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Using a continuum model capable of describing the one-component liquid-gas hydrodynamics down to the
contact line scale, we carry out numerical simulation and physical analysis for the droplet motion driven by
thermal singularity. For liquid droplets in one-component fluids on heated or cooled substrates, the liquid-gas
interface is nearly isothermal. Consequently, a thermal singularity occurs at the contact line and the Marangoni
effect due to temperature gradient is suppressed. Through evaporation or condensation in the vicinity of the
contact line, the thermal singularity makes the contact angle increase with the increasing substrate temperature.
This effect on the contact angle can be used to move the droplets on substrates with thermal gradients. Our
numerical results for this kind of droplet motion are explained by a simple fluid dynamical model at the droplet
length scale. Since the mechanism for droplet motion is based on the change of contact angle, a separation of
length scales is exhibited through a comparison between the droplet motion induced by a wettability gradient and
that by a thermal gradient. It is shown that the flow field at the droplet length scale is independent of the statics
or dynamics at the contact line scale.
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I. INTRODUCTION

As a ubiquitous phenomenon in nature, droplet motion
on solid substrates has attracted great attention for decades
because of the fundamental physics involved [1–10] and
its relevance to a wide range of applications in chemistry,
biology, and industry [11–15]. Though there has been ex-
tensive work on the subject, many aspects of this seemingly
simple phenomenon remain issues of interest to fundamental
research. In the present work, we focus on the hydrodynamics
of liquid droplets in one-component liquid-gas systems on
heated or cooled substrates [16–22] and substrates with
temperature gradients [5,23]. Here the major challenges lie
in the complicated dynamics at the intersection of the free
(liquid-gas) interface with the solid substrate, i.e., the three-
phase contact line. Quite a few effects are coupled at the
contact line, including the fluid viscosity (which dominates
over the inertia in small space), the boundary slip at the solid
surface [24,25], and the evaporation or condensation at the free
interface, etc. [26,27]. While incorporating these effects into
a continuum hydrodynamic description of viscous fluids, we
meet challenges due to the presence of the contact line, which
leads to various singularities. The best known singularity is
the nonintegrable stress singularity at the moving contact line
if the classical no-slip boundary condition is applied at the
fluid-solid interface [28]. For evaporative (volatile) droplets
on heated or cooled solid substrates, a thermal singularity,
characterized by a diverging heat flux (and hence a diverging
evaporation or condensation rate), may occur at the contact
line [19,20,29–31]. The heat flux tends to diverge at the contact
line where the temperature exhibits an extremely fast variation.
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Physically, the liquid-gas interface is almost isothermal at
the coexistence temperature while the fluid-solid interface
is nearly isothermal for highly conductive solid substrates.
Therefore, a temperature discontinuity is inevitable if the
two isothermal interfaces are of different temperatures and
intersect at the contact line [22,26,27]. To resolve the stress and
thermal singularities, numerous models have been proposed
for various systems [16,19–22,25–27,29–40]. In particular,
quite a few diffuse-interface models have been developed to
describe the contact line motion using mechanisms missing
from the sharp-interface treatments in fluid mechanics. In
one-component two-phase (liquid-gas) systems, the contact
line can move through the mass transport across the liquid-gas
interface [16,22,25,32–35], while in two-component (binary)
fluids, the contact line can move through the diffusive transport
across the fluid-fluid interface [36–40]. Besides these mecha-
nisms that are inherent in the phase field modeling, boundary
slip of fluid velocity can be incorporated in diffuse-interface
models as well [22,25,39,40]. In addition, the stress singularity
can be removed if the (nominal) contact line is preceded
by a thin precursor film [1,2]. This mechanism can also be
incorporated in diffuse-interface models [17,33].

Recently, the dynamic van der Waals theory (DVDWT) has
been presented as a diffuse-interface model capable of de-
scribing the one-component liquid-gas hydrodynamics down
to the contact line scale [26,27]. Physically, this continuum
hydrodynamic model is closely related to the so-called model
“H” which was originally devised to describe the critical
dynamics of thermal fluctuations [41,42]. Supplemented with
the hydrodynamic boundary conditions derived in our previous
works [22,25], this model can be used to fully take into account
the various physical processes involved in the contact line
dynamics, including phase transition (evaporation or conden-
sation) and capillary flow in the bulk fluid region [26,27],
boundary slip of fluid [25,39,40,43], temperature slip across
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the fluid-solid interface [44,45], and mechanical-thermal cross
coupling at the fluid-solid interface [46]. Due to the use of
diffuse-interface method, the stress and thermal singularities
are resolved automatically. Furthermore, in the DVDWT the
evaporation or condensation rate at the liquid-gas interface
becomes an outcome of calculation rather than a pre-requisite
as in most of the existing models proposed for evaporative
droplets [18,47–50]. Recently, the DVDWT has been used to
study the thermohydrodynamics of boiling in one-component
fluids [51].

The purpose of the present work is to investigate the droplet
motion in one-component fluids on solid substrates with
thermal gradients. Through this study, the thermal singularity
at small scales will be coupled with the droplet motion at large
scales. We carry out numerical simulations by employing the
DVDWT [26,27] supplemented with the boundary conditions
at the fluid-solid interface [22,25]. Our numerical results show
that through strong evaporation or condensation in the vicinity
of the contact line, the thermal singularity makes the contact
angle increase with the increasing substrate temperature.
This effect on the contact angle is then used to induce the
droplet motion on substrates with thermal gradients [5,23]. Our
numerical results for this kind of droplet motion are explained
by a simple fluid dynamical model at the droplet length scale.
Since the mechanism for droplet motion is based on the control
of contact angle, a separation of length scales is exhibited
through a comparison between the droplet motion induced by
a wettability gradient and that by a thermal gradient. It is shown
that the flow field at the droplet length scale is independent of
the statics or dynamics at the contact line scale.

