number of POPs for the mentioned cost functions is comparable with
the size of the input decision table. In particular, if one of the cost functions is
the depth of decision trees, then the number of POPs is at most the number of
conditional attributes in the input table plus one. For example, for the decision
table breast-cancer from UCI Machine Learning Repository [18] (see Table 2)
with 266 rows and 10 conditional attributes, the number of exact decision trees
is equal to 7.3× 1088, but the number of POPs for the bi-criteria optimization
problem related to the depth and number of terminal nodes is equal to one.

The designed algorithms which were adapted to these peculiarities allow us
to construct the set of POPs for medium-sized decision tables. For example,
the largest decision table box-20 used in experiments described in this paper
contains 16 conditional attributes and 81,900 rows (see Table 1). Experiments
described in this paper (construction of the set of Pareto optimal points for a
decision table) required usually few minutes and, rarely, few hours. In the worst
case, these algorithms have exponential time complexity. However, in [23, 22]
the classes of decision tables over so-called restricted information systems were
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described for which the considered algorithms have polynomial time complexity
depending on the size of decision tables.

Another limitation of the designed algorithms is that they work with decision
tables containing only categorical attributes, and these attributes are used as
they are: if a node in a decision tree is labeled with an attribute then this node
has an outgoing edge for each possible value of the considered attribute.

We discuss three examples of applications of the constructed algorithms.
First, we study the set of Pareto optimal points and corresponding tradeoffs
for each pair of cost functions depth, average depth and number of nodes for
the corner point detection problem. This problem is known in computer vision
and is connected with tracking of objects [32, 33]. Earlier, we have shown that
the average depth of decision trees for this problem constructed by dynamic
programming algorithm is, on the average, 7% less in comparison with the best
results obtained by greedy algorithms [3].

The second example of applications of the algorithms presented in this paper
is devoted to the study of decision rule systems derived from decision trees
[25, 30]: we study relationships between depth and number of terminal nodes in
decision trees which correspond to relationships between maximum length and
number of rules in derived systems.

The first two applications should be considered mainly as illustrative ex-
amples since we can work efficiently only with medium-sized decision tables.
However, we found a number of interesting results. In particular, in many cases
the set of POPs contains the only one point. It means that there exists a de-
cision tree which is optimal relative to the both criteria simultaneously (totally
optimal decision tree relative to these criteria).

The third example of applications is connected with the evaluation of 20
approximate greedy algorithms for decision tree construction as algorithms for
single- and bi-criteria optimization. These algorithms are essentially faster than
dynamic programming algorithms and have polynomial time complexity de-
pending on the size of decision tables. If we consider single-criterion optimiza-
tion, it is easy to compare heuristics by comparing the obtained results. For
the case of two criteria, the results obtained by heuristics can be incomparable.
However, if we know the set of POPs, we can find the minimum distance from
a point corresponding to a heuristic to a POP and compare heuristics based on
these distances. It is easy to derive minimum values of cost functions from the
set of POPs. As a result, we can compare not only the costs of trees constructed
by heuristics but also average relative differences of costs of trees constructed
by heuristics and optimal trees. It is interesting that, in some cases, the best for
bi-criteria optimization heuristic is not good for single-criterion optimization.

The usual dynamic programming approach for single-criterion optimization
of decision trees was created earlier by Garey [14] (see also [19, 34]). In [10,
16], we considered relationships for different pairs of cost functions for decision
trees separately with individual algorithm for each pair of cost functions. The
papers of other authors devoted to bi-criteria optimization of decision trees
consider mainly the classification accuracy and the size of decision trees (often
training error and number of nodes, respectively) [7]. Most of the bi-criteria
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optimization algorithms are evolutionary in nature [5, 26, 36] or are based on
related techniques such as particle swarm optimization [12]. These and other
approaches [13] do not guarantee the construction of the set of POPs, they even
cannot guarantee that the constructed points are Pareto optimal.

The novelty of this paper lies in (i) the creation of algorithms for bi-criteria
optimization of decision trees, (ii) the comparison of 20 greedy heuristics as
algorithms for bi-criteria optimization of decision trees, and (iii) the discovery
of abnormally small number of POPs for bi-criteria optimization problem for
decision trees relative to the depth and number of terminal nodes.

The created tools can be used for the study of complexity of algorithms
represented in the form of decision trees [2] and for the study of decision trees
as a way for knowledge representation. In particular, these tools can be useful
in the rough set theory and its applications [27, 28, 29] where decision trees are
widely used.

This paper consists of nine sections and appendix. In Section 2, we discuss
the notions of decision tables, uncertainty measures, decision trees, and cost
functions for decision trees. Section 3 is devoted to the study of the algorithm
for construction of DAG. In Section 4, we discuss two auxiliary algorithms for
processing of POPs. Section 5 is devoted to the study of bi-criteria optimiza-
tion problems for decision trees. We discuss time complexity of the two main
algorithms in Section 6. In Sections 7 and 8, we consider three examples of
applications and conclude the paper in Section 9. The appendix contains proofs
of some statements presented in the paper.

2. Decision Tables and Decision Trees

In this section, we consider the notions of decision tables, uncertainty mea-
sures, decision trees, and cost functions for decision trees.

2.1. Decision Tables

In this section, we discuss the notions of decision table and separable subtable
of decision table, and consider some parameters of decision tables including their
size.

A decision table is a rectangular table T with n ≥ 1 columns filled with
numbers from the set ω = N ∪ {0} = {0, 1, 2, . . .} of nonnegative integers.
Columns of the table are labeled with conditional attributes f1, . . . , fn. Rows of
the table are pairwise different, and each row is labeled with a number from ω
which is interpreted as a decision (a value of the decision attribute d). Rows of
the table are interpreted as tuples of values of conditional attributes.

A decision table is called empty if it has no rows. We denote by T the set of
all decision tables and by T +, the set of nonempty decision tables. Let T ∈ T ,
the table T is called degenerate if it is empty or all rows of T are labeled with
the same decision. Let D(T ) be the set of decisions attached to rows of T .
We denote by N(T ), the number of rows in the table T , and for any t ∈ ω, we
denote by Nt(T ) the number of rows of T labeled with the decision t. By mcd(T )
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we denote the most common decision for T which is the minimum decision t0
from D(T ) such that Nt0(T ) = max{Nt(T ) : t ∈ D(T )}. If T is empty then
mcd(T ) = 0.

For any conditional attribute fi ∈ {f1, . . . , fn}, we denote by E(T, fi) the
set of values of the attribute fi in the table T . We denote by E(T ) the set of
conditional attributes for which |E(T, fi)| ≥ 2.

Let T be a nonempty decision table. A subtable of T is a table obtained
from T by removal of some rows. Let fi1 , . . . , fim ∈ {f1, . . . , fn} and a1, . . . , am ∈
ω. We denote by T (fi1 , a1) . . . (fim , am) the subtable of the table T containing
the rows from T which at the intersection with the columns fi1 , . . . , fim have
numbers a1, . . . , am, respectively. Such nonempty subtables, including the ta-
ble T , are called separable subtables of T . We denote by SEP(T ) the set of
separable subtables of the table T .

A decision table T can be represented by a word over the alphabet {0, 1, ; , |}
in which numbers from ω are in binary representation (are represented by words
over the alphabet {0, 1}), the symbol “;” is used to separate two numbers from ω,
and the symbol “ |” is used to separate two rows (we add to each row corre-
sponding decision as the last number in the row). The length of this word will
be called the size of the decision table T .

2.2. Uncertainty Measures
In this section, we consider the notion of uncertainty measure and five exam-

ples of uncertainty measures. We use uncertainty measures to define the notion
of approximate decision trees (see Section 2.3) and the notion of an impurity
function which determines greedy algorithms for decision tree construction (see
Section 8).

Let R be the set of real numbers and R+ be the set of all nonnegative real
numbers. An uncertainty measure is a function U : T → R such that U(T ) ≥ 0
for any T ∈ T , and U(T ) = 0 if and only if T is a degenerate table. One
can show that the following functions (we assume that, for any empty table, the
value of each of the considered functions is equal to 0) are uncertainty measures:

• Misclassification error: me(T ) = N(T )−Nmcd(T )(T ).

• Relative misclassification error: rme(T ) = (N(T )−Nmcd(T )(T ))/N(T ).

• Entropy: ent(T ) = −∑t∈D(T )
Nt(T )
N(T ) log2

Nt(T )
N(T ) .

