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ABSTRACT
Wavefield extrapolation operators for elliptically anisotropic media offer
significant cost reduction compared with that for the transversely isotropic case,
particularly when the axis of symmetry exhibits tilt (from the vertical). However, el-
liptical anisotropy does not provide accurate wavefield representation or imaging for
transversely isotropic media. Therefore, we propose effective elliptically anisotropic
models that correctly capture the kinematic behaviour of wavefields for transversely
isotropic media. Specifically, we compute source-dependent effective velocities for
the elliptic medium using kinematic high-frequency representation of the transversely
isotropic wavefield. The effective model allows us to use cheaper elliptic wave ex-
trapolation operators. Despite the fact that the effective models are obtained by
matching kinematics using high-frequency asymptotic, the resulting wavefield con-
tains most of the critical wavefield components, including frequency dependency
and caustics, if present, with reasonable accuracy. The methodology developed here
offers a much better cost versus accuracy trade-off for wavefield computations in
transversely isotropic media, particularly for media of low to moderate complex-
ity. In addition, the wavefield solution is free from shear-wave artefacts as opposed
to the conventional finite-difference-based transversely isotropic wave extrapolation
scheme. We demonstrate these assertions through numerical tests on synthetic tilted
transversely isotropic models.
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INTRODUCTION

Forward modelling lies at the heart of all inversion algorithms.
The computational efficiency of these inversion schemes is
usually bottlenecked by the modelling tool they resort to.
Therefore, the development of highly efficient modelling al-
gorithms can greatly impact modern-day computationally in-
tensive inversion procedures.

The task of wavefield extrapolation refers to the advance-
ment of wavefield in small steps through space or time us-
ing extrapolation operators that satisfy the wave equation. It
is a key ingredient in seismic modelling, imaging, and full-
waveform inversion algorithms. For example, reverse time
migration is able to image complex subsurface structures by

∗E-mails: umairbin.waheed@kaust.edu.sa,tariq.alkhalifah@kaust.edu.sa

directly solving the acoustic wave equation (Baysal, Kosloff,
and Sherwood 1983; McMechan 1983; Fletcher, Du, and
Fowler 2009). It relies on accurate and efficient forward and
backward extrapolation of waves in time.

Despite all the complexities involved in extrapolating
wavefields in anisotropic media, namely, the shear-wave arte-
fact and stability constraints, the improved images obtained
by incorporating anisotropy (Zhou et al. 2004; Huang et al.

2008) justify the efforts. Wavefields in anisotropic media
are well described by the anisotropic elastic wave equation
(Crampin 1984). However, in practice, we usually do not deal
with information related to shear waves and prefer to use
scalar wavefields, particularly for conventional imaging ap-
plications. Therefore, the acoustic anisotropic wave equation
is now heavily employed in industry for subsurface imaging
algorithms.
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Wave extrapolation in anisotropic media 1127

A transversely isotropic (TI) model with tilted axis of
symmetry (TTI) is regarded as one of the most effective ap-
proximations of the Earth’s subsurface, especially for imag-
ing purposes. The P-wave phase velocity in three dimensions
for TI media, under the acoustic assumption, depends on the
symmetry axis velocity v0, the normal moveout velocity vnmo

(related to v0 through Thomsen’s δ parameter), and the anel-
lipticity anisotropy parameter η. Moreover, it depends on the
dip angle θ that the symmetry axis makes with the vertical
and the azimuthal angle φ of the plane containing symmetry
axis with respect to the x−axis (Tsvankin 1997).

The computational cost of a wavefield extrapolation
algorithm is directly affected by the level of complexity
in description of the medium properties. Including either
anisotropy, attenuation, or poroelasticity or all of them in
medium characterization can lead to significant increase in
cost of solving the corresponding wave equation. However,
embedding the kinematic and dynamic effects of these physi-
cal phenomena into a simpler model, requiring smaller num-
ber of parameters for characterization, can considerably re-
duce computational burden. The idea relies on obtaining
simpler effective models that exhibit wave propagation be-
haviour similar to those present in the original model. Ide-
ally, the wavefield obtained for the effective model would
match both the phase and amplitude properties of the original
model.

Alkhalifah et al. (2013) proposed the idea of using
effective isotropic models for wave propagation in TI media.
They obtained a source-dependent effective isotropic model
by embedding kinematic effects of the anisotropic medium
into the isotropic one using solution to the anisotropic
eikonal equation. The effective model was then used to
compute wavefields by using the much cheaper isotropic
wavefield extrapolation operator. The cost of this additional
step of solving the anisotropic eikonal equation is several
times lower than computing the anisotropic wavefield
solution (Alkhalifah et al. 2013). Therefore, the approach
showed great promise in reducing computational cost of
wavefield extrapolation in anisotropic media. Even though
the resulting wavefield yielded a perfect kinematic match for
the first arriving wave, kinematic content of later arrivals and
amplitude information suffered from significant inaccuracies
(Ibanez-Jacome, Alkhalifah, and Waheed 2014).