We would like to point out that the DVDWT leads to a small
interfacial thickness (∼1nm) at temperatures far away from the
critical point. As a consequence, our numerical simulations are
limited to the motion of droplets at nanoscale. We hope that
our numerical results can motivate (i) molecular dynamics
simulations for droplets of comparable size and (ii) continuum
simulations for much larger systems.

II. DYNAMIC VAN DER WAALS THEORY

Here we present a brief review of the DVDWT and the
hydrodynamic boundary conditions. It is worth emphasizing
that both the DVDWT in the bulk fluid region and the boundary
conditions at the fluid-solid interface are formulated in the
framework of nonequilibrium thermodynamics [52], with
the positive definiteness of entropy production rate being the
governing principle.

For one-component fluids, the order parameter is the
number density n. In the van der Waals theory for ho-
mogeneous fluids [53], the Helmholtz free energy density
is given by f (n,T ) = nkBT [ln(λ3

thn) − 1 − ln(1 − v0n)] −
εv0n

2, from which the entropy per molecule s, the internal
energy density e, and the pressure p are obtained by using the
standard thermodynamic relations:

s(n,T ) = kB ln[(kBT /ε)3/2(1/nv0 − 1)] + const,

e(n,T ) = 3nkBT /2 − εv0n
2,

p(n,T ) = nkBT /(1 − v0n) − εv0n
2,

which are expressed as functions of n and the fluid temperature
T . Here kB , v0, and ε are the Boltzmann constant, the molecular
volume, and the strength of attractive interaction, respectively.
In this mean field theory for liquid-gas phase transition, the
critical temperature and critical density are given by Tc =
8ε/27kB and nc = 1/3v0, respectively.

To describe the inhomogeneous liquid-gas systems, the
effects of density variation have to be taken into account.
In the DVDWT [26,27], the entropy and the internal energy
are given by Sb = ∫

drŜ and Eb = ∫
drê, respectively, where

the entropy density Ŝ and the internal energy density ê are
expressed as

Ŝ = ns − C

2
|∇n|2, (1)

ê = e + K

2
|∇n|2. (2)

Note that Ŝ and ê both consist of a regular part for a
homogeneous system and a gradient part due to the inho-
mogeneity of number density. Here C and K are both positive
constants, indicating a decrease of entropy and an increase of
internal energy due to the density gradient. As the DVDWT is
developed to describe the hydrodynamics of one-component
fluids with liquid-gas transition in nonisothermal situations,
the gradient contribution to the entropy and that to the internal
energy must be introduced respectively [22].

For droplets moving on solid substrates, we need to
consider the effects of solid boundary. In the DVDWT [27],
the solid substrates are modeled to be flat, rigid, and of
very high heat conductivity. Consequently, deformation of
the solid is negligible and the temperature distribution in
the solid decouples from that in the fluids. Therefore, the
impermeability condition vγ ≡ γ̂ · v = 0 is applied at the solid
surface with γ̂ denoting the outward unit vector normal to
the surface, and the substrate temperature Tw is determined
solely by the heat equation in the solid. The thermodynamic
effects of solid substrates on fluids are taken into account by
introducing a surface entropy Ss = ∫

dAσ ′
s(n) and a surface

energy Es = ∫
dAe′

s(n), where σ ′
s and e′

s are the entropy and
energy per unit area, and

∫
dA denotes the surface integral at

the fluid-solid interface. Note that σ ′
s and e′

s are assumed to
depend on the boundary value of fluid density at the fluid-solid
interface. Hereafter the primes are used to denote surface
quantities whose dimensions are different from those of the
corresponding bulk quantities.

A maximization of the total entropy Stot = Sb + Ss subject
to fixed particle number N = ∫

drn (with no adsorption at
the fluid-solid interface [54]) and fixed total internal energy
Etot = Eb + Es leads to the following equilibrium condi-
tions: T = const in the whole system, μ̂ ≡ −T (δSb/δn)ê =
μ − T ∇ · (M∇n/T ) = const in the bulk region, and L ≡
M∇γ n + (∂f ′

s /∂n)T = 0 at the fluid-solid interface. Here
μ ≡ −T [∂(ns)/∂n]e is the chemical potential for homoge-
neous fluids, M ≡ K + CT , f ′

s (n,T ) ≡ e′
s(n) − T σ ′

s(n) is the
surface free energy per area, and the scalar operator ∇γ is
defined by ∇γ ≡ γ̂ · ∇.

Now we present the hydrodynamic equations in the bulk
fluid region and the boundary conditions at the fluid-solid
interface. Together they can describe the droplet motion on
nonisothermal substrates. The bulk equations of motion are the
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balance equations for particle number, momentum, and energy,
supplemented with the constitutive relations for viscous stress
and heat flux [27]. The mass density ρ ≡ mn (with m being
the molecular mass), the momentum density ρv, and the total
energy density eT ≡ ê + ρv2/2 obey the balance equations

∂n

∂t
+ ∇ · (nv) = 0, (3)

∂

∂t
(ρv) + ∇ · (ρvv) = ∇ · ↔

M, (4)

∂eT

∂t
+ ∇ · (eT v) = ∇ · (

↔
M · v) − ∇ · q, (5)

where the total stress tensor
↔
M = − ↔

� + ↔
σ consists of a

reversible part − ↔
� and an irreversible part

↔
σ , and q is the

heat flux.
The boundary conditions can be obtained from the balance

equations (i.e., jump conditions) at the fluid-solid interface,
supplemented with the constitutive relations for various
surface quantities [22,25,39,40]. We assume that (a) there
is no surface adsorption [54] (and hence no surface particle
number and no surface momentum), (b) there is a surface
stress tensor given by γf s

↔
τ , and (c) there is a surface heat

flux q′
s (tangent to the surface) at the fluid-solid interface.

