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Making the most out of least-squares migration

Abstract
Standard migration images can suffer from (1) migration 

artifacts caused by an undersampled acquisition geometry, (2) 
poor resolution resulting from a limited recording aperture, 
(3) ringing artifacts caused by ripples in the source wavelet, 
and (4) weak amplitudes resulting from geometric spreading, 
attenuation, and defocusing. These problems can be remedied 
in part by least-squares migration (LSM), also known as lin-
earized seismic inversion or migration deconvolution (MD), 
which aims to linearly invert seismic data for the reflectivity 
distribution. Given a sufficiently accurate migration velocity 
model, LSM can mitigate many of the above problems and 
can produce more resolved migration images, sometimes with 
more than twice the spatial resolution of standard migration. 
However, LSM faces two challenges: The computational cost 
can be an order of magnitude higher than that of standard 
migration, and the resulting image quality can fail to improve 
for migration velocity errors of about 5% or more. It is pos-
sible to obtain the most from least-squares migration by re-
ducing the cost and velocity sensitivity of LSM.

Introduction — Theory and background
Least-squares migration (LSM) is an imaging algorithm 

equivalent to linearized waveform inversion that seeks to find the 
best reflectivity image m given a fixed smooth background veloc-
ity model. This is achieved by minimizing an objective function

J(m) = || d – Lm||2 + regularizer,               (1)

where d is the recorded reflection data, L represents the lin-
earized forward-modeling operator 
that depends on the smooth back-
ground velocity model, and the reg-
ularizer encourages the solution to 
adopt specified characteristics of m. 
For example, m should be somewhat 
smooth parallel to the interfaces or it 
should agree with the well log near 
the well. The artifacts in m are large-
ly suppressed by LSM because such 
artifacts typically will increase the 
misfit || d – Lm||2.

Figure 1 shows an example in 
which the LSM image reveals the 
unambiguous presence of the fault 
(dotted blue curve) compared with 
its ambiguous resolution in the stan-
dard migration image.

There are two approaches for 
implementing LSM. The first, as as-
sumed in equation 1, is to invert for 

YUNSONG HUANG, GAURAV DUTTA, WEI DAI, XIN WANG, and GERARD T. SCHUSTER, King Abdullah University of Science and Technology

JIANHUA YU, BP

a single reflectivity model m that explains all the data d. In 
this case, the system of equations for all the shot gathers is 
overdetermined and inconsistent in the presence of noise and 
velocity errors, and therefore no one model can fully explain 
all the data.

The second approach is to invert separately for the indi-
vidual reflectivity model mi  that explains the ith shot gather 
di. For S shot gathers, this yields S prestack LSM images, 
which are then stacked together to produce the final migra-
tion image. This is the underdetermined approach.

If there are no velocity errors and noise issues, the two 
approaches produce similar LSM images. However, if the mi-
gration velocity model has significant errors, then the overde-
termined approach cannot find a common reflectivity model 
with sharp interfaces that explains all the shot gathers. The 
result is a smeared migration image. Therefore, the underde-
termined approach is often preferred because the stacking of 
misaligned reflector images caused by velocity errors is de-
layed until curative measures can be taken, such as trim statics 
of common-image gathers (CIG) (Huang et al., 2014).

Benefits
To demonstrate the benefits of LSM, we compare LSM 

images with those computed by standard migration.
Kirchhoff modeling is used to generate synthetic shot 

gathers for a point scatterer buried at a depth of 500 m, and 
these data are migrated by Kirchhoff migration and LSM. A 
depth slice of the resulting Kirchhoff migration image (Fig-
ure 2a) contains many artifacts caused by aliasing and a lim-
ited data aperture. This noise is sometimes referred to as the 

Figure 1. Vertical slice from a 3D image cube by (a) standard time migration and (b) migration 
deconvolution (MD) of seismic data recorded offshore Alaska. The ambiguity of the fault detection 
near the question mark is eliminated in the MD image. MD is equivalent to LSM except that it is 
computed in the image domain rather than in the data domain. After Yu et al. (2006), Figure 17.
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acquisition footprint. In contrast, the LSM 
image (Figure 2b) shows fewer artifacts. This 
example demonstrates that LSM can mini-
mize aliasing artifacts and achieve spatial 
resolution in accordance with the full band-
width of the source spectrum if the migra-
tion velocity model is sufficiently accurate.

If the receiver or source intervals are larger 
than the apparent horizontal wavelength, the 
migration image will contain aliasing artifacts 
(Figure 3a) for poorly sampled traces and shot 
lines. These artifacts result from uncanceled 
migration ellipses, which worsen with coarser 
source and receiver sampling. In comparison, 
the LSM image (Figure 3b) partly suppresses 
many of those artifacts and still provides high 
resolution in the migration image. However, 
if the trace spacing is too large, LSM will not 
eliminate the severe aliasing artifacts.

If attenuation is present in the medium, 
the amplitude and phase of the propagating 
seismic waves will be distorted. Those atten-
uation effects can be partly accounted for by 
LSM if the attenuation is accurately modeled 
in L and therefore will be compensated for 
by the Hessian inverse [LTL]–1.

As an example, synthetic shot gathers 
are generated with viscoacoustic modeling 
for the Marmousi model with attenuation, 
whereas smoothed velocity and attenua-
tion models are used in migration. The syn-
thetic data are migrated by acoustic and 
viscoacoustic least-squares reverse time mi-
gration (LSRTM) to produce the respective 
migration images, of which the zoomed sec-
tions are shown in Figures 4a through 4c. A 
field data example is shown in Figures 4d and 
4e, which compare the images computed by 
acoustic LSRTM and viscoacoustic LSRTM. 
These examples demonstrate that attenua-
tion can be corrected properly by LSRTM to 
give a more accurate reflectivity image in the 
case of synthetic data and a reflectivity image 
of better quality in the case of field data.

Limitations
The two most significant limitations of 

LSM relative to standard migration are more 
than an order-of-magnitude increase in the 
computational cost and increased sensitivity 
to errors in the migration velocity model. The 
next section addresses the computational cost 
by proposing a multisource encoding (also 
known as encoded simultaneous-source) 
strategy in which many if not all shot gath-
ers are encoded and stacked together to form 
a supergather. Then only the supergather is 

Figure 2. Point spread functions of the 3D prestack Kirchhoff (a) migration and (b) 
LSM for a point scatterer buried 500 m below the recording surface. The data set consists 
of 176 shot gathers, each with 176 traces recorded at the surface, and the vertical axis 
represents migration amplitude.

Figure 4. For an area near the lower right corner of the Marmousi model: (a) true-
reflectivity model for comparison, (b) acoustic LSRTM image, and (c) viscoacoustic 
LSRTM image. For a crosswell field data set recorded near Friendswood, Texas, the 
migration images are computed by (d) acoustic LSRTM and (e) viscoacoustic LSRTM. 
Panels (a) through (c) after Dutta et al. (2013), Figures 5d through 5f. Arrows and dashed 
boxes highlight improved image quality produced by viscoacoustic LSRTM.

Figure 3. Depth slices of (a) standard reverse time migration (RTM) and (b) least-squares 
RTM (LSRTM) for the 3D SEG/EAGE salt model. There are 45 shot gathers, 200 re-
ceivers per shot, nine shots on each sail line, and a total of five sail lines.

D
ow

nl
oa

de
d 

03
/1

7/
15

 to
 1

09
.1

71
.1

37
.2

10
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SE
G

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 T
er

m
s 

of
 U

se
 a

t h
ttp

://
lib

ra
ry

.s
eg

.o
rg

/



956      The Leading Edge      September 2014

I m a g i n g  m i g r a t i o n

migrated iteratively to obtain the LSM 
image. The sensitivity to velocity errors 
can be addressed partly by a migration-
velocity-analysis (MVA) update of the ve-
locity model or by a trim-statics method, 
which is discussed in a later section.

Curbing the computational cost
LSM is O(N ) times costlier than the 

cost of standard migration, in which N  is 
the number of LSM iterations. With the 
multisource strategy, however, very few 
encoded supergathers need to be migrated 
at each iteration compared with standard 
LSM, which sequentially migrates hun-
dreds of shot gathers per iteration. To this 
end, there are at least five techniques for 
source encoding: (1) random time series, 
(2) random polarity, (3) random time 
shift, (4) random frequency division, and 
(5) plane-wave encoding.

As a comparison between LSM and 
standard reverse time migration (RTM), 
Figure 5a shows a standard RTM image 
with significantly less resolution compared 
with the plane-wave LSRTM image (Figure 
5b) and the plane-wave Kirchhoff LSM im-
age (Figure 5c).

Blended-source or multisource tech-
nology can reduce the cost of LSRTM to 
be eight times to one-tenth times that of 
standard RTM, but the real benefits are 
higher resolution and fewer migration arti-
facts. In some cases, the cost of multisource 
LSM is comparable to that of RTM (e.g., 
Dai and Schuster [2013], Table 1).

Tackling the sensitivity to velocity error
The migration velocity model must 

be accurate enough so that events along a 
common horizon in the common-image 
gather are flattened to less than a half 
wavelength of one another. Otherwise, 
stacking will blur the summed LSM re-
flectivity image and spoil the potential 
improvement in spatial resolution. This 
suggests the need to combine a velocity-
inversion method such as migration veloc-
ity analysis, waveform inversion, or trav-
eltime tomography to iteratively improve 
migration velocity and reflectivity models.

To empirically quantify the sensitivity 
of LSM to velocity errors, Figure 6 presents 
the convergence curves of LSRTM for var-
ious migration velocity errors, suggesting 
that (1) LSRTM converges faster for in-
creasing accuracy of the migration velocity 

Figure 5. Migration images by (a) standard RTM, (b) plane-wave LSRTM, and (c) plane-
wave Kirchhoff LSM for towed-streamer data recorded in the Gulf of Mexico. Overall, 
amplitudes for deeper horizons are enhanced and the images are more resolved in the LSM 
cases compared with standard RTM. The computational cost of image (b) is about 12 
times that of image (a). The Kirchhoff LSM image appears to have greater resolution than 
the LSRTM image because the source wavelet used for the Kirchhoff LSM has a higher 
peak frequency (40 Hz) than the one for LSRTM (25Hz). Panels (a) and (b) after Dai and 
Schuster (2013), Figure 17.

Figure 6. Normalized data residual versus iteration number for (a) LSRTM and (b) plane-
wave LSRTM, in which velocity errors are introduced into the Marmousi migration velocity 
model by (a) progressive smoothing along the depth and (b) limited smoothing followed by a 
scaling of 95%, thereby introducing a bulk velocity error. Migration images computed by (c) 
RTM and (d) LSRTM for a 9% velocity error similar to the 10.3% error in panel (a). Color 
inset depicts the Marmousi velocity model with errors. Panel (b) after Dai and Schuster 
(2013), Figure 9.
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Figure 7. Stacking methods. (a) Simply stacking out-of-phase image 
patches (lower green squares) produces a washed-out result (upper 
green square). (b) Stacking the image patch (lower green square) with 
its most similar patch (blue square) produces a result (upper green 
square) that retains image features. Black, white, and red represent 
negative, zero, and positive values of image pixels, respectively. After 
Huang et al. (2014), Figure 3. 

Figure 8. Stacked images obtained by (a) conventional LSM and 
(b) LSM plus trim statics after 10 iterations of LSM for plane-wave 
gathers with 31 incident angles. The data set is recorded from a marine 
seismic survey in the Gulf of Mexico. Green arrows point to instances 
of broken reflectors in part (a) but continuous reflectors in part (b). 
The cyan dashed curve encloses an ambiguous fault in (a) but a rather 
distinct and coherent fault in (b). The tiny blue ellipse indicates the 
amount of variability of the marked reflector across 31 plane-wave 
migration images. After Huang et al. (2014), Figure 4.

and (2) typically about 20 to 30 iterations are required for ac-
ceptable images. However, larger velocity errors lead to further 
degradation of the images and slower convergence rates. It is 
found empirically that LSRTM images show an improvement 
over standard RTM images only when velocity error is reason-
ably small.

Figures 6c and 6d present borderline cases for the Mar-
mousi model corrupted with the given type of velocity error 
depicted in Figure 6a. Figure 6b shows that the underdeter-
mined case is less susceptible to velocity errors than the 
overdetermined case. Moreover, bulk velocity error is more 
damaging than random velocity error because kinematics 
is more biased in the former case. This partly explains the 
larger normalized data residual in Figure 6b compared with 
Figure 6a.

In case the common reflectors in two prestack migration im-
ages are misaligned in depth by more than a half wavelength 
for different shot gathers, a trim-statics shift can mitigate this 
problem by aligning the prestack migration images with each 
other prior to stacking. The benefit is a more coherent migration 
image in the presence of inaccurate migration velocities, but the 
liability might be incorrect positioning of the reflector image.

One such alignment procedure is an adaptive stacking 
method, as illustrated in Figure 7. Consider misaligned reflec-
tor images in the two prestack migration images denoted as 
m(x, z)A

 and m(x, z)B. The common reflector in both images 
should be stacked together coherently, so an arbitrary pixel 
at (x, z) in m(x, z)A should stack coherently with its “most 
similar” counterpart in m(x, z)B near a small neighborhood 
around (x, z). This compares with conventional stacking of 
the event at (x, z) in both m(x, z)A and m(x, z)B.

For a pair of pixels at (x, z) and (x + x, z + z), similar-
ity is based on small image patches (delimited by green and 

D
ow

nl
oa

de
d 

03
/1

7/
15

 to
 1

09
.1

71
.1

37
.2

10
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SE
G

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 T
er

m
s 

of
 U

se
 a

t h
ttp

://
lib

ra
ry

.s
eg

.o
rg

/



960      The Leading Edge      September 2014

I m a g i n g  m i g r a t i o n

blue squares in Figure 7) of the extent of a few wavelengths 
surrounding (x, z) and (x + x, z + z). A pairwise stacking 
between images m(x, z)A and m(x, z)B is selected when each 
pixel is stacked with its best counterpart. A fourfold stacking 
among images m(x, z)A, m(x, z)B, m(x, z)C and m(x, z)D is 
achieved by two levels of pairwise stacking, e.g., stack (m(x)A, 

m(x)B) together, stack (m(x)C, m(x)D) together, and then stack 
the two stacked images together. This generalizes to stacking 
any number of images.

This stacking procedure can be carried out after all the 
prestack LSM images are computed or it can be done after 
every few iterations. Figure 8 shows the results obtained after 
the prestack LSM images are computed (Huang et al., 2014). 
Figures 8a and 8b contrast the two methods of stacking of 
plane-wave gathers for 31 incident angles by least-squares 
Kirchhoff plane-wave migration (Wang et al., 2013). In Fig-
ure 8a, there are broken reflectors, whereas the corresponding 
ones in Figure 8b with trim statics exhibit much better lateral 
continuity. Furthermore, some faults seem ambiguous in Fig-
ure 8a, but they show up distinctly in Figure 8b.

The limitation of trim statics is that trim statics alone will 
not correct the mispositioning of reflectors migrated with 
strong velocity errors. In this case, the statics shifts can be 
used to estimate the depth shift between common reflectors 
in different common-image gathers, and this depth residual 
can be used to update the velocity model. One example of the 
variability of the depth residual is indicated by the blue ellipse 
in Figure 8b.

Conclusions
Least-squares migration can provide reflectivity images 

with fewer migration artifacts, higher spatial resolution than 
standard migration, and compensation for attenuation loss. 
The cost barrier to LSM is reduced by combining encoded shot 
gathers into one supergather or several subsupergathers. How-
ever, these improvements require a highly accurate migration 
velocity model so that the CIG reflection events along an inter-
face are flattened to be within about a half wavelength from one 
another. A sufficiently accurate velocity model can be obtained 
by MVA or some tomographic method such as full-waveform 
inversion. Ideally, MVA and LSM should be combined so that 
both the velocity and reflectivity models are updated iteratively.

The susceptibility to velocity error is less a problem with 
separately inverting plane-wave gathers (PG) to give prestack 
reflectivity images. Such images might contain misaligned re-
flector interfaces, but they can be somewhat aligned before 
stacking by trim statics. Inverting PGs can still be cost-ef-
fective because the number of PGs is often fewer than the 
number of shot gathers for a migration image to be of the 
same quality. 
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