The cost of solving the wave equation for elliptically
anisotropic media is very similar to that for the isotropic
case. Therefore, in this paper, we propose effective ellipti-
cally anisotropic models for wave extrapolation in TI media.
Compared with the effective isotropic model, the increase in

number of parameters in representing the effective medium
yields a better match of phase and amplitude contents at al-
most the same computational cost.

Moreover, the acoustic TI approximation of setting the
shear-wave velocity along the symmetry axis to zero does
not prevent existence of the unwanted shear-wave noise
into the P-wave solution (Xu and Zhou 2014). This can
lead to numerical instability of the wave extrapolation al-
gorithm, in addition to causing uncertainty in interpreta-
tion. Therefore, it becomes vital to remove the shear-wave
noise from the wavefield solution. Although it is possible
to suppress the unwanted shear-wave artefacts through post-
processing filters (Zhang et al. 2009; Guan et al. 2011), these
approaches lead to a significant increase in computational
cost.

However, an elliptically anisotropic wave extrapola-
tion algorithm does not suffer from such artefacts. The
proposed formulation is completely free from shear-wave
noise and therefore does not require costly noise filter-
ing operations. In addition, the method can also be used
for TI models with negative anellipticity values for which
conventional extrapolation schemes have been found to be
unstable.

The rest of the paper is organized as follows. We be-
gin by describing theoretical foundations behind the idea of
obtaining source-dependent effective elliptic models. This is
followed by a description of the algorithm to compute ap-
proximate wavefields in TI media. Then, we will demonstrate
applicability and usefulness of our proposed method on syn-
thetic TTI models.

THEORY

The TTI wave equation

Let P(x, z, t) be the seismic wavefield at a location (x, z) at
time t. Then, the acoustic wave equation for 2D TI media with
vertical symmetry axis (VTI) is given as (Alkhalifah 2000):

∂4 P
∂t4

= v2
nmo(1 + 2η)

∂4 P
∂t2∂x2

+ v2
0

∂4 P
∂t2∂z2

− 2ηv2
nmov

2
0

∂4 P
∂x2∂z2

,

(1)

where v0 is the P-wave phase velocity, vnmo is the normal
moveout (NMO) velocity, and η is the anellipticity anisotropy
parameter, all computed along the symmetry direction.

Tectonic movements of the crust and migration of
salt bodies may rotate rocks and tilt the natural vertical
orientation of the symmetry axis, resulting in a TTI model.
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1128 U. Waheed and T. Alkhalifah

By computing spatial wavenumbers in the rotated coordinate
frame, we derive the wave equation for TTI medium to be:

∂4 P
∂t4

= v2
nmo(1 + 2η)

×
(

cos2 θ
∂4 P

∂t2∂x2
+ sin2 θ

∂4 P
∂t2∂z2

+ sin 2θ
∂4 P

∂t2∂x∂z

)

+v2
0

(
cos2 θ

∂4 P
∂t2∂z2

+ sin2 θ
∂4 P

∂t2∂x2
− sin 2θ

∂4 P
∂t2∂x∂z

)

−2ηv2
nmov

2
0

(
cos2 θ sin2 θ

(
∂4 P
∂x4

+ ∂4 P
∂z4

)

+ (
2 cos θ sin3 θ − 2 cos3 θ sin θ

) (
∂4 P

∂x3∂z
+ ∂4 P

∂x∂z3

)

+ (
cos4 θ + sin4 θ − 4 cos2 θ sin2 θ

) ∂4 P
∂x2∂z2

)
, (2)

where θ is the layering dip angle measured with respect to the
vertical.

Effective vertical elliptically anisotropic model

The wave equation for an elliptically anisotropic medium with
vertical axis of symmetry (VEA) is obtained by setting η = 0
in the VTI wave equation (1):

∂2 P
∂t2

= v2
nmo

∂2 P
∂x2

+ v2
0
∂2 P
∂z2

. (3)

It is noticeable that the extrapolation operator for VEA
medium is much simpler and has been estimated to be at
least three times computationally efficient than the one for 2D
TTI media (Waheed and Alkhalifah 2014). However, ellipti-
cal anisotropy does not provide accurate wavefield or imaging
for media of TI anisotropy. Therefore, embedding kinematic
and dynamic effects due to η and θ into v0 and vnmo allows
us to use the much simpler VEA wave extrapolation opera-
tor to obtain solution for the TTI wave equation. Here we
focus on obtaining effective VEA models that match the kine-
matic behaviour of wave propagation in TTI media. An ex-
tension of this method has been proposed to match the ampli-
tude information as well. For details, refer to Wang, Waheed,
and Alkhalifah (2014). The kinematic matching is obtained
through an additional step of solving the TTI eikonal equa-
tion. The cost of this additional step is negligible compared to
solving for the TTI wavefield (Alkhalifah et al. 2013).

