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Abstract16

This paper provides theoretical estimates that quantify and clarify the sav-
ings associated to the use of element-level static condensation as a first step
of an iterative solver. These estimates are verified numerically. The numeri-
cal evidence shows that static condensation at the element level is beneficial
for higher-order methods. For lower-order methods or when the number
of iterations required for convergence is low, the setup cost of the elimina-
tion as well as its implementation may offset the benefits obtained during
the iteration process. However, as the iteration count (e.g., above 50) or
the polynomial order (e.g., above cubics) grow, the benefits of element-level
static condensation are significant.

Keywords: Static Condensation, Finite Element Method, p-FEM, Iterative17

Solvers.18

1. Introduction19

Within the Finite Element (FE) community, the term static condensa-20

tion of interior degrees of freedom refers to the Gaussian elimination of the21
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element interior bubble functions arising from high-order discretizations [Wil-22

son (1974)]. Other terms such as Guyan condensation (reduction) can also23

be found in the literature to refer to the same set of linear algebra opera-24

tions [Guyan (1965)]. Static condensation can also be interpreted as a par-25

tial LU factorization of the interior degrees of freedom, as a first step of a26

specific substructuring technique, or as a partial orthogonalization of basis27

functions [Vejchodsky and Solin (2008)].28

Interpreted in any of these forms, static condensation constitutes a funda-29

mental building block for direct solvers and delivers significant performance30

improvements [Calo et al. (2011); Collier et al. (2012, 2014)]. In high-order31

methods such as the p- and hp-FE methods, interior degrees of freedom are32

eliminated first, leading to a reduced system (called Schur complement) that33

is subsequently LU factorized. This static condensation step ensures the elim-34

ination of interior degrees of freedom before starting the LU factorisation of35

the skeleton problem, thereby providing often better performance than that36

achieved with traditional ordering techniques, as shown in [Bientinesi et al.37

(2010a)]. It also explains why those matrices lacking a structure that enables38

static condensation (e.g., higher-continuous basis functions as those used in39

meshless methods [Belytschko et al. (1996)], reconstructing kernel element40

methods [Collier and Simkins Jr (2009)], and isogeometric analysis [Hughes41

et al. (2005)]) typically require a significantly larger number of floating point42

operations in order to be factorized [Collier et al. (2012)].43

While the use of static condensation in direct solvers is always benefi-44

cial [Bientinesi et al. (2010b)], its use with iterative solvers is more contro-45

versial. Some authors postulate that static condensation should always be46

the starting point of any iterative solver, while others refrain from doing so,47

since it adds some complexity to the implementation. Even when static con-48

densation is unused, most iterative solvers for p- and hp-FE methods still49

perform some type of elimination (or a spectrally equivalent operation) of lo-50

cal interior bubble functions (c.f., [Ainsworth (1996); Pardo and Demkowicz51

(2006); Pardo et al. (2006); Beuchler (2013); Arnold et al. (2000); Schoberl52

et al. (2008)]).53

The key point, however, is to determine how profitable it is to explic-54

itly build the Schur complement of element bubble functions (as performed55

in static condensation) and eliminate the corresponding unknowns from the56

global system before performing iterations with respect to keeping the local57

LU-factorized matrices as part of the preconditioner without ever computing58

the Schur complement. In other words, the distinguishing feature between59
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iterative solvers that employ partial LU factorizations versus those that per-60

form static condensation before executing an iterative solver is that the latter61

explicitly build the Schur complement and eliminate interior bubble functions62

from the global matrix rather than only evaluating their action over a given63

residual.64

This paper provides quantitative estimates about the profitability of us-65

ing static condensation before employing an iterative solver. We corroborate66

these estimates with numerical experiments in two and three spatial dimen-67

sions. Numerical experimentation also enlightens the behavior on the pre-68

asymptotic regime. As a result, we describe those situations in which the use69

of static condensation is most beneficial. To quantitatively compare both70

methods, we present floating point operations (FLOPs) estimates that also71

provide interesting clues for the design of optimal hybrid solvers [Sourbier72

et al. (2011)].73

In order to make this analysis tractable and easy to follow, we make74

several assumptions, which are described in Section 2 along with our model75

problem. Section 3 presents precise theoretical complexity estimates illus-76

trating the advantages and limitations of using static condensation for each77

particular discretization. We describe the implementation details in Section78

4 and we present numerical results confirming the estimates in Section 5.79

Section 6 describes the conclusions of our study and suggests future research80

lines in the topic.81

2. Model Problem and Assumptions82

Our starting point is the following algebraic system of linear equations:

Ax = b, (1)

where A is a non-singular real-valued N×N sparse matrix, b is the right-hand83

side, and x is the solution vector.84

In this work, we assume that the system matrix A is associated to a reg-85

ular quadrilateral or hexahedral grid coming from a finite element discretiza-86

tion with uniform order of approximation p and with the same number of87

elements in each spatial direction. When the number of elements in each88

direction is substantially different, then the problem complexity reduces to89

that given by a lower dimensional problem.90

In our estimates and computations, we avoid taking advantage of orthog-91

onal basis functions, i.e., we consider all contributions originating from a trial92
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and a test function with shared support as nonzero (a.k.a. “logical nonzero93

entry”), despite the fact that the actual values could indeed be zero. In94

arbitrarily mapped elements (non-affine) and/or in complex bilinear forms,95

logical nonzero entries are indeed different from zero.96

We assume that the number of iterations needed to solve a given problem97

before static condensation is of the same order as that needed after static98

condensation. A large family of iterative solvers comply with this assumption,99

as shown in the Appendix.100

We further assume that the cost of building the preconditioner associated101

to the skeleton problem is negligible, since the number of unknowns in the102

skeleton problem is O(p) times smaller than those in the interiors of the103

elements. In the case of a multigrid solver, we also assume that the coarse-104

grid correction has a negligible cost, since it consists of solving a smaller-size105

problem.106

For simplicity, we restrict our attention to boundary value problems (with
Dirichlet boundary conditions) that are governed by second order partial
differential equations (PDEs) of the form:

−∇ · (c1∇u) + c2∇u + c3u = f in Ω,

u = u0 on Γ = ∂Ω,
(2)

where c1 is a symmetric positive definite tensor, c2 a vector, and c3 a scalar107

function, f is the right-hand side, u is the solution, u0 is the Dirichlet data,108

and ∇, ∇· are the gradient and divergence operators, respectively. c1, c2,109

and c3 are bounded and spacially varying so they may also incorporate the110

Jacobian of a transformation from the reference elements to a deformed ge-111

ometry [Pardo et al. (2008a,b)]. We also assume that the coefficients are such112

that the above problem has a unique solution.113

The variational formulation of problem (2) is given by (see e.g., [Hughes114

(2012)]):115 {
Find u ∈ u0 + V such that,

b(u, v) = l(v) ∀v ∈ V,
(3)
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where the bilinear form b(u, v) and the linear form l(v) are defined as:

b(u, v) =

∫
Ω

c1∇u · ∇v dΩ +

∫
Ω

c2∇u v dΩ +

∫
Ω

c3u v dΩ

l(v) =

∫
Ω

fv dΩ,

(4)

with v a test function belonging to space V = H1
0 (Ω) = {u ∈ L2(Ω) : u|Γ =116

0,∇u ∈ L2(Ω)}.117

For the case of multiple equations and/or H(curl), H(div), or L2 dis-118

cretizations, most of the results presented here can be easily generalized119

using the same methodology as that shown in this paper. For complexity es-120

timates associated to isogeometric analysis (IGA) and finite difference (FD)121

discretizations, we refer to [Collier et al. (2012, 2013)]. In these cases, it122

is not possible to perform static condensation of interior unknowns. Other123

discretizations such as Discontinous Galerkin (DG) or Hybridizable Discon-124

tinous Galerkin (HDG) [Nguyen et al. (2011); Kirby et al. (2012)] can be125

analyzed using the same techniques employed here but taking into account126

the precise number of element-interior and element-boundary unknowns de-127

livered by each formulation. For the case of time-domain problems with a128

single time independent matrix, they can be interpreted as a single prob-129

lem with multiple right hand sides, and thus, results shown here can also be130

trivially extended to that situation.131

Our study focuses on moderate values of p, namely, 2 < p < 15 in 2D132

and 2 < p < 10 in 3D. Nonetheless, some tables and graphics showing higher133

values of p have also been computed for illustration and verification pur-134

poses. For larger values of p, the costs of integration, memory storage, and135

solution of the system of linear equations may become prohibitively expen-136

sive, and one needs to employ specific spectral method techniques such as137

sum factorization [Vos et al. (2010); Orszag (1980)] or the Spectral Galerkin138

method [Melenk et al. (2001)]. The operation count of both integration and139

matrix-vector multiplication reduces significantly when using either of the140

above techniques for high p. However, in this paper we consider moderate141

values of p and we avoid the use of sum factorization techniques. The analysis142

performed in this paper does not consider the use of sparse representations143

of nodes for building the preconditioners [Austin et al. (2012)], which would144

require a separate study.145

This work focuses on operation counts and does not study paralleliza-146
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tion costs such as communication. However, under the assumption that each147

element is contained only in a single processor (which is typical for the mod-148

erate values of p considered here), the element-level static condensation is149

performed in a single processor, and no communication costs occur during150

such operation.151

3. Theoretical Complexity Estimates152

In this section, we derive theoretical complexity estimates to compare153

the number of FLOPs needed to solve a system of linear equations with and154

without static condensation.155

The considered iterative algorithm consists of the following steps:156

1. For the static-condensation case, construct the Schur complement ma-157

trix in each element.158

2. Construct a block Jacobi preconditioner on the fine grid with blocks as-159

sociated to the unknowns of a single element, as in [Pardo and Demkow-160

icz (2006)]. For the case with static condensation, bubbles have already161

been eliminated in the previous step, thus, blocks are associated to the162

unknowns of the element skeleton.163

3. Construct restriction/prolongation operators and coarse-grid solver for164

the case of multigrid. As described in the previous section, this step165

is assumed to be of lower-order complexity and thus has a negligible166

computational cost.167

4. Iterate (matrix-vector multiplications) until a given error tolerance is168

reached. For the case with static condensation, iterations are performed169

only over the reduced skeleton system.170

The computational cost associated to the use of other commonly employed171

preconditioners such as Incomplete LU (ILU) factorization with no fill-in —172

ILU(0)— is of the same order, and thus, the analysis performed here also173

applies to those cases.174

3.1. Notation and Preliminary Considerations175

We express the amount of FLOPs needed to solve the above system of
equations using an iterative solver without static condensation as:

FLOPs = (nitc + g)M, (5)

where:176
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• M is the number of nonzero entries in the matrix A,177

• nit is the number of iterations, which depends on the structure of A,178

• gM is the number of FLOPs required to build the preconditioner, and179

• c is a constant that incorporates the number of matrix-vector multipli-180

cations that need to be performed within each iteration.181

When using static condensation, the total amount of FLOPs needed to
solve the above system of equations is given by:

FLOPsSC = (ñitc̃ + g̃)M̃ + s̃M, (6)

where:182

• M̃ is the number of nonzero entries in the stiffness matrix after static183

condensation,184

• ñit is the number of iterations needed in the statically condensed sys-185

tem,186

• g̃M̃ is the number of FLOPs required to build the preconditioner of187

the statically condensed system,188

• c̃ is a constant that incorporates the number of matrix-vector multi-189

plications performed within each iteration of the statically condensed190

system, and191

• s̃M is the number of FLOPs needed to perform static condensation192

over the original system (independent of ñit).193

The above formulas depend upon the order of approximation p. In other194

words, g, M , g̃, M̃ , and s are p dependent. Additionally, nit, and ñit may195

depend upon p, but in here we assume that the preconditioner is able to keep196

the number of iterations almost constant irrespective of p. In fact, there exist197

several iterative solvers in the literature for which the number of iterations198

needed to converge is almost independent of p (c.f., [Ainsworth (1996); Pardo199

and Demkowicz (2006); Schoberl et al. (2008); Beuchler (2013); Gao (2013)]).200

The objective of static condensation is to reduce the total cost by reducing201

the value of the constant M̃ versus M , possibly at the cost of some small202
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overhead s̃M needed to build the Schur complement matrix. In other words,203

our analysis focuses on the amount of operations needed to build the Schur204

complement and the savings in terms of number of nonzero entries that this205

system may deliver during iterations (matrix-vector multiplications).206

The speedup factor in terms of the number of FLOPs due to the use of207

static condensation is independent of the number of elements (up to bound-208

ary conditions). In order to properly normalize the results, we provide all209

estimates on a per-element basis. We assume that a sufficiently large number210

of elements is used, thus making the effect of the boundaries irrelevant.211

To compute the number of independent nodes per element for a problem212

with infinite number of elements in each direction, we consider a single hex-213

ahedron problem with periodic boundary conditions [Calo et al. (2011); Col-214

lier et al. (2012)]. The element has four different types of nodes (node type),215

namely, vertices, edges, faces, and volumetric interiors. The number of nodes216

of each particular type—nr nodes(node type)—in an element with periodic217

boundary conditions is displayed in Table 1, and illustrated in Figure 3.1.

Denomination Dimension (d) Nr Vert Nr Edg Nr Fac Nr Vol

2D 2 1 2 1 0
3D 3 1 3 3 1

Table 1: Number of independent vertices (Nr Vert), edges (Nr Edg), faces (Nr Fac), and
volumes (Nr Vol) for a single element (quadrilateral in 2D or hexahedron in 3D) with
periodic boundary conditions.

218

The problem size (per element) N is given by:

N =
∑

node type

nr nodes(node type ) · dof(node type), (7)

where dof(node type) is the number of degrees of freedom for each node type.
Let e be the node dimension of node type, i.e., 0 for vertices, 1 for edges, 2
for faces, and 3 for volumes. For an H1(C0) element of order p, the number
of degrees of freedom is equal to

dof(node type) = (p− 1)e. (8)
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Figure 1: Quadrilateral (left panel) and Hexahedral (right panel) in a periodic mesh.
V=Vertex, E=Edge, F=Face. PV, PE, and PV correspond to vertices, edges and faces
where periodic boundary conditions are imposed, and they are denoted with the red color.

3.2. Without Static Condensation219

We first consider the case of an iterative solver built without performing220

static condensation. Following equation (5), we decompose the total cost into221

two parts: (a) building the preconditioner, and (b) performing iterations.222

Cost of Building the Preconditioner. For the particular case of a multigrid223

solver, we assume that the construction of the transfer operators, smoothers,224

and the coarsest grid solve are significantly cheaper operations.225

Cost of Iterations. The number of FLOPs needed to perform each iteration226

is dominated by two matrix-vector multiplications: one corresponding to the227

original matrix A, and the second one corresponding to the preconditioner228

matrix. Assuming that the number of nonzero entries in the preconditioner229

is smaller or proportional to that of the original matrix, we conclude that the230

iteration cost is proportional to the number of nonzero entries in the original231

matrix.232

Then, for an infinitely large problem, the number of nonzero entries per
element in the original system M is given by:

M =
∑

node type

nr nodes(node type) · dof(node type) ·interact dof(node type),

(9)
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where interact dof(node type) is the number of degrees of freedom interacting
with a given node type, and its formula is given by:

interact dof (node type) = (2p + 1)d−e · (p + 1)e. (10)

3.3. With Static Condensation233

In this case, we need to first consider the number of FLOPs needed to234

perform static condensation. Additionally, we also need to consider the com-235

plexity of building the preconditioner and to perform the iterations.236

Cost of Static Condensation. Let matrix A be decomposed as:

A =

[
AII AIS

ASI ASS

]
, (11)

where subscript I corresponds to the interior bubble degrees of freedom to be
eliminated from the system by static condensation and S to the remaining
skeleton unknowns. Performing the partial LU factorization of the square
submatrix AII , we obtain:

A =

[
I 0

ASIA
−1
II I

]
.

[
AII 0
0 ASS − ASIA

−1
II AIS

]
.

[
I A−1

II AIS

0 I

]
, (12)

where S = ASS − ASIA
−1
II AIS is the Schur complement. In practice, a full237

inversion of AII should be avoided and replaced by the corresponding LU fac-238

torization. First, because round-off errors are less relevant when performing239

an LU factorization. Second, because the number of FLOPs also diminishes,240

specially, for high values of p. Although both operations (LU factorization241

and inversion) exhibit the same scaling in terms of p, the corresponding con-242

stants are different. More precisely, inverting the matrix is about three times243

more expensive than performing its LU factorization.1244

1Computing the inverse of a matrix A of size n × n with LAPACK [Anderson et al.
(1999)] requires two steps: first, compute the factorization A = LU (by calling DGETRF),
next compute A−1 out of the LU factors (by calling DGETRI). The LU factorization of a
matrix of size n × n has a flop count of O( 2

3n
3) and the computation of the inverse out

for the LU factors has a flop count of O( 4
3n

3) (see [Blackford and Dongarra (1999)], pp.
120). Therefore, the computation of the matrix inverse has a total flop count of O(2n3),
which is three times the one required to compute the LU factors.
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Taking the above observation into account, we conclude that the cost of245

building the Schur complement (per element) is the sum of the costs asso-246

ciated to: (a) performing the LU factorization of matrix AII , (b) comput-247

ing the action A−1
II AIS by using backward and forward substitutions, and248

(c) performing a matrix-matrix multiplication. The cost of performing the249

LU factorization of matrix AII is of order O(p3d), while the cost of perform-250

ing backward and forward substitutions is of order O(p3d−1). The remaining251

operations are of lower order, thus their contribution to the total number of252

FLOPs is negligible.253

Cost of Building the Preconditioner. As stated in previous sections, we as-254

sume that the cost of building the preconditioner for the skeleton problem255

is negligible, since the number of unknowns of this problem is O(p) times256

smaller than that of the original problem.257

Cost of Iterations. As in the previous case, we assume that the number258

of FLOPs is proportional to the number of nonzero entries in the Schur259

complement system S.260

If we denote the nodes of type “skeleton” (all except the volumetric inte-
rior ones) by —node ske—, then, for an infinitely large problem the number
of nonzero entries per element in the statically condensed system M̃ is given
by:

M̃ =
∑

node ske

nr nodes(node ske) × dof(node ske)

× [interact dof (node ske)− 2d−e(p− 1)d].
(13)

In the above formula, the term “interact dof (node ske)− 2d−e(p− 1)d” cor-261

responds to all interacting nodes of the given “node ske” minus those corre-262

sponding to volumetric interior nodes already eliminated by the static con-263

densation.264

A simple asymptotic expansion shows that M = O(p2d), while M̃ =
O(p2(d−1)), which implies that the number of nonzero entries in the statically
condensed system is O(p2) times smaller than in the original system. Indeed,
we can further derive the following approximations for the number of nonzero
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entries per element, whose accuracy are confirmed by Tables 2 and 3:

M(2D) ≈ (p + 1)3p M(3D) ≈ (p + 1)5p (14)

M̃(2D) ≈ 14p2 M̃(3D) ≈ 33p4 (15)

Table 2: 2D results for a problem with periodic boundary conditions (infinitely large
problem). Number of nonzero entries per element with and without static condensation.

p 1 2 3 4 5 10 25 100 1000

M/(p + 1)3p 1.12 1.19 1.17 1.15 1.13 1.08 1.04 1.01 1.00

M̃/14p2 0.64 0.84 0.90 0.92 0.94 0.97 0.99 1.00 1.00

M/M̃ 1 1.36 1.99 2.78 3.72 10.6 52.7 745 71735

Table 3: 3D results for a problem with periodic boundary conditions (infinitely large
problem). Number of nonzero entries per element with and without static condensation.

p 1 2 3 4 5 10 25 100 1000

M/((p + 1)5p) 0.84 1.05 1.10 1.11 1.10 1.07 1.04 1.00 1.00

M̃/(33p4) 0.82 0.87 0.90 0.92 0.94 0.97 0.99 1.00 1.00

M/M̃ 1 1.11 1.40 1.77 2.22 5.42 24.2 322 30496

3.4. Discussion and Final Estimates265

Taking into account all the above estimates, the number of FLOPs needed
to solve the original and the statically condensed systems are respectively of
the order:

FLOPs = O(nitp
2d) +O(p3d),

FLOPsSC = O(nitp
2(d−1)) +O(p3d) +O(p3d−1),

(16)

per element.266

Although O(p3d−1) can be considered as a lower order term in the above267

estimates, it sometimes becomes significant for low and moderate values of p,268

since the constant in front of it is significantly higher than that of the higher269

order term O(p3d).270

In any case, we observe that as p −→ ∞, the number of FLOPs is the271

same regardless of the use of static condensation. Thus, for sufficiently high272

12



p, perhaps the additional burden of implementing static condensation should273

be avoided, and the main effort should be focused on performing some type274

of incomplete LU factorization (or some alternative iterative solver) on the275

bubble degrees of freedom.276

On the other hand, for a fixed value of p, we see that as nit −→ ∞,277

the use of static condensation is always recommended. To determine the278

exact regions for which the use of static condensation brings any benefit, we279

complement the above theoretical estimates with numerical experimentation.280

These simulation results allow us to estimate the relative significance of the281

different contributions of each term in (16).282

4. Implementation283

To provide further insight to the above theoretical estimates, we built a284

FE code in one-, two-, and three-spatial dimensions. The method is imple-285

mented in MATLAB, and supports any uniform order of approximation p.286

For its construction, we have assumed a tensor product structure for the basis287

functions and the corresponding discretization. To simplify the implementa-288

tion, the size of all elements in each direction is selected to be equal to one,289

and we have chosen c1 = 1, c2 = 0, and c3 = 0 everywhere, which produces a290

constant Jacobian (in fact, equal to one) and facilitates the decomposition of291

the bilinear form as the sum of tensor products of one-dimensional problems.292

Using this identity map for the geometry does not affect the nonzero pattern293

of the system, while keeping the implementation simple.294

5. Numerical Results295

In this section, we solve the Laplace equation (2) with Dirichlet bound-296

ary conditions using the FE method, as described in the previous section.297

Numerical results are obtained in a workstation equipped with 94GB RAM,298

and an eight-core Intel Xeon E5620 processor (12Mb cache, 2.40 Ghz).299

5.1. Number of Nonzero Entries300

We first report the number of nonzero entries per element for the con-301

densed and non-condensed systems. In Table 4, we observe that the nu-302

merical results for 2D match with the estimates of Table 2. For example,303

for p = 5, the number of nonzero entries for the statically condensed and304

non-condensed systems computed numerically coincide with the theoretical305
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estimates (1.13 and 0.94, respectively). Their ratio is also the same (3.73 for306

the numerical value and 3.72 for the estimate).307

In the 3D case (Table 5), the agreement with the estimates (Table 3)308

is more visible for low p. Estimates correspond to the case of an infinitely309

large problem. Therefore, when we solve the Laplace equation with Dirichlet310

boundary conditions, in order to obtain a perfect match between the nu-311

merical results and the estimates, we need to consider a sufficiently large312

problem. For small polynomial orders we are able to solve large problems.313

This is reflected in the existing good agreement between numerical results314

and theoretical estimates (e.g., for p = 3). However, an increase in p limits us315

from considering as many elements as needed to observe a perfect agreement316

(e.g., p = 10).317

Tables 6 and 7 illustrate that when the the problem size increases, the318

numerical results converge to the theoretical estimates, as predicted.319

Table 4: 2D numerical results for a problem with a number of elements equal to
10002, 3332, 2002, 1002, 402 and 202 for p equal to 1, 3, 5, 10, 25 and 40, respec-
tively. Number of nonzero entries per element with and without static condensation.

p p = 1 p = 3 p = 5 p = 10 p = 25 p = 40

M/(p + 1)3p 1.12 1.17 1.13 1.08 1.03 1.02

M̃/14p2 0.64 0.89 0.94 0.96 0.97 0.96

M/M̃ 1 1.99 3.73 10.64 53.45 130.98

Table 5: 3D numerical results for a problem with a number of elements equal to
1003, 333, 203 and 83 for p equal to 1, 3, 5, and 10, respectively. Number of nonzero
entries per element with and without static condensation.

p p = 1 p = 3 p = 5 p = 10

M/(p + 1)5p 0.84 1.07 1.06 1.01

M̃/(33p4) 0.81 0.87 0.89 0.86

M/M̃ 1 1.40 2.24 5.74

5.2. Time Comparison320

Assuming that the amount of time needed to execute an algorithm is pro-
portional to the number of FLOPs, we can reinterpret equations (5) and (6)
in terms of time instead of FLOPs by rewriting them in the following way:

TIME = T (A · v)nit + T (AII), (17)
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Table 6: 2D numerical results showing how the number of nonzero entries, with and
without static condensation, converges to the theoretical estimates when the number of
elements (Ne) increases.

p = 5 Ne = 52 Ne = 252 Ne = 502 Ne = 1002 Ne = 2002 Estimate

M/(p + 1)3p 1.02 1.11 1.12 1.13 1.13 1.13

M̃/14p2 0.81 0.91 0.93 0.93 0.94 0.94

M/M̃ 3.91 3.76 3.74 3.73 3.73 3.72

Table 7: 3D numerical results showing how the number of nonzero entries, with and
without static condensation, converges to the theoretical estimates when the number of
elements (Ne) increase.

p = 5 Ne = 33 Ne = 53 Ne = 103 Ne = 203 Estimate

M/(p + 1)5p 0.84 0.94 1.02 1.06 1.10

M̃/(33p4) 0.66 0.76 0.85 0.89 0.94

M/M̃ 2.41 2.33 2.27 2.24 2.22

and
TIMESC = T (ASS · v)nit + T (ASS), (18)

where TIME and TIMESC are the total times without and with static321

condensation, respectively. Here, nit is again the number of iterations the322

iterative solver requires to converge, T (ASS) is the time required to compute323

the Schur complement, T (AII) corresponds to the time devoted to perform324

the LU factorization of AII , and T (A · v) and T (ASS · v) are, respectively,325

the time required to multiply the non-condensed stiffness matrix A and the326

statically condensed stiffness matrix ASS by a vector. As before, we assume327

that the time needed to build the preconditioner in the condensed system is328

negligible.329

Since these times scale linearly with the number of elements, all numerical330

results reported in Tables 8 and 9 are given in terms of time (seconds) per331

element.332

According to Section 3.3, for a sufficiently large p, the dominant part333

in terms of number of FLOPs is the LU factorization of AII , regardless the334

decision of using static condensation or not. When the Schur complement is335

explicitly computed, additional backward and forward substitutions are re-336

quired. Since the ratio between interior and skeleton nodes tends to infinity337

as p grows, the cost of these forward and backward substitutions becomes338
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negligible for sufficiently large p, and the quotient T (ASS)/T (AII) approaches339

1. However, for small values of p, the situation may vary considerably, since340

the number of interior and skeleton nodes are comparable. This is numer-341

ically observed in Tables 8 and 9, where we also appreciate that the ratio342

T (ASS)/T (AII) tends to 1 for large p, as expected.343

We also know that the time required to multiply a matrix times a vector344

depends on the number of nonzeros in the matrix. Therefore, we expect to345

observe that the ratios T (A · v)/T (ASS · v)) and M/M̃ behave in a similar346

fashion. This is effectively observed for example by comparing the last row of347

Table 9 (with values equal to 1.41, 2.32 and 5.77) with the last row of Table 5348

(with values equal to 1.40, 2.24 and 5.74, respectively).349

Table 8: 2D numerical results for a problem with number of elements equal to
3332, 2002, 1002, 402 202 and 22 for p equal to 3, 5, 10, 25 40 and 100, respectively.
Times per element with and without static condensation. Times have been computed 100
times and averaged.

p p = 3 p = 5 p = 10 p = 25 p = 40 p = 100

T (ASS) 1.74e-5 3.92e-5 7.02e-4 2.31e-2 2.23e-1 16.94
T (AII) 2.95e-6 1.08e-5 2.09e-4 1.18e-2 1.55e-1 14.79

T (ASS · v) 3.13e-7 8.63e-7 3.26e-6 2.42e-5 5.11e-5 2.13e-4
T (A · v) 6.21e-7 3.56e-6 3.51e-5 1.05e-3 6.63e-3 2.55e-1

T (ASS)/T (AII) 5.90 3.63 3.36 1.96 1.44 1.15
T (A · v)/T (ASS · v)) 1.98 4.13 10.77 43.39 129.75 1197.2

Table 9: 3D numerical results for a problem with number of elements equal to
333, 203 83 23 and 1 for p equal to 3, 5 10, 15 and 25, respectively. Times per ele-
ment with and without static condensation. Times have been computed 100 times and
averaged.

p p = 3 p = 5 p = 10 p = 15 p = 25

T (ASS) 4.34e-5 7.48e-4 7.60e-2 1.49 77.76
T (AII) 4.13e-6 8.76e-5 2.09e-2 5.30e-1 36.85

T (ASS · v) 5.58e-6 4.19e-5 7.11e-4 2.34e-3 1.02e-2
T (A · v) 7.89e-6 9.70e-5 4.10e-3 3.30e-2 6.23e-1

T (ASS)/T (AII) 10.51 8.54 3.64 2.81 2.11
T (A · v)/T (ASS · v)) 1.41 2.32 5.77 14.10 61.08

Figure 2 displays the ratio between the time required to solve a 2D prob-350
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lem without static condensation against that needed to solve the same prob-351

lem with static condensation. As predicted by the theory, the use of static352

condensation is always recommended for a sufficiently large number of iter-353

ations. As the number of iterations grows, the cost of matrix-vector multi-354

plications becomes dominant, and the savings are of the order of p2, which355

correspond to T (A·v)/T (ASS ·v) row in Tables 8 and 9. In the pre-asymptotic356

regime, these savings become substantial when the number of iterations is357

above 100. On the other hand, when the number of iterations is below 10,358

the use of static condensation provides no advantage. We also observe that359

as the value of p increases, the number of iterations needed for static conden-360

sation to be beneficial diminishes. Similar conclusions can be depicted from361

the 3D results displayed in Figure 3.362
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Figure 2: Ratio between the time needed to solve a 2D problem without static
condensation vs. that using static condensation.

6. Conclusions363

The use of static condensation in iterative solvers is controversial. That364

is, some authors defend its use as an starting point of any iterative solver,365
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Figure 3: Ratio between the time needed to solve a 3D problem without static
condensation vs. that using static condensation.

while others do not. The key point is to determine whether computing the366

Schur complement instead of keeping the local LU-factorized matrices as a367

preconditioner is profitable or not.368

In the present work, we provide quantitative theoretical estimates to de-369

termine the situations where it is recommended to use the static condensa-370

tion, and illustrated these estimates with numerical experiments. To make371

the problem tractable, we have made several assumptions on the mesh regu-372

larity and on the behavior of the iterative solver so the number of iterations373

becomes independent of the mesh size. Under these assumptions, we show374

that the use of static condensation is most beneficial when the number of iter-375

ations is sufficiently large, assuming that p > 3. However, when the number376

of iterations is below 10, the use of static condensation may be counterpro-377

ductive.378

Therefore, a more nuanced view point is necessary. Instead of using al-379

ways this technique as a starting point for an iterative solver, we recommend380

to use the tables provided in this paper to analyze the profitability of this381

technique when dealing with high-order methods. In particular, if the iter-382
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ative solver converges in over 50 iterations, the use of static condensation is383

highly recommended.384

This work also provides a first step towards obtaining rigorous computa-385

tional complexity estimates for hybrid solvers. Based on existing estimates386

for uniform and highly refined grids, the construction of further Schur com-387

plements (corresponding to a group of elements) before employing an itera-388

tive solver seems inadequate for uniform grids, however, quite profitable and389

advantageous for certain types of highly refined grids. This will be analyzed390

in detail in a future contribution.391

Appendix A. Effect of Static Condensation on the Required Num-392

ber of Iterations393

In general, the use of element-level static condensation reduces the condi-394

tion number of the original matrix in terms of polynomial order of approxi-395

mation p, although not in terms of element size h (see, e.g., [Vejchodsky and396

Solin (2008)]). However, this positive effect on the condition number of the397

unpreconditioned stiffness matrix often has little relevance, since the actual398

objective is to reduce the condition number of the preconditioned system.399

For poorly designed solvers (e.g., those using no preconditioner or only400

a diagonal preconditioner), the use of static condensation may significantly401

reduce the number of iterations required to achieve a given tolerance error.402

In such cases, our results need to be modified to account for the savings on403

the number of iterations produced by the use of static condensation.404

However, for well-designed solvers that incorporate proper precondition-405

ers in terms of p, the savings on the number of iterations produced by the406

use of static condensation may vanish. For example, any ILU preconditioner407

(when properly ordered by considering first the element interior unknowns)408

provides a preconditioned system whose condition number is independent409

of the use of static condensation, since one obtains the same algebraic sys-410

tem [Vejchodsky and Solin (2008)] for both cases. Indeed, such precondi-411

tioner is optimal for dealing with the element interior unknowns, since it is412

equivalent to a full LU factorization on the element interiors, because the413

solution of interior unknowns introduces no additional fill in.414

Another prominent family of preconditioners that require the same num-415

ber of iterations to converge irrespectively of the use (or not) of static conden-416

sation when combined with CG or GMRES is an overlapping block Jacobi417

smoother with blocks determined by those basis functions whose support418
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is fully contained in the support of a given vertex basis function (see, for419

instance, [Schoberl et al. (2007), Pardo (2004), page 84]). Numerical exper-420

iments confirm this result, as illustrated on Table A.10. In this table, the421

number of iterations required to converge without and with static condensa-422

tion are almost identical in all cases. These numerical results also confirm423

that static condensation only improves the condition number with respect to424

p, and not h. However, an adequate preconditioner in p will achieve a similar425

effect.426

Table A.10: Number of iterations required to reduce the residual by five orders of magni-
tude without (first number within each cell) and with (second number within each cell)
the use of static condensation for a 2D Laplace problem using an overlapping Block-Jacobi
smoother [Pardo (2004)].

Order of 16 × 16 elements 32 × 32 elements 64 × 64 elements
approximation

p = 2 23/23 43/43 87/85
p = 4 22/22 43/43 87/86
p = 6 22/22 44/43 87/86
p = 8 23/23 44/44 88/86

When the above preconditioners are combined with a multigrid solver,427

the convergence properties also remain independent with respect to the use428

or not of static condensation.429
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