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Abstract—A sparse nonlinear electromagnetic imaging 

scheme is proposed for reconstructing dielectric contrast of 
investigation domains from measured fields. The proposed 
approach constructs the optimization problem by introducing 
the sparsity constraint to the data misfit between the scattered 
fields expressed as a nonlinear function of the contrast and the 
measured fields and solves it using the nonlinear iterative 
shrinkage thresholding algorithm. The thresholding is applied to 
the result of every nonlinear Landweber iteration to enforce the 
sparsity constraint. Numerical results demonstrate the accuracy 
and efficiency of the proposed method in reconstructing sparse 
dielectric profiles. 

Index Terms— inverse scattering, Landweber, microwave 
imaging, nonlinear iterative shrinkage, sparse optimization. 

I.  INTRODUCTION 
In recent years, regularization techniques, which make use 

of priori knowledge of investigation domain’s sparseness to 
alleviate the ill-posedness of the inverse problem, have gained 
popularity in the field of electromagnetic imaging [1-3]. This is 
simply due to the fact that investigation domains in various 
application areas including hydrocarbon reservoir exploration, 
nondestructive testing, tomography, and crack detection are 
naturally sparse [4].  

These techniques have come in two groups so far: (i) 
Nonlinear electromagnetic scattering operator is linearized (for 
example using the first order Born approximation) and a linear 
sparsity-regularized optimization problem is solved for the 
dielectric contrast of the investigation domain [3]. (ii) 
Nonlinear inverse problem is converted into a sequence of 
linear optimization problems (for example using the Born 
iterative method or a Newton scheme), each of which is 
regularized under the assumption of a sparse investigation 
domain [1, 2]. Even though both of these schemes haven been 
proven accurate in reconstructing sparse domains, they start to 
fail in producing a convergent solutions as the value of the 
dielectric contrast in the investigation domain increases [1-3]. 

In this work, to alleviate this problem, sparsity constraint is 
directly introduced to the least squares data misfit between the 
scattered fields represented as a nonlinear function of the 
contrast and the (possibly noisy) measured fields. The resulting 
optimization problem is solved using the nonlinear iterative 
shrinkage thresholding (IST) algorithm, where thresholding is 

applied to the result of every nonlinear Landweber iteration to 
enforce the sparsity constraint [5]. Numerical results, which 
demonstrate the accuracy and efficiency of this proposed 
method in reconstructing sparse dielectric profiles, are 
presented. 

II. FORMULATION 

A. Forward Model and Discretization 
Let S  be the support of a two-dimensional investigation 

domain with unknown permittivity ε(r)  and permeability µ0 , 
which resides in an unbounded background medium with 
permittivity ε0  and permeability µ0  (Fig. 1).  A TM z  line 
source transmitter excites the investigation domain and the 
scattered field is measured using M  receivers located at rm

R  , 
m = 1,...,M . In this set-up, electric field interactions are 
described by two integral equations [4]:  

 Ez
inc (r) = Ez (r)− k0

2 τ ( ′r )Ez ( ′r )G(r, ′r )d ′s
S∫ ,    r ∈S  (1) 

 Ez
sca (rm

R ) = k0
2 τ ( ′r )Ez ( ′r )G(rm

R, ′r )d ′s
S∫ ,  m = 1,...,M . (2) 

Here, Ez
inc (r)  is the incident electric field generated by the 

transmitter, Ez
sca (r)  is the electric field scattered from the 

investigation domain, Ez (r) = Ez
inc (r)+ Ez

sca (r)  is total electric 

 

 
Fig. 1. Two-dimensional electromagnetic inverse scattering problem. T and R 
represent the locations of the transmitter and the receivers, respectively. 

 



field, G(r, ′r ) = (1 / 4 j)H 0
(2)(k0 r − ′r )  is Green function, 

k0 =ω ε0µ0  is the wavenumber in the background medium, 
ω  is the frequency, and finally, τ (r) = ε(r) / ε0 −1  is the 
unknown contrast.  