In order to derive effective velocities for VEA medium
that match kinematic wave behaviour of TTI model, we con-

sider the TTI eikonal equation (Stovas and Alkhalifah 2012):

v2
nmo(1 + 2η)

(
cos θ

∂τ

∂x
+ sin θ

∂τ

∂z

)2

+ v0
2

(
cos θ

∂τ

∂z
− sin θ

∂τ

∂x

)2

×
(

1 − 2ηv2
nmo

(
cos θ

∂τ

∂x
+ sin θ

∂τ

∂z

)2
)

= 1, (4)

where τ (x, z) is the travel time measured from the source to
a point with coordinates (x, z).

Rewriting the TTI eikonal equation (4) after some
manipulations yields:(

v2
nmo(1 + 2η) cos2 θ + v2

0 sin2 θ
)

c(τ )

(
∂τ

∂x

)2

+
(
v2

nmo(1 + 2η) sin2 θ + v2
0 cos2 θ

)
c(τ )

(
∂τ

∂z

)2

= 1, (5)

where

c(τ ) = 1+2ηv2
nmov

2
0

(
cos θ

∂τ

∂x
+ sin θ

∂τ

∂z

)2

×
(

− sin θ
∂τ

∂x
+cos θ

∂τ

∂z

)2

− 2
(
v2

nmo(1 + 2η) − v2
0

)
× sin θ cos θ

(
∂τ

∂x

)(
∂τ

∂z

)
. (6)

By comparing the TTI eikonal equation (5) with the eikonal
equation for the much simpler VEA medium:

v2
nmo

(
∂τ

∂x

)2

+ v2
0

(
∂τ

∂z

)2

= 1, (7)

we obtain an effective VEA model that captures the kinematic
effects of wave propagation in TTI medium. The effective
velocities for a VEA medium, embedding the effects due to η

and θ , are given as:

vnmo,e f f (x, z, s) =
√

v2
nmo(1 + 2η) cos2 θ + v2

0 sin2 θ

c(τ )
,

v0,e f f (x, z, s) =
√

v2
nmo(1 + 2η) sin2 θ + v2

0 cos2 θ

c(τ )
,

(8)

where vnmo,e f f (x, z, s) and v0,e f f (x, z, s) are, respectively, the
effective P-wave vertical and NMO velocities at location (x, z)
for a source position s.

Function c(τ ) relies on the solution for the TTI eikonal
equation and is evaluated by using an iterative fast-sweeping-
based solver (Waheed, Yarman, and Flagg 2014). The solver
computes c(τ ) as a by-product at the final iteration. These
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Figure 1 Wavefield snapshot at 0.6 second for the homogeneous TTI
model using conventional TTI wavefield extrapolator for a source
located at (1.5 km, 1.5 km). Also overlaid is the corresponding travel-
time contour obtained by solving the TTI eikonal equation.

effective velocities are functions of source location and will
change as the source position varies.

We can then use these effective velocities in the VEA
extrapolation operator to obtain a wavefield solution that
correctly captures kinematic aspects of the TTI model. The
resulting wave equation for a VEA medium using effective
velocities is given as:

∂2 P
∂t2

= v2
nmo,e f f

∂2 P
∂x2

+ v2
0,e f f

∂2 P
∂z2

. (9)

Effective tilted elliptically anisotropic model

By setting η = 0 in the TTI wave equation (2), we obtain
the wave equation for an elliptically anisotropic medium with
tilted axis of symmetry (TEA) to be:

∂2 P
∂t2

=
(

v2
nmo

∂2 P
∂x2

+ v2
0
∂2 P
∂z2

)
cos2 θ +

(
v2

0
∂2 P
∂x2

+ v2
nmo

∂2 P
∂z2

)

× sin2 θ + (
v2

nmo − v2
0

) ∂2 P
∂x∂z

sin 2θ. (10)

Using a similar analysis, it is also possible to obtain an effective
TEA model for wavefield extrapolation in TTI media. Here,
only the influence of η will be embedded in the velocity models,
whereas the original tilt model of the TTI medium will be
used in the effective model. In a similar manner as above,
we compare the TTI and TEA eikonal equations and derive
expressions for the effective TEA medium to be:

ṽnmo,e f f (x, z, s) = vnmo

√
1 + 2η

c̃(τ )
,

ṽ0,e f f (x, z, s) = v0√̃
c(τ )

, (11)

where

c̃(τ ) = 1 + 2ηv2
nmov

2
0

(
cos θ

∂τ

∂x
+ sin θ

∂τ

∂z

)2

×
(

− sin θ
∂τ

∂x
+ cos θ

∂τ

∂z

)2

. (12)

In equation (11), ṽnmo,e f f (x, z, s) and ṽ0,e f f (x, z, s) denote,
respectively, the effective NMO and P-wave velocities along
the local symmetry direction at location (x, z) for a source s.

We can then solve the TEA wave equation using effec-
tive velocities given by equation (11) and obtain approximate
wavefield solution for a TTI model. The resulting wave equa-
tion for effective TEA medium would then be given as:

∂2 P
∂t2

=
(̃

v2
nmo,e f f

∂2 P
∂x2

+ ṽ2
0,e f f

∂2 P
∂z2

)
cos2 θ

+
(̃

v2
0,e f f

∂2 P
∂x2

+ ṽ2
nmo,e f f

∂2 P
∂z2

)
sin2 θ

+ (̃
v2

nmo,e f f − ṽ2
0,e f f

) ∂2 P
∂x∂z

sin 2θ. (13)

The TEA wavefield extrapolation operator is relatively sim-
pler and computationally cheaper to solve than the one for
the TTI media by a factor of about two.

We considered here a 2D TTI medium for simplicity of
illustration. Expressions for effective velocities approximating
wavefield for a 3D TTI medium are given in Appendix.

ALGORITHM

In this section, we describe steps needed to compute an ap-
proximate wavefield solution for TTI medium using effective
elliptically anisotropic models.

In order to obtain an effective VEA model that embeds
kinematic effects due to η and θ into the effective velocities,
first we solve the TTI eikonal equation (4). We use an itera-
tive fast-sweeping-based eikonal solver. Details of the eikonal
solver can be found in Waheed et al. (2014). As a by-product,
the algorithm yields the right-hand-side function c(τ ) at the
final iteration, which is then used to compute effective veloci-
ties using equation (8). Once effective velocities are obtained,
we then use the VEA wave equation with these velocities to
compute an approximate wavefield solution for TTI medium
(see equation (9)). A summary of these steps is given in
Algorithm (1).

C© 2015 European Association of Geoscientists & Engineers, Geophysical Prospecting, 63, 1126–1141
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Figure 2 Wavefield snapshots at 0.6 second for
the homogeneous TTI model using: (a) TEA
wavefield extrapolator ignoring the η parame-
ter and (b) TEA wavefield extrapolator employ-
ing effective TEA model. Also overlaid are the
corresponding travel-time contours obtained by
solving the TTI eikonal equation. The source is
located at (1.5 km, 1.5 km).

Figure 3 Difference between velocities (in km/s)
for the effective TEA model and the original TTI
model: (a) ṽ0,e f f − v0 and (b) ṽnmo,e f f − vnmo for
a source located at (1.5 km, 1.5 km).

Figure 4 Wavefield snapshots at 0.6 second for
the homogeneous TTI model using: (a) VEA
wavefield extrapolator ignoring the η and θ pa-
rameters and (b) VEA wavefield extrapolator em-
ploying effective VEA model. Also overlaid are
the corresponding travel-time contours obtained
by solving the TTI eikonal equation. The source
is located at (1.5 km, 1.5 km).

Algorithm 1. Efficient wavefield extrapolation in TTI media using an effective VEA model

1. Compute the TTI travel-time solution τ using equation (4).
2. Evaluate the right-hand-side function c(τ ) using equation (6).
3. Compute effective velocities v0,e f f and vnmo,e f f from equation (8).
4. Solve for approximate TTI wavefield solution using equation (9).

In a similar manner we can obtain an effective TEA model
by computing effective velocities from equation (11) and then
solve for the approximate wavefield using equation (13).

N U M E R I C A L T E S T S

In this section, we test accuracy of effective VEA and ef-
fective TEA models in approximating wavefield solution

C© 2015 European Association of Geoscientists & Engineers, Geophysical Prospecting, 63, 1126–1141
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Figure 5 Difference between velocities (in km/s)
for the effective VEA model and the original TTI
model: (a) v0,e f f − v0 and (b) vnmo,e f f − vnmo for
a source located at (1.5 km, 1.5 km).

for TTI media. We consider a homogeneous TTI model, a
strongly anisotropic layered TTI model, and part of the BP
TTI model (Shah 2007). The homogeneous TTI model will
help us understand accuracy behaviour of the approxima-
tion, easily indicating regions where the approximation yields
sufficient accuracy and where it does not. The layered TTI
model introduces reflected waves into the seismic wavefield.
Reconstructing secondary events in the presence of strong
anisotropy constitutes a stiff test for the approximation. It will
aid in understanding limitations of the proposed algorithm. Fi-
nally, the BP TTI model will help us assess performance of the
method under practical scenario. The considered portion of
the BP model is particularly revealing due to relatively large η

values and sharp variation in tilt angles.

Example 1: Homogeneous TTI model

We consider a 3 km × 3 km homogeneous TTI model with pa-
rameters: v0 = 1.8 km/s, vnmo = 2 km/s, η = 0.2, and θ = 20◦.
For a source located at (1.5 km, 1.5 km), Fig. 1 shows wave-
field snapshot for the model at 0.6 second using a second-
order in time and fourth-order in space finite-difference-based
TTI wavefield extrapolator. The grid spacing used in both
directions is 5 m, whereas peak frequency of the Ricker
wavelet is 10 Hz. In addition, we overlay the correspond-
ing TTI eikonal solution (in red). As expected, the first break
of the wavefield correctly matches the TTI eikonal solution.
The star-shaped structure at the centre is the shear-wave
artefact.

Due to huge computational cost associated with the TTI
wavefield extrapolator, we use a relatively cheaper TEA wave-
field solver, at first by just ignoring the η parameter in the
TTI model. The inaccuracy due to neglecting η is depicted
in Fig. 2(a). The plot shows the wavefield solution using a
TEA wavefield solver overlaid by the TTI eikonal solution,

for comparison, at 0.6 second. Due to large errors, we embed
kinematic effects due to η into an effective TEA model and
obtain effective velocities (̃v0,e f f , ṽnmo,e f f ) using equation (11).
The difference between the obtained effective velocities and
the original velocities is shown in Fig. 3. Figure 2(b) shows
wavefield snapshot of the wavefield solution corrected using
the effective TEA model. Notice that the fastest arriving wave
correctly matches the TTI eikonal solution (in red) despite us-
ing a cheaper wave extrapolation operator. In addition, the
wavefield solution is free from any shear-wave noise.

Next we consider an even simpler VEA wavefield extrap-
olator for the homogeneous TTI model. At first by ignoring
the η and θ parameters, Fig. 4(a) shows the wavefield snap-
shot obtained using a VEA wave extrapolator at 0.6 second.
Again we observe large errors by comparing it with the corre-
sponding TTI eikonal solution. Therefore, we obtain effective
velocities (v0,e f f , vnmo,e f f ) for the VEA model using equa-
tion (8). The difference between the effective velocities and
original velocities is shown in Fig. 5. We can observe that the
first arrival of the corrected wavefield, in Fig. 4(b), matches
the TTI eikonal solution. Again the effective model-based
wavefield solution does not contain shear-wave artefacts.

In order to compare accuracy properties of the different
wavefield solutions, we compare wavefield profiles in Fig. 6.
The profiles shown in Fig. 6(a) and (b) correspond to depth
slices (z = 1 km, and z = 5 km, respectively) from the wavefield
snapshot at 0.6 second. Similarly, Fig. 6(c) and (d) shows
vertical slices (x = 1 km, and x = 5 km, respectively) from the
wavefield snapshot at 0.6 second. Fig. 6(e) and (f) shows the
wavefields recorded in time at (x,z) = (0.75 km, 1 km), and
(x,z) = (1.2 km, 1.5 km), respectively. In this figure and the
following, wavefield profiles obtained using the conventional
TTI wave extrapolator is shown in blue, whereas wavefield
profiles from the effective TEA and the effective VEA-based
extrapolators are plotted in red and green, respectively.

C© 2015 European Association of Geoscientists & Engineers, Geophysical Prospecting, 63, 1126–1141



1132 U. Waheed and T. Alkhalifah

Figure 6 Wavefield profiles for the homogeneous TTI model using TTI wavefield extrapolator (blue) compared with profiles from effective
TEA wave extrapolator (red) and effective VEA extrapolator (green) at: (a) t = 0.6 second, z = 1 km; (b) t = 0.6 second, z = 2 km; (c) t = 0.6
second, x = 1 km; (d) t = 0.6 second, x = 2 km; (e) x = 0.75 km, z = 1 km; and (f) x = 1.2 km, z = 1.5 km. Peak frequency of the Ricker
wavelet used is 10 Hz.