• Gini index: gini(T ) = 1−∑t∈D(T )

(
Nt(T )
N(T )

)2

.

• Function rt where rt(T ) is the number of unordered pairs of rows of T
labeled with different decisions (note that rt(T ) = N(T )2gini(T )/2).

In this paper, we assume that each operation with numbers max(x, y), x+y,
x−y, x×y, x÷y, log2 x has time complexity O(1). This assumption is reasonable
for computations with floating-point numbers. Under this assumption, each
of the considered five uncertainty measures has polynomial time complexity
depending on the size of decision tables.
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2.3. Decision Trees

In this section, we consider the notions of exact and approximate decision
trees for decision tables, and discuss the structure of the set of approximate
decision trees.

Let T be a decision table with n conditional attributes f1, . . . , fn. A decision
tree over T is a finite directed tree with root in which nonterminal nodes are
labeled with attributes from the set {f1, . . . , fn}, terminal nodes are labeled
with numbers from ω, and, for each nonterminal node, edges starting from this
node are labeled with pairwise different numbers from ω (see Figure 3).

Let Γ be a decision tree over T and v be a node of Γ. We denote by Γ(v)
the subtree of Γ for which v is the root. We define now a subtable T (v) =
TΓ(v) of the table T . If v is the root of Γ then T (v) = T . Let v be not
the root of Γ and v1, e1, . . . , vm, em, vm+1 = v be the directed path from the
root of Γ to v in which nodes v1, . . . , vm are labeled with attributes fi1 , . . . , fim
and edges e1, . . . , em are labeled with numbers a1, . . . , am, respectively. Then
T (v) = T (fi1 , a1) . . . (fim , am).

We now define the notion of a decision tree for a decision table which covers
all decision trees under consideration including exact and approximate decision
trees.

A decision tree Γ over T is called a decision tree for T if, for any node v
of Γ,

• If T (v) is a degenerate table then v is a terminal node labeled with
mcd(T (v)).

• If T (v) is not degenerate then either v is a terminal node labeled with
mcd(T (v)), or v is a nonterminal node which is labeled with an attribute
fi ∈ E(T (v)) and, if E(T (v), fi) = {a1, . . . , at}, then t edges start from
the node v that are labeled with a1, . . . , at, respectively.

We denote by DT (T ) the set of decision trees for T .
Let U be an uncertainty measure and α ∈ R+. A decision tree Γ over T is

called a (U,α)-decision tree for T if, for any node v of Γ,

• If U(T (v)) ≤ α then v is a terminal node which is labeled with mcd(T (v)).

• If U(T (v)) > α then v is a nonterminal node labeled with an attribute
fi ∈ E(T (v)), and if E(T (v), fi) = {a1, . . . , at} then t edges start from
the node v which are labeled with a1, . . . , at, respectively.

We denote by DTU,α(T ) the set of (U,α)-decision trees for T . It is easy to
show that DTU,α(T ) ⊆ DT (T ).

If α > 0 then we have the notion of an approximate decision tree. For
α = 0, we obtain the notion of exact decision tree which does not depend on
the considered uncertainty measure U .

For b ∈ ω, we denote by tree(b) the decision tree that contains only one
(terminal) node labeled with b. Let fi ∈ {f1, . . . , fn}, a1, . . . , at be pairwise
different numbers from ω, and Γ1, . . . ,Γt be decision trees over T . We denote
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by tree(fi, a1, . . . , at,Γ1, . . . ,Γt) the following decision tree over T : the root of
the tree is labeled with fi, and t edges start from the root which are labeled
with a1, . . . , at and enter the roots of decision trees Γ1, . . . ,Γt, respectively.

Let fi ∈ E(T ) and E(T, fi) = {a1, . . . , at}. We denote:

DTU,α(T, fi) = {tree(fi, a1, . . . , at,Γ1, . . . ,Γt) :

Γj ∈ DTU,α(T (fi, aj)), j = 1, . . . , t}.

The next statement allows us to understand the structure of the setDTU,α(T ).
We will use this statement in Section 3 to study the set of decision trees repre-
sented by a directed acyclic graph ∆U,α(T ). The proof of this statement can be
found in the appendix.

Proposition 1. Let U be an uncertainty measure, α ∈ R+, and T be a decision
table. Then

DTU,α(T ) =

{ {tree(mcd(T ))}, if U(T ) ≤ α⋃
fi∈E(T )DTU,α(T, fi), if U(T ) > α.

2.4. Cost Functions for Decision Trees

In this section, we discuss the notion of a cost function for decision trees,
and consider five examples of cost functions related to the time complexity of
decision trees in the worst and average cases and to its space complexity. Each
cost function will be defined both in “natural” and in “inductive” way which is
important for the considered later algorithms for bi-criteria optimization.

Let n be a natural number. We consider a partial order ≤ on the set Rn+:
(x1, . . . , xn) ≤ (y1, . . . , yn) if x1 ≤ y1, . . . , xn ≤ yn. A function g : Rn+ → R+ is
called increasing if g(x) ≤ g(y) for any x, y ∈ Rn+ such that x ≤ y. For example,
max(x1, x2) and x1 + x2 are increasing functions.

Let f be a function from R2
+ to R+. We can extend f to a function with

arbitrary number of variables in the following way: f(x1) = x1 and if n > 2 then
f(x1, . . . , xn) = f(f(x1, . . . , xn−1), xn). It is not difficult to prove the following
statement.

Lemma 2. Let f be an increasing function from R2
+ to R+. Then, for any

natural n, the function f(x1, . . . , xn) is increasing.

A cost function for decision trees is a function ψ(T,Γ) which is defined on
pairs of decision table T and a decision tree Γ for T , and has values from R+.
The function ψ is given by three functions ψ0 : T → R+, F : R2

+ → R+ and
w : T → R+. The value ψ(T,Γ) is defined by induction:

• If Γ = tree(mcd(T )) then ψ(T,Γ) = ψ0(T ).

• If Γ = tree(fi, a1, . . . , at,Γ1, . . . ,Γt) then

ψ(T,Γ) = F (ψ(T (fi, a1),Γ1), . . . , ψ(T (fi, at),Γt)) + w(T ).
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The cost function ψ is called increasing if F is an increasing function. We
now consider examples of some increasing cost functions for decision trees:

• Depth h(T,Γ) = h(Γ) of a decision tree Γ for a decision table T is the
maximum length of a path in Γ from the root to a terminal node. For this
cost function, ψ0(T ) = 0, F (x, y) = max(x, y), and w(T ) = 1.

• Total path length tpl(T,Γ) of a decision tree Γ for a decision table T
is equal to

∑
r∈Row(T ) lΓ(r) where Row(T ) is the set of rows of T , and

lΓ(r) is the length of a path in Γ from the root to a terminal node v
such that the row r belongs to TΓ(v). For this cost function, ψ0(T ) = 0,
F (x, y) = x+ y, and w(T ) = N(T ). Let T be a nonempty decision table.
The value tpl(T,Γ)/N(T ) is the average depth havg(T,Γ) of a decision tree
Γ for a decision table T .

• Number of nodes L(T,Γ) = L(Γ) of a decision tree Γ for a decision table T .
For this cost function, ψ0(T ) = 1, F (x, y) = x+ y, and w(T ) = 1.

• Number of nonterminal nodes Ln(T,Γ) = Ln(Γ) of a decision tree Γ for a
decision table T . For this cost function, ψ0(T ) = 0, F (x, y) = x+ y, and
w(T ) = 1.

• Number of terminal nodes Lt(T,Γ) = Lt(Γ) of a decision tree Γ for a
decision table T . For this cost function, ψ0(T ) = 1, F (x, y) = x+ y, and
w(T ) = 0.

For each of the considered cost functions, corresponding functions ψ0(T ) and
w(T ) have polynomial time complexity depending on the size of decision tables.

3. Directed Acyclic Graph ∆U,α(T )

In this section, we study a directed acyclic graph ∆U,α(T ) which allows us
to describe and investigate the set of (U,α)-decision trees for a decision table
T .

Let T be a nonempty decision table with n conditional attributes f1, . . . , fn,
U be an uncertainty measure, and α ∈ R+. We now consider algorithm A1 for
the construction of a directed acyclic graph ∆U,α(T ) which will be used for the
description and study of decision trees. Nodes of this graph are some separable
subtables of the table T . During each iteration we process one node. We start
with the graph that consists of one node T which is not processed and finish
when all nodes of the graph are processed. The algorithm A1 can be considered
also as a definition of the graph ∆U,α(T ).

Algorithm A1

Input: A nonempty decision table T with n conditional attributes
f1, . . . , fn, an uncertainty measure U , and a number α ∈ R+.

Output: Directed acyclic graph ∆U,α(T ).

9
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1. Construct the graph that consists of one node T which is not marked as
processed.

2. If all nodes of the graph are processed then the work of the algorithm
is finished. Return the resulting graph as ∆U,α(T ). Otherwise, choose a
node (table) Θ that has not been processed yet.

3. If U(Θ) ≤ α mark the node Θ as processed and proceed to the step 2.

4. If U(Θ) > α then, for each fi ∈ E(Θ), draw a bundle of edges from
the node Θ. Let E(Θ, fi) = {a1, . . . , ak}. Then draw k edges from
Θ and label these edges with pairs (fi, a1), . . . , (fi, ak). These edges
enter nodes Θ(fi, a1), . . . ,Θ(fi, ak), respectively. If some of the nodes
Θ(fi, a1), . . . ,Θ(fi, ak) are not present in the graph then add these nodes
to the graph. Mark the node Θ as processed and proceed to the step 2.

A node Θ of the graph ∆U,α(T ) is called terminal if there are no outgoing
edges from this node. It is easy to see that the node Θ is terminal if and only
if U(Θ) ≤ α.

For each node Θ of the graph ∆U,α(T ), we define the set Tree(∆U,α(T ),Θ)
of decision trees corresponding to this node in the following way. If Θ is a
terminal node of ∆U,α(T ), then Tree(∆U,α(T ),Θ) = {tree(mcd(Θ))}. Let Θ be
a nonterminal node of ∆U,α(T ), fi ∈ E(Θ), and E(Θ, fi) = {a1, . . . , at}. We
denote:

Tree(∆U,α(T ),Θ, fi) = {tree(fi, a1, . . . , at,Γ1, . . . ,Γt) :

Γj ∈ Tree(∆U,α(T ),Θ(fi, aj)), j = 1, . . . , t}.

Then,

Tree(∆U,α(T ),Θ) =
⋃

fi∈E(T )

Tree(G,Θ, fi).

The next statement shows that, for each node Θ of the the graph ∆U,α(T ),
the set Tree(∆U,α(T ),Θ) of decision trees corresponding to the node Θ is equal
to the set DTU,α(Θ) of (U,α)-decision trees for the table Θ. It means that the
graph ∆U,α(T ) describes the set of (U,α)-decision trees for the table T . The
proof of this statement can be found in the appendix.

Proposition 3. Let U be an uncertainty measure, α ∈ R+, and T be a decision
table. Then, for any node Θ of the graph ∆U,α(T ), the following equality holds:

Tree(∆U,α(T ),Θ) = DTU,α(Θ).

4. Two Algorithms for Processing of Pareto Optimal Points

In this section, we consider two auxiliary algorithms A2 and A3 which are
used for the construction of Pareto optimal points for bi-criteria optimization
problems related to decision trees (see algorithm A4).
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Let R2 be the set of pairs of real numbers (points). We consider a partial
order ≤ on the set R2: (c, d) ≤ (a, b) if c ≤ a and d ≤ b. Two points α and β
are comparable if α ≤ β or β ≤ α. A subset of R2 in which no two different
points are comparable is called an antichain. We will write α < β if α ≤ β and
α 6= β. If α and β are comparable then min(α, β) = α if α ≤ β and min(α, β) =
β if α > β.

Let A be a nonempty finite subset of R2. A point α ∈ A is called a Pareto
optimal point for A if there is no point β ∈ A such that β < α. We denote by
Par(A) the set of Pareto optimal points for A. It is clear that Par(A) is an
antichain.

Points from Par(A) can be ordered in the following way: (a1, b1), . . . , (at, bt)
where a1 < · · · < at. Since points from Par(A) are incomparable therefore, b1 >
· · · > bt. We will say the sequence (a1, b1), . . . , (at, bt) is normal representation
of Par(A).

We now describe an algorithm which, for a given nonempty finite subset A of
the set R2, constructs the normal representation of the set Par(A). We assume
that A is a multiset containing, possibly, repeating elements.

Algorithm A2

Input: A nonempty finite subset A of the set R2 containing, possibly,
repeating elements (multiset).

Output: Normal representation P of the set Par(A) of Pareto optimal
points for A.

1. Construct a sequence B of all points from A ordered according to the first
coordinate in the ascending order. Set P equal to the empty sequence.

2. If there is only one point in the sequence B, add this point to the end of
the sequence P , return P , and finish the work of the algorithm. Otherwise,
choose the first α = (α1, α2) and the second β = (β1, β2) points from B.

3. If α and β are comparable then remove α and β from B, add the point
min(α, β) to the beginning of B, and proceed to the step 2.

4. If α and β are not comparable (in this case α1 < β1 and α2 > β2) then
remove α from B, add the point α to the end of P , and proceed to the
step 2.

The proof of the following statement can be found in the appendix.

Proposition 4. Let A be a nonempty finite subset of the set R2 containing, pos-
sibly, repeating elements (multiset). Then the algorithm A2 returns the normal
representation of the set Par(A) of Pareto optimal points for A.

The algorithm A2 can construct the set Par(A) if the cardinality of the set A
is reasonable. The number of decision trees can be huge. However, the number
of Pareto optimal points is bounded from above by a polynomial in the size of
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the input decision table for the most interesting cost functions. In particular, if
one of the considered cost functions is the depth of decision tree then the number
of Pareto optimal points is at most the number of conditional attributes plus
one. In such situation, instead of the algorithm A2 we use a special technique
based on the construction of the set of Pareto optimal points for the set of
(U,α)-decision trees for each node (subtable) Θ of the graph ∆U,α(T ).

It is easy to construct the only Pareto optimal point for a terminal node
Θ of the graph ∆U,α(T ). Let Θ be a nonterminal node of ∆U,α(T ). First, for
each attribute fi which is not constant on Θ, we construct the set of Pareto
optimal points for the set of (U,α)-decision trees for Θ in which the root is
labeled with the attribute fi. After that, we construct the union of these sets
for all non-constant attributes fi and apply the algorithm A2 to this union.

To construct the set of Pareto optimal points for the set of (U,α)-decision
trees for Θ in which the root is labeled with the attribute fi, we apply the
algorithm A3. This algorithm “merges” step by step the sets of Pareto optimal
points corresponding to the nodes of the kind Θ(fi, a) where a is a value of fi
in Θ. We apply the algorithm A2 after each step to keep the reasonable size of
the constructed set of points. The increasing functions F,H mentioned in the
description of the algorithm A3 correspond to the considered cost functions, and
the sets Par(P1), . . . , Par(Pt) correspond to the sets of Pareto optimal points
for the nodes of the kind Θ(fi, a) where a is a value of fi in Θ.

Let F,H be increasing functions from R2 to R, and A,B be nonempty finite
subsets of the set R2. We denote by A 〈FH〉B the set {(F (a, c), H(b, d)) :
(a, b) ∈ A, (c, d) ∈ B}.

Let P1, . . . , Pt be nonempty finite subsets of R2, Q1 = P1, and, for i =
2, . . . , t, Qi = Qi−1 〈FH〉Pi. We assume that, the sets Par(P1), . . . , Par(Pt)
are already constructed for i = 1, . . . , t. We now describe an algorithm that
constructs the sets Par(Q1), . . . , Par(Qt) and returns Par(Qt).

Algorithm A3

Input: Increasing functions F,H from R2 to R and the sets
Par(P1), . . . , Par(Pt) for nonempty finite subsets P1, . . . , Pt
of R2.

Output: The set Par(Qt) where Q1 = P1, and, for i = 2, . . . , t, Qi =
Qi−1 〈FH〉Pi.

1. Set B1 = Par(P1) and i = 2.
2. Construct the multiset

Ai = Bi−1 〈FH〉Par(Pi)
= {(F (a, c), H(b, d)) : (a, b) ∈ Bi−1, (c, d) ∈ Par(Pi)}

(we will not remove equal pairs from the constructed set).
3. Using algorithm A2 construct the set Bi = Par(Ai). If i = t then return
Bi and finish the work of the algorithm. Otherwise, set i = i + 1 and
proceed to the step 2.
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The proof of the next statement can be found in the appendix.

Proposition 5. Let F,H be increasing functions from R2 to R, P1, . . . , Pt be
nonempty finite subsets of R2, Q1 = P1, and, for i = 2, . . . , t,

Qi = Qi−1 〈FH〉Pi.

Then the algorithm A3 returns the set Par(Qt).

5. Study of Bi-Criteria Optimization Problems

In this section, we consider an algorithm A4 which constructs the sets of
Pareto optimal points for bi-criteria optimization problems for decision trees.
This algorithms is based on the algorithms A2 and A3. We also show how the
constructed set of Pareto optimal points can be transformed into the graph of a
function which describes the relationship between the considered cost functions.

5.1. Construction of the Set of Pareto Optimal Points

Let ψ and ϕ be increasing cost functions for decision trees given by triples
of functions ψ0, F, w and ϕ0, H, u, respectively, U be an uncertainty measure,
α ∈ R+, T be a decision table with n conditional attributes f1, . . . , fn, and
G = ∆U,α(T ).

For each node Θ of the graph G, we denote

tψ,ϕ(G,Θ) = {(ψ(Θ,Γ), ϕ(Θ,Γ)) : Γ ∈ Tree(G,Θ)}.

Note that, by Proposition 3, the set Tree(G,Θ) is equal to the set of (U,α)-
decision trees for Θ. In other words, tψ,ϕ(G,Θ) is the set of points obtained in
the following way: for each (U,α)-decision tree Γ for the table Θ, we construct
the point which coordinates are values of the cost functions ψ and ϕ for the
decision tree Γ and the table Θ. We denote by Par(tψ,ϕ(G,Θ)) the set of
Pareto optimal points for tψ,ϕ(G,Θ).

We now describe an algorithm A4 which constructs the set Par(tψ,ϕ(G,T )).
In fact, this algorithm constructs, for each node Θ of the graph G, the set
B(Θ) = Par(tψ,ϕ(G,Θ)).

Algorithm A4

Input: Increasing cost functions for decision trees ψ and ϕ given by
triples of functions ψ0, F, w and ϕ0, H, u, respectively, a decision
table T with n conditional attributes f1, . . . , fn, and the graph
G = ∆U,α(T ) where U is an uncertainty measure and α ∈ R+.

Output: The set Par(tψ,ϕ(G,T )) of Pareto optimal points for the set of
pairs tψ,ϕ(G,T ) = {(ψ(T,Γ), ϕ(T,Γ)) : Γ ∈ Tree(G,T )}.

13
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1. If all nodes in G are processed, then return the set B(T ). Otherwise,
choose a node Θ in the graph G which is not processed yet and which is
either a terminal node of G or a nonterminal node of G such that, for any
fi ∈ E(Θ) and any aj ∈ E(Θ, fi), the node Θ(fi, aj) is already processed,
i.e., the set B(Θ(fi, aj)) is already constructed.

2. If Θ is a terminal node, then set B(Θ) = {(ψ0(Θ), ϕ0(Θ))}. Mark the
node Θ as processed and proceed to the step 1.

3. If Θ is a nonterminal node then, for each fi ∈ E(Θ), apply the algo-
rithm A3 to the functions F,H and the sets B(Θ(fi, a1)), . . . , B(Θ(fi, at)),
where {a1, . . . , at} = E(Θ, fi). Set C(Θ, fi) the output of the algo-
rithm A3 and

B(Θ, fi) = C(Θ, fi) 〈++〉 {(w(Θ), u(Θ))}
= {(a+ w(Θ), b+ u(Θ)) : (a, b) ∈ C(Θ, fi)}.

4. Construct the multiset A(Θ) =
⋃
fi∈E(Θ)B(Θ, fi) by simple transcription

of elements from the sets B(Θ, fi), fi ∈ E(Θ). Apply to the obtained
multiset A(Θ) the algorithm A2 which constructs the set Par(A(Θ)). Set
B(Θ) = Par(A(Θ)). Mark the node Θ as processed and proceed to the
step 1.

The proof of the following theorem can be found in the appendix.

Theorem 6. Let ψ and ϕ be increasing cost functions for decision trees given
by triples of functions ψ0, F, w and ϕ0, H, u, respectively, U be an uncertainty
measure, α ∈ R+, T be a decision table with n conditional attributes f1, . . . , fn,
and G = ∆U,α(T ). Then, for each node Θ of the graph G, the algorithm A4

constructs the set B(Θ) = Par(tψ,ϕ(G,Θ)).

5.2. Relationship between Two Cost Functions
Let ψ and ϕ be increasing cost functions for decision trees, U be an uncer-

tainty measure, α ∈ R+, T be a decision table, and G = ∆U,α(T ).
To study the relationship between cost functions ψ and ϕ on the set of

decision trees Tree(G,T ) we consider partial function Fψ,ϕG,T : R→ R defined as
follows:

Fψ,ϕG,T (x) = min{ϕ(T,Γ) : Γ ∈ Tree(G,T ), ψ(T,Γ) ≤ x}.
The proof of the next statement is in the appendix.

Proposition 7. Let (a1, b1), . . . , (ak, bk) be the normal representation of the set
Par(tψ,ϕ(G,T )), where a1 < · · · < ak and b1 > · · · > bk. Then, for any x ∈ R,

Fψ,ϕG,T (x) = F(x) where

F(x) =





undefined, x < a1

b1, a1 ≤ x < a2

... ...
bt−1, at−1 ≤ x < at
bt, at ≤ x

.
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6. On Complexity of Algorithms A1 and A4

In this section, we consider uncertainty measures from the set {me, rme, ent,
gini, rt}. Each of these uncertainty measures has polynomial time complexity
depending on the size of decision tables. We consider here cost functions from
the set {h, tpl, L, Ln, Lt}. Each of these cost functions is given by three func-
tions ψ0, F and w such that F ∈ {x + y,max(x, y)} and functions ψ0 and w
have polynomial time complexity depending on the size of decision tables.

Let T be a decision table, G = ∆U,α(T ) where U ∈ {me, rme, ent, gini, rt}
and α ∈ R+, and ψ,ϕ ∈ {h, tpl, L, Ln, Lt}.

To construct the set Par(tψ,ϕ(G,T )) of Pareto optimal points for (U,α)-
decision trees for T relative to ψ and ϕ, we apply algorithm A1 to T , U and α
and construct the graph G = ∆U,α(T ). After that, we apply the algorithm A4

to T , G, ψ and ϕ and construct the set Par(tψ,ϕ(G,T )).
One can show that the time complexity of each of algorithms A1 and A4 is

bounded from above by a polynomial on the size of the input table T and the
number |SEP (T )| of different separable subtables of T .

In [23, 22] infinite sets of attributes (so-called restricted information systems)
were studied for each of which the number of separable subtables in decision
tables over the considered set of attributes is bounded from above by a polyno-
mial on the number of attributes in the table. For decision tables over such set
of attributes, the time complexity of each of algorithms A1 and A4 is bounded
from above by a polynomial on the size of the input table.

Let us consider a family of restricted information systems. Let d and t be
natural numbers, f1, . . . , ft be functions from Rd to R, and s be a function from
R to {0, 1} such that s(x) = 0 if x < 0 and s(x) = 1 if x ≥ 0. Then the
information system with the universe Rd and the set of attributes {s(fi + c) :
i = 1, . . . , t, c ∈ R} is a restricted information system.

If f1, . . . , ft are linear functions then we deal with attributes corresponding
to t families of parallel hyperplanes in Rd which is usual for decision trees for
datasets with numerical attributes only [9].

In general case, algorithms A1 and A4 have exponential time complexity
depending on the size of the input tables. However, the considered algorithms
are applicable to medium-sized decision tables which allows us to use them for
data analysis (see next two sections).

7. Illustrative Examples

In this section, we consider two illustrative examples of applications of the
designed algorithms: we study relationships among different parameters of de-
cision trees for corner point detection, and investigate systems of decision rules
derived from decision trees. It is impossible to consider these examples as real
applications since our bi-criteria optimization algorithms can work only with
medium-sized decision tables.
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Figure 1: Bresenham circle of radius 3 surrounding pixel a

7.1. Decision Trees for Corner Point Detection

Object tracking (locating an object and determining its position) in a video
stream is an important problem in computer vision. One of the approaches to
solve this problem is based on the use of distinctive points located on the image.
FAST algorithm devised by Rosten and Drummond [32, 33] is an example of
such a solution. This algorithm iterates through all pixels and detects corner
points by comparing the intensity of the current pixel and surrounding pixels.

In order to determine if an image pixel a is a corner point, a circle of 16 pixels
(a Bresenham circle of radius 3) surrounding a is examined (see Figure 1). The
intensity of each pixel of the circle is compared with the intensity of a. The
pixel a is assumed to be a corner point if at least 12 contiguous pixels on the
circle are all either brighter or darker than a by a given threshold γ > 0.

The trivial algorithm for corner point detection requires the consideration
of all 16 pixels from the Bresenham circle of radius 3 surrounding a given pixel.
The decreasing of the number of considered pixels will lead to the decreasing
of time complexity of the FAST algorithm. Rosten and Drummond [32, 33]
proposed to use decision trees constructed by greedy algorithms as a way for
corner point detection. Our earlier results [3] show that the average depth of
decision trees for this problem constructed by dynamic programming algorithm
is, on the average, 7% less in comparison with the best results obtained by greedy
algorithms. For example, for the decision table box-20 corresponding to the
set of images box and threshold γ = 20, the dynamic programming algorithm
constructs a decision tree with minimum average depth equals to 3.378. In this
section, we study the set of Pareto optimal points and corresponding tradeoffs
for each pair of cost functions depth, average depth and number of nodes for
decision trees for corner point detection.

For an arbitrary pixel a and for i = 1, . . . , 16, φi(a) denotes the intensity of
the i-th pixel in the circle surrounding a (ordering as shown in Figure 1) and
φ(a) denotes the intensity of the pixel a. The pixel a can be represented as an
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# POPs

Decision table # Rows (L, tpl) (h, L) (h, tpl)

box-20 81,900 280 1 2
box-50 10,972 37 3 2
box-100 680 1 1 2
junk-50 3,509 12 2 3
junk-70 980 1 2 2
maze-70 5,303 15 4 4
maze-100 1,343 1 2 3

Table 1: Corner point detection experiments: number of Pareto optimal points

object that is characterized by the attributes f1, . . . , f16 where, for i = 1, . . . , 16,

fi(a) =





0, if φ(a)− φi(a) > γ,
1, if |φi(a)− φ(a)| ≤ γ,
2, if φi(a)− φ(a) > γ.

Then the problem of corner point detection for a given set of images can be
represented as a decision table T with conditional attributes f1, . . . , f16. The
table T contains rows (tuples of attribute values) for all pixels from the consid-
ered images with the exception of outer boundaries. A row of T is labeled with
the decision 1 if this tuple of attribute values describes a corner point, and the
decision 0 otherwise.

Study of relationships among different cost functions for decision trees for
the table T allows us to find a decision tree for corner point detection problem
which is adapted to the considered set of images and has appropriate values of
cost functions.

In our experiments, we use decision tables corresponding to the sets of im-
ages box, maze, and junk considered in [33] (see also [3]) and different thresh-
olds γ. For each such table T , we construct the set of Pareto optimal points
Par(tψ,ϕ(∆rme,0(T ), T )) for the following pairs of cost functions (ψ,ϕ): (L, tpl),
(h, tpl), and (h, L). Some results of experiments including the number of rows in
the considered decision tables and the number of Pareto optimal points (POPs)
for the three pairs of cost functions can be found in Table 1. The name of each
table consists of the name of a set of images and a threshold γ.

Figure 2 shows in detail relationships (see Section 5.2) for the decision table
box-20 and pairs of cost functions (L, havg), (h, havg), and (h, L) (havg(T,Γ) =
tpl(T,Γ)/N(T ) for a decision tree Γ for the decision table T ), and for the decision
table box-40 and pair of cost functions (h, Lt), where the small filled circles are
Pareto optimal points. The relationship for (h, havg) shows that we can decrease
the depth of decision trees from 15 to 14 by increasing the average depth from
3.378 to 3.379 only. In the case (h, L), there is only one Pareto optimal point.
It means that there exists a decision tree for corner point detection for box-
20, which has simultaneously the minimum depth and the minimum number
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Figure 2: Relationships for decision trees for corner point detection
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Table 2: Number of Pareto optimal points for optimization relative to (h, Lt)

Alpha

Decision table Rows Attrs. 0 0.01 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

adult-stretch 16 5 1 1 1 1 1 1 1 1 1 1 1
balance-scale 8,124 22 1 1 1 1 1 1 1 1 1 1 1
breast-cancer 266 10 1 1 1 1 1 2 4 3 3 2 1
cars 1,728 6 1 1 1 1 1 1 1 1 1 1 1
flags 194 26 4 4 4 3 2 3 3 2 3 3 1
hayes-roth-data 69 4 1 1 1 1 1 1 1 1 1 1 1
house-votes-84 279 16 1 1 3 1 2 1 1 1 1 1 1
lenses 11 4 1 1 1 1 1 1 1 1 1 1 1
lymphography 148 18 3 3 3 3 2 2 3 1 1 1 1
monks-1-test 432 6 1 1 1 1 1 1 1 1 1 1 1
monks-1-train 124 6 1 1 1 1 1 1 2 2 1 1 1
monks-2-test 432 6 1 1 1 1 1 1 1 1 1 1 1
monks-2-train 169 6 2 2 2 2 2 2 2 2 2 2 1
monks-3-test 432 6 1 1 1 1 1 1 1 1 1 1 1
monks-3-train 122 6 2 2 2 2 2 2 2 1 1 1 1
mushroom 8,124 22 2 1 1 1 2 3 2 2 2 1 1
nursery 12,960 8 1 1 1 1 1 2 2 1 1 1 1
shuttle-land.cont. 15 6 1 1 1 1 1 1 1 1 1 1 1
soybean-small 47 35 1 1 1 1 1 1 1 1 2 2 1
spect-test 169 22 1 1 1 1 1 1 1 2 2 2 1
teeth 23 8 1 1 1 1 1 1 1 1 2 2 1
tic-tac-toe 958 9 2 2 2 2 2 2 2 1 2 2 1
zoo-data 59 16 1 1 1 1 1 2 1 1 1 1 1

of nodes (a totally optimal decision tree relative to h and L). We find totally
optimal decision trees relative to different pairs of cost functions in four more
experiments (see Table 1). The relationship for (L, havg) shows that we can
decrease the number of nodes in the decision trees from more than 950 to 750
by small increment in average depth (from 3.378 to 3.4). The study of the
last pair (h, Lt) allows us to understand the relationship between the maximum
length and the number of decision rules derived from decision trees for box-40
(see Section 7.2).

The obtained results show that the bi-criteria optimization algorithms can
give us useful information about decision trees for corner point detection if
the decision table corresponding to a collection of images has about hundred
thousand of rows.

7.2. Systems of Decision Rules Derived from Decision Trees

Decision rules are widely used in machine learning and data mining. One of
well known approaches to decision rule construction is to build a decision tree Γ
and derive a decision rule from each path from the root to a terminal node of Γ
[30, 20, 24] (see Figure 3).

It is clear that the number of constructed rules is equal to the number Lt(Γ)
of terminal nodes in Γ, and the maximum length of the constructed rule is
equal to the depth h(Γ) of Γ. In this section, we study bi-criteria optimization
of decision trees relative to h and Lt.
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The number of Pareto optimal points for bi-criteria optimization relative to
h and Lt is small: see the bottom right subfigure of Figure 2 and Table 2 which
contains the number of Pareto optimal points from the set

Par(th,Lt(∆rme,α(T ), T )),

where T is one of 23 decision tables from UCI ML Repository described in
Table 2 and α ∈ {0, 0.01, 0.05, 0.1, . . . , 0.9}. The maximum number of Pareto
optimal points in the considered examples is equal to four. Totally optimal
decision trees relative to h and Lt exist in many cases (in all cases where the
number of POPs is equal to one).

For n = 5, . . . , 13, we randomly generate 100 partial Boolean functions with
n variables and 0.7 × 2n n-tuples of variable values for which functions are
defined, represent these functions as decision tables and count for each n the
average number of Pareto optimal points. Figure 4 shows that the average
number of Pareto optimal points is at most two.

The most interesting result of our experiments is that the sets of POPs
for (h, Lt) are not diverse. However, the construction of these sets can help
in choosing the appropriate systems of rules (appropriate decision tree). See
for example, the bottom right subfigure in Figure 2 where the values for h are
changing from 10 to 13 and the values for Lt are changing from 152 to 171.

The considered bi-criteria optimization algorithms will work efficiently only
for medium-sized decision tables. For big decision tables, we can use only ap-
proximate algorithms for decision tree optimization. At the end of the next
section, we consider greedy algorithms that are good enough from the point of
view of single-criterion optimization relative to h or Lt and from the point of
view of bi-criteria optimization relative to h and Lt.

8. Comparison of Greedy Algorithms for Decision Tree Construction

In this section, we compare 20 greedy algorithms for decision tree construc-
tion as single- and bi-criteria optimization algorithms. This can be considered
as a real-life application of the bi-criteria optimization since to understand the
accuracy of an algorithm it is not necessary to use big decision tables. To com-
pare the greedy algorithms as single-criterion optimization algorithms, we use
average relative difference. The relative difference for a given cost function,
greedy algorithm and decision table is equal to (greedy−opt)/opt where greedy
is the cost of the decision tree constructed by the greedy algorithm for the given
table and opt is the minimum cost of a decision tree for this table. Values of the
average relative difference for four cost functions, seven greedy algorithms and
different thresholds α can be found in Figures 5-8. To compare the greedy al-
gorithms as bi-criteria optimization algorithms, we use the normalized distance
from the point corresponding to the decision tree constructed by the greedy
algorithm (coordinates of this point are the values of the considered cost func-
tions for the constructed tree) to the set of Pareto optimal points. Values of
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the average minimum distances for four pairs of cost functions, seven greedy
algorithms and different thresholds α can be found in Figures 9-12.

We consider five uncertainty measures for decision tables: entropy ent, gini
index gini, function rt, misclassification error me, and relative misclassifica-
tion error rme (see Section 2.2). Let T be a decision table, fi ∈ E(T ) and
E(T, fi) = {a1, . . . , at}. The attribute fi divides the table T into subtables
T1 = T (fi, a1), . . . , Tt = T (fi, at). For a fixed uncertainty measure U , we can
define impurity functions I(T, fi) of four types which give “impurity”of this
partition:

∑t
j=1 U(Tj) (sum type denoted by s), max1≤j≤t U(Tj) (max type

denoted by m),
∑t
j=1 U(Tj)N(Tj) (weighted sum type denoted by ws), and

max1≤j≤t U(Tj)N(Tj) (weighted max type denoted by wm).
As a result, we have 20 impurity functions defined by pairs type of impurity

function-uncertainty measure, for example, wm-gini. For each impurity func-
tion I, we describe a greedy algorithm AI which, for a given decision table
T and real number α, 0 ≤ α < 1, constructs a (rme, α)-decision tree for the
table T .

Algorithm AI
Input: Decision table T with n conditional attributes f1, . . . , fn, and

real number α, 0 ≤ α < 1.
Output: An (rme, α)-decision tree for the table T .

1. Construct a tree G consisting of a single node labeled with T .

2. If no node of the tree G is labeled with a table then the algorithm AI ends
and returns the tree G.

3. Choose a node v in G which is labeled with a subtable Θ of the table T .

4. If rme(Θ) ≤ α then we label the node v by mcd(Θ) and proceed to the
step 2.

5. If rme(Θ) > α then, for each fi ∈ E(Θ), we compute the value I(T, fi)
and label the node v with the attribute fi0 ∈ E(Θ) with minimum index
i0 such that I(T, fi0) = min{I(T, fi) : fi ∈ E(Θ)}. For each δ ∈ E(Θ, fi0),
we add to the tree G a node v(δ) and an edge eδ connecting v and v(δ).
We label the node v(δ) with the subtable Θ(fi0 , δ), and label the edge eδ
with the number δ. We proceed to the step 2.

We compare experimentally the obtained 20 greedy algorithms. The method-
ology of experiments is the following. Let V = {0, 0.1, . . . , 0.9}. By S we denote
the set of 23 decision tables from UCI ML Repository [18] (information about
these decision tables can be found in Table 2). We study the following pairs of
increasing cost functions (ψ,ϕ): (h, L), (h, havg), (havg, L), and (h, Lt) where
havg(T,Γ) = tpl(T,Γ)/N(T ).

For each such pair (ψ,ϕ), each T ∈ S and each α ∈ V , we construct the
set Parψ,ϕ,α(T ) = Par(tψ,ϕ(∆rme,α(T ), T )) of Pareto optimal points for the
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problem of optimization of (rme, α)-decision trees for T relative to ψ and ϕ.
Next we find the values ψα(T ) = min{ψ(T,Γ) : Γ ∈ DTrme,α(T )} and ϕα(T ) =
min{ϕ(T,Γ) : Γ ∈ DTrme,α(T )} in the following way: ψα(T ) = min{a : (a, b) ∈
Parψ,ϕ,α(T )} and ϕα(T ) = min{b : (a, b) ∈ Parψ,ϕ,α(T )}. For each T ∈ S,
each α ∈ V , and each of the considered 20 impurity functions I, we apply the
algorithm AI to the table T and the number α, and construct an (rme, α)-
decision tree ΓI,α(T ) for T .

We compute:

ψI,α(S) =
1

23

∑

T∈S
(ψα(T,ΓI,α(T ))− ψα(T ))/ψα(T ), and

ϕI,α(S) =
1

23

∑

T∈S
(ϕα(T,ΓI,α(T ))− ϕα(T ))/ϕα(T ).

The values ψI,α(S) and ϕI,α(S) characterize the accuracy of the algorithm AI
as an algorithm for optimization of (rme, α)-decision trees for tables from the
set S relative to ψ and ϕ, respectively. We also compute the values:

ψI(S) =
1

10

∑

α∈V
ψI,α(S), and

ϕI(S) =
1

10

∑

α∈V
ϕI,α(S),

which characterize the accuracy of the algorithm AI as an algorithm for opti-
mization of decision trees for tables from the set S relative to ψ and ϕ, respec-
tively.

LetAα = max{a : (a, b) ∈ Parψ,ϕ,α(T )}, Bα = max{b : (a, b) ∈ Parψ,ϕ,α(T )},
and Par∗ψ,ϕ,α(T ) = {(a/Aα, b/Bα) : (a, b) ∈ Parψ,ϕ,α(T )}. We denote by

dψ,ϕI,α (T ) the Euclidean distance between the point

(ψ(ΓI,α(T ))/Aα, ϕ(ΓI,α(T ))/Bα)

and the set Par∗ψ,ϕ,α(T ) (the distance between a point p and a finite set P of
points is the minimum distance between the point p and a point from the set
P ). We compute the value

dψ,ϕI,α (S) =
1

23

∑

T∈S
dψ,ϕI,α (T ),

which characterizes the accuracy of the algorithm AI as an algorithm for bi-
criteria optimization of (rme, α)-decision trees for tables from the set S relative
to ψ and ϕ. We also compute the value

dψ,ϕI (S) =
1

10

∑

α∈V
dψ,ϕI,α (S),
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which characterizes the accuracy of the algorithm AI as an algorithm for bi-
criteria optimization of decision trees for tables from the set S relative to ψ
and ϕ.

For each cost function ψ ∈ {h, havg, L, Lt}, we order 20 greedy algorithms AI
according to the value ψI(S) and choose three impurity functions correspond-
ing to the three best algorithms (see Table 3). For each pair of cost functions
(ψ,ϕ) ∈ {(h, L), (h, havg), (havg, L), (h, Lt)}, we order 20 greedy algorithms AI
according to the value dψ,ϕI (S) and choose three impurity functions correspond-
ing to the three best algorithms (see Table 3).

Position

Cost function(s) 1-st 2-nd 3-rd

h s-rt ws-gini ws-ent
havg ws-gini ws-ent s-rt
L ws-gini ws-ent s-me
Lt ws-gini ws-ent s-me
(h, L) ws-gini ws-ent s-rt
(h, havg) ws-rt wm-rt s-rt
(havg, L) ws-gini ws-ent s-rt
(h, Lt) s-rt ws-rt ws-me

Table 3: Best impurity functions for single- and bi-criteria optimization of decision trees

We consider now the following question: are the best heuristics for a bi-
criteria optimization problem the best ones also for corresponding single-criterion
optimization problems?

Results for pairs (h, L) and (havg, L) are predictable. For example, the best
impurity function ws-gini for bi-criteria optimization relative to (h, L) is the
first for single-criterion optimization relative to L. Similar situation is for all
three best impurity functions for bi-criteria optimization relative to (h, L) and
relative to (havg, L).

Results for pairs (h, havg) and (h, Lt) are more interesting. For example, the
best impurity function ws-rt for bi-criteria optimization relative to (h, havg) is
the 12th for single-criterion optimization relative to h and the 5th for single-
criterion optimization relative to havg. The second impurity function wm-rt
for bi-criteria optimization relative to (h, havg) is the 14th for single-criterion
optimization relative to h and the 14th for single-criterion optimization relative
to havg.

The second impurity function ws-rt for bi-criteria optimization relative to
(h, Lt) is the 12th for single-criterion optimization relative to h and the 16th
for single-criterion optimization relative to Lt. The third impurity function ws-
me for bi-criteria optimization relative to (h, Lt) is the 4th for single-criterion
optimization relative to h and the 7th for single-criterion optimization relative
to Lt.

Table 3 contains seven different impurity functions: s-rt, s-me, wm-rt, ws-
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gini, ws-rt, ws-ent, and ws-me. For these impurity functions I, the graphs
of the functions ψI,α(S) (values of these functions are called average rela-
tive difference) depending on α for each ψ ∈ {h, havg, L, Lt} can be found

on Figures 5, 6, 7, and 8. The graphs of the functions dψ,ϕI,α (S) (values of
these functions are called average minimum distance) depending on α for each
(ψ,ϕ) ∈ {(h, L), (h, Lt), (h, havg), (havg, L)} can be found on Figures 9, 10, 11,
and 12.

The obtained results allow us to choose appropriate greedy algorithms if we
are interested in single- or bi-criteria optimization of decision trees. In particu-
lar, we know that the bi-criteria optimization of decision trees relative to h and
Lt is important when we study systems of decision rules derived from decision
trees (see Section 7.2). According to Table 3, the best three impurity finctions
for h are s-rt, ws-gini, ws-ent ; for Lt are ws-gini, ws-ent, s-me; and for (h, Lt)
are s-rt, ws-rt, ws-me.

Figures 5 and 8 show the average relative difference for h and Lt for the con-
sidered algorithms and different values of the threshold α. Figure 10 shows that
the greedy algorithm based on s-rt should be used for bi-criteria optimization
relative to h and Lt if α ≤ 0.55. If α > 0.55, then we should use the greedy
algorithm based on ws-rt.
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Figure 5: Comparison of greedy algorithms
for h
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Figure 6: Comparison of greedy algorithms
for havg
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Figure 7: Comparison of greedy algorithms
for L

0 0.2 0.4 0.6 0.8

0

1

2

3

4

5

Alpha

A
ve

ra
ge

re
la

ti
ve

d
iff

er
en

ce

s-rt
s-me
wm-rt
ws-gini
ws-rt
ws-ent
ws-me

1

Figure 8: Comparison of greedy algorithms
for Lt
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Figure 9: Comparison of greedy algorithms
for (h, L)

0 0.2 0.4 0.6 0.8
0.2

0.4

0.6

0.8

1

Alpha

A
ve

ra
ge

m
in

im
u

m
d

is
ta

n
ce

s-rt
s-me
wm-rt
ws-gini
ws-rt
ws-ent
ws-me

1

Figure 10: Comparison of greedy algo-
rithms for (h, Lt)
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Figure 11: Comparison of greedy algo-
rithms for (h, havg)

0 0.2 0.4 0.6 0.8
0.4

0.6

0.8

1

1.2

Alpha

A
ve

ra
ge

m
in

im
u

m
d

is
ta

n
ce

s-rt
s-me
wm-rt
ws-gini
ws-rt
ws-ent
ws-me

1

Figure 12: Comparison of greedy algo-
rithms for (havg, L)

9. Conclusions

We described algorithms which allow us to construct the set of Pareto opti-
mal points for the problem of bi-criteria optimization of decision trees. These
algorithms can work with depth, average depth, number of nodes, number of
terminal nodes of decision trees, etc. The main peculiarities of the considered
bi-criteria optimization problems are that the number of decision trees under
consideration can be huge but the number of Pareto optimal points is compa-
rable with the size of the input decision table. We created a special technique
which is adapted for these peculiarities and allows us to work with medium-sized
decision tables. It means that the constructed algorithms can be used mainly
as research tools.

We discussed three applications: studied decision trees for corner point de-
tection, investigated systems of decision rules derived from decision trees, and
compared 20 greedy algorithms for decision tree construction as single- and
bi-criteria optimization algorithms.

The first two applications should be considered as illustrative examples
rather than real applications since we can work only with medium-sized de-
cision table. However, we found interesting tradeoffs for number of nodes vs.
average depth of decision trees for know collection of images in the problem
of corner point detection. We also discovered an abnormally small number of
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Pareto optimal points for depth vs. number of terminal nodes bi-criteria opti-
mization problem related to the derivation of decision rules from decision trees.

The comparison of greedy algorithms can be considered as a real application
of the created tools for bi-criteria optimization: in this case it is enough to study
medium-sized decision tables. The use of bi-criteria optimization here is crucial:
we measure the quality of a heuristic by a distance from the point corresponding
to heuristic to the set of Pareto optimal points. It is interesting that the best
heuristic for a bi-criteria optimization problem can be far from the best ones
for the corresponding single-criterion optimization problems.

The considered approach can be extended to the study of decision trees
already optimized relative to some criteria and to the study of relationships
between cost and accuracy of decision trees (the latter can be useful for classi-
fier construction [4]). We are also planning to work with partial DAGs. This
approach will reduce accuracy as well as time complexity of the considered al-
gorithms (some results in this direction for decision rules can be found in [37]).

Acknowledgements

Research reported in this publication was supported by the King Abdullah
University of Science and Technology (KAUST). We are greatly indebted to the
anonymous reviewers for useful comments and suggestions.

Appendix A. Proofs

The appendix contains proofs of some statements considered in the paper.

Proof (of Proposition 1). Let U(T ) ≤ α. Then tree(mcd(T )) is the only
(U,α)-decision tree for T . Let U(T ) > α and Γ ∈ DTU,α(T ). Then, by defi-
nition, Γ = tree(fi, a1, . . . , at,Γ1, . . . ,Γt) where fi ∈ E(T ) and {a1, . . . , at} =
E(T, fi). Using the fact that Γ ∈ DTU,α(T ) it is not difficult to show that Γj ∈
DTU,α(T (fi, aj)) for j = 1, . . . , t. From here it follows that Γ ∈ DTU,α(T, fi) for
fi ∈ E(T ). Therefore DTU,α(T ) ⊆ ⋃fi∈E(T )DTU,α(T, fi).

Let, for some fi ∈ E(T ), Γ ∈ DTU,α(T, fi). Then

Γ = tree(fi, a1, . . . , at,Γ1, . . . ,Γt)

where {a1, . . . , at} = E(T, fi), and Γj ∈ DTU,α(T (fi, aj)) for j = 1, . . . , t. Using
these facts it is not difficult to show that Γ ∈ DTU,α(T ). Therefore,

⋃

fi∈E(T )

DTU,α(T, fi) ⊆ DTU,α(T ).

�

Proof (of Proposition 3). We prove this statement by induction on nodes
of ∆U,α(T ). Let Θ be a terminal node of ∆U,α(T ). Then Tree(∆U,α(T ),Θ) =
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{tree(mcd(Θ))} = DTU,α(Θ). Now let Θ be a nonterminal node of ∆U,α(T ),
and let us assume that Tree(∆U,α(T ),Θ(fi, aj)) = DTU,α(Θ(fi, aj)) for any
fi ∈ E(Θ) and αj ∈ E(Θ, fi). Then, for any fi ∈ E(Θ), we have

Tree(∆U,α(T ),Θ, fi) = DTU,α(Θ, fi).

Using Proposition 1, we obtain Tree(∆U,α(T ),Θ) = DTU,α(Θ). �

Proof (of Proposition 4). Let (a1, b1), . . . , (at, bt) be the output sequence
P and Q = {(a1, b1), · · · , (at, bt)}. It is clear that a1 < · · · < at, b1 > · · · > bt
and, for any α ∈ A, α /∈ Q, there exists β ∈ Q such that β < α. From here
it follows that Par(A) ⊆ Q and Q is an antichain. Let us assume that there
exists γ ∈ Q which does not belong to Par(A). Then there exists α ∈ A such
that α < γ. Since Q is an antichain, α /∈ Q. We know that there exists β ∈ Q
such that β ≤ α. So two different points β and γ from Q are comparable which
is impossible. Therefore Q = Par(A) and P is the normal representation of the
set Par(A). �

Proof (of Proposition 5). We will prove by induction on i that, for i =
1, . . . , t, the set Bi (see the description of the algorithm A3) is equal to the set
Par(Qi). Since B1 = Par(P1) and Q1 = P1, we have B1 = Par(Q1). Let for
some i − 1, 2 ≤ i ≤ t, the considered statement hold, i.e., Bi−1 = Par(Qi−1).
Then Bi = Par(Bi−1 〈FH〉Par(Pi)) = Par(Par(Qi−1) 〈FH〉Par(Pi)).

We know that Qi = Qi−1 〈FH〉Pi. Let us show that

Par(Qi) ⊆ Par(Qi−1) 〈FH〉Par(Pi).

Let β ∈ Par(Qi−1 〈FH〉Pi) and β = (F (a, c), H(b, d)) where (a, b) ∈ Qi−1 and
(c, d) ∈ Pi. One can show that there exist (a′, b′) ∈ Par(Qi−1) and (c′, d′) ∈
Par(Pi) such that (a′, b′) ≤ (a, b) and (c′, d′) ≤ (c, d). It is clear that α =
(F (a′, c′), H(b′, d′)) ≤ (F (a, c), H(b, d)) = β and α ∈ Par(Qi−1) 〈FH〉Par(Pi).
Since β ∈ Par(Qi−1 〈FH〉Pi), we have β = α. Therefore Par(Qi−1 〈FH〉Pi) ⊆
Par(Qi−1) 〈FH〉Par(Pi).

We now show that Par(Qi) = Par(Par(Qi−1) 〈FH〉Par(Pi)). Since

Par(Qi−1 〈FH〉Pi) ⊆ Par(Qi−1) 〈FH〉Par(Pi),

we have Par(Qi−1 〈FH〉Pi) ⊆ Par(Par(Qi−1) 〈FH〉Par(Pi)). Let us assume
that, for some β, β ∈ Par(Par(Qi−1) 〈FH〉Par(Pi)) and

β /∈ Par(Qi−1 〈FH〉Pi).

Then there exists α ∈ Qi−1 〈FH〉Pi such that α < β. One can show that there
exists γ ∈ Par(Qi−1 〈FH〉Pi) ⊆ Par(Qi−1) 〈FH〉Par(Pi) such that γ ≤ α.
Therefore γ < β and β /∈ Par(Par(Qi−1) 〈FH〉Par(Pi)). Hence Par(Qi) =
Par(Qi−1 〈FH〉Pi) = Par(Par(Qi−1) 〈FH〉Par(Pi)).

Therefore Bi = Par(Qi). So we have Bt = Par(Qt), and the algorithm A3

returns the set Par(Qt). �
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Proof (of Theorem 6). We prove the considered statement by induction on
nodes of G. Let Θ be a terminal node of G. Then,

Tree(G,Θ) = {tree(mcd(Θ))},
tψ,ϕ(G,Θ) = Par(tψ,ϕ(G,Θ)) = {(ψ0(Θ), ϕ0(Θ))}, and

B(Θ) = Par(tψ,ϕ(G,Θ)).

Let Θ be a nonterminal node of G such that, for any fi ∈ E(Θ) and
any aj ∈ E(Θ, fi), the considered statement holds for the node Θ(fi, aj), i.e.,
B(Θ(fi, aj)) = Par(tψ,ϕ(G,Θ(fi, aj))).

Let fi ∈ E(Θ) and E(Θ, fi) = {a1, . . . , at}. We denote

P (fi) = {(F (b1, . . . , bt) + w(Θ), H(c1, . . . , ct) + u(Θ))

: (bj , cj) ∈ tψ,ϕ(G,Θ(fi, aj)), j = 1, . . . , t},

and, for j = 1, . . . , t, we denote Pj = tψ,ϕ(G,Θ(fi, aj)).
If we apply the algorithm A3 to the functions F,H and the sets Par(P1), . . . ,

Par(Pt), we obtain the set Par(Qt) where Q1 = P1, and, for j = 2, . . . , t, Qj =
Qj−1〈FH〉Pj . It is not difficult to show that P (fi) = Qt 〈++〉 {(w(Θ), u(Θ))} =
{(a+ w(Θ), b+ u(Θ)) : (a, b) ∈ Qt} and

Par(P (fi)) = Par(Qt) 〈++〉 {(w(Θ), u(Θ))}.

According to the induction hypothesis, B(Θ(fi, aj)) = Par(Pj) for j =
1, . . . , t. Therefore C(Θ, fi) = Par(Qt) and B(Θ, fi) = Par(P (fi)).

One can show that tψ,ϕ(G,Θ) =
⋃
fi∈E(Θ) P (fi). We prove now that

Par(tψ,ϕ(G,Θ)) = Par


 ⋃

fi∈E(Θ)

P (fi)


 ⊆

⋃

fi∈E(Θ)

Par(P (fi)).

Let α ∈ ⋃fi∈E(Θ) P (fi) \
⋃
fi∈E(Θ) Par(P (fi)). Then there is fi ∈ E(Θ) such

that α ∈ P (fi) but α /∈ Par(P (fi)). Therefore there is β ∈ P (fi) such

that β < α. Hence α /∈ ⋃fi∈E(Θ) Par(P (fi)), and Par
(⋃

fi∈E(Θ) P (fi)
)
⊆⋃

fi∈E(Θ) Par(P (fi)).

Let us show that Par(tψ,ϕ(G,Θ)) = Par
(⋃

fi∈E(Θ) Par(P (fi))
)

. Since

Par(tψ,ϕ(G,Θ)) ⊆ ⋃fi∈E(Θ) Par(P (fi)), we have

Par(tψ,ϕ(G,Θ)) ⊆ Par


 ⋃

fi∈E(Θ)

Par(P (fi))


 .

Let us assume that, for some β, β ∈ Par
(⋃

fi∈E(Θ) Par(P (fi))
)

and β /∈
Par(tψ,ϕ(G,Θ)). Then there exists α ∈ tψ,ϕ(G,Θ) such that α < β. One
can show that there exists γ ∈ Par(tψ,ϕ(G,Θ)) ⊆ ⋃fi∈E(Θ) Par(P (fi)) such
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that γ ≤ α. Therefore γ < β and β /∈ Par
(⋃

fi∈E(Θ) Par(P (fi))
)

. Hence

Par(tψ,ϕ(G,Θ)) = Par
(⋃

fi∈E(Θ) Par(P (fi))
)

.

Since B(Θ, fi) = Par(P (fi)) for any fi ∈ E(Θ), we have Par(tψ,ϕ(G,Θ)) =
Par (A(Θ)) = B(Θ). �

Proof (of Proposition 7). Let us consider two functions Ftψ,ϕ(G,T ) : R →
R and FPar(tψ,ϕ(G,T )) : R→ R defined in the following way:

Ftψ,ϕ(G,T )(x) = min{b : (a, b) ∈ tψ,ϕ(G,T ), a ≤ x},
FPar(tψ,ϕ(G,T ))(x) = min{b : (a, b) ∈ Par(tψ,ϕ(G,T )), a ≤ x}.

One can show that a1 = min{a : (a, b) ∈ tψ,ϕ(G,T )}. Therefore the value
Ftψ,ϕ(G,T )(x) is undefined if x < a1. Let x ≥ a1. Then both values F(x) and
Ftψ,ϕ(G,T )(x) are defined. It is easy to check that F(x) = FPar(tψ,ϕ(G,T ))(x).
Since Par(tψ,ϕ(G,T )) ⊆ tψ,ϕ(G,T ), we have Ftψ,ϕ(G,T )(x) ≤ F(x). One can
show that, for any point (a, b) ∈ tψ,ϕ(G,T ), there is a point

(ai, bi) ∈ Par(tψ,ϕ(G,T ))

such that (ai, bi) ≤ (a, b). Therefore F(x) ≤ Ftψ,ϕ(G,T )(x) and Ftψ,ϕ(G,T )(x) =

F(x). It is easy to see that Fψ,ϕG,T (x) = Ftψ,ϕ(G,T )(x). Hence Fψ,ϕG,T (x) = F(x).
�
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