To numerically solve (1) and (2) for τ (r) , S  is discretized 
into N  square cells and Ez (r)  and τ (r)  are expanded in 
terms of pulse basis functions:   

 Ez (r) ≈ {E}n
n=1

N

∑ pn (r),  τ (r) ≈ {t }n
n=1

N

∑ pn (r) .  (3) 

Here, basis functions are defined as: pn (r) = 1,  r ∈Sn  and 
pn (r) = 0,  r ∉Sn , Sn  is the domain of the nth  discretized 

square cell, {E}n = Ez (rn )  and {t }n = τ (rn )  store samples of 
the unknowns, and rn , n = 1,...,N  are the centers of the square 
cells. Inserting (3) into (1) and (2) yields 

 E inc = I −GD(t )⎡⎣ ⎤⎦E = FE  (4) 

 E sca = GRD(E)t = Ht . (5) 

Here, operator D(.)  converts the input vector into a diagonal 
matrix with entries equal to that of the input vector, 
{E inc}n = Ez

inc (rn ) , n = 1,...,N  and {E sca}m = Ez
sca (rm

R ) , 
m = 1,...,M , and the entries of the matrices G  and GR  are: 

  {G}mn = k0
2 G(rm , ′r )d ′s

Sn∫ ,  {GR}mn = k0
2 G(rm

R, ′r )d ′s
Sn∫ .    (6) 

To construct the forward model, E sca  is expressed in terms of 
t  by inserting (4) into (5): 

 E sca = GRD I −GD(t )⎡⎣ ⎤⎦
−1E inc( ) t = f (t ) .  (7) 

Several observations about the forward model (7) are in order: 
(i) It is clear that f (t )  is a nonlinear function of t . (ii) 
Because of the “smoothening” effect of the integral in (2), 
computation of t  from a noisy finite set of samples Emeas  
collected at the receivers is an ill-posed problem. The 
following section describes a sparsity-constraint regularization 

technique used for alleviating the ill-posedness of the problem. 
(iii) f (t )  is derived assuming that there is only one transmitter 
exciting the investigation domain. Its extension to the case of 
multiple transmitters is straightforward and is not described 
here for the sake of compactness. 

B. Nonlinear Optimization and Iterative Shrinkage Algorithm 
 Let the samples stored in Emeas  represent a set of noisy 
measurements and assume that many entries of the vector t  
are zeros (i.e., t  is a sparse vector). Then, t  can be obtained 
solving the nonlinear optimization problem [5-7]: 

 min
t

0.5 f (t )− Emeas
2

2
+ γ t l{ },  l ∈{0,1} .  (8) 

In (8), the first term represents the data misfit, the second term 
is the regularizer/penalty term which alleviates the ill-
posedness by constraining the solution to be sparse, and γ  is 
used for adjusting the weight between the data misfit and the 
penalty term and is estimated based on the priori knowledge of 
the domain’s sparseness and the level of noise in the 
measurements (e.g., larger γ  will increase the weight of 
penalty term and force the solution to be more sparse). It 
should be noted here that the penalty term is either the L0 -
norm ( l = 0 ) or L1 -norm ( l = 1). The L0 -norm counts the 
number of nonzero elements in t . Even though this provides 
information about the sparseness of the domain’s directly, it 
makes the optimization problem in (8) non-convex with 
multiple infimums. To avoid this i.e., NP-hard problem 
problem, the convex L1 -norm problem is used to approximate 
the L0 -norm problem. This is known as convex relaxation [7, 
8]. 

One of the most efficient schemes developed for solving 
(8) is the nonlinear-IST method [7, 8]. To enforce the sparsity 
constraint, nonlinear-IST applies a thresholding function to the 
nonlinear-Landweber iterations [7]. The algorithm of this 
scheme reads  

 
Fig. 2. Actual contrast profile  and the locations of the transmitters 
and receivers. 

 

 
Fig. 3. Reconstruction error  computed using (i) only truncated 
nonlinear-IST iterations (smoothness promoting, ,  (ii) truncated 
and soft-thresholded nonlinear-IST iterations (sparseness promoting, , 

), and (iii) truncated and hard-thresholded nonlinear-IST iterations 
(sparseness promoting, , ).  



1)  select t1,γ  
2) for  i = 1,2,....,N it  

                  2.1) z(i ) = t(i ) −ω (i ) ∂ t f
*( f (t )− Emeas )

t = t( i )
 

                  2.2) t(i+1) = Thrl
γ (z(i ) )  

3) end for  

In the above algorithm, subscript (i)  means that the variable it 
is attached to belongs to the ith  IST iteration. Several 
observations about the IST algorithm are in order: (i) Step 1 
initializes the solution and selects the regularization parameter 
γ depending on the priori knowledge of the domain’s 
sparseness and the level of noise in the measurements. (ii) In 
Step 2, N it  is the number of IST iterations. (iii) Step 2.1 is the 
nonlinear Landweber update that is used for minimizing the 
nonlinear least squares problem [i.e., the data misfit in the first 
term of (8)]. Here, ∂ t f

*(.)  is the complex conjugate of the 
Frechet derivative operator ∂ t f (.)  computed using [9]  

 ∂ t f (t ) = G
R[I + D{t }G]−1D I −GD(t )⎡⎣ ⎤⎦

−1E inc{ } .  (9)  

 Landweber iteration step ω (i )  must satisfy the condition 
ω (i ) < 2 /σ (i )

2  to achieve convergence. Here, σ (i )  is the 
maximum singular value of ∂ t f (t ) t = t( i ) and is approximated 
rather accurately using only a few power iterations.  (iii) Step 
2.2 applies the thresholding function Thrl

γ (.) , l ∈{0,1} , to z(i )
, the result of the Landweber iteration to enforce the sparsity 
constraint introduced by the penalty term in (8).  For L0 -norm 
penalty, Thr0

γ ({t }n )  is termed hard-thresholding and is 
defined in the complex domain as [10]: 

 Thr0
γ ({t }n ) = {t }n ,  if {t }n > 2γ

0,      otherwise

⎧
⎨
⎪

⎩⎪
,   n = 1,...,N .  (10) 

For L1 -norm penalty, Thr0
γ ({t }n )  is termed as soft-

thresholding and is defined in the complex domain as [8]:  

   Thr1
γ ({t }n ) = {t }n

max {t }n −γ ,0⎡⎣ ⎤⎦
max {t }n −γ ,0⎡⎣ ⎤⎦ + γ

,   n = 1,...,N .  (11) 

 (iv) It should be noted here that the above algorithm can be 
used for solving (8) when the penalty term uses L2 -norm [
l = 2 ] (i.e., smooth regularization). This can be achieved by 
setting γ  to zero, which in effect removes the thresholding 
and make this algorithm equivalent to truncated nonlinear 
Landweber iterations [11].  

III. NUMERICAL RESULTS 
The numerical results presented in this section demonstrate 

the effectiveness of the proposed method in reconstructing 
sparse dielectric profiles. Fig. 2 shows τ ref (r) , the actual 
contrast profile of the investigation domain and the locations 
of the transmitters and receivers. The numbers of transmitters 
and receivers are 8 and 48, respectively. The frequency of the 
transmitters f = 125MHz. The domain is discretized using 
N = 2500  cells. The measured field samples are generated by 
adding 25 dB noise to scattered field samples computed using 
{t ref }n = τ (rn ) , n = 1,...,N , in (7). The accuracy and 
efficiency of three schemes are compared: (i) only truncated 
nonlinear-IST iterations (smoothness promoting, l = 2 , 
γ = 0),  (ii) truncated and soft-thresholded nonlinear-IST 
iterations (sparseness promoting, l = 1 , γ = 0.006 ), and (iii) 
truncated and hard-thresholded nonlinear-IST iterations 
(sparseness promoting, l = 0 , γ = 0.1 ). For all schemes, 
Landweber iterations are truncated at N it = 150 . In all 
simulations, the reconstruction error at the ith  iteration is 
computed using  

 err(i ) = {t(i )}n − {t
ref }n

2

n=1

N

∑ {t ref }n
2

n=1

N

∑ .  (12) 

Fig. 3 plots err(i )  for all three schemes. Schemes (ii) and (iii) 
perform better than scheme (i) demonstrating that sparsity-
regularization produces more accurate images for this example. 
This is also shown by Figs. 4(a)-(c), where the profiles 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                                      (a)                                                                           (b)                                                                         (c) 

Fig. 4. Contrast profiles recovered using (a) only truncated nonlinear-IST iterations (smoothness promoting, ,  (b) truncated and soft-thresholded 
nonlinear-IST iterations (sparseness promoting, , ), and (c) truncated and hard-thresholded nonlinear-IST iterations (sparseness promoting, , 

).  
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reconstructed at the 150th iteration by the three schemes are 
compared. 
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