From the profiles in Fig. 6 we observe that both the
elliptic wave extrapolators are able to correctly match the
phase information of the TTI wavefield. However, the ef-
fective TEA-based wave extrapolator yields a better am-
plitude match compared with the effective VEA-based ex-
trapolator. The additional events appearing only in the

TTI wavefield profiles (blue) are the unwanted shear-wave
artefacts.

To compare accuracy properties of effective elliptic mod-
els in different frequency bands, we repeat the experiment
using Ricker wavelet with a peak frequency of 30 Hz. The
wavefield profiles corresponding to Fig. 6 are plotted in

C© 2015 European Association of Geoscientists & Engineers, Geophysical Prospecting, 63, 1126–1141
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Figure 7 Wavefield profiles for the homogeneous
TTI model using TTI wavefield extrapolator
(blue) compared with profiles from effective TEA
wave extrapolator (red) and effective VEA ex-
trapolator (green) at: (a) t = 0.6 second, z = 1 km;
(b) t = 0.6 second, z = 2 km; (c) t = 0.6 sec-
ond, x = 1 km; (d) t = 0.6 second, x = 2 km;
(e) x= 0.75 km, z = 1 km; and (f) x = 1.2 km,
z = 1.5 km. Peak frequency of the Ricker wavelet
used is 30 Hz.

Table 1 Medium parameters for a three-layer TTI model. Each layer
has dimensions 2 km ×6 km. Layer 1 refers to the top layer, layer 2
is the middle layer, whereas layer 3 is the bottom layer.

Layer 1 Layer 2 Layer 3

v0 1.5 km/s 1.8 km/s 2.1 km/s
vnmo 1.64 km/s 2.13 km/s 2.7 km/s
η 0.05 0.15 0.25
θ 20◦ 10◦ −30◦

Fig. 7. The amplitude and phase properties of the effective
models bear great resemblance in both frequency bands. The

only effect noticeable is the slight distortion in the wavelet
for effective model-based solutions. This is due to change in
velocity compared to the original TTI model. This distortion
becomes prominent as the frequency decreases. Even though
the difference is barely noticeable, we can observe this by com-
paring wavefield profiles for the effective VEA case (green).

For the following tests, we will consider Ricker wavelet
with peak frequency of 10 Hz only.

Example 2: Layered TTI model

To better understand accuracy properties of effective elliptic
models in approximating secondary arrivals, we consider a

C© 2015 European Association of Geoscientists & Engineers, Geophysical Prospecting, 63, 1126–1141
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Figure 8 Wavefield snapshots for the layered TTI model at 1.2 seconds using (a) TTI wavefield extrapolator, (b) TEA wavefield extrapolator
employing effective TEA model, and (c) VEA wavefield extrapolator employing effective VEA model. Also overlaid are the corresponding
travel-time contours obtained by solving the TTI eikonal equation. The source is located at (3 km, 3 km).

Figure 9 Difference between velocities (in km/s)
for the effective models and the original TTI
model: (a) ṽ0,e f f − v0, (b) ṽnmo,e f f − vnmo, (c)
v0,e f f − v0, and (d) vnmo,e f f − vnmo for a source
located at (3 km, 3 km).

layered TTI model. Furthermore, to observe the behaviour of
the approximation in harsh geological settings, we consider
a strongly anisotropic medium with strength of anisotropy
increasing as we go further deep. The model parameters are
given in Table 1. Each layer is flat and has a dimension of
2 km ×6 km. A grid spacing of 10 m is used along both
axes.

For a source located at (3 km, 3 km), Fig. 8(a) shows
wavefield snapshot for the model at 1.2 seconds using the
conventional TTI wavefield extrapolator. As expected, the
corresponding eikonal solution (in red) correctly matches the

first arriving wave. Next, we plot the corresponding wavefield
snapshot obtained using the effective TEA model in Fig. 8(b).
The effective TEA-based wavefield solution also matches the
TTI eikonal solution. The difference between the original and
the effective velocities is shown in Fig. 9(a) and (b). Notice
that, due to the presence of strong anisotropy in the original
TTI model, velocity differences go up to almost 0.6 km/s in
the bottom layer.

Figure 8(c) plots the wavefield snapshot at 1.2 seconds
using VEA wave extrapolator employing effective VEA model.
It can be easily observed that the first arrival of the wavefield
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Figure 10 Wavefield profiles for the layered TTI model using TTI wavefield extrapolator (blue) compared with profiles from effective TEA
wave extrapolator (red) and effective VEA extrapolator (green) at: (a) t = 1.2 seconds, z = 2.5 km; (b) t = 1.2 seconds, z = 5 km; (c) t = 1.2
seconds, x = 1 km; (d) t = 1.2 seconds, x = 5 km; (e) x = 2.5 km, z = 4.3 km; and (f) x = 3 km, z = 2.5 km.

solution matches the corresponding TTI eikonal solution. The
difference between the original and the effective VEA veloc-
ities is shown in Fig. 9(c) and (d). Due to large tilt values
and strong anisotropy in the original TTI model, the velocity
difference reaches up to 0.9 km/s in the bottom layer.

To better understand accuracy of different extrapolators,
we plot wavefield profiles in Fig. 10. We observe that both
effective models yield a perfect kinematic match for the first
arriving wave. However, accuracy of amplitudes for the first
arrivals is better for the effective TEA model (red) compared
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Figure 11 A portion of the BP TTI model depict-
ing: (a) the symmetry axis velocity, (b) the NMO
velocity, (c) the η parameter, and (d) the tilt.

Figure 12 Wavefield snapshots for the BP TTI model at 3.25 seconds using: (a) TTI wavefield extrapolator, (b) TEA wavefield extrapolator
employing effective TEA model, and (c) VEA wavefield extrapolator employing effective VEA model. Also overlaid are the corresponding
travel-time contours obtained by solving the TTI eikonal equation. The source is located at (50 km, 0 km).

with that for the effective VEA model (green). Despite fit-
ting kinematics only using the eikonal solution, the effective
TEA model also matches phase information of reflected events
with reasonable accuracy. However, the effective VEA model
yields a poor kinematic approximation for the secondary ar-
rivals. This is due to the fact that the VEA model embeds
information from both η and θ fields. Since these parameters
are significantly large, the eikonal-based fitting ensures that
the phase of the first arrival is correctly matched, leaving the
secondary arrivals with reduced accuracy.

Of note is the event originating in the conventional TTI
wavefield solution (blue) at about 1 second, shown in Fig.
10(e). This event is due to the wave transmitted from the in-
terface between layers 2 and 3 after getting reflected from the
interface formed by layers 1 and 2. The event is absent from
the effective model-based solutions. Due to large differences in
the original and effective velocities, impedance change in the
effective model between different layers is much lesser than in
the original TTI model. Therefore, energy due to such events
may die out earlier in the effective model. The remaining
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Figure 13 Difference between velocities (in km/s)
for the effective models and the original TTI
model: (a) ṽ0,e f f − v0, (b) ṽnmo,e f f − vnmo, (c)
v0,e f f − v0, and (d) vnmo,e f f − vnmo for a source
located at (50 km, 0 km).

events in the wavefield profiles not captured by the effective
model-based solution are the unwanted shear-wave artefacts.

Example 3: BP TTI model

Finally, we consider part of the BP TTI model shown in Fig.
11. A grid spacing of 6.25 m is used in both dimensions. We
consider a source at the surface, located at (50 km, 0 km)
and propagate wavefields using Ricker wavelet with peak fre-
quency of 10 Hz. The wavefield snapshot at 3.25 seconds
using the computationally expensive TTI wavefield extrapola-
tor is shown in Fig. 12(a). As expected, the first arriving wave
correctly matches the corresponding TTI eikonal solution.

Fig. 12(b) and (c) shows wavefield snapshots obtained
using the effective TEA and the effective VEA-based extrap-
olators, respectively. In both cases, the first arriving wave
correctly matches the TTI eikonal solution. The difference
between the original and the effective velocities is shown in
Fig. 13.

The wavefield profiles comparing different solutions are
plotted in Fig. 14. We observe that the effective TEA-based
wave extrapolator yields a nearly perfect match in recon-
structing both amplitude and phase information for all events

in the TTI wavefield. The extrapolator using effective VEA
model yields slightly lesser amplitude accuracy. However, it
still matches the phase information of later arrivals with rea-
sonable accuracy.

The wavefield profiles presented above for the three TTI
models depict worst case scenarios. Therefore, for most parts
of the model, the accuracy is expected to be better than shown
by them. Our tests indicate a computational saving of about
60% and 30%, respectively, for the effective VEA model- and
the effective TEA model-based wave extrapolation compared
with the conventional TTI wave extrapolation method. The
computational savings are expected to be significantly larger
for the 3D case. However, the method is highly reliant on the
efficiency of the eikonal solver.

D I S C U S S I O N

The main motivation behind the proposed methodology is re-
duction of cost in modelling wavefields for anisotropic media,
particularly when it exhibits tilt. Forward modelling usually
bottlenecks migration/inversion algorithms as several such
modelling operations are needed to obtain a final image of
the subsurface. Therefore, the proposed algorithm can help
significantly reduce the overall cost of inversion schemes.
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Figure 14 Wavefield profiles for the BP TTI
model using TTI wavefield extrapolator (blue)
compared with profiles from effective TEA wave
extrapolator (red) and effective VEA extrapola-
tor (green) at: (a) t = 3.25 seconds, z = 4 km; (b)
t = 3.25 seconds, z = 6 km; (c) t = 3.25 seconds,
x = 46 km; (d) t = 3.25 seconds, x = 54 km; (e)
x = 46.5 km, z = 2.5 km; and (f) x = 54 km,
z = 2.5 km.

The formulations developed here allow for an additional
control of the cost versus efficiency trade-off. For low to mod-
erately complex media, both approaches yield accurate geo-
metrical features of the wavefields. However, the amplitude
accuracy is significantly higher for the effective TEA model.
For moderate to highly complex media, the approach pre-
sented here can be complemented by obtaining effective den-
sity models to obtain a better match of the amplitude features.
The effective density and velocities can then be used in a vari-
able density wavefield extrapolator for elliptic media to obtain
an accurate approximation of the TTI wavefield (Wang et al.

2014).

In reverse time migration, the receiver wavefield is ex-
trapolated by backward propagating the data recorded at the
surface. Since effective velocity models are source position
dependent, one needs an effective velocity model for each re-
ceiver location, which may be cost prohibitive. Therefore, a
more cost-effective approach as proposed by Alkhalifah et al.

(2013) is to use delayed shot migration (Zhang et al. 2005;
Vigh and Starr 2008).

In delayed shot migration, all sources at the surface are
modelled with a delayed time given by a chosen slope with no
delay at the origin x = 0. The same slope is used to sum the
receiver wavefields prior to backward extrapolating them. The
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zero lag cross-correlation imaging condition is then used to
obtain the image. Several such plane-wave sources, each with
a different slope, are considered. The final image is obtained
by summing the images obtained from each of these plane
waves. To obtain an accurate subsurface image, the number
of such delayed plane waves is usually less than the number
of sources, resulting in computational speedup (Etgen 2006).

In case of delayed shot migration, the effective model is
computed in the same manner as described in Algorithm (1)
but for a plane-wave source initial condition. Thus, a new
effective model is needed for each plane-wave slope. Since
the source and receiver wavefields share the same recording
surface, the effective model for each plane-wave slope applies
to both sources and receivers.

CONCLUSIONS

Computing effective elliptic models by fitting kinematic fea-
tures corresponding to the original TTI medium allows us to
use the much cheaper elliptic wave extrapolation operators.
Using solution of the TTI eikonal equation as a direct source of
information for the effective models ensures that we match the
phase information of the first arriving wave. For low to mod-
erately complex media, kinematics of later arrivals are also
matched with reasonable accuracy. As seen, the amplitude fit
is much better for the effective TEA model; however, its cost
is higher than solving the VEA model. Thus, the formulations
presented here allow us better cost versus accuracy options in
estimation of wavefields for anisotropic medium, particularly
when it exhibits tilt. An added advantage is that the obtained
wavefield solution is free from shear-wave artefacts without
the need of any noise suppression filters. Despite using high-
frequency asymptotic for matching wavefields, the resulting
effective models include most of the critical wavefield compo-
nents, including frequency dependency and caustics, if present.
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APPENDIX

EFFECTIVE VELOC I T I ES FOR W A V E EXTRAPOLATION IN 3D TTI MEDIA

In order to derive expressions for effective ellipsoidal media to approximate wavefield solution in a 3D TTI medium, first
consider the 3D TTI eikonal equation (Waheed et al. 2013):
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where τ (x, y, z) is the travel time measured from the source to a point (x, y, z), and φ is the azimuthal angle. Rewriting the above
equation after some algebraic manipulations yields:
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The eikonal equation for ellipsoidally anisotropic eikonal equation is given as:
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where v0 is the vertical velocity, whereas vnmo1 and vnmo2 are the NMO velocities in the [x, z] and [y, z] planes, respectively.
Comparing equations (A2) and (A4), we obtain effective velocities for ellipsoidally anisotropic media:
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where vnmo1,e f f and vnmo2,e f f are effective NMO velocities in the [x, z] and [y, z] planes, respectively, whereas v0,e f f is the effective
vertical velocity.
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In a similar manner, for the 3D case, we obtain effective velocities for tilted ellipsoidally anisotropic media to be:
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These velocities can be used in the corresponding wave equation to obtain approximate wavefield solution for a 3D TTI medium.
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