Here the interfacial tension γf s is given by γf s = f ′
s [54], and

↔
τ ≡ ↔

I − γ̂ γ̂ with
↔
I being the identity tensor. Using the bulk

and surface quantities introduced above, the balance equations
for tangential force and internal energy at the fluid-solid
interface may be expressed as

∇τ f
′
s − γ̂ · ↔

M · ↔
τ + Fτ = 0, (6)

∂e′
s

∂t
+ ∇τ · (e′

svτ )

= ∇τ · (f ′
s vτ ) − ∇τ · q′

s + (γ̂ · q − γ̂ · qw) − γ̂ · ↔
M · vslip

τ ,

(7)

respectively. Here ∇τ f
′
s ≡ ∇τ · (f ′

s

↔
τ ) with surface divergence

of a field a defined as ∇τ · a ≡ ∇ · a − ∇γ (γ̂ · a), Fτ is the
tangential force per unit area exerted by the solid on the fluid,
and the slip velocity vslip

τ is equal to the tangential velocity
vτ at the interface in a reference frame moving with the solid
substrate.

Assuming local equilibrium and using the above balance
equations together with standard thermodynamic relations
[27,52], we can obtain the balance equations for the entropy
density Ŝ and the surface entropy density σ ′

s :

∂Ŝ

∂t
+ ∇ · (Ŝv) = −∇ · ĴS

f + 1

T

↔
σ : ∇v − 1

T 2
q · ∇T

+ 1

T
(− ↔

� + p̂
↔
I + M∇n∇n) : ∇v, (8)

∂σ ′
s

∂t
+ ∇τ · (σ ′

svτ )

= −∇τ ·
(

q′
s

T

)
+

(
γ̂ · ĴS

f − 1

Tw

γ̂ · qw

)
+ q′

s · ∇τ

1

T

−
(

1

T
− 1

Tw

)
γ̂ · qw − 1

T
Fτ · vslip

τ − 1

T
Lṅ. (9)

Here ĴS
f ≡ [q + M(∂n/∂t + v · ∇n)∇n]/T is the to-

tal (reversible) entropy flux which includes the contri-
bution of the inhomogeneity of number density, given
by M(∂n/∂t + v · ∇n)∇n, p̂ is the generalized pressure,
given by p̂ ≡ p − M

2 |∇n|2 − T n∇n · ∇ M
T

− Mn∇2n with
p = nkBT /(1 − v0n) − εv0n

2 (the van der Waals equation of
state) [53], and ṅ is the material derivative of n at fluid-solid
interface, defined by ṅ ≡ ∂n/∂t + vτ · ∇τ n.

The last term in Eq. (8) does not contribute to the entropy

production and must vanish. It follows that − ↔
�, the reversible

part of
↔
M, is given by

− ↔
� = −M∇n∇n − p̂

↔
I, (10)

in which the anisotropic −M∇n∇n results in the liquid-gas
interfacial tension [17]. It follows that the density of the rate of
entropy production in the bulk region and that at the fluid-solid
interface are of the form

σ = 1

T

↔
σ : ∇v − 1

T 2
q · ∇T , (11)

σsurf = q′
s · ∇τ

1

T
−

(
1

T
− 1

Tw

)
γ̂ · qw

− 1

T
Fτ · vslip

τ − 1

T
Lṅ. (12)

In the linear response regime, the positive definiteness of
σ and σsurf can be ensured by the constitutive relations

↔
σ =

η(∇v + ∇vT ) + (ζ − 2η/3)
↔
I∇ · v and q = −λ∇T in the bulk

fluid region and

αṅ = −L,

κ γ̂ · qw = −(1/T − 1/Tw),

q′
s = −λ′

s∇τ T − χFτ ,

βvslip
τ = −(βχ/T )∇τ T − Fτ

at the fluid-solid interface. Here the coefficients η, ζ , and λ

denote the shear viscosity, bulk viscosity, and heat conduc-
tivity, respectively, β and κ are the interfacial parameters
for the velocity slip and temperature slip (with κ directly
related to the Kapitza resistance) [44], respectively, λ′

s is
the surface heat conductivity, α is the interfacial parameter
controlling the density relaxation [25], and χ is the parameter
controlling the mechanical-thermal cross coupling at the
interface [22]. Except for χ whose sign is determined by
fluid-solid interactions at microscopic length scale [46,55,56],
these bulk and interfacial parameters are all positive as required
by the positive definiteness of σ and σsurf .

We have presented the bulk Eqs. (3), (4), and (5) [or

Eq. (8)] together with the expressions for − ↔
�,

↔
σ , and

q. As to the boundary conditions at the fluid-solid inter-
face, they are (i) the impermeability condition: vγ = 0; (ii)
the boundary condition for density relaxation: αṅ = −L

with L ≡ M∇γ n + (∂f ′
s /∂n)T ; (iii) the boundary condition

for slip velocity: βvslip
τ = −(βχ/T )∇τ T − Fτ with Fτ =

η∇γ vτ − M∇γ n∇τ n − ∇τ f
′
s from Eq. (6) for tangential

force balance and ∇τ f
′
s = −σ ′

s∇τ T + (∂f ′
s /∂n)T ∇τ n from

σ ′
s = −(∂f ′

s /∂T )n and (iv) the boundary condition for fluid
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temperature:

−λ∇γ T + κ−1

(
1

T
− 1

Tw

)
= ∂e′

s

∂t
+ ∇τ · (T σ ′

svτ ) + vτ · ∇τ f
′
s

−∇τ · (λ′
s∇τ T ) − 1

β
Fτ · Fτ − ∇τ · (χFτ ) − χ

T
Fτ · ∇τ T ,

which is obtained by substituting κ γ̂ · qw = −(1/T − 1/Tw)
and Eq. (6) into Eq. (7). Here Tw denotes the solid temperature.
More details regarding the derivation of the hydrodynamic
equations in the bulk region can be found in Refs. [26,27]. As
to the derivation of the boundary conditions, more details can
be found in Ref. [22]. In the present work, the heat conductivity
of the solid is assumed to be very high, and therefore the
distribution of Tw is a prescribed input in our simulations.

III. NUMERICAL SIMULATIONS

Numerical simulations are carried out in the two-
dimensional xz plane with the liquid-gas mixture confined
in the region 0 � x � Lx and 0 � z � Lz, where Lx = 210�

and Lz = 100� with � = (C/2kBv0)1/2 being the characteristic
liquid-gas interfacial thickness far from the critical point. An
estimate for water gives � ∼= 1nm [57]. The two fluid-solid
interfaces are defined at z = 0 and Lz, and the periodic
boundary condition is applied in the x direction to close the
system. The state variables n, v, T in the fluid are defined
in a two-dimensional, unstaggered, uniformly discretized
Cartesian mesh. The mesh size is chosen to be �x = �z =
0.5�.

We assume K = 0, C = const, e′
s = const, and σ ′

s =
−cs(n − nc) with cs = const, where e′

s and σ ′
s are the energy

and entropy per unit area at the fluid-solid interface. The
fluid-solid interfacial free energy density is then given by
f ′

s = const + csT (n − nc), in which a linear dependence on
the local density is assumed. For comparison, it is noted
that f ′

s is expanded to second order in n − nc in Ref. [27].
These energy functions typically lead to density enrichment
or depletion near the solid surface, and have been widely used
in the study of wetting phenomena [58]. We point out that our
simulations are to be carried out in the partial wetting regime.
The viscosities η and ζ and the heat conductivity λ are assumed
to be proportional to n, i.e., η = ζ = νmn and λ = νkBn, with
the kinematic viscosity ν = const. The interfacial parameter
α is assumed to be a constant. Other interfacial parameters β,
λ′

s , κ , and χ are also assumed to be proportional to n, and
are expressed as ϑ(n) = (ϑl − ϑg)(n − ng)/(nl − ng) + ϑg ,
where ϑ denotes a particular parameter, ϑl (ϑg) is the value
of ϑ in homogeneous liquid (gas) phase, and nl (ng) is the
number density of the homogeneous liquid (gas) at liquid-gas
coexistence. Note that ϑ(nl) = ϑl and ϑ(ng) = ϑg . In order
to avoid the artificial parasitic flows [16], the balance Eq. (8)
for entropy Ŝ is solved instead of the energy equation (5) for
updating the fluid temperature T . The local relation between
T and Ŝ are obtained from s(n,T ) and Eq. (1).

In our numerical simulations, the space is measured in
the unit of � = (C/2kBv0)1/2, the time is measured in the
unit of τ0 ≡ �2/ν which is the viscous relaxation time, the
velocity is measured in the unit of V0 ≡ �/τ0 = ν/�, and
the temperature is measured in the unit of Tc, the critical

temperature of van der Waals fluid. In dedimensionaliz-
ing the bulk equations and boundary conditions, we ob-
tain the following dimensionless parameters: R ≡ ν2m/ε�2,
W ≡ cs/kB�, Lsl = νmnl/βl�, LKl ≡ kBνnlκlT

2
c /�, A ≡

αkBV0/Cε, �sl ≡ λ′
slv0/νkB�, Cqv ≡ χlβlv0/ε�, and ϑgl ≡

ϑg/ϑl , where ϑ represents the interfacial parameter β, λ′
s , κ ,

or χ . In the present work, we use R = 0.06, Lsl = LKl = 1.0,
A = �sl = Cqv = 0.002, and ϑgl = 0.5. The dimensionless
parameter W is determined by the short-range fluid-solid
interactions. If the substrate temperature Tw is a given constant,
then the contact angle of a droplet is a function of W . In
our previous work [22], we have studied the effect of W
on the contact angle and the droplet motion induced by the
wettability gradient. More explanations for our choices of
parameter values can be found there.

IV. RESULTS AND DISCUSSION

A. Effect of thermal singularity on contact angle

Consider a liquid droplet in a one-component liquid-gas
system on a solid substrate of temperature Tw. Due to the phase
transition with latent-heat release or absorption, the liquid-gas
interface is almost isothermal, with the temperature close to the
coexistence temperature Tcx [16]. Consequently, there exists
an extremely fast variation of the fluid temperature from Tw

to Tcx near the contact line, which takes place over the length
scale of the interfacial thickness ξ (in our simulations ξ ≈ 2.5�

at Tcx = 0.875Tc). On the one hand, this means that the heat
flux near the contact line, given by Qcon = λl(Tw − Tcx)/ξ
(with λl = νkBnl being the heat conductivity in liquid) is
very large, leading to the so-called thermal singularity [19].
On the other hand, the nearly constant temperature along the
liquid-gas interface implies that there is no variation in the
interfacial tension γ (given by γ = kBT (1 − T/Tc)3/2�/v0

as a good approximation [17]), and hence the temperature
Marangoni effect is suppressed. In addition, it has been widely
accepted that liquid droplets in one-component fluids on solid
substrates are characterized by two features [16,29,59]: (i) The
evaporation or condensation is concentrated in a small region
near the contact line, and (ii) the apparent contact angle θapp

of droplets increases with the increasing substrate temperature
Tw. However, a quantitative study on the connection between
these two features is still not available. Below we present
a physical analysis and some numerical results for this
connection. We note that by using the DVDWT, the thermal
singularity is resolved automatically. In a sharp-interface
treatment of the thermal singularity, Nikolayev [21] introduced
the interface thermal resistance Ri to the expression for the
interface temperature T i : T i − Tsat = Riqi

L, with the heat flux
qi

L given by qi
L = kL(TS − T i)/h. Here Tsat is the saturation

temperature for the given vapor pressure, kL is the thermal
conductivity of liquid, TS is the temperature of the solid heater
surface, and h is the distance between the vapor-liquid interface
and the liquid-solid interface. From T i − Tsat = RikL(TS −
T i)/h, a length scale can be defined as lT = RikL, which is
the characteristic length for the temperature variation along
the vapor-liquid interface. Therefore, the thermal singularity
is resolved by introducing the interface resistance. We would
like to point out that this mechanism is present in our model,
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in which the vapor-liquid interface is diffuse and exhibits a
thermal resistance (determined by the interfacial thickness and
interfacial thermal conductivity).

In the close vicinity of the contact line where the thermal
singularity occurs, there is strong evaporation or condensation,
with the latent-heat convection dominating over the thermal
diffusion [16]. Therefore most of the heat flux Qcon is used
to supply the latent heat for evaporation or condensation.
Equating the heat flux Qcon = λl(Tw − Tcx)/ξ with the latent-
heat flux JTcx�s and using λl = νkBnl and �s ≈ kB , we
obtain

vl ≈ (ν/ξ )(Tw/Tcx − 1), (13)

where J = nlvl is the evaporation or condensation (par-
ticle number) flux, vl is the characteristic liquid velocity
near the contact line, and �s is the entropy difference
per particle between liquid and gas. In the small region
associated with the thermal singularity, the force balance
is established between the capillary force and the viscous
force. It follows that for droplets on heated or cooled
substrates there exists a scaling relation between �θ ≡
θapp − θcx and the capillary number Ca ≡ ηlvl/γ with ηl =
νmnl being the liquid viscosity. Here θapp is the apparent
contact angle of droplets, which is a function of the un-
derlying substrate temperature Tw, and θcx is the (equilib-
rium) contact angle measured for Tw = Tcx . With the help
of Eq. (13), Ca can be expressed as a function of Tw:
Ca(Tw) ≈ (ν2mnl/ξγ )(Tw/Tcx − 1). Physically, this capillary
number acts as a bridge between the two features of liquid
droplets in one-component fluids. First, as the evaporation
or condensation takes place mostly in the close vicinity of
the contact line, the characteristic liquid velocity vl shows a
dependence on Tw as expressed in Eq. (13). This gives the
capillary number Ca = Ca(Tw) as a function of Tw. Then,
the relation between �θ ≡ θapp − θcx and Ca, which is a
linear proportional relation to be shown below, gives θapp =
θapp[Ca(Tw)] as a function of Tw, which is a quantitative
account of the second feature that the apparent contact
angle θapp increases with the increasing substrate temperature
Tw.

To find the relation between �θ ≡ θapp − θcx and Ca,
we need to numerically measure θapp. We first place a
(two-dimensional) semicircular droplet of radius R0 on the
bottom substrate z = 0 with surrounding gas. The temperature
of fluid and that of the top and bottom substrates are set to be
0.875Tc in the beginning. The liquid density nl and gas density
ng take the values at liquid-gas coexistence, given by nl ≈
0.58/v0 and ng ≈ 0.122/v0 at the coexistence temperature
Tcx = 0.875Tc. The parameter W is set to be W = 0.1 with
θcx = 129◦ (or W = −0.064 with θcx = 66◦) for droplets on
the hydrophobic (or hydrophilic) bottom substrate. On the
top substrate, W = 0.0. Under these conditions, we wait until
the droplet reaches an almost equilibrium state, in which the
contact angle θcx is measured as a static quantity [22]. We then
change the temperature Tw of the bottom substrate to some
other constant, which ranges between 0.855Tc and 0.890Tc.
With Tw being different from Tcx = 0.875Tc, we wait until
the droplet reaches a steady state with an almost invariant
apparent contact angle θapp, which is measured by fitting
the level curve of n = (nl + ng)/2 with a circular arc. For
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FIG. 1. The difference �θ = θapp − θcx plotted as a function of
the capillary number Ca = ηlvl/γ in Eq. (13). The circles (squares)
represent the apparent contact angles measured on the hydrophobic
(hydrophilic) substrate. A linear least squares fitting is also shown
for each case, with the solid line for the hydrophobic case and
the dashed line for the hydrophilic case. (Inset) The coefficient αθ

in the linear proportional relation �θ = αθ Ca (obtained from the
linear least squares fitting) plotted as a function of the initial droplet
radius R0. Note that this linear relation holds for both positive and
negative Ca values, which correspond to heated and cooled substrates,
respectively.

each value of Tw, we record θapp and calculate Ca using
Ca ≈ (ν2mnl/ξγ )(Tw/Tcx − 1). This gives �θ ≡ θapp − θcx

as a function of Ca (see Fig. 1). A least squares fitting by
�θ = αθCa is also shown in Fig. 1, where the coefficient
is αθ = 7.21 for the hydrophobic substrate and αθ = 3.02
for the hydrophilic substrate. The validity of our analysis is
indicated by the fact that αθ ranges between 1 and 10. It is
noted that αθ is always positive, in agreement with the second
feature that the apparent contact angle θapp increases with the
increasing substrate temperature Tw. The linear proportional
relation between �θ and Ca implies that the deviation of
θapp from θcx is a dynamical phenomenon, originating from
the latent-heat convection accompanying the evaporation or
condensation near the contact line. Furthermore, we find that
the coefficient αθ is independent of the initial droplet radius
(or the droplet volume), as evidenced in the inset to Fig. 1.
This independence confirms the localized nature of thermal
singularity and its effect on contact angle.

We would like to point out that the capillary number Ca de-
fined in the present study, Ca ≡ ηlvl/γ , is localized in nature.
(Note that the velocity vl is the characteristic liquid velocity
associated with the localized evaporation or condensation near
the contact line.) This capillary number is quite different from
the capillary number defined from the characteristic velocity
of the global flow. Physically, Ca(Tw) measures the viscous
force arising from the localized evaporation or condensation
and �θ = θapp − θcx measures the deviation from the local
equilibrium determined by Young’s equation. Since these two
quantities are both defined at the contact line scale, the simplest
relation we expect is a linear relation, i.e., �θ = αθCa. The
coefficient αθ depends on the equilibrium contact angle and
ranges between 1 and 10.
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B. Droplet motion on solid substrates with thermal gradients

Based on the localized nature of thermal singularity and
its effect on contact angle, it can be predicted that a liquid
droplet will move from the hot to the cold region on a solid
substrate with a thermal gradient. To numerically verify this
prediction, we first place a semicircular droplet of radius R0

on the bottom substrate z = 0 with surrounding gas. The fluid
temperature is set to be T = 0.875Tc. The temperature of the
bottom substrate is set to be Tw = 0.890Tc and that of the
top substrates is set to be 0.875Tc. Under these conditions,
the liquid density nl and the gas density ng still take the
same values as in the equilibrium state. That is, neither nl nor
ng shows a visible change as the temperature of the bottom
substrate is changed from 0.875Tc to 0.890Tc. The parameter
W is still set to be W = 0.1 (or W = −0.064) for droplets
on the hydrophobic (or hydrophilic) bottom substrate, and on
the top substrate, W = 0.0 as before. We wait until the droplet
reaches a steady state with an almost invariant apparent contact
angle θapp. After this equilibration process, the time is set to
be t = 0. And at t = 0, a temperature gradient is introduced
to the bottom substrate, with Tw(x) decreasing linearly in
the +x direction. The magnitude of the decrease of Tw over
Lx = 210� ranges between 0.005Tc and 0.025Tc. The droplet
then spontaneously migrates toward the cold end, as observed
in all the simulations. A steady state with an almost constant
migration velocity Vmig is obtained after t ∼ 1000τ0. Here

Vmig is measured according to Vmig ≡ 1
h0

∫ h0

0 dzvx(z), where
vx denotes the x component of the liquid velocity measured
on the (vertical) middle line of the droplet, and h0 is the height
of the droplet defined along the middle line (see Fig. 4). Since
the droplet in slow motion has a shape that is nearly symmetric
with respect to the middle line, Vmig is very close to the velocity
of the center of mass.

The migration velocity Vmig of the droplet is found to
be proportional to the temperature difference �T ≡ TL − TR

(see Fig. 2), where TL and TR denote the local bottom
substrate temperatures at the left and right contact lines. It
is interesting to note that Vmig is proportional to the tem-
perature difference �T rather than the temperature gradient.
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FIG. 2. The migration velocity Vmig plotted as a function of the
temperature difference �T ≡ TL − TR , with TL and TR denoting
the local bottom substrate temperatures at the left and right contact
lines. The data (circles) are obtained for droplets of different sizes on
hydrophobic substrates with different temperature gradients. A linear
least squares fitting gives Vmig/V0 = 0.44�T/Tc, represented by the
solid line.

This fact can be understood as follows. First, it is noted
that according to the temperature dependence of θapp, the
temperature difference �T ≡ TL − TR induces a difference
between the left and right contact angles θapp(TL) and θapp(TR).
Consequently, a difference in γ cos θapp appears, denoted by
�(γ cos θapp) ≡ γ [cos θapp(TR) − cos θapp(TL)], which is of
the order of the magnitude of ηl�vl ≡ ηl[vl(TL) − vl(TR)] ∼
ηlν�T/ξTcx , where Eq. (13) is used to express vl(Tw) for
Tw = TLandTR . The asymmetry in contact angle results in a
variation of the interfacial curvature κ along the liquid-gas
interface, and this curvature variation, once multiplied by
the interfacial tension γ , is of the order of the magnitude
of �(γ cos θapp)/L0 ≈ ηlν�T/ξL0Tcx , with L0 being the
characteristic dimension of the droplet, e.g., the height h0 or
the initial radius R0. It follows that a difference in capillary
pressure �p, which is of the order of the magnitude of
ηlν�T/ξL0Tcx , is established. The droplet migration is then
induced by this pressure difference at the droplet length
scale. Using the force balance relation ηlVmig/L

2
0 ∼ �p/L0

for pressure-driven Poiseuille flow, we obtain Vmig/V0 ∼
�T �/ξTcx ≈ 0.46�T/Tc with V0 = ν/�, Tcx = 0.875Tc, and
ξ ≈ 2.5�. The relation Vmig/V0 ∼ 0.46�T/Tc derived above
is in quantitative agreement with our numerical results, which
can be well fitted by the linear relation Vmig/V0 = 0.44�T/Tc

(see Fig. 2). Based on the linear dependence of Vmig on
�T , an interesting prediction can be made as follows. For
droplets with different sizes on a substrate with a temperature
gradient, a large droplet moves faster than a small droplet.
Consequently, the large droplet will catch up with the small
one, and they coalesce into an even larger droplet that moves
even faster.

Using material parameters for water and He3, we can
have an estimate of the migration velocity if the droplet size
and temperature gradient are given. For water, Tc ≈ 600 K
and V0 ≈ 400 m/s. If the droplet size is ≈20 nm and the
temperature gradient is ≈0.2 K/nm, which is about a change
of 0.03Tc over every 100 nm, then an estimate of the migration
velocity is 1 m/s. For He3, Tc ≈ 3 K and V0 ≈ 100 m/s.
If the droplet size is ≈20 nm and the temperature gradient
is ≈0.001 K/nm, which is about a change of 0.03Tc over
every 100 nm, then an estimate of the migration velocity is
0.3 m/s.

Our numerical results show that the profile of tangential
velocity vx(z), measured on the middle line of the droplet, is
quadratic (see Fig. 3). This observation is now used to develop
a fluid mechanical model at the droplet length scale, from
which a semiquantitative estimate of the migration velocity
can be made. First, from the quadratic profile of vx(z), it is
natural to assume the flow within the liquid droplet to be
pressure-driven Poiseuille flow. It follows that vx(z) may be
expressed as [23,53]

vx(z) = 1

2ηl

∂p

∂x
(z2 − 2zh0), (14)

with ∂p/∂x being a constant pressure gradient. For simplicity,
the conditions vx(0) = 0 (no slip) and ∂zvx(0) = 0 (no stress)
have been imposed. (These approximations will not change the
order of magnitude of the estimate.) The migration velocity
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FIG. 3. The tangential velocity vx , measured on the middle
line of the droplet, plotted as a function of z at t = 2000τ0. The
circles (squares) represent the data obtained for the hydrophobic
(hydrophilic) substrate. The initial radius of the droplet is R0 = 30�.
The solid (dashed) line is a quadratic least squares fitting for the
hydrophobic (hydrophilic) case.

Vmig is then obtained as

V ts
mig = 1

h0

∫ h0

0
dzvx(z) = − h2

0

3ηl

∂p

∂x
, (15)

where the superscript “ts” stands for thermal singularity,
by which the droplet migration is driven; ∂p/∂x < 0 and
V ts

mig > 0 as the substrate temperature decreases in the +x

direction.
As illustrated in Fig. 4, it is further assumed that the liquid-

gas interface of the droplet comprises two circular arcs that join
at the apex of the droplet. The curvatures of the two arcs are
determined by the two apparent contact angles, θL ≡ θapp(TL)
in the left and θR ≡ θapp(TR) in the right, which are determined
by the local substrate temperatures TL and TR . Mathematically,
the curvature of the left arc is given by κL = (1 − cos θL)/h0,
and that of the right arc is given by κR = (1 − cos θR)/h0.
Therefore, the pressure gradient ∂p/∂x is given by

∂p

∂x
= γ (κR − κL)

dc

= − 1

h0dc

�(γ cos θapp), (16)

Gas

z

dloCtoH
Solid substrate

L x
cd

migV
Droplet

0h
R

FIG. 4. Schematic illustration for a migrating droplet on a
substrate with a temperature gradient dTw/dx < 0. The apex of
the droplet divides the liquid-gas interface into two circular arcs
with constant curvatures κL (left arc) and κR (right arc). These two
curvatures are geometrically determined by the contact angles θL and
θR , which depend on the local substrate temperatures TL and TR ,
respectively. Here the droplet height h0 is defined along the vertical
middle line from z = 0 to the apex, and dc is the contact length.
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FIG. 5. The migration velocity Vmig plotted as a function of
�T/dc, for a droplet with initial radius R0 = 30� on hydrophobic
substrates with different thermal gradients. A least squares fitting
of Vmig by Vmig = αtsV

ts
mig (shown as solid line) gives the fitting

coefficient αts = 1.08, with V ts
mig being the migration velocity given

by Eq. (17).

where �(γ cos θapp) ≡ γ [cos θapp(TR) − cos θapp(TL)] (as de-
fined before), and dc is the contact length (the distance between
the two contact lines, as illustrated in Fig. 4). Substituting
Eq. (16) into Eq. (15), we can obtain an estimate of the
migration velocity:

V ts
mig = h0

3ηl

�(γ cos θapp)

�T

�T

dc

= − h0

3ηl

�(γ cos θapp)

�T

dTw

dx
.

(17)

with �T ≡ TL − TR (as defined before) and dTw/dx =
−�T/dc. Here we note that �(γ cos θapp)/�T ∼ ηlν/ξTcx is
independent of the droplet dimension (h0 or dc) and therefore
V ts

mig ∝ (h0/dc)�T = −h0(dTw/dx) is consistent with the
scaling relation Vmig ∝ �T derived before.

To test the validity of this simple fluid dynamical model,
the migration velocity Vmig is plotted for a droplet with initial
radius R0 = 30� on substrates with different temperature
gradients (see Fig. 5). A least squares fitting with Vmig =
αtsV

ts
mig gives the coefficient αts = 1.08. Similar results are

obtained for droplets of other sizes, with αts ranging between
1.0 and 1.3 for R0 between 35� and 20�. While we admit that
αts ≈ 1 may be a coincidence, the validity of our model is
indeed supported by the magnitude of αts in the linear fitting.
This confirms the physical picture that the droplet motion
on substrates with thermal gradients directly results from the
asymmetry in contact angle, which is locally determined by
the underlying substrate temperature.

Our numerical results are obtained for two-dimensional
systems. Considering the localized nature of thermal singu-
larity and its effect on contact angle, we expect the linear
relation between �θ = θapp − θcx and Ca(Tw) to hold in
three-dimensional systems. As to the fluid mechanical model
at the droplet length scale, it will still be based on the balance
between viscous force and capillary pressure gradient, i.e.,
ηlVmig/L

2
0 ∼ �p/L0 with �p ∼ ηlν�T/ξL0Tcx . It follows

that Vmig is still proportional to the temperature difference
�T across the droplet (in the direction of the temperature
gradient). The proportionality constant is expected to vary
from two-dimensional to three-dimensional systems.
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Finally, we propose a possible experimental test. First, a
saturated water vapor is confined in a large closed container at
a temperature below the critical point. Then, liquid droplets of
different sizes are sprinkled on the flat bottom substrate of the
container. After the new liquid-gas coexistence equilibrium
is reached, a constant temperature gradient is applied at the
bottom substrate. The droplet motion resulting from this
gradient is to be recorded for droplets of different sizes, and
the data may be used to test the predictions in this work. To
suppress the temperature Marangoni effect, it is important to
maintain the one-component condition in the container.

C. Separation of length scales

From a fluid mechanical point of view, a droplet will be
able to move as long as an asymmetry in contact angle is
maintained. This can be realized by either a wettability gradient
on an isothermal substrate [22,60] or a thermal gradient on a
nonisothermal substrate. A comparison can be made between
the droplet motion driven by a wettability gradient and that
driven by a thermal gradient. In either case, a difference
between the left and right contact angles, denoted by θL

and θR , is maintained. Figure 6 shows the droplet migration
velocity Vmig as a function of (cos θR − cos θL) (with Vmig > 0
for θL > θR). It is readily seen that Vmig as a function of
(cos θR − cos θL) almost does not distinguish between the two
driving mechanisms. This is attributed to the fact that in both
cases, the contact angle is locally determined, either by the
local substrate wettability or by the local substrate temperature.

Figure 7 shows the velocity fields for one droplet driven
by a wettability gradient and the other driven by a thermal
gradient. A comparison between the two velocity fields within
the two droplets verifies once again that at the droplet length
scale, the velocity field almost does not distinguish between
the two driving mechanisms. In fact, a visible difference is
only noted in the close vicinity of the contact line. This
leads us to conclude that once the asymmetry is established
at the small length scale (i.e., the contact line scale), here
measured by (cos θR − cos θL), the velocity field at the large
length scale (i.e., the droplet scale) is insensitive to the detailed
mechanism at the contact line scale. It is worth emphasizing
that such a separation of length scales can be attributed to the
isothermal liquid-gas interface in one-component fluids, where
the temperature Marangoni effect is suppressed. However, in
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FIG. 6. The migration velocity Vmig plotted as a function of
(cos θR − cos θL), for droplet motion driven by wettability gradient
(squares) and that driven by thermal gradient (circles).

FIG. 7. (Color online) Density (color) and velocity (arrow) fields
for droplets on solid substrates with (a) wettability gradient and (b)
thermal gradient.

binary mixtures, the Marangoni effect does exist. In this case,
as predicted by Brochard [23], droplet motion induced by a
wettability gradient and that induced by a thermal gradient are
quite distinct.

V. CONCLUSIONS

Using the dynamic van der Waals theory, we have investi-
gated the droplet motion in one-component liquid-gas fluids
on solid substrates with thermal gradients. We first studied the
effect of thermal singularity on the contact angle of droplets
on heated or cooled solid substrates. We then turned to the
droplet motion driven by thermal gradients. In one-component
fluids, the liquid-gas interface is approximately isothermal,
and consequently the thermal singularity occurs at the contact
line and the temperature Marangoni effect is suppressed.
The thermal singularity is found to make the contact angle
increase with the increasing substrate temperature. This has
been explained by introducing a capillary number associated
with the evaporation or condensation in the close vicinity of
the contact line. Based on the effect of thermal singularity
on contact angle, it is predicted and numerically verified that
droplets on substrates with thermal gradients spontaneously
migrate toward the cold region. The migration velocity of the
droplet is found to be proportional to the substrate temperature
difference across the droplet rather than the temperature
gradient. This means that on a substrate with a thermal
gradient, a large droplet moves faster than a small droplet.
Consequently, the former will catch up with the latter, and
they will coalesce into an even larger droplet that moves
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even faster. A fluid mechanical model has been proposed
at the droplet length scale, capable of predicting the droplet
migration velocity semiquantitatively. Finally, a comparison
has been presented between the droplet motion driven by a
wettability gradient and that driven by a thermal gradient. The
velocity field at the droplet scale is shown to be independent
of the statics or dynamics at the contact line.
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