
Ensemble Kalman Filtering with Residual
Nudging: An Extension to State Estimation

Problems with Nonlinear Observation Operators

Item Type Article

Authors Luo, Xiaodong; Hoteit, Ibrahim

Citation Ensemble Kalman Filtering with Residual Nudging: An Extension
to State Estimation Problems with Nonlinear Observation
Operators 2014, 142 (10):3696 Monthly Weather Review

Eprint version Publisher's Version/PDF

DOI 10.1175/MWR-D-13-00328.1

Publisher American Meteorological Society

Journal Monthly Weather Review

Rights © 2015 American Meteorological Society Privacy Policy and
Disclaimer Headquarters: 45 Beacon Street Boston, MA
02108-3693 DC Office: 1120 G Street, NW, Suite 800 Washington
DC, 20005-3826 amsinfo@ametsoc.org Phone: 617-227-2425 Fax:
617-742-8718 Allen Press, Inc. assists in the online publication of
AMS journals

Download date 23/05/2023 20:19:28

Link to Item http://hdl.handle.net/10754/347331

http://dx.doi.org/10.1175/MWR-D-13-00328.1
http://hdl.handle.net/10754/347331


Ensemble Kalman Filtering with Residual Nudging: An Extension to State
Estimation Problems with Nonlinear Observation Operators

XIAODONG LUO

International Research Institute of Stavanger, Bergen, Norway

IBRAHIM HOTEIT

King Abdullah University of Science and Technology, Thuwal, Saudi Arabia

(Manuscript received 18 October 2013, in final form 28 April 2014)

ABSTRACT

The ensemble Kalman filter (EnKF) is an efficient algorithm for many data assimilation problems. In

certain circumstances, however, divergence of the EnKF might be spotted. In previous studies, the authors

proposed an observation-space-based strategy, called residual nudging, to improve the stability of the EnKF

when dealing with linear observation operators. The main idea behind residual nudging is to monitor and, if

necessary, adjust the distances (misfits) between the real observations and the simulated ones of the state

estimates, in the hope that by doing so one may be able to obtain better estimation accuracy.

In the present study, residual nudging is extended and modified in order to handle nonlinear observation

operators. Such extension and modification result in an iterative filtering framework that, under suitable

conditions, is able to achieve the objective of residual nudging for data assimilation problems with nonlinear

observation operators. The 40-dimensional Lorenz-96 model is used to illustrate the performance of the

iterative filter. Numerical results show that, while a normal EnKF may diverge with nonlinear observation

operators, the proposed iterative filter remains stable and leads to reasonable estimation accuracy under

various experimental settings.

1. Introduction

The ensemble Kalman filter (EnKF; see Burgers et al.

1998; Evensen 2006) and its variants (including, e.g.,

Anderson 2001; Bishop et al. 2001; Hoteit et al. 2002;

Luo and Moroz 2009; Pham 2001; Tippett et al. 2003;

Wang et al. 2004; Whitaker and Hamill 2002) can be

considered as Monte Carlo implementations of the cel-

ebrated Kalman filter (Kalman 1960), in the sense that

the mean and covariance of the Kalman filter are eval-

uated based on a finite (often small) number of samples

of the underlying model states. Because of its ability to

handle large-scale data assimilation problems, and its

relative simplicity in implementation, the EnKF has

received great attention from researchers in various

fields.

In data assimilation, there are certain factors that may

influence the performance of the EnKF. For instance, if

the EnKF is implemented with a relatively small en-

semble size, then the filter will often be subject to sam-

pling errors. This may lead to some adverse effects

(especially in high-dimensional models), including, for

instance, underestimation of the variances of state var-

iables, overestimation of the correlations between dif-

ferent state variables, and rank deficiency of the sample

error covariance matrix (Whitaker and Hamill 2002;

Hamill et al. 2009). In the literature, it is customary to

adopt two auxiliary techniques: covariance inflation

(Anderson and Anderson 1999) and covariance locali-

zation (Hamill et al. 2001), to improve the performance

of the EnKF. Intuitively, covariance inflation compen-

sates for the underestimated variances by artificially

increasing it to some extent. It also increases the ro-

bustness of the EnKF from the point of view of H‘ fil-

tering theory (Luo and Hoteit 2011). Various methods

of covariance inflation are proposed in the literature

(e.g., see Altaf et al. 2013; Anderson and Anderson
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1999; Anderson 2007, 2009; Bocquet 2011; Bocquet and

Sakov 2012; Luo and Hoteit 2011, 2013; Miyoshi 2011;

Meng and Zhang 2007; Ott et al. 2004; Song et al. 2013;

Triantafyllou et al. 2013; Whitaker and Hamill 2012;

Zhang et al. 2004). On the other hand, covariance lo-

calization aims to taper the overestimated correlations

through, for instance, a Schur product between the

sample error covariance matrix and a certain tapering

matrix. In effect, this also increases the rank of the

sample error covariance matrix (Hamill et al. 2009).

Even equipped with both covariance inflation and

localization, the EnKF may still suffer from filter di-

vergence in certain circumstances, especially when there

is substantial uncertainty, for example, in terms of

model and/or observation errors, in data assimilation

problems (see, e.g., the numerical results in Luo and

Hoteit 2012). To mitigate filter divergence, in previous

studies (Luo andHoteit 2014, 2013, 2012) we considered

a strategy, called data assimilation with residual nudging

(DARN), which monitors and, if necessary, adjusts the

distances (called residual norms) between the real ob-

servations and the simulated ones. Our numerical results

showed that, under certain circumstances, a data as-

similation algorithm equipped with residual nudging is

not only more stable against filter divergence, but also

performs better in terms of estimation accuracy.

The analytical and numerical results in Luo and

Hoteit (2014, 2013, 2012) also show that, for linear obser-

vation operators, one is able to control the magnitudes

of the residual norms under suitable conditions. An is-

sue that we did not address yet is the nonlinearity in the

observation operators. Our main motivation here is thus

to fill this gap. To this end, we recast DARN as a least

squares problem and adopt an iterative filtering

framework1 to tackle the nonlinearity in the observation

operators. Using this iterative filtering framework, one

can achieve the objective of residual nudging under

suitable conditions. For convenience, we refer to the

observations from a linear (or nonlinear) observation

operator as ‘‘linear observations’’ (or ‘‘nonlinear ob-

servations’’), when it causes no confusion.

This work is organized as follows. Section 2 introduces

the idea of DARN and outlines the method used in Luo

and Hoteit (2013) for residual nudging with linear ob-

servations. In section 3, the aforementioned method is

extended and modified to tackle problems with non-

linear observations. In section 4, various experiments

are conducted to compare the proposed method with

some existing algorithms in the literature. In addition,

the stability of the proposed method is also investigated

under different experimental settings. Finally, section 5

details our conclusions.

2. Residual nudging with linear observations

In this work we consider the state estimation problem

in the following systems:

xk 5Mk,k21(xk21)1 uk , (1a)

yk 5Hk(xk)1 vk , (1b)

where xk is an m-dimensional model state and yk is the

corresponding p-dimensional observation;Mk,k21 is the

model transition operator that maps the model state

xk21 at time instant (k 2 1) to the next time instant k,

and Hk is the observation operator that projects the

model state xk onto the observation space; and uk 2 R
m

and vk 2 R
p are the model and observation errors, re-

spectively. We assume that the observation error vk has

zero mean and a nonsingular covariance matrix Rk. In

the discussion below, the time index k is often un-

involved and thus dropped for ease of notation.

In this section, we focus on the case with linear ob-

servations. To this end, we rewrite the observation op-

eratorH asH. Suppose that yo is the real observation at

a certain time instant, and x̂ is the estimate of the un-

derlying model state x. Then the residual r̂ is defined as

the difference between the simulated observation Hx̂

and the real value yo (i.e., r̂5Hx̂2 yo).

Given a vector z 2R
p in the observation space, we use

the weighted Euclidean norm,

kzkR[
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zTR21z

p
, (2)

to measure its length. Under this setting, the objective of

residual nudging is to find an analysis estimate x̂a, such

that the weighted Euclidean norm of the corresponding

analysis residual r̂a (the analysis residual norm hereafter)

satisfies kr̂akR #bu

ffiffiffi
p

p
for a pre-chosen scalarbu (bu. 0).

Readers are referred to Luo and Hoteit (2014, 2013,

2012) for the rationale behind this choice. To pre-

vent overfitting the observation, it may also be desir-

able to let bl

ffiffiffi
p

p
# kr̂akR for another scalar bl (0 , bl ,

bu). Combining these constraints, the objective thus

becomes

bl

ffiffiffi
p

p
# kr̂akR#bu

ffiffiffi
p

p
. (3)

Twomethods were proposed in Luo andHoteit (2014,

2013, 2012) for the purpose of residual nudging. In Luo

andHoteit (2014, 2012) it was suggested to solve a linear

equation first, and then combine the resulting solution

1Here, by ‘‘iterative’’ we mean the presence of an iteration

process [Eq. (11)] in each data assimilation cycle.
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(called the ‘‘observation inversion’’) with the original

state estimate. In a follow-up work (Luo and Hoteit

2013), residual nudging was recast as a problem of

choosing a proper covariance inflation factor, and some

sufficient conditions in this regard were explicitly de-

rived for the analysis residual norm to be bounded in the

interval (bl

ffiffiffi
p

p
, bu

ffiffiffi
p

p
). In the next section, the second

method will be extended and modified to handle non-

linear observations. For this reason, in what follows, we

summarize the method developed in Luo and Hoteit

(2013). Readers are referred to Luo and Hoteit (2014,

2012) for more details about the first method.

In Luo and Hoteit (2013), a family of mean update

formulas, in the form of

x̂a5 x̂b 1G(yo 2Hx̂b) , (4a)

G5 ĈbHT(dHĈbHT 1gR)21 , (4b)

is considered, where x̂b is the sample mean of the

background ensemble, and G is a gain matrix that may

be considered as a slight generalization of the Kalman

gain matrix in the EnKF. The coefficients d and g in G

are some positive scalars whose ranges need to be de-

termined in order for the analysis residual norm to be

bounded in the desired interval in Eq. (3), and Ĉb is

a symmetric, positive semidefinite matrix. In general, Ĉb

may be related, but not necessarily identical, to the

sample error covariance matrix P̂b of the background

ensemble (to be further discussed below).

While the objective in Eq. (3) can be achieved with the

general gain matrix G defined in Eq. (4b) (Luo and

Hoteit 2013), it suffices to consider the conventional

choice of d 5 1 here. In this case, the gain matrix G re-

sembles the Kalman gain in the EnKF, with 1/g being

analogous to the multiplicative covariance inflation

factor used in Anderson and Anderson (1999). With

some algebra, it can be shown that the analysis residual

norm satisfies (Luo and Hoteit 2013)

kr̂akR 5 kF(R21/2r̂b)k2 , (5a)

F5 g(A1 gIp)
21 , (5b)

A5R21/2HĈbHTR2T/2 , (5c)

where r̂b [Hx̂b 2 yo is the residual with respect to the

background x̂b; kdk2 denotes the standard Euclidean

norm and satisfies k(R21/2r̂b)k2 5 kr̂bkR, with R1/2 being

a square root matrix of R; and Ip represents the p-

dimensional identity matrix. For ease of notation, in Eq.

(5c) we have used R21/2 to denote the inverse of R1/2,

and R2T/2 to represent the transpose of R21/2.

Given a matrix M and a vector z with suitable di-

mensions, one has the following inequalities (Grcar

2010):

kMzk2# kMk2kzk2 , (6a)

jjM21jj21

2 jjzjj2# kMzk2 . (6b)

Applying Eq. (6) to the right-hand side of Eq. (5a) with

M 5 F and z5 (R21/2r̂b), one obtains the following

sufficient conditions:

jl
12 jl

lmax# g#
ju

12 ju
lmin , (7a)

subject to bl #
bu

k1 (12 k)ju
, (7b)

where jl 5bl

ffiffiffi
p

p
/kr̂bkR and ju 5bu

ffiffiffi
p

p
/kr̂bkR; lmax and

lmin are the maximum and minimum eigenvalues, re-

spectively, of the matrixA in Eq. (5c); and k5 lmax/lmin

is the corresponding condition number. In case the ob-

servation size is large, such that it is expensive to eval-

uate the eigenvalues of A directly, some alternative

sufficient conditions can be obtained at a cheaper com-

putational cost. This is omitted here for brevity and

readers are referred to Luo andHoteit (2013) for details.

Finally, we note that, from Eq. (7), if only residual

nudging is in consideration, then there is no restriction

that Ĉb needs to be related to the sample error co-

variance P̂b.

Please note that from the above deduction, one can

relate residual nudging to certain forms of covariance

inflation. As discussed in Luo and Hoteit (2011), a Kal-

man filter (or ensemble Kalman filter) with covariance

inflation is essentially a H‘ filter (or its ensemble im-

plementation, see Luo andHoteit 2011). Comparedwith

the Kalman filter (or its ensemble variants), theH‘ filter

(or its ensemble variants) puts more emphasis on the

robustness of the estimation (Simon 2006). For more

details of the similarities and differences between the

Kalman and H‘ filtering methods, readers are referred

to Luo and Hoteit (2011) and the references therein.

3. Residual nudging with nonlinear observations

When the observation operator H is nonlinear, re-

sidual nudging becomes more complicated, since an

explicit relation between the analysis and background

residuals, similar to that in Eq. (5) with linear observa-

tions, may no longer be available. On the other hand, if

the state space of the dynamical model and the obser-

vation operator H are continuous, and there is at least
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one model state xy satisfying H(xy) 5 yo [or more gen-

erally, satisfying kH(xy)2 yokR #bl

ffiffiffi
p

p
], and another

model state whose residual norm is larger than bu

ffiffiffi
p

p
,

then because of the continuity of H, there exist model

states satisfying Eq. (3) (i.e., the objective of residual

nudging is feasible).

In data assimilation practices, one often has an initial

state estimate with a relatively large residual norm,

while it may be more difficult to have readily available

a state estimate with a sufficiently small residual norm.

Therefore, in what follows, we present an iterative

framework that aims to construct a sequence of model

states with gradually decreasing residual norms as the

iteration index increases. If the iteration process [see Eq.

(11) later] is long enough, the residual norm may be-

come sufficiently low such that Eq. (3) is satisfied.

a. Iteration process to reduce the residual norm

To establish the iteration process, we first note that in

cases of linear observations, the analysis x̂a in Eq. (4)

(with d 5 1) is actually the solution of the following

linear least squares problem:

argmin
x

kyo2Hxk2R 1gkx2 x̂bk2Ĉb . (8)

In line with this point of view, if the observation oper-

ator is nonlinear, then we aim to find a model state that

solves the following nonlinear least squares problem:

argmin
x

jjyo 2H(x)jj2R1 gjjx2 x̂bjj2Ĉb . (9)

Some remarks regarding the cost function in Eq. (9)

are in order. First, for the objective in Eq. (3) of residual

nudging, it is intuitive to use only the first term (called

the data mismatch term hereafter) in Eq. (9) as the cost

function (see, e.g., Kalnay and Yang 2010), which cor-

responds to the choice of g 5 0 in Eq. (9). In many sit-

uations, minimizing the term kyo 2H(x)k2R alone

corresponds to an ill-posed inverse problem, which has

some notorious effects; for example, nonuniqueness in

the solutions and sensitivities of the solutions to (even

tiny) observation errors (see, e.g., the discussion in Engl

et al. 2000). Therefore, in inverse problem theory and

the geophysical data assimilation community, it is cus-

tomary to introduce a certain regularization term [e.g.,

gkx2 x̂bk2Ĉb in Eq. (9) (g . 0)], with which the afore-

mentioned problems can be avoided or mitigated. The

presence of such a regularization term makes the solu-

tion of Eq. (9) approximately solve the minimization

problem argmin
x

jjyo 2H(x)jj2R, while the choice of g

follows a certain rule [e.g., Eq. (13) in this work].

In the literature, certain iteration processes are de-

rived based on the cost function in Eq. (9) with g5 1. As

in the maximum likelihood ensemble filter (MLEF; see

Zupanski 2005) and other similar iterative ensemble fil-

ters (see, e.g., Lorentzen and Nævdal 2011; Sakov et al.

2012), the rationale behind the choice of g 5 1 may be

largely explained from the point of view of Bayesian fil-

tering, in the sense that the solution of Eq. (9) corresponds

to the maximum a posterior (MAP) estimate, when both

the model state and the observation follow certain

Gaussian distributions.However, from a practical point of

view, such an interpretation may be only approximately

valid in many situations. This is not only because the

Gaussianity assumptionmay be invalid in many nonlinear

dynamical models, but also because in reality it is often

very challenging to accurately evaluate certain statistics

(e.g., the error covariance matrices) of both the model

state and the observation in large-scale problems.

With that said, in the iteration process below, we do

not confine ourselves to a fixed cost function with either

g 5 0 or g 5 1. Instead, we let g be adaptive with the

iteration steps, which facilitates the gradual reduction of

the residual norm of the state estimate, and is thus useful

for the purpose of residual nudging. In Bocquet and

Sakov (2012), an iteration process with essentially

adaptive g values is also introduced by combining the

original inflation method in Bocquet (2011) and the

iterative EnKF in Sakov et al. (2012). Note that in

Bocquet and Sakov (2012) and Sakov et al. (2012)

the cost functions are constructed with respect to the

observations both at the present time (the so-called

EnKF-N) and ahead in time (the so-called IEnKF-N)

with respect to themodel states to be optimized, while in

the current work, the observations and the model states

to be estimated are in the same assimilation cycles.

For convenience of discussion, let fx̂ig (i5 0, 1, . . .) be

a sequence of state estimates obtained in the iteration

process, with x̂0 equal to the backgroundmean x̂b, and fgig
(i 5 0, 1, . . .) a sequence of positive scalars that are asso-

ciated with fx̂ig. In the iteration process, we need to

1) calculate x̂i11 based on x̂i and gi at the previous iteration

step, and 2) update the coefficient gi to a new value gi11.

In this work, task 1 is undertaken by introducing

a local linearization to the cost function in Eq. (9) at

each iteration step, following Engl et al. (2000, chapter

11). More precisely, this involves linearizing the non-

linear operator H locally around the most recent iter-

ated estimate x̂i, and replacing the reference point x̂b in

the regularization term gjjx2 x̂bjj2Ĉb with x̂i. The latter

modification is introduced in accordance with the for-

mer one, since in order to make local linearization ap-

proximately valid, it is expected that the new state

estimate x̂i11 should not be too far away from x̂i. Using x̂i

as the reference point means that the observation yo is

used multiple times in each data assimilation cycle. This
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choice may be justified by the fact that in many situa-

tions, the conventional noniterative EnKF tends to be

suboptimal, due to, for instance, the nonlinearity in the

dynamical model and/or the observation operator, the

difficulties in accurately characterizing the statistics of

themodel and/or observation error(s), and the challenge

in running the filter with a statistically sufficient en-

semble size in large-scale applications. In such circum-

stances, assimilating the observations multiple times

may help improve the filter’s performance, as will be

shown later (also see, e.g., the numerical results in Luo

and Hoteit 2012).

Taking the above considerations into account, at each

iteration step, we solve a (local) minimization problem,

in the form of

argmin
xi11

kyo2H(x̂i)2 Ji(xi112 x̂i)k2R 1 gikxi112 x̂ik2Ĉb ,

(10)

where H(x̂i)1Ji(xi11 2 x̂i) is the first-order Taylor ap-

proximation of H(xi11), with Ji being the Jacobian ma-

trix of H at x̂i (the evaluation of the Jacobian matrix is

discussed later).

The solution x̂i11 of theminimization problem is given

by (Engl et al. 2000, chapter 11)

x̂i115 x̂i 1Gi[yo 2H(x̂i)] , (11a)

Gi 5 Ĉb(Ji)T[JiĈb(Ji)T 1giR]21 . (11b)

Equation (11) is similar to the iteration formula in

Tarantola [2005, his Eq. (3.49)] and the mean update

formula in the ensemble square root filter (EnSRF; see

Tippett et al. 2003), or more precisely, the ensemble

transform Kalman filter (ETKF; see Bishop et al. 2001;

Wang et al. 2004). In particular, if the observation oper-

ationH is linear and Ĉb is equal to the background sample

error covariance P̂b (either with or without localization),

then Eq. (11) is identical to the mean update formula in

theETKFwith amultiplicative covariance inflation factor

1/gi. In this sense, the mean update formula in the ETKF

can be considered as a single step implementation of the

iteration process in Eq. (11). In addition, one may further

generalize Eq. (11) by introducing an additional scalar

coefficient, say a, in front of the gain matrix Gi. Such an

extension would then encompass the iteration processes

of certain gradient-based optimization algorithms as

special cases [see, e.g., Eq. (A7) of Zupanski (2005),

where gi [ 1 during the iteration process].

Intuitively, with the first-order Taylor approximation,

one has

jjH(x̂i11)2 yojj2R’ jjfIp 2JiĈb(Ji)T[JiĈb(Ji)T 1giR]21g[H(x̂i)2 yo]jj2
R
# jj[H(x̂i)2 yo]jj2R , (12)

which implies that the residual norm of the estimate x̂i11

at the (i1 1)th iteration tends to be no larger than that of

x̂i at the previous iteration. Similar to the situation with

linear observations, in order for the inequality in Eq.

(12) to be valid, there is no restriction that Ĉb be related

to the background sample error covariance P̂b.

From the point of view of the deterministic inverse

problem theory, Eq. (11) can also be considered as an

implementation of the regularizedLevenberg–Marquardt

method (see, e.g., Engl et al. 2000, chapter 11), with the

weight matrices for the data mismatch and regularization

terms being R and Ĉb, respectively. Compared with the

conventional Levenberg–Marquardt method (which is

already used in the data assimilation community, see

Bocquet and Sakov 2012), there are a few differences in

the regularized Levenberg–Marquardt method, which

focuses more on the residual norm. For instance, in the

regularized Levenberg–Marquardt method, it is cus-

tomary to specify a parameter rule [see, e.g., Eq. (13)

below] to ensure the (local) convergence of the re-

sidual norm. In addition, the stopping criterion of the

iteration process in Eq. (11) may normally involve a

certain threshold of the residual norm, while in the

conventional Levenberg–Marquardt method, the stop-

ping criterion may instead be based on monitoring the

relative change of the total cost function value (see, e.g.,

Bocquet and Sakov 2012).

The relation between Eq. (11) and the deterministic

inverse problem theory is useful for establishing the rule

in choosing the parameter gi. To this end, we adopt the

following parameter iteration rule (Engl et al. 2000,

chapter 11):

g0. 0,

gi115 rigi, with

1/r, ri , 1 for some scalar r. 1,

lim
i/1‘

gi 5 0,

(13)

in which the scalar sequence fgig gradually reduces to

zero as i tends to 1‘, where the presence of the lower

bound 1/r for the coefficient ri aims to prevent any

abrupt dropdown of gi to zero. When Eq. (11) is used in
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conjunction with Eq. (13), it can be analytically shown

that the residual norms of the sequence of state esti-

mates fx̂ig converge to zero locally, provided that the

equation H(x) 5 yo is solvable (and some other condi-

tions are satisfied, see, e.g., Engl et al. 2000). Of course,

as discussed previously, it may not be desirable to have

a too small residual norm in order to prevent overfitting

the observation. As a result, we choose to let the itera-

tion process stop when either of the following two con-

ditions are satisfied: 1) the residual norm of the state

estimate is lower than a preset threshold bu

ffiffiffi
p

p
for the

first time, in light of Eq. (3); or 2) the maximum iteration

number is reached. Condition 2 is introduced here to

control the run time of the iteration process.

Figure 1 provides a schematic outline of the iteration

process. Given a pair of quantities (x̂i21, gi21) at the

(i2 1)th iteration step, Eqs. (11) and (13) are applied to

update them to (x̂i, gi). Then, one checks if any of the

above stopping conditions is met. If not, then Eqs. (11)

and (13) are applied again to find new iterated values

(x̂i11, gi11), and so on, until at least one of the stopping

conditions is satisfied. At the end of the iteration pro-

cess, one obtains the final state estimate x̂f , which will

then be used to construct the analysis ensemble as in the

ETKF (to be further explained in section 3b).

It is worth noting that Eq. (11) is similar to the itera-

tion formulas used in Chen and Oliver (2013) and

Emerick and Reynolds (2013) in the context of the en-

semble smoother (ES; see Evensen and van Leeuwen

2000), and in Stordal and Lorentzen (2014) in the con-

text of the iterative adaptive Gaussian mixture (AGM)

filter (Stordal et al. 2011). In Emerick and Reynolds

(2013), a constraint, �i1/gi 5 1, is imposed on the ES,

implying that gi$ 1. However, such a constraint may not

guarantee that the data mismatch term in Eq. (9) can be

sufficiently reduced. For instance, one can design a se-

quence fgig with increasing values; for example, gi11 5
rgi11 for some r . 1 such that fgig grows exponentially
fast but still satisfies the constraint �i1/gi 5 1. Then, if

fgig becomes large enough, the gain matrix Gi in Eq.

(11) tends to zero exponentially fast such that the iter-

ation formula in Eq. (11a) would quickly make no sig-

nificant change to the estimate x̂i (results not shown). In

Chen and Oliver (2013), the formula is established

through an approximation, by discarding certain model

state terms during the iteration process of the standard

Levenberg–Marquardt algorithm. The parameters gi are

determined through a way similar to the backtracking

line search method (Nocedal andWright 2006) and may

increase or decrease, depending on the circumstances.

The convergence of the residual norms of the corre-

sponding iteration process is, however, not clear yet.

The iteration formula in Stordal and Lorentzen (2014) is

similar to those in Chen and Oliver (2013) and Emerick

and Reynolds (2013), but is derived from the point of

view of the Bayesian inversion theory. Under suitable

conditions, asymptotic optimality can be achieved

through the iteration formula in the sense of Stordal

(2013, manuscript submitted to Comput. Geosci.).

b. Implementation in the framework of the ETKF

In this section, we consider incorporating the proposed

iteration process [Eq.(11)] into the ETKF. The resulting

filter is thus referred to as the iterative ETKF with re-

sidual nudging (IETKF-RN) hereafter. The idea here is

to use the final model state x̂f of the iteration process as

the analysis, but introduce nomodification to the analysis

square root matrix of the normal ETKF. That is to say,

given the same background ensemble, the normal ETKF

and the IETKF-RN yield identical analysis square root

matrices, but in general theymay have different analyses.

The analysis ensemble in the IETKF-RN is then pro-

duced based on x̂f and the associated square root matrix,

in exactly the same way as in the normal ETKF. The

choice of the identical analysis square root matrix in both

filters is motivated by the observation that, in the Kalman

filter, the covariance update formula is independent of

the prior or posterior mean (but not vice versa, see, e.g.,

Simon 2006, chapter 5).

The remaining issues then involve specifying the fol-

lowing quantities in the iteration process: the covariance

Ĉb and the Jacobianmatrix Ji in Eq. (11b), and the initial

value g0 and the reduction factor ri in Eq. (13).

1) SPECIFYING THE COVARIANCE Ĉb

To evaluate the gain matrix in Eq. (4b), one needs to

compute the matrix product, JiĈb(Ji)T, which may

be computationally expensive in large-scale problems.

To alleviate this problem, we take advantage of the

fact that, for the purpose of residual nudging, it is not

FIG. 1. A schematic description of the iteration process.
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mandatory to relate Ĉb to the background sample error

covariance P̂b. As a result, in our implementation, Ĉb is

constructed based on a background matrix Blt that is the

‘‘climatological’’ covariance of a model trajectory from

a long model run (see section 4a on howBlt is obtained).

The Ĉb remains constant and thus avoids reevaluation

over time. To further reduce the computational cost, we

let Ĉb be a diagonal matrix, whose diagonal elements

correspond to those of Blt. By doing so, the diagonal

elements of Ĉb may, on average, have magnitudes close

to those of P̂b, but require less time or storage when

evaluating the relevant terms in Eq. (11b). On the other

hand, if the computational cost is affordable, then it may

bemore preferable to use the full matrixBlt, or its hybrid

with P̂b, which may improve the estimation accuracy of

the filter (results not shown).

Please note that if Ĉb is taken as a hybrid ofBlt and P̂b,

then the IETKF-RN draws similarity to the hybrid

EnKF-3DVar scheme (Hamill and Snyder 2000), in

which the analysis mean at a given time instant is also

obtained by minimizing a certain cost function, and the

corresponding analysis ensemble is generated in the

same way as in a certain EnKF (e.g., the EnKF with

perturbed observations). As a further extension, one

may also consider incorporating into Eq. (9) the obser-

vations in multiple assimilation cycles. In this case, the

iterative framework is used as an (iterative) ensemble

smoother (see, e.g., Yang et al. 2012; Bocquet and Sakov

2013, 2014), and is similar to certain hybrid ensemble

4DVar schemes (see, e.g., Liu et al. 2008).

2) EVALUATING THE JACOBIAN MATRIX Ji

If thederivativeof theobservationoperatorH is known,

then Ji can be explicitly constructed. In certain situations,

although it is possible for one to evaluate the function

values of H, the function form itself may be too complex

or even unknown to the user.2 It is therefore challenging

to obtain the analytic form of the Jacobian matrix. To this

end, below we adopt a stochastic approximation method,

called simultaneous perturbation stochastic approxima-

tion (SPSA; see, e.g., Spall 1992), to approximate Ji. The

main reason for us to adopt the SPSA method is that it is

a relatively simple approximation scheme. In real appli-

cations, however, one may replace the SPSA method by

more accurate—but possibly also more sophisticated and

expensive—approximation schemes.

In the SPSA method, to evaluate Ji around x̂i, a ran-

dom perturbation de5 (de1, . . . , dem)
T is first generated,

where dej (j 5 1, . . . , m) takes the value 1 or 21 with

equal probability. Let dp 5 Sde, where S is an m 3 m

matrix (e.g., a square root of Ĉb) as in our implementation.

In addition, let the elements of dp be dpj ( j5 1, . . . ,m),

and define a corresponding point-wise inverse vector

dpinv [ [(dp1)
21, . . . , (dpm)

21]T. Then, we calculate the

approximate Jacobian from

Ji ’
H(x̂i 1adp)2H(x̂i 2adp)

2a
3 dpinv , (14)

where a is a scaling factor. Equation (14) can be con-

sidered as a stochastic implementation of the finite dif-

ference scheme for Jacobian approximation. From this

point of view, a may take some relatively small value

(e.g., a 5 1023) as in our implementation.

3) UPDATING THE PARAMETER gi

The initial value g0 is chosen in a way such that rela-

tively small changes are introduced to x̂0, in light of the

requirement of linearizing H (through SPSA) in our

implementation. To this end, in Eq. (11b), the terms

J0Ĉb(J0)T and g0R are made comparable, by letting

g0 5 trace[J0Ĉb(J0)T]/trace(R),3 where trace (d) denotes

the trace of a matrix.

The deterministic inverse problem theory (see, e.g.,

Engl et al. 2000, chapter 11) suggests that any parameter

rule satisfying Eq. (13) is sufficient for the purpose of

residual nudging. In our implementation, however,

JiĈb(Ji)T may be singular. Therefore, if gi approaches

zero too fast during the iteration [e.g., by letting gi11 5
rgi for a constant r 2 (0, 1)], then one would quick-

ly encounter numerical problems when inverting

JiĈb(Ji)T 1 giR in Eq. (11b). To avoid this problem, in

our implementation, we let gi11 5 gie21/i (i 5 1, 2, . . .).

The reduction factor e21/i approaches 1 as the iteration

index increases, while the parameters gi and gi11 still

satisfy Eq. (13). In the same spirit, onemay adopt similar

parameter rules, e.g., gi11 5 gi[1 2 1/(i 1 1)](i 5 1,

2, . . .), which also worked well in our experiments (re-

sults not shown).

4. Experiments

a. Experimental settings

The 40-dimensional L96 model (Lorenz and Emanuel

1998) is adopted as the test bed. The governing equa-

tions of the L96 model are given by

2Examples may include, for instance, neural networks or certain

commercial software.

3 If necessary, one may choose a larger value for g0 [meaning

a smaller step size in Eq. (11)], in order for a more accurate first-

order Taylor approximation in Eq. (10). A consequence of such

a choice, however, is that more iteration steps may be needed to

reduce the residual norm by the same amount.

3702 MONTHLY WEATHER REV IEW VOLUME 142



dxi
dt

5 (xi112 xi22)xi21 2 xi 1F, i5 1,⋯, 40. (15)

We define x21 5 x39, x0 5 x40, and x41 5 x1 in Eq. (15).

The L96 model is integrated by the fourth-order

Runge–Kutta method with a constant integration step

of 0.05. In many of the experiments below, the following

default settings are adopted unless otherwise stated: the

L96 model is integrated from time 0 to 75 [section 4b(1)]

or 525 [section 4b(2)] with the forcing term F 5 8. To

avoid the transition effect, the trajectory between 0 and

25 is discarded, and the rest [1000 and 10 000 integration

steps in sections 4b(1) and 4b(2), respectively] is used as

the truth in data assimilation. For convenience, we re-

label the time step at 25.05 as step 1. The synthetic ob-

servation yk is obtained by measuring the odd number

elements (xk,1, xk,3, . . .) of the state vector xk 5 (xk,1,

xk,2, . . . , xk,40)
T every four time steps (k5 4, 8, 12, . . .), in

which the observation operator is given by H(xk) 5
[f(xk,1), f(xk,3), . . . , f(xk,39)]

T, with f(x) 5 x3/5 being

a cubic function. The observation error is assumed to

follow a normal distribution,N(0, 1), for each element in

the observation vector. In some experiments, the forcing

term F, the length of the assimilation time window, the

frequency/density of the observations, the observation

operator and so on, may be varied to investigate the

sensitivities of the filter’s performance to these factors.

To generate the initial background ensemble, we run

the L96 model from 0 to 5000 (overall 100 000 integration

steps), and compute the temporal mean xlt and covariance

Blt of the trajectory. We then assume that the initial state

vector follows the normal distributionN(xlt,Blt), and draw

a given number of samples as the initial background en-

semble (which, of course, may not be the best possible

way). TheBlt is also used to construct thematrix Ĉb in Eq.

(11), with Ĉb 5 diag(Blt) as previously mentioned, where

diag(Blt) stands for the diagonal matrix whose diagonal

elements are those ofBlt. In the experiments, the stopping

conditions of the iteration process in Eq. (11) are either

1) when the residual norm is less than 2
ffiffiffi
p

p
, with p being

the observation size; or 2) when the iteration number

reaches the maximum of 15 000 iterations. In some cases

the maximum iteration number may also change.

In all the experiments below, neither covariance in-

flation nor covariance localization is applied to the

IETKF-RN. The former choice is because, in the pres-

ence of parameter gi in Eq. (11), conducting extra co-

variance inflation is equivalent to changing the initial

value g0, which is investigated in an experiment below.

With regard to localization, our experience suggests that,

in some cases (e.g., that with the default experimental

settings at the beginning of this section and 20 ensemble

members), conducting covariance localization may be

beneficial for the IETKF-RN in the L96 model. In gen-

eral, however, it is likely that the presence of covariance

localization may alter the behavior of IETKF-RN, in the

sense that there is no guarantee any more that the itera-

tion process [Eq. (11)], when equipped with covariance

localization, moves along a residual-norm descent di-

rection. Therefore, for our purpose, it appears more il-

lustrative and conclusive for us to demonstrate only the

performance of the IETKF-RN without localization.

b. Experiment results

1) A COMPARISON STUDY AMONG SOME

ALGORITHMS

A comparison study is first conducted to investigate the

performance of the IETKF-RN relative to the following

algorithms: the normal ETKF (Bishop et al. 2001; Wang

et al. 2004), the approximate Levenberg–Marquardt en-

semble randomized maximum likelihood (LM-EnRML)

method (Chen andOliver 2013), and the iteration process

of Eq. (11) with gi 5 1 " i fixed during the iteration

process [for distinction, we call this algorithm ‘‘IETKF-

RN (constant g)’’]. In the last algorithm, the iteration

process aims to find a (local)minimumwith respect to the

cost function in Eq. (9) with g5 1, which is essentially the

same cost function adopted in, for example, the MLEF

(Zupanski 2005). In this sense, the IETKF-RN (constant

g) algorithm can be considered as an alternative to the

MLEF, with one of the differences from theMLEF being

in the chosen optimization algorithm: in the MLEF, the

conjugate gradient algorithm is adopted to minimize the

cost function, while in the IETKF-RN (constant g) al-

gorithm, the Levenberg–Marquardt method is used in-

stead. To show the necessity of using adaptive g values in

certain circumstances, it would be desirable to conduct

the comparison under the same conditions as far as pos-

sible. Therefore in what follows, we compare the IETKF-

RN (with adaptive g) with the IETKF-RN (constant g),

rather than directly with the MLEF.

It is also worth commenting on a difference between

the iteration processes of the IETKF-RN and the LM-

EnRML. In the LM-EnRML, the terms Ĉb(Ji)T and

JiĈb(Ji)T in Eq. (11b) are replaced by Sxi(Syi)
T and

Syi(Syi)
T, respectively, where Sxi and Syi are square root

matrices of the sample covariances with respect to the

ensemble Xi [ fxi1, . . . , xing at the ith iteration and the

corresponding projectionYi [ fH(xi1), . . . , H(xin)g onto
the observation space, the same as those normally con-

structed in the EnKF (see, e.g., Luo and Moroz 2009;

Wang et al. 2004). With such substitutions, though, there

is no guarantee that the iteration moves toward a di-

rection along which the residual norm is reduced. This

point will be illustrated later.
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The normal ETKF is tested with the cubic observation

function defined in section 4a, with both covariance in-

flation and localization. In the experiments, we vary the

inflation factor and half-width of covariance localization

within certain chosen ranges,4 and we observe that the

normal ETKF ends up with large root-mean-squared

errors (RMSEs) in all tested cases, suggesting that the

normal ETKF has in fact diverged. Divergences of the

EnKF have also been reported in other studies with

nonlinear observations (see, e.g., Jardak et al. 2010).

Figure 2 reports the time series of residual norms (top

panel) and the corresponding RMSEs (bottom panel)

obtained by applying the approximate LM-EnRM

method with the same cubic observation function. The

top panel of Fig. 2 plots the background residual norm

(dash–dotted line) and that of the final iterative estimate

(also called the final analysis hereafter) of the iteration

process (solid line), together with the targeted upper

bound (dashed line), which is the threshold bu

ffiffiffi
p

p
’

8:94, with bu 5 2 and p5 20 here. The time series of the

final analysis residual norm overlaps with that of the

background one in every assimilation cycle. They are

thus indistinguishable in the figure. The reason for this

result, in our opinion, is possibly that in this particular

case, the approximate LM-EnRMmethod does not find

an iterated estimate that is able to reduce the residual

norm averaged over all ensemble members [a criterion

used in Chen and Oliver (2013) in order to update the

estimate]. As a result, following the parameter rule in

Chen and Oliver (2013), the g value in the iteration

formula continues to increase and eventually results in

a negligible gain matrix, such that the final analysis es-

timate is essentially almost the same as the background.

Consequently, in this case, there is almost no residual

norm reduction. Instead, the background and final

analysis residual norms appear identical and stay away

from the targeted upper bound. For reference, the time

series of the RMSEs of the final analysis estimates is also

plotted in the bottom panel of Fig. 2, with the corre-

sponding time mean RMSE being about 3.77.

Figure 3 plots the time series of the residual norms

over the assimilation time window (top panel); residual

norm reduction of the iteration process at time step 500

(middle panel), an example that illustrates gradual re-

sidual norm reduction during the iteration process; and

the time series of the corresponding RMSEs of the final

estimates (bottom panel), when the IETKF-RN (con-

stant g) algorithm is adopted to assimilate the cubic

observations. Compared with Fig. 2, it is clear that in the

top panel of Fig. 3, the residual norms of the final

analysis estimates tend to be lower than the background

ones in each assimilation cycle. In particular, in some

cases, the final analysis residual norms approach, or even

become slightly lower than, the prechosen upper bound

of 8.94, while the corresponding initial background re-

sidual norms are often larger than 100. As a conse-

quence of residual norm reduction, the corresponding

time mean RMSE in the bottom panel reduces to 3.38,

smaller than that in Fig. 2. Also note that the time series

of the residual norms (top panel) appears spiky. This

may be because the estimation errors at certain time

instants are relatively large (although the corresponding

final analysis residual norms may have reasonable

magnitudes). Consequently, after model propagation,

the resulting background ensembles may have relatively

FIG. 2. Time series of (top) the residual norm and (bottom) the

corresponding RMSE of the approximate LM-EnRMLmethod for

the cubic observation operator. Note that in (top), the time series

of the background residual norm (dash–dotted) overlaps with that

of the final analysis one (solid).

4 Specifically the inflation factor d 2 f1.05, 1.1, 1.15, . . . , 1.30g,
and the half-width lc 2 f0.1, 0.3, 0.5, 0.7, 0.9g.
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large residual norms. In addition, the iteration process at

those particular time instants may converge slowly, or

may be trapped around certain local optima, such that

the final analysis residual norms are only slightly lower

than the background ones (hence the spikes). This

phenomenon is also found in other experiments later.

Similar results (see Fig. 4) are also observed when the

iteration process in Eq. (11) is adopted, in conjunction

with the adaptive parameter rule as described in section

3b, to assimilate the cubic observations. One may see

that the time mean RMSEs in Figs. 3 and 4 are close to

each other. In this sense, it appears acceptable in this

case to simply take gi5 1 for all i, instead of adopting the

more sophisticated parameter rule in section 3b.

In what follows, though, we show with an additional

example that the iteration process, when equipped with

the adaptive parameter rule in section 3b, tends to make

the IETKF-RN more stable against filter divergence. To

this end, we consider an exponential observation function

f (x)5 ex
2/10 that is applied to the odd number elements

(i.e., x1, x3, . . . , x39) of the state vector. For such strongly

nonlinear observations, the IETKF-RN (constant g) al-

gorithm diverges after 30 time steps. In contrast, the

IETKF-RN with adaptive gi appears to be more stable.

As shown in the top panel of Fig. 5, it still manages to

reduce the background residual norm in all assimilation

cycles. In fact, at a few time steps, the final analysis re-

sidual norms also approach the targeted upper bound.

Compared with the cubic observation case (see, e.g., Fig.

4), however, the final analysis residual norms appearmuch

larger in many assimilation cycles due to the stronger

nonlinearity in the exponential observation operator.

Thebetter stabilityof theIETKF-RNwithadaptiveg, in

comparison to the IETKF-RN (constant g) algorithm in

the case of exponential observations, may be understood

from the optimization-theoretic point of view, when the

iteration process in Eq. (11) is interpreted as a gradient-

based optimization algorithm. For this type of optimization

algorithm, it is usually suggested to start with a relatively

small step size, so that the linearization involved in the

algorithmsmay remain roughly valid (Nocedal andWright

2006). In this regard, the IETKF-RN with adaptive g may

appear to be more flexible (e.g., one may make the initial

step size small enoughby choosing a large enough value for

g0), while there is no guarantee that the IETKF-RN

(constant g) algorithm may produce a small enough step

size in general situations.

2) STABILITY OF THE IETKF-RN UNDER

VARIOUS EXPERIMENTAL SETTINGS

Here wemainly focus on examining the stability of the

IETKF-RN with adaptive g under various experimental

settings. To this end, in the experiments below, we adopt

FIG. 3. IETKF-RN with fixed g 5 1 applied to cubic observations.

(top) Time series of residual norms over the assimilation time win-

dow; (middle) residual norm (solid) reduction of the iterationprocess

at time step 500, an example used to illustrate how the residual norms

of the iterative estimates are gradually reduced toward the targeted

upper bound (dash–dotted); (bottom) time series of RMSEs of the

final analysis estimates over the assimilation time window.
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FIG. 4. As in Fig. 3, but for the IETKF-RN associated with adaptive

g during the iteration process.

FIG. 5. As in Fig. 3, but for the IETKF-RN with adaptive g applied

to exponential observations.
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assimilation time windows that are longer than those in

the previous section. We note that the stability of the

algorithm demonstrated below should be interpreted

within the relevant experimental settings, and should

not be taken for granted under different conditions (e.g.,

when with longer assimilation time windows).

Unless otherwise mentioned, in this section, the de-

fault experimental settings are as follows. The IETKF-

RN is applied to assimilate cubic observations of the odd

number state variables every 4 time steps, with the

length of the assimilation time window being 10 000 time

steps. The variances of observation errors are 1. The

IETKF-RN runs with 20 ensemble members and

a maximum of 15 000 iteration steps.

In the first experiment, we examine the perfor-

mance of the IETKF-RN with both linear and non-

linear observations [linear observations are obtained

by applying f(x) 5 x to specified state variables, plus

certain observation errors]. For either linear or non-

linear observations, there are two observation scenar-

ios: one with all 40 state variables being observed (the

full observation scenario), and the other with only the

odd number state variables being observed (the half

observation scenario). In each observation scenario, we

consider the following four ensemble sizes: 5, 10, 15,

and 20. For each ensemble size, we also vary the fre-

quency, in terms of the number fa of time steps, with

which the observations are assimilated (i.e., the ob-

servations are assimilated every fa time steps). In the

experiment, the variances of observation errors are 1,

and fa is taken from the set (1, 2, 4: 4: 60), where the

notation yi: dy: yf is used to denote an array of numbers

that grows from the initial value yi to the final one yf,

with an even increment dy each time.

Figure 6 shows the time mean RMSEs (averaged over

10 000 time steps) as functions of the ensemble size

FIG. 6. Time mean RMSEs of the IETKF-RN as functions of the observation frequency (in number of time steps),

for different ensemble sizes. (top) The full observation scenario (p5 40) and (bottom) the half observation scenario

(p5 20): (left) with linear observations and (right) with nonlinear observations. In all the above cases, the variances

of observation errors are 1. Note that for the cases with linear observations, bu is set to 1. In addition, the corre-

sponding Jacobians can be calculated exactly, so there is no need to apply SPSA to approximate them.
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and the observation frequency, in the full and half ob-

servation scenarios, respectively. In the full observation

scenario (top panels) and the half observation scenario

with linear observations (Fig. 6c), for each ensemble

size, the corresponding time mean RMSE appears to be

a monotonically increasing function of the number fa of

time steps. On the other hand, when fa is relatively small,

it appears that the time mean RMSEs of all ensemble

sizes are close to each other. As fa increases, a larger

ensemble size tends to yield a smaller timemeanRMSE,

although violations of this tendency may also be spotted

in some cases of Fig. 6b, possibly due to the sampling

errors in the filter. In the half observation scenario with

nonlinear observations (Fig. 6d), the behavior of the

IETKF-RN is similar to those in the other cases. There

is, however, also a clear difference: instead of being

a monotonically increasing function of fa, the time mean

RMSE in Fig. 6d exhibits V-shaped behavior when fa is

relatively small, achieving the lowest value at fa 5 2,

rather than at fa 5 1 (possibly because the observations

are overfitted at fa 5 1).

Overall, Fig. 6 indicates that, the time mean RMSEs

with linear observations (Figs. 6a,c) tend to be lower

than those with nonlinear observations (Figs. 6b,d),

suggesting that the nonlinearity in the observations

may deteriorate the performance of the filter. On the

other hand, the time mean RMSEs in the full obser-

vation scenarios (Figs. 6a,b) tend to be lower than those

in the half observation scenarios (Figs. 6c,d). The latter

may be explained from the point of view of solving

a (linear or nonlinear) equation. In the full observation

scenarios, at each time step that has an incoming ob-

servation yo, the number of state variables is equal to

the observation size p. Therefore (provided that it is

solvable), the equationH(x)5 yo is well posed and has

a unique solution. In this case, the smaller fa is, the

more observations (hence constraints) there are. Con-

sequently, there are fewer degrees of freedom in con-

structing the solution of the equation, and this tends to

drive the state estimates toward the truth and yields

relatively lower time mean RMSEs. In contrast, in the

half observation scenario, the equation H(x) 5 yo is

underdetermined (ill posed) and in general has non-

unique solutions. In this case, a smaller fa may tend to

yield state estimates that better match the observa-

tions. However, similar to the issue of overfitting ob-

servations in ill-posed problems, the smallest fa does

not necessarily result in the lowest possible time mean

RMSE, as shown in Fig. 6d.

As a side remark, we note that it is possible for one to

further improve the performance of the IETKF-RN in

Fig. 6 with other experimental settings. For instance, for

the half observation scenario with linear observations

FIG. 7. As in Fig. 4, but the length of the assimilation time win-

dow is now 100 000 time steps. For visualization, we show only the

time series between the time steps 50 000 and 51 000. The average

timemeanRMSE in the legend of (bottom) is, however, calculated

with respect to the whole assimilation time window.
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(Fig. 6c), if one lets Ĉb in Eq. (11b) be the sample co-

variance matrix of the background ensemble, and in-

troduces both covariance inflation and localization to

the filter, then in certain circumstances the time mean

RMSE may be close to, or even lower than, 1 with rel-

atively small fa values.
5 However, for certain values of

the half-width of covariance localization, larger RMSEs

or even filter divergence may also be spotted. We envi-

sion that this may be because in the presence of co-

variance localization, there is no guarantee that the

iteration process [Eq. (11)] moves along a residual-norm

descent direction. Therefore, extra efforts are needed to

take into account the impact of covariance localization

on the search path of the iteration process, which will be

investigated in the future.

We also follow Sakov et al. (2012) to test the IETKF-

RN with a longer assimilation time window that consists

of 100 000 time steps. Here the half (nonlinear) obser-

vation scenario is investigated, with the ensemble size

being 20 and the observation frequency being every 4

time steps. Under these experimental settings, Fig. 7

shows that the IETKF-RN runs stably, and its timemean

RMSE is around 3.30, close to the values in the corre-

sponding panels of Figs. 4 and 6.

Next, we test the performance of the IETKF-RN

with different variances of observation errors. The

experimental settings here are similar to those in Fig.

6d, except that the variances of observation errors are

0.01 and 10, respectively. As can been seen in Fig. 8, for

these two variances, the IETKF-RN also runs stably for

all tested ensemble sizes and observation frequencies.

Comparing Fig. 6d and the panels of Fig. 8, the IETKF-

RN exhibits similar behaviors in these cases. It also

indicates that when fa is relatively small (i.e., fa 5 4),

smaller variances tend to lead to lower time mean

RMSEs; while when fa is relatively large (i.e., fa 5 60),

the situation seems to be the opposite. Since both fa
and the variances of observation errors affect the quality

of the subsequent background ensembles, we conjecture

that the above phenomenon occurs because for different

combinations of fa and variances, different relative

weights are assigned to the background ensembles and

the observations at the analysis steps. As a result, when fa
is relatively large, smaller variances do not necessarily

FIG. 8. Time mean RMSEs of the IETKF-RN as functions of the

observation frequency (in number of time steps) for different en-

semble sizes. Variances of observation errors are (top) 0.01 and

(bottom) 10.

FIG. 9. TimemeanRMSEs of the IETKF-RN as a function of the

maximum number of iterations. With different orders of the

magnitudes of the maximum iteration numbers, a logarithmic scale

is used for the horizontal axis.

5 For instance,when theinflation factord5 0.08, the half-width lc5
0.1 and bu5 1, it is found that the time mean RMSEs of the IETKF-

RNare around 0.50, 0.68, and 1.15, respectively, given fa5 1, 2, and 4.
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lead to lower time mean RMSEs. Similar results are also

found in, for example, Luo andHoteit (2014, their Fig. 7).

We also investigate the effect of the maximum

number of iterations on the performance of the

IETKF-RN. The set of maximum numbers of iterations

tested in the experiment is (1, 10, 100, 1000, 10 000,

100 000). Figure 9 shows the time mean RMSE of the

IETKF-RN as a function of the maximum number of

iterations. There, one can see that the time mean RMSE

tends to decrease as the maximum number of iterations

increases.

Finally, we examine the impacts of (potentially)

mis-specifying the forcing term F in the L96 model

and/or the variances of observation errors, on the

performance of the IETKF-RN. In the experiment, the

true forcing term F is 8, and the true variances of ob-

servation errors are 1 for all elements of the observa-

tions. The tested F values are taken from the set (4: 2:

12), and the tested variances of observation errors are

f0.25, 0.5, 1, 2, 5, 10g. Figure 10 reports the time mean

RMSE as functions of the forcing term F and the var-

iances of observation errors. One can see that the time

mean RMSE seems not very sensitive to the (potential)

mis-specification of the variances of observation errors,

possibly because with cubic observations, JiĈb(Ji)T in

Eq. (11) dominates giR for a moderate initial g value.

Therefore a mis-specification of R in the experiments

may not have a substantial impact on the iteration

process. If one increases the initial g value, or assimi-

lates linear observations instead, then there can be

more variations in the final estimation errors (results

not shown).

The performance of the IETKF-RN in Fig. 10, on the

other hand, does appear to be sensitive to the potential

mis-specification of F. Interestingly, for all tested vari-

ances of observation errors, the filter’s best performance

is obtained at F 5 6, rather than F 5 8.6 This suggests

that, in certain situations, the filter might actually achieve

better performance in the presence of certain suitable

model errors, rather than with the perfect model. Sim-

ilar observations are also reported in the literature (e.g.,

Gordon et al. 1993;Whitaker andHamill 2012), inwhich it

is found that introducing certain artificial model errors

may in fact improve the performance of a data assimila-

tion algorithm. Overall, Fig. 10 suggests that the IETKF-

RN can also run stably even with substantial uncertainty

in the system.

FIG. 10. Time mean RMSE of the IETKF-RN as functions of the potentially mis-specified

forcing termF and the variances of observation errors. For visualization, the logarithmic scale is

used for the horizontal axis.

6 In the full observation scenario, however, the lowest timemean

RMSE is indeed achieved at F 5 8 (results not shown).
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5. Conclusions

In this work, we introduced the concept of data as-

similation with residual nudging. Based on the method

derived in a previous study, we proposed an iterative

filtering framework to handle nonlinear observations in

the context of residual nudging. The proposed iteration

process is related to the regularizedLevenberg–Marquardt

algorithm from inverse problem theory. Such an in-

terpretation motivated us to implement the proposed

algorithm with an adaptive coefficient g.

For demonstration, we implemented an iterative filter

based on the ensemble transformKalman filter (ETKF).

Numerical results showed that the resulting iterative

filter exhibited remarkable stability in handling non-

linear observations under various experimental settings,

and that the filter achieved reasonable performance in

terms of root-mean-squared errors.

For data assimilation in large-scale problems, it may

not be realistic to conduct a large number of iterations

because of the limitation in computational resources. In

this regard, one topic in our future research is to explore

the possibility of enhancing the convergence rate of the

iterative filter.
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