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Abstract: In this paper, we investigate the performance of hybrid automatic repeat re-
quest (HARQ) with incremental redundancy (IR) and with code combining (CC) from
an information-theoretic perspective over a point-to-point free-space optical (FSO)
system. First, we introduce new closed-form expressions for the probability density
function, the cumulative distribution function, the moment generating function, and the
moments of an FSO link modeled by the Gamma fading channel subject to pointing
errors and using intensity modulation with direct detection technique at the receiver.
Based on these formulas, we derive exact results for the average bit error rate and
the capacity in terms of Meijer's G functions. Moreover, we present asymptotic expres-
sions by utilizing the Meijer's G function expansion and using the moments method,
too, for the ergodic capacity approximations. Then, we provide novel analytical expres-
sions for the outage probability, the average number of transmissions, and the aver-
age transmission rate for HARQ with IR, assuming a maximum number of rounds for
the HARQ protocol. Besides, we offer asymptotic expressions for these results in
terms of simple elementary functions. Additionally, we compare the performance of
HARQ with IR and HARQ with CC. Our analysis demonstrates that HARQ with IR out-
performs HARQ with CC.

Index Terms: Hybrid automatic repeat request (HARQ), incremental redundancy (IR),
code combining (CC), free-space optical (FSO) communications, atmospheric turbulence,
pointing errors, bit error rate (BER), ergodic capacity, Meijer's G function, outage probabil-
ity, average transmission rate, average number of transmissions.

1. Introduction
The trends towards higher data rates and the incredibly fast growing demand for mobile data
traffic raise the question of spectrum availability to fulfill these requirements. In many wireless
communications systems, data capacity has been enhanced by increasing the spectral effi-
ciency by means of signal processing techniques and advanced modulation schemes. How-
ever, reaching rates of 10 Gbps or more is quite challenging due to the major limitation factor:
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scarce spectrum resources. For future communications systems, more spectral resources are
mandatory. In order to achieve ultra-fast wireless communications systems, several tech-
nologies have been investigated and free-space optical communications (FSO) have joined
the race.

Optical transmission through the atmosphere offers high data rate, wide bandwidth, cost ef-
fective, high security, and license-free spectrum relative to RF transmission [1], [2]. However, a
number of technical challenges need to be overcome or better understood. In fact, contrary to
RF links, the major severe limiting factor in FSO communications is its high vulnerability to the
atmospheric turbulence conditions [2]. Fog, snow, and rain may cause a severe degradation in
the overall performance. Another dominant factor affecting the reliability of FSO channels is
building sway caused by thermal expansion, wind loads, and weak earthquakes [3], [4]. This
phenomenon leads to a misalignment between the transmitter and the receiver defined as point-
ing error which is a serious problem that degrades the channel performance [1], [5].

Finding the proper model to characterize the FSO link is one of the prime concerns in FSO
communication. Hence, a good model to describe the atmospheric turbulence is required to
guarantee the reliability of the communication channel [6]. Several statistical models have been
introduced to describe the fading over FSO channels, such as Log-normal, Inverse Gaussian
(IG), and Gamma-Gamma. Log-normal distribution is considered to be only accurate under
weak turbulence channel conditions [2], [7]. IG as a less complex alternative to Log-normal in
weak turbulence conditions is proposed in [8]. Gamma-Gamma PDF as a model for atmospheric
turbulence under a variety of turbulence channel conditions is presented in [9].

The main type of detection technique in FSO systems is IM/DD. Coherent modulation is re-
cently employed as an alternative detection approach. Despite of the complexity of implement-
ing coherent receivers relative to IM/DD systems, heterodyne detection that belongs to coherent
mode offers better performance in overcoming thermal noise effects [10], [11].

The atmospheric turbulence, also known as fading or scintillation, causes rapid intensity fluc-
tuations at the received FSO signal leading to severe performance degradations of FSO sys-
tems. In order to boost the system performance, numerous physical layer techniques have been
applied as methods for mitigation of irradiance fluctuations caused by atmospheric turbulence
(see [6], [12], [13] and the references therein). In addition to these techniques, HARQ can be
potentially applied to FSO systems. It is a packet-oriented feedback-based data transmission
technique which enhances the reliability of communication in fading channels. Applying HARQ
technique, the receiver sends back the decoding status to the transmitter. If the received signal
is successfully decoded, the receiver feedbacks an acknowledgment (ACK) to the transmitter
and moves on to the next data packet. On the other hand, in case of failure decoding, the re-
ceiver feedbacks a negative acknowledgement (NACK) and the transmitter sends in the second
HARQ round new parity bits that belong to the same data packet. A combination of the replicas
received during all rounds is performed at the receiver to successfully decode the message.
The same procedure is repeated until a successful decoding or a maximum number of HARQ
round is reached. The number of rounds needed for a successful decoding depends on the
channel conditions. Therefore, an implicit adaptation to the link quality is implemented in HARQ
via the feedback mechanism in absence of channel state information (CSI) at the transmitter. Al-
though HARQ has been extensively studied in RF systems, it has been extended to FSO com-
munications [14]–[17]. In [14], HARQ protocol has been investigated for FSO systems through
simulations using a low-density-parity-check (LDPC) code family. In [15], the packet error rate
performance of HARQ with Code Combining (CC) is investigated assuming Log-normal distribu-
tion for weak turbulent regime. In [16], an error control protocol, referred to as the Rateless
Round Robin using incremental redundancy has been proposed for FSO systems. In [17], the
performance of HARQ in coherent FSO communication systems have been investigated under
the assumption of Gamma-Gamma fading. However, pointing errors have not been taken into
account in this study. It is worth mentioning here that using a similar approach as in [17], the
analysis carried out therein for the performance of HARQ is mathematically intractable if the
pointing errors are not neglected.
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To bridge this gap, we study in this work the performance of HARQ over FSO links taking into
consideration the impact of pointing error. In this paper, we propose the Gamma distribution that
accounts for pointing errors to characterize turbulence fading in FSO communication systems
operating in a variety of atmospheric turbulence regimes. In fact, the Gamma PDF is found to
be a good approximation of the Gamma-Gamma distribution through the use of the moment
matching method [18]. We analyze the statistical characteristics of a point-to-point FSO link in
operation under IM/DD technique. We derive expressions for the PDF, the cumulative distribu-
tion function (CDF), the moment generating function (MGF), and the moments. Besides, we
present expressions for the higher order amount of fading (AF), the bit-error rate (BER), and the
ergodic capacity in terms of Meijer's G functions. Moreover, we provide asymptotic expressions
at high signal to-noise ratio (SNR) regime for the MGF, the BER, and the ergodic capacity via
the Meijer's G function expansion. Furthermore, we apply the moments method to get approxi-
mations of the ergodic capacity at low and high SNR regimes. We also analyze the performance
of HARQ with IR and HARQ with CC over the proposed channel model from an information the-
oretic perspective and compare the performance of these two schemes.

The remainder of the paper is organized as follows. In Section 2, the system model and the
Gamma model accounting for pointing errors under IM/DD technique are introduced. Exact
closed-form results to characterize the single FSO link including the PDF, the CDF, the MGF,
the moments, the higher-order AF, the BER, and the ergodic capacity followed by asymptotic
expressions are presented in Section 3. The information outage probability of HARQ with IR
and HARQ with CC over Gamma atmospheric turbulence with pointing errors is investigated in
Section 4. The derived analytical expressions in the previous sections are numerically evalu-
ated, illustrated, and interpreted in Section 5. Finally, we review our main results, and we draw
some conclusions in Section 6.

2. Channel and System Models
We consider a point-to-point FSO link using IM/DD detection of on-off keying (OOK) signals. We
assume a block-fading FSO channel wherein the fading is assumed constant for one HARQ
round but changes independently for different rounds. Data transmission is affected by path
loss, pointing errors caused by the misalignment between transmitter and receiver as a result of
building sway phenomenon, atmospheric turbulence, and additive white Gaussian noise
(AWGN). In this case, the received signal can be expressed as [19]

y ¼ sx þ n ¼ �Ix þ n (1)

where s ¼ �I is the instantaneous intensity gain, � denotes the effective photo-current conver-
sion ratio of the receiver, I stands for the receiver irradiance, x is the OOK signal with values 0
or 1, and n refers to the AWGN sample with zero mean and variance N0. The receiver irradiance
I is defined as I ¼ Il IaIp where Il symbolizes the path loss, Ip reflects the pointing error effect,
and Ia denotes the atmospheric turbulence fading. The path loss Il is deterministic and it is
assumed to be equal to 1 throughout this paper. In our analysis, the FSO channel turbulence-
induced fading Ia is modeled by the Gamma distribution as an approximation of the Gamma-
Gamma PDF. It has been shown in [18] that the Gamma distribution is a good approximation of
the Gamma-Gamma distribution through the use of the moment matching method. Therefore,
the PDF of Ia can be expressed as

faðIaÞ ¼ ��k

�ðkÞ I
k�1
a exp � Ia

�

� �
; Ia > 0 (2)

where �ð�Þ is the standard Gamma function, � and k are the scale and shift parameters of the
Gamma distribution derived from the scintillation parameters � and � of the Gamma-Gamma
distribution by matching the first two positive moments such that k ¼ ��=ð1þ �þ �Þ and
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� ¼ ð1=�Þ þ ð1=�Þ þ ð1=��Þ.1 The terms � and � define the atmospheric turbulence conditions
and small values of these two parameters point to severe fading conditions [5], [20]. Assum-
ing a plane wave propagation with aperture averaging, � and � may be derived according to
[2, p. 237]. Based on the study in [21], the pointing loss Ip is given by

Ip ¼ A0exp � 2r 2

w2
e

� �
(3)

where r is the radial displacement at the receiver, A0 ¼ erf 2ðvÞ is the fraction of the collected
power at r ¼ 0 with v ¼ ffiffiffiffiffiffiffiffi

�=2
p ðRa=wbÞ, erf ð�Þ stands for the error function, Ra represents the ra-

dius of the receiver aperture, and we ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�

p
erf ðvÞw2

b =2ve
�v2

q
identifies the equivalent beamwa-

ist. Assuming that both horizontal and vertical sway of buildings are independent and identically
Gaussian distributed with variance �2s , the radial displacement at the received is modeled by a
Rayleigh distribution and therefore, the PDF of Ip can be determined as

fpðIpÞ ¼ �2

A2
0

I�
2�1

p ; 0 � Ip � A0 (4)

where � ¼ we=2�s is the ratio between the equivalent beam radius at the receiver and the point-
ing error displacement standard deviation (jitter) at the receiver [1], [22]. For negligible pointing
errors, � ! 1.

The CDF of Ip is given as

FpðxÞ ¼
Zx
�1

fpðtÞ dt ¼
0 if x G 0
x �

2

A�
2

0

if 0 � x G A0

1 if x � A0.

8<
: (5)

In order to generate random samples from the pointing errors distribution, we use the inverse
function of its CDF

GðIpÞ ¼ F�1
p ðIpÞ ¼ A0I

1
�2

p ; 0 � Ip � A0: (6)

If Uð1Þ; . . . ;UðnÞ are random numbers in the interval [0,1] (uniform distribution) then
GðUð1ÞÞ; . . . ;GðUðnÞÞ are random samples from the distribution with CDF FpðxÞ.

The PDF of the optical irradiance I ¼ IaIp can be determined as

fIðIÞ ¼
Z
Ia

fIjIa IjIað ÞfaðIaÞdIa (7)

with

fIjIa IjIað Þ ¼ 1
Ia
fp

I
Ia

� �
¼ �2

A�
2

0 Ia

I
Ia

� ��2�1

; 0 � I � A0Ia: (8)

Consequently, (7) is derived as

fIðIÞ ¼ �2���
2
A��2
0

�ðkÞ I�
2�1� k � �2;

I
A0�

� �
(9)

with �ð�; �Þ standing for the incomplete Gamma function [23, Eq. (06.06.02.0001.01)].

1It is worthy to mention here that Log-normal distribution, which is considered to be only accurate under weak turbu-
lence channel conditions, can be approximated by a Gamma distribution whose shift parameter k depends on the stan-
dard deviation of the Log-normal distribution �, with �2 ¼ lnð1þ k�1Þ.
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The electrical SNR can be presented as 	 ¼ �2EI ½I�2=N0 ¼ A2
0k

2�2�2�4=½N0ð1þ �2Þ2�. Given

that 
 ¼ �2I2=N0, the resulting SNR is provided by 
 ¼ ð	I2=k2�2A2
0Þðð�2 þ 1Þ=�2Þ2 and the corre-

sponding SNR PDF using this simple random variable transformation can be determined as

f
ð
Þ ¼ �4 k �
2

2
ffiffiffi



p ffiffiffiffi
	

p
�ðkÞð1þ �2Þ

�2

1þ �2

ffiffiffiffi



	

r� ��2�1

� k � �2;
k �2

1þ �2

ffiffiffiffi



	

r� �
(10)

where 	 ¼ E
 ½
�EI ½I�2=EI ½I2� ¼ ðk�2ð2þ �2Þ=ðk þ 1Þð1þ �2Þ2Þ
 with 
 the average SNR of (10).

3. Statistical Characteristics

3.1. Cumulative Distribution Function

The CDF of 
 can be expressed as F
ð
Þ ¼
R 

0 f
ðxÞdx . Using [23, Eq. (06.06.21.0002.01)]

and some algebraic manipulations, the CDF is obtained as

F
ð
Þ ¼ 1
�ðkÞ

k �2

1þ �2



	

� �1
2

 !�2

� k � �2;
k �2

1þ �2



	

� �1
2

 !
þ �ðkÞ � � k ;

k �2

1þ�2



	

� �1
2

 !8<
:

9=
;: (11)

3.2. Moment Generating Function
It is well known that the MGF is defined as

M
ðsÞ ¼ E½e�
s� ¼
Z1
0

e�
sf
ð
Þ d
: (12)

Utilizing [23, Eq. (01.03.26.0005.01)], we can rewrite e�
s as G1;0
0;0½
sj0�, where G�;�

�;�ð�Þ is the

Meijer's G function. Also using [23, Eq. (06.06.26.0005.01)], �ðk � �2; ðk�2=ð1þ �2ÞÞð
=	Þ1=2Þ
can be transformed into G2;0

1;2½ðk�2=ð1þ �2ÞÞð
=	Þ1=2j 1
0; k � �2

�. Now applying [24, Eq. (21)], we

get after some algebraic manipulations the MGF of 
 in terms of Meijer's G function as

M
ðsÞ ¼ Aðs	Þ��2

2 G4;1
3;4

k2�4

4	ð1þ �2Þ2s

�����
�1

�2

2
4

3
5 (13)

where A ¼ �2þ2�2k �
2
2k��

2�ð3=2Þ=ð1þ �2Þ�2�ðkÞð2�Þ1=2, �1 ¼ 1� ð�2=2Þ; ð1=2Þ; 1 comprises three
terms, and �2 ¼ 0; ð1=2Þ; ððk � �2Þ=2Þ; ððk � �2 þ 1Þ=2Þ comprises four terms.

The arguments of the Meijer's G function in (13) can be inverted using [25, Eq. (6.2.2)]. Then,
by applying (B.1) form Appendix B, the asymptotic expression of the MGF at high SNR can be
derived as

M
ðsÞ �
	�1

Aðs	Þ��2

2
X4
k¼1

4	ð1þ �2Þ2s
k2�4

 !��2;k
�ð1þ �2;k � �1;1Þ

Q4
l¼1;l 6¼k �ð�2;l � �2;k ÞQ3

l¼1 �ð�1;l � �2;k Þ
(14)

where �i ;j accounts for the j th term of �i . This asymptotic expression for the MGF in (14) can be
further simplified into only one dominant term, minð�2=2; k=2Þ.
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3.3. Average BER
The average BER for a variety of binary modulations is introduced as [26, Eq. (9)]

Pb ¼ 1
2�ðpÞ

Z1
0

�ðp; q
Þf
ð
Þ d
 (15)

where p and q are parameters that change for different modulation schemes [27], [28]. Using

[23, Eq. (01.03.26.0005.01)], �ðp; q
Þ can be written as G2;0
1;2½q
j

1
0;p

�. Along with this transfor-

mation, we apply [24, Eq. (21)] to obtain the BER as

Pb ¼ A
ðq	Þ��2

2

2�ðpÞ G4;2
4;5

k2�4

4	ð1þ �2Þ2q

�����
�3

�4

2
4

3
5 (16)

where �3¼1�ð�2=2Þ; 1�1ð�2=2Þ�p; ð1=2Þ; 1 comprises four terms, and �4¼0; ð1=2Þ; ððk��2Þ=2Þ;
ððk � �2 þ 1Þ=2Þ;�ð�2=2Þ comprises five terms. At high SNR and similar to the MGF, the asymp-
totic expansion of the BER is presented as

Pb �
	�1

A
ðq	Þ��2

2

2�ðpÞ
X4
k¼1

4	ð1þ �2Þ2q
k2�4

 !��4;k Q4
l¼1;l 6¼k �ð�4;l � k4;k Þ

Q2
l¼1 �ð1þ �4;k � �3;lÞ

�ð1þ �4;k � �4;5Þ
Q4

l¼1 �ð�3;l � �4;k Þ
: (17)

Additionally, the BER can be expressed via only the dominant term(s). On the other hand, using

[29, Eq. (1)], the BER can be approximated at high SNR by Pb � ðGc	Þ�Gd where Gd refers to
the diversity gain and equals to Gd ¼ minð�2=2; k=2Þ and Gc defines the coding gain as

Gc ¼ 4	ð1þ �2Þ2q
k2�4

Aðq	Þ��2

2

2�ðpÞ

Q4
l¼1;l 6¼k �ð�4;l � �4;k Þ

Q2
l¼1 �ð1þ �4;k � �3;lÞ

�ð1þ �4;k � �4;5Þ
Q4

l¼1 �ð�3;l � �4;k Þ

0
@

1
A� 1

�4;k

: (18)

3.4. Moments
The moments are specified as

E½
n� ¼
Z1
0


nf
ð
Þ d
: (19)

Substituting (10) in (19) and applying [23, Eq. (06.06.21.0002.01)], the moments reduce to the
following simple expression

E½
n� ¼ �2k�2n�ðk þ 2nÞ
ð2n þ �2Þ�ðkÞ

1þ �2

�2

� �2n

	n: (20)

It is important to mention that the moments are exploited to derive the expressions of the high-
er-order amount of fading as well as the asymptotic expressions of the ergodic capacity at low
and high SNR in the next sections.

3.5. Higher-Order Amount of Fading
For the instantaneous SNR 
, the nth order amount of fading is defined as [30]

AF ðnÞ

 ¼ E½
n�

E½
�n � 1: (21)
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Substituting (20) in (21) yields

AF ðnÞ

 ¼ �2�2nð2þ �2Þn�ðk þ 2nÞ�ðkÞn�1

ð2n þ �2Þ�ðk þ 2Þn � 1: (22)

3.6. Ergodic Capacity
The ergodic capacity is defined as

C ¼ E log2ð1þ 
Þ½ � ¼
Z1
0

log2ð1þ 
Þf
ð
Þ d
: (23)

Replacing f
ð
Þ by its expression in (10), using [23, Eq. (01.04.26.0003.01)] to represent

lnð1þ 
Þ as G1;2
2;2½
j

1;1
1;0

�, and utilizing [24, Eq. (21)], we obtain the ergodic capacity in terms of

Meijer's G function as

C ¼ A
lnð2ÞG

6;1
4;6

k2�4

4	ð1þ �2Þ2
�����
�5

�6

2
4

3
5 (24)

where �5 ¼ �ð�2=2Þ;�ð�2=2Þ þ 1; ð1=2Þ; 1 comprises four terms, and �6 ¼ 0; ð1=2Þ; ððk � �2Þ=2Þ;
ððk � �2 þ 1Þ=2Þ;�ð�2=2Þ;�ð�2=2Þ comprises six terms.

Using the asymptotic expansion of the Meijer's G function given in Appendix B, we can ap-
proximate the ergodic capacity at high SNR as

C �
	�1

A
lnð2Þ

X6
k¼1

4	ð1þ �2Þ2
k2�4

 !��6;kQ6
l¼1;l 6¼k �ð�6;l � �6;k Þ�ð1þ �6;k � �5;1ÞQ4

l¼1 �ð�5;l � �6;k Þ
: (25)

The above asymptotic expression for the ergodic capacity is dominated by the summation of
�ð�2=2Þ and �ð�2=2Þ þ � where � is a very small error added in order to satisfy the conditions
of (B.1).

Utilizing the moments is an another approach to asymptotically evaluate the ergodic capacity
at high SNR as [30, Eqs. (8) and (9)]

C �
	�1

log ð	Þ þ  ¼ @

@n
E½
n�jn¼0 (26)

where  ¼ ð@=@nÞ AF ðnÞ

 jn¼0.

The expression of the first derivative of the moments is given by

@

@n
E½
n� ¼ �

k�2n	n 1þ�2
�2

� �2n
�2�ðk þ 2nÞ

ð2n þ �2Þ2�ðkÞ

	 2þ ð2n þ �2Þ 2lnðkÞ � lnð	Þ � 2ln
1þ �2

�2

� �� �
� 2ð2n þ �2Þ ðk þ 2nÞ

� 	
(27)

where  ð�Þ is the psi (digamma) function [31, Eq. (8.360.1)]. Setting n ¼ 0 in (27), the ergodic
capacity at high SNR becomes

C �
	�1

lnð	Þ þ 2  ðkÞ � lnðkÞ � 1
�2

þ ln
1þ �2

�2

� �� 	
: (28)
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At low SNR, the ergodic capacity is found to be approximated by the first moment. Evaluating
(20) at n ¼ 1, we get the asymptotic expression of the ergodic capacity at low SNR in terms of
simple functions as

C �
	
1

E½
� ¼ �2k�2�ðk þ 2Þ
ð2þ �2Þ�ðkÞ

1þ �2

�2

� �2

	: (29)

4. Information Outage Probability

4.1. HARQ With IR Scheme
The HARQ with IR communication protocol operates as follows. In the first HARQ round, a

few parity bits are transmitted with the information bits. In case of decoding failure, new parity
bits are sent by the transmitter. At the receiver, a combination of the parity bits received during
all HARQ rounds is performed leading to a higher successful decoding probability. We assume
a maximum number of HARQ rounds M for the HARQ with IR protocol. It is important to note
here that the number of rounds is a function of the channel conditions (i.e., bad channel condi-
tions require more retransmissions, while few rounds are enough to successfully decode a given
data packet in good channel conditions). The capacity of HARQ with IR after m rounds in bits/
symbol is specified as

C IR
m ¼ 1

m

Xm
i¼1

log2 ð1þ 
iÞ (30)

where the random variables 
iði ¼ 1; . . . ;MÞ are independent and identically distributed (i.i.d.)
following the distribution in (10). For the HARQ with IR scheme, the number of rounds M affects
the transmission rate. Using the fact that b information bits are sent using L symbols in each
HARQ round, the transmission rate for the first round is equal to R1 ¼ b=L in bits per channel
use. After m rounds, the transmission rate becomes Rm ¼ R1=m. We indicate by Qn the number
of HARQ rounds needed for an error-free transmission of the nth data packet. For N different
data packets, the average transmission rate can be defined as

R ¼ Nb

L
PN
n¼1

Qn

¼ R1

1
N

PN
n¼1

Qn

¼ R1

N
(31)

with N as the average number of transmissions per data packet with a maximum number
M of rounds. The expression in (31) is valid for the case where there is no delay constraint,
i.e., M ! 1. However, for a finite value of M , the average transmission rate can be deter-
mined as [32]

R ¼
R1 1� P IR;M

out ðR1Þ
� �

N
(32)

where P IR;M
out ðR1Þ stands for the outage probability of HARQ with IR after M rounds. The com-

munication system is in outage if the capacity CM is less than the rate RM . Hence, an outage
occurs if the accumulated mutual information after M rounds is smaller than the transmission
rate R1. The outage probability after M rounds reads as

P IR;M
out ðR1Þ ¼ P

XM
m¼1

log2 ð1þ 
mÞ � R1

( )
: (33)
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The average number of retransmissions N can be expressed as [33], [34]

N ¼ 1þ
XM�1

m¼1

P IR;m
out : (34)

Using the Minkowski inequality [35], we have

YM
i¼1


i

 ! 1
M

þ1

0
@

1
AM

�
YM
i¼1

ð1þ 
iÞ: (35)

Consequently

P IR;M
out ðR1Þ ¼P

XM
m¼1

log2 ð1þ 
mÞ � R1

( )
� P M log2 1þ

YM
m¼1


m

 ! 1
M

0
@

1
A � R1

8<
:

9=
;

�P
YM
m¼1


m � 2
R1
M � 1

� �M( )
: (36)

The right hand side of (36) is an upper bound on the outage probability P IR;M
out;UB derived in

Appendix A as

P IR;M
out;UB ¼ k�2

1þ �2

� �2
�2

	�ðkÞ

 !M
2 k�7

2ð ÞM
ð2�ÞM2

2
R1
M � 1

� �M
G4M ;1

2Mþ1;4Mþ1
k�2

1þ �2

� �2M
2�2M

	M 2
R1
M � 1

� �M �����1

�2

" #
(37)

with �1 ¼ 0; ðð�2 � 1Þ=2Þ; ð�2=2ÞM comprises 2M þ 1 terms, �2 ¼ ððð�2 � 2Þ=2Þ; ðð�2 � 1=2ÞÞM ;
ðððk � 2Þ=2Þ; ððk � 1Þ=2ÞÞM ;�1 comprises 4M þ 1 terms, and ðaÞM ¼� a; . . . ; a|fflfflfflffl{zfflfflfflffl}

M terms

. By utilizing

[25, Eq. (6.2.2)] to invert the argument in the Meijer's G function in (37) and then applying (B.1)
from Appendix B, the upper bound on the outage probability in (37) can be shown to be given
asymptotically, at high SNR, in a simpler form in terms of basic elementary functions as

P IR;M
out;UB �

	�1

k�2

1þ �2

� �2
�2

	�ðkÞ

 !M
2 k�7

2ð ÞM
ð2�ÞM2

2
R1
M � 1

� �MX4M
i¼1

k�2

1þ �2

� ��2M
22M	M

2
R1
M � 1

� �M
0
B@

1
CA

��2;i

	 �ð1þ �2;iÞ
Q4M

l¼1;l 6¼i �ð�2;l � �2;iÞ
�ð2þ �2;iÞ

Q2Mþ1
l¼1 �ð�1;l � �2;i Þ

(38)

with �u;v referring to the v th-term of �u .
The average number of transmissions reads as

N � 1þ
XM�1

m¼1

k�2

1þ �2

� �2
�2

	�ðkÞ

 !m
2 k�7

2ð Þm
ð2�Þm2

2
R1
m � 1

� �m
G4m;1

2mþ1;4mþ1
k�2

1þ �2

� �2m
2�2m

	m 2
R1
m � 1

� �m�����3

�4

" #
(39)

where �3 ¼ 0; ððð�2 � 1Þ=2Þ; ð�2=2ÞÞm comprises 2m þ 1 terms, and �4 ¼ ððð�2 � 2Þ=2Þ; ðð�2 �
1Þ=2ÞÞm; ðððk � 2Þ=2Þ; ððk � 1Þ=2ÞÞm;�1 comprises 4m þ 1 terms.

It is important to mention that the average number of transmissions of the HARQ with IR
scheme is a function of SNR. In contrast to systems that do not employ HARQ, N remains constant
and equals N ¼ M . Besides, one of the important features of the HARQ technique is that it allows
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an adaptive coding. In fact, the coding rate in systems without HARQ is fixed at the value of
1=M , while in the case of HARQ, the decision to stop the retransmissions of a data packet is dic-
tated by the successful decoding at the receiver side.

4.2. HARQ With CC Scheme
Similar to HARQ with IR, HARQ with CC is a feedback-based data transmission technique

with one major difference. When a NACK message is received, the transmitter sends the same
bits until reaching a maximum of M rounds or achieving successful decoding. At the receiver
side, maximal ratio combining (MRC) is performed to all received packets at each HARQ round.

The capacity in bits/symbol of HARQ with CC after m rounds is obtained by accumulating the
SNR over m rounds and can be shown to be given by [36]

CCC
m ¼ 1

m
log2 1þ

Xm
i¼1


i

 !
(40)

where 
i follows the distribution in (10). An outage of the communication system is encountered
when the capacity CM falls below the rate R1. Alternatively, an outage occurs if the total mutual
information after M rounds is less than the rate R1.

We can define the outage probability of HARQ with CC after M rounds as

PCC;M
out ðR1Þ ¼ P log2 ð1þ

XM
m¼1


mÞ � R1

( )
¼ P

XM
m¼1


m � 2R1 � 1

( )
: (41)

To get the outage probability expression, we need to derive an expression for the CDF of the
summation Z ¼PM

m¼1 
m. Using the MGF property from [25], the MGF of Z can be given as

MZ ðsÞ ¼
YM
m¼1

M
mðsÞ ¼ Aðs	Þ��2

2 G4;1
3;4

k2�4

4	ð1þ �2Þ2s

�����
�1

�2

2
4

3
5

0
@

1
AM

: (42)

Then, setting s ¼ jw in (42), we obtain the characteristic function as

�Z ðwÞ ¼ MZ ðsÞjs¼jw ¼ Aðjw	Þ��2

2 G4;1
3;4

k2�4

4	ð1þ �2Þ2jw

�����
�1

�2

2
4

3
5

0
@

1
AM

: (43)

The PDF of Z is then the inverse Fourier transform of its characteristic function in (43) speci-
fied as

fZ ðzÞ ¼ 1
2�

Zþ1

�1
�Z ðwÞeiwz dw : (44)

There is no closed-form expression for the inverse Fourier transform in (44), therefore we
provide numerical inversion of the Fourier transform to get the PDF of the summation of

m 's. As a consequence, we numerically evaluate the outage probability, the average number
of transmissions and the average transmission rate of the HARQ with CC scheme.

5. Numerical Results
In this section, the analytical expressions presented in the previous sections are evaluated nu-
merically and illustrated. Weak (� ¼ 2:902 and � ¼ 2:51), moderate (� ¼ 2:296 and � ¼ 1:822),
and strong (� ¼ 2:064 and � ¼ 1:342) turbulent FSO channel conditions are considered in our
study [37, Tab. 1].
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The ergodic capacity performance is presented in Fig. 1. The effect of pointing error is fixed
at � ¼ 1:2. We can see from Fig. 1 that the analytical results provide a perfect match to the sim-
ulations results presented in this paper. Moreover, Fig. 1 depicts the asymptotic results for the
ergodic capacity using the asymptotic expansion of the Meijer's G function and the moments
methods. It can be shown that at high SNR, the asymptotic expression utilizing the Meijer's G
function expansion and all the terms are considered in the summation in (25) converges quite
slowly. Additionally, when we select the relevant two dominant terms of (25) derived via the
Meijer's G function expansion, a faster convergence is clearly observed. Moreover, if we employ
the moments method presented in (28), we get very tight results at high SNR. Also, a perfect
match can be seen between the moments method (28) and the two dominant terms of (25).

Fig. 2 presents asymptotic results for the ergodic capacity in low SNR regime under strong
and weak turbulence conditions. It can be clearly observed that the asymptotic results are not

Fig. 1. Ergodic capacity results under strong turbulence conditions for strong pointing error � ¼ 1:2
along with the asymptotic results at high SNR regime.

Fig. 2. Ergodic capacity results under weak and strong turbulence conditions for strong pointing er-
rors along with the asymptotic results in low SNR regime.
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affected by varying the effect of the pointing error or the atmosphere turbulence under the IM/
DD technique.

In Fig. 3, we illustrate the simulation results of the ergodic capacity performance for weak,
moderate, and strong atmosphere turbulence conditions with strong pointing error ð� ¼ 1:2Þ over
both the Gamma-Gamma and the approximating Gamma atmospheric turbulence fading
models. It can be seen that Gamma-Gamma and Gamma models have almost the same capac-
ity performance proving the tightness of the approximation. Moreover, it can be shown that the
performance deteriorates as the atmospheric turbulence conditions get severe (i.e., the lower
the values of � and �, the lower will be the ergodic capacity) and vice versa.

In Fig. 4, we illustrate the average BER of coherent binary frequency shift keying (CBFSK)
modulation scheme where p ¼ 0:5 and q ¼ 0:5 are the parameters of CBFSK, for various values
of the pointing error, � ¼ 1:2 and 6.7. As expected, the performance decreases as the atmo-
spheric turbulence conditions get severe (i.e., the higher the values of � and �, the lower will be
the average BER). We can also observe that as the effect of the pointing error decreases ð�1Þ,
the respective performance gets better. Moreover, Fig. 4 presents the asymptotic results for the
BER at high SNR regime. It can be seen that utilizing all terms in the summation of the asymp-
totic expression derived via the Meijer's G function expansion in (17) provides a tight bound to
the exact BER performance. If the appropriate single dominant term is selected based on the
pointing error and the fading effects, a less tight bound is obtained.

Fig. 5 depicts the outage probability of HARQ with IR protocol for weak turbulence conditions
along with the asymptotic results in high SNR regime for various effects of the pointing error
(� ¼ 1:2 and � ¼ 6:7) and different values of M . We can observe that as M increases the outage
performance of HARQ with IR improves. For instance, for an SNR of 20 dB, the outage probabil-
ity decreases from 2:775:10�1 to 4:769:10�3 if we increase M from 1 to 3 for � ¼ 6:7. This fact
shows that HARQ provides a significant gain relatively to systems without HARQ ðM ¼ 1Þ. Fur-
thermore, the upper bound curve and the exact outage probability curve coincide for M ¼ 1. Ad-
ditionally, it can be shown that at high SNR, the asymptotic expression utilizing the Meijer's G
function expansion in (38) converges quite fast to the exact result proving this asymptotic ex-
pression to be tight enough. Furthermore, the outage probability increases as the pointing error
gets severe (i.e., the lower the values of �, the higher will be the outage probability).

The system outage probabilities of the HARQ with IR and the HARQ with CC schemes under
weak turbulence conditions with strong pointing error ð� ¼ 1:2Þ are presented in Fig. 6. From
this figure, we can observe a perfect fitting between numerical and simulation results for the

Fig. 3. Ergodic capacity results showing the performance of both Gamma-Gamma and Gamma at-
mospheric turbulence fading channels under weak, moderate, and strong turbulence conditions for
strong pointing error � ¼ 1:2.
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HARQ with CC scheme. It has to be noted as well that as M increases the outage performance
of both HARQ schemes improves. In addition, the simulation results of both HARQ with IR and
with CC show that the HARQ with IR technique outperforms the HARQ with CC technique. In
fact, for M ¼ 4 and at an outage of 10�2, the HARQ with IR scheme achieves a 3 dB gain com-
pared to HARQ with CC. We notice that as M increases, HARQ with IR technique becomes
more advantageous. When M is small ðM ¼ 2Þ, both HARQ with IR and HARQ with CC have al-
most the same outage performance.

The average number of transmissions N versus SNR is illustrated in Fig. 7 for M ¼ 2, M ¼ 4,
and M ¼ 10 for strong turbulence conditions along with strong pointing error. As clearly seen in
the figure, the numerical results and the simulation results for the HARQ with CC scheme coin-
cide. Moreover, a perfect fitting can be seen between HARQ with IR HARQ with CC for M ¼ 2.
As M increases, the average number of transmissions N increases in both cases, and it is

Fig. 4. Average BER of CBFSK binary modulation scheme under weak, moderate, and strong turbu-
lent FSO channels for varying effects of the pointing error.

Fig. 5. Outage probability P IR;M
out of HARQ with IR with varying effects of the pointing error under

weak turbulence conditions along with the asymptotic results in high SNR regime for
R1 ¼ 3 bps=Hz.
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larger for the HARQ with CC scheme proving that HARQ with IR performs much better than
HARQ with CC. It can be seen as well that the average number of transmissions decreases
with SNR for both HARQ with IR and HARQ with CC schemes.

Fig. 8 shows the average transmission rate R versus SNR for M ¼ 1, M ¼ 2, and M ¼ 6 for
both HARQ with IR and HARQ with CC schemes under strong turbulence conditions along with
strong pointing error for R1 ¼ 5 bps/Hz. From this figure, we observe that the two schemes pro-
vide the same communication rate for M ¼ 1. Moreover, it can be seen that as M increases the
HARQ with IR scheme offers higher rate than the HARQ with CC scheme. Additionally, the av-
erage transmission rate increases as M increases for both HARQ schemes.

In Fig. 9, we illustrate the average transmission rate obtained using Monte Carlo simulations
for the HARQ with IR scheme over Gamma, Gamma-Gamma, and Log-normal fading channels.
As expected, the average transmission rate performance under Gamma-Gamma fading and
Gamma fading is almost the same. Similarly, a perfect fitting can be observed when we approxi-
mate the Log-normal fading by the Gamma fading, thereby showing the accuracy of the approxi-
mations using the moment (to approximate Gamma-Gamma) and the amount of fading (to
approximate Log-normal) matching methods.

Fig. 6. System outage probabilities of HARQ with CC, PCC
out ðMÞ, and HARQ with IR, P IR

outðMÞ under
weak turbulence conditions with strong pointing error � ¼ 1:2 for R1 ¼ 3 bps=Hz.

Fig. 7. Average number of retransmissions N of HARQ with CC and HARQ with IR under strong tur-
bulence conditions with strong pointing error � ¼ 1:2 for R1 ¼ 3 bps=Hz.
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6. Conclusion
In this paper, we provided exact closed-form expressions for the PDF, the CDF, the MGF, and
the moments of a point-to-point FSO link modeled by the Gamma fading, as an approximation
of the Gamma-Gamma fading, under the effect of pointing errors. From these formulas, we de-
rived new expressions for the higher-order AF, the average BER, and the ergodic capacity. In
addition, we introduced asymptotic expressions at high SNR regime for the MGF, the average
BER, and the ergodic capacity utilizing the Meijer's G function asymptotic expansion and by ap-
plying the moments method for the ergodic capacity at low and high SNR regimes. We also
demonstrate the impact of atmospheric turbulence conditions and pointing errors on the system
performance. Further, we have investigated the performance of HARQ with IR and HARQ with
CC schemes. We provided analytical expressions for the outage probability, the average num-
ber of transmissions, and the average transmission rate for HARQ with IR. Numerical evaluation
of these metrics were performed for the HARQ with CC scheme. Besides, we have compared
the performance of HARQ with IR and HARQ with CC techniques in terms of outage probability,
average number of transmissions, and average transmission rate. We found that HARQ with IR
outperforms HARQ with CC scheme especially for large number of HARQ rounds M .

Fig. 8. Average transmission rate R of HARQ with CC and HARQ with IR under strong turbulence
conditions with strong pointing error � ¼ 1:2 for R1 ¼ 5 bps=Hz.

Fig. 9. (a) Average transmission rate R of HARQ with IR showing the performance of both Gamma
and Gamma-Gamma turbulence fading channels for R1 ¼ 5 bps/Hz. (b) Average transmission rate
R of HARQ with IR showing the performance of both Gamma and Log-normal turbulence fading
channels for R1 ¼ 5 bps/Hz.
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APPENDIX A
PDF and CDF of the Product of 
i

In this Appendix, we derive an expression for the PDF and the CDF of the product
W ¼QM

i¼1 
i , where 
i is a random variable whose PDF is given by (10). Using the Mellin trans-
form property from [25], we can express the Mellin transform of W as

Ms fW ðxÞð Þ ¼
YM
i¼1

Ms f
i ðxÞ
� �

: (A.1)

The Mellin transform of 
i is defined as

Ms f
i ðxÞ
� � ¼ Z1

0

xs�1f
i ðxÞ dx : (A.2)

Substituting f
i ðxÞ by its expression in (10) and utilizing [23, Eq. (06.06.21.0002.01)], we obtain
after some algebraic manipulations

Ms f
i ðxÞ
� � ¼ �2d2ð1�sÞ

�ðkÞ
�ðk � 2þ 2sÞ�ð�2 � 2þ 2sÞ

�ð�2 � 2þ 2s þ 1Þ (A.3)

where d ¼ k�2=ð1þ �2Þ	1=2. It follows that the Mellin transform of W can be written as

Ms fW ðxÞð Þ ¼
YM
i¼1

Ms f
i ðxÞ
� � ¼ �2d2

�ðkÞ
� �M

ðd2Þ�Ms �ðk � 2þ 2sÞM�ð�2 � 2þ 2sÞM
�ð�2 � 2þ 2s þ 1ÞM

: (A.4)

The PDF fW ðxÞ of W is then determined by using the inverse Mellin transform in terms of the
Meijer's G function as follows:

fW ðxÞ ¼M�1
s Ms fW ðvÞð Þf g ¼ 1

j2�

Z
C

Ms fW ðvÞð Þx�s ds

¼ 1
2

k�2

1þ �2

� �2
�2

	�ðkÞ

 !M

G2M ;0
M ;2M

k�2

1þ �2

� �M
1
	

� �M
2

x
1
2

����� ð�2 � 1ÞM
ð�2 � 2ÞM ; ðk � 2ÞM

" #
(A.5)

where G�;�
�;�ð�Þ stands for the Meijer's G function defined in [31, Eq. (9.301)], while the notation

ðaÞM ¼� a; . . . ; a|fflfflfflffl{zfflfflfflffl}
M terms

. The CDF FW ðxÞ of W can be deduced from the PDF fW ðxÞ as FW ðxÞ ¼
R x
0 fW ðtÞ dt . Utilizing the integral identity [23, Eq. (07.34.21.0084.01)] along with some mathe-
matical manipulations, we get the CDF of W in exact closed-form in terms of the Meijer's G
function as

FW ðxÞ ¼ k�2

1þ �2

� �2
�2

	�ðkÞ

 !M
2ðk�

7
2ÞM

ð2�ÞM2
xG4M ;1

2Mþ1;4Mþ1
k�2

1þ �2

� �2M
1
	

� �M

2�2Mx

�����
�1

�2

2
4

3
5 (A.6)

where �1 ¼ 0; ððð�2 � 1Þ=2Þ; ð�2=2ÞÞM comprises 2M þ 1 terms, and �2 ¼ ððð�2 � 2Þ=2Þ; ðð�2 �
1Þ=2ÞÞM ; ðððk � 2Þ=2Þ; . . . ; ððk � 1Þ=2ÞÞM ;�1 comprises 4M þ 1 terms.
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APPENDIX B
Asymptotic Expansion of the Meijer's G Function

For small value of x, the asymptotic expansion of the Meijer's G function can be expressed
using [38, Eq. (1.4.13)] and limz!0þcFd ½e; f ; z� ¼ 1 [39] as

limx!0þG
m;n
p;q x jb1;...;bm ;...;bqa1;...;an ;...;ap

� �
¼
Xn
k¼1

xak�1

Qn
l¼1;¼;l 6¼k �ðak � alÞ

Qm
l¼1 �ð1þ bl � ak ÞQp

l¼nþ1 �ð1þ al � ak Þ
Qq

l¼mþ1 �ðak � blÞ
(B.1)

with ak � al 6¼ 0;�1;�2; . . . ; ðk ; l ¼ 1; . . . ; n; k 6¼ lÞ and ak � bl 6¼ 1; 2; 3; . . . ; ðk ¼ 1; . . . ;n;
l ¼ 1; . . . ;mÞ.
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