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Since the discovery of graphene, a lot of interest has been attracted by the zeroth Landau level,

which has no analog in the conventional two dimensional electron gas. Recently, lifting of the spin

and valley degeneracies has been confirmed experimentally by capacitance measurements, while in

transport experiments, this is difficult due to the scattering in the device. In this context, we model

interaction effects on the quantum capacitance of graphene in the presence of a perpendicular

magnetic field, finding good agreement with experiments. We demonstrate that the valley

degeneracy is lifted by the substrate and by Kekule distortion, whereas the spin degeneracy is lifted

by Zeeman interaction. The two cases can be distinguished by capacitance measurements. VC 2013
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4842755]

I. INTRODUCTION

Graphene, a single atomic sheet of graphite, has

attracted much attention in condensed matter physics since

the ground breaking experimental realization of this two

dimensional system with unique properties.1,2 It is a gapless

semiconductor with conical electron and hole bands touching

at the Fermi energy (EF), such that the charge carriers thus

obey a linear dispersion relation. This fundamental differ-

ence in the nature of the quasiparticles from conventional

two dimensional electron gases (2DEGs) gives rise to phe-

nomena such as the anomalous quantum Hall effect, Klein

tunneling, and Berry physics.3–11 Besides fundamental inter-

est in understanding the electronic properties of graphene,

there are substantiated suggestions that the material can

serve as basis of nanoelectronic devices.12–14 However, band

gap engineering without destroying the essential structural

properties is a significant challenge for applications.

In order to overcome this limitation, various ideas have

been put forward including growth of graphene on specific

substrates, such as hexagonal boron nitride (h-BN).15–20

Being smooth on the atomic scale and endowed with a lattice

constant close to graphene, h-BN has great advantages over

other substrates, like SiO2. Also, it is typically free of

dangling bonds and charge traps. It has been demonstrated that

graphene on h-BN shows an enhanced mobility together with

reduced carrier inhomogeneities and roughness. A band gap

has been observed in atomically thin films composed of h-BN

and graphene.17 Besides the band gap, the valley degeneracy of

graphene is lifted.21,22 Lifting of the spin and valley degenera-

cies, in general, has been addressed for electron-electron

interaction,23–27 electron-phonon interaction,28–30 disorder,31–33

and edge effects.34,35 On the other hand, degeneracy lifting is

difficult to probe by transport experiments due to scattering

details.20,36–39 In the following, we will address this issue by

considering the quantum capacitance. In fact, recent quantum

capacitance measurements have confirmed both the gap

opening and lifting of the spin and valley degeneracies due to

many body interactions in terms of the density of states

(DOS).40

In the light the above, one of the most important tools

for studying the electronic properties of solid state systems

are capacitance measurements, as they can effectively probe

the thermodynamic DOS of an electron system. The

approach has been widely used for investigating conven-

tional 2DEGs, see Refs. 41–43 and the references therein.

Though graphene research has mainly focused on transport

properties, for fundamental insight into the electronic struc-

ture as well as for device physics, it is also important to study

the capacitance-voltage characteristics. This has been real-

ized previously in the context of conventional 2DEGs and

more recently in carbon nanotubes, graphene nanoribbons,

and mono/bi-layer graphene.44–49 Nowadays more attention

is being paid to electrostatic properties such as the quantum

capacitance of graphene devices.40,50 Furthermore, from a

device perspective, the potential of graphene as channel ma-

terial to improve the performance of field effect transistors is

creating excitement. This is due to the excellent intrinsic

transport features and the possibility to pattern device struc-

tures by top-down lithographical techniques. Such devices

consist of graphene on top of oxidized silicon or h-BN with

source and drain electrodes attached, where the current

through the device is controlled by a back gate. The capaci-

tance in this case depends not only on the thickness of the

insulating oxide layer (capacitive contribution Cins) but also

on the DOS of the graphene (quantum capacitance CQ). The

total capacitance C is obtained as 1
C ¼ 1

Cins
þ 1

CQ
, where usu-

ally Cins is the dominant contribution. However, in future

devices with thinner oxide layers and higher dielectric con-

stants, the quantum capacitance is expected to dominante.

The present work extends earlier capacitance studies of

carbon based systems in the presence of a magnetic field.50a)Udo.Schwingenschlogl@kaust.edu.sa. Tel.: þ966-0544700080.
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Starting from recent experimental work,40 we model the

combined effects of inversion symmetry breaking by a h-BN

substrate, electron-phonon interaction, and a Zeeman field

on the quantum capacitance of a graphene device. For an

external magnetic field, by varying the gate voltage, we con-

sider the lifting of the spin and valley degeneracies at the

zeroth Landau level and the magnetic oscillations of the ca-

pacitance associated with the quantized Landau levels. The

quantum capacitance is advantageous over traditional trans-

port measurements20,36–39 because it allows us to directly

probe the DOS at the zeroth Landau level and is less sensi-

tive to scattering details. We provide a quantitative descrip-

tion of the DOS at EF and insight into the spin and valley

splittings. Despite its capability to directly probe the elec-

tronic structure at finite temperature and magnetic field, the

quantum capacitance so far has not been analyzed theoreti-

cally for graphene in the presence of interactions. Hence, a

comprehensive study of interaction effects is undertaken in

this work.

The paper is organized as follows: In Sec. II, we address

substrate effects taking into account Gaussian broadening of

the DOS to include the temperature. Section III deals with

the combined effects in the presence of both a substrate and

a Zeeman field. Moreover, we address in Sec. IV the combi-

nation of electron-phonon interaction and a Zeeman field

and conclude in Sec. V.

II. SUBSTRATE

We consider a graphene sheet on a substrate in the xy-

plane and an external magnetic field (B) applied along the z-

direction. The corresponding two dimensional Dirac-like

Hamiltonian18–22 for an electron in the Landau gauge is

H ¼ vðgrxpx þ rypyÞ þ Drz. Here, r ¼ ðrx; ry; rzÞ is the

vector of Pauli matrices, g¼þ1/�1 denotes the K=K0 val-

ley, D is an energy term representing the substrate induced

inversion symmetry breaking, v is the velocity of the Dirac

states, and p¼ (px, py) is the two-dimensional canonical mo-

mentum. Using the Landau gauge with vector potential (0,

Bx, 0), the Landau levels are given by Eg
n ¼ t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n�h2x2 þ D2

p
for n 6¼ 0 and Eg

0 ¼ �gD, where x ¼ v
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2eB=�h

p
is the cyclo-

tron frequency, t¼þ1/�1 denotes electrons/holes, and n is

an integer. The Landau level spectrum of Dirac electrons is

significantly different from the spectrum of a conventional

2DEG, which is En ¼ �hxðnþ 1=2Þ, leading to different sig-

natures of the quantum capacitance.

Capacitance oscillations in a magnetic field are directly

related to the DOS at EF. Without taking into account the

disorder effects that are always present in real systems, the

DOS can be expressed as a series of delta functions. To

model scattering, we apply a Gaussian broadening of width

C (zero shift) to the DOS

DðEÞ ¼ 2

2pl2

1

C
ffiffiffiffiffiffi
2p
p

X
g¼6

exp �ðE� Eg
0Þ

2

2C2

" # 

þ
X1
n¼1

exp �ðE� Eg
nÞ

2

2C2

" #!
: (1)

The DOS at EF is obtained as

DðE ¼ 0Þ ¼ 1

pl2
1

C
ffiffiffiffiffiffi
2p
p exp � D2

2C2

� �

� 1þ 2
X1
n¼1

exp � n�h2x2

2C2

� � !
; (2)

which can be further simplified using the relation 1þ
2
P1

n¼1 exp �2nc½ � ¼ 1
tanhc with c ¼ v2�heB=2C2

DðE ¼ 0Þ ¼
ffiffiffi
2
p

C

p3=2v2�h2
exp � D2

2C2

� �
c

tanh c
: (3)

For zero magnetic field, we have c=tanh c ¼ 1. We have an

energy gap at EF due to the inversion symmetry breaking

induced by the substrate. Equation (3) agrees with Ref. 50 in

the limit D¼ 0.

To highlight the effects at EF and the oscillations of the

quantum capacitance for different magnetic fields and tem-

peratures, we use the Poisson summation formula51,52

1

2
Fð0Þþ

X1
k¼1

FðkÞ¼
ð1
0

FðnÞdnþ2
X1
k¼1

ð�1Þk
ð1
0

FðnÞcos½2pkn�dn:

(4)

The summation over n in Eq. (1) can be carried out by

changing the variable to x ¼ E�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n�h2x2þD2
p ffiffi

2
p

C
and applying the

limit E � EF ¼ v�hkF � C, where kF ¼
ffiffiffiffiffiffiffi
pne
p

denotes the

Fermi wave vector and ne is the carrier concentration in

the system. The first integral yields D0 ¼ jEj
2p�h2v2, which is the

DOS without magnetic field, and the second integral is

ð1
�1

dx exp½�x2�cos
4pkEC

�h2x2
x

� �
¼

ffiffiffi
p
p

exp � 2pkEC

�h2x2

� �2
" #

:

(5)

We thus obtain for the Gaussian broadened DOS for n� 1

DðEÞ ¼ D0 1þ 2
X1
k¼1

ð�1Þkexp � 2pkEC

�h2x2

� �2
" #8<

:
�cos 2pk

E2 � D2

�h2x2

� �9=
;: (6)

Since the k¼ 1 term is sufficient to reproduce the experimen-

tal results in Fig. 3(a) of Ref. 50, we will focus in the follow-

ing only on this term. The n¼ 0 level has to be treated

separately according to Eq. (1).

For the temperature dependence of the quantum capaci-

tance, we consider a device in which the capacitor is formed

by the top gate and the graphene sheet. The quantum capaci-

tance then represents the charge response in the channel as

the gate voltage is varied, being defined as CQ � e2@Q
@EF
¼ e@ne

@EF
,

where Q is the total charge on the graphene sheet. The gate

223711-2 Tahir et al. J. Appl. Phys. 114, 223711 (2013)
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voltage is given by Vg ¼ EF

e . In conventional devices, CQ is

small and therefore can be ignored, whereas in nanoscale

devices, it is the dominant capacitive contribution and conse-

quently essential for designing purposes. The temperature

dependent quantum capacitance for finite magnetic field can

be written as50,53

CQ ¼ e2

ð1
0

dEDðEÞ @f ðE� EFÞ
@EF

; (7)

where f(E – EF) is the Fermi-Dirac distribution function.

Changing the variable to y ¼ bðE� EFÞ with b ¼ 1
kBT and

applying the low temperature limit 1
b	 EF, we find

CQ ¼ e2D0 1� exp � 2pEFC

�h2x2

� �2
" #

cos
2pE2

F

�h2x2

� �(

�
ð1
0

dy
cos 4pEF

�h2x2b
y

h i
cosh2½y=2�

9=
;: (8)

Evaluating the integral by the identity
Ð1
0

dx cosax
cosh2bx

¼ ap
2b2sinhðap=2bÞ

yields

CQ ¼ e2D0 1� 2
a

sinh a
exp � 2pEFC

�h2x2

� �2
" #

cos
2pE2

F

�h2x2

� �( )
;

(9)

where a ¼ 4p2EF

�h2x2b
is a dimensionless parameter that expresses

the characteristic temperature for the damping of oscillations

in CQ. The same approach yields for the temperature depend-

ent quantum capacitance of a conventional 2DEG41–43,51,52

C2DEG
Q ¼e2Dc 1�2

ac

sinh ac
exp �2

pC
�hx

� �2
" #

cos
2pEF

�hx
� p

� �( )
;

(10)

where Dc ¼ m


2p�h2 and ac ¼ 2p2

�hxb.

In order to compare the effects of temperature and the

Gaussian broadening due to disorder on the quantum capaci-

tance in graphene and conventional 2DEG devices, we ana-

lyze the differences between Eqs. (9) and (10): (1) The

argument of the oscillatory term, cos 2pEF

�hx � p
h i

, for the

2DEG depends on the ratio of the Fermi and cyclotron ener-

gies, whereas for graphene, it depends on the square of this

ratio without phase shift. This can be attributed to the fact

that the Dirac electrons in graphene acquiring a p Berry

phase as they traverse a closed path in a magnetic field. (2)

The exponential term responsible for the decay of the oscilla-

tion amplitude in the 2DEG case depends on the ratio of C
and the cyclotron energy, whereas for graphene, it depends

on the ratio of the product EFC and the cyclotron energy.

The argument of the exponential term is 1.84 in the GaAs

2DEG but 0.22 in graphene for a magnetic field of 1 T and a

disorder parameter of C¼ 0.5 meV. Therefore, in an experi-

mentally relevant parameter range, disorder will cause less

damping of the capacitance oscillations in a graphene device

as compared to a conventional 2DEG device. (3) Since the

effect of temperature on the oscillation is given by the factor

lima!1
a

sinhðaÞ ¼ 2ae�a, the amplitude decays exponentially

as the temperature grows. For the characteristic temperature

of the damping, we obtain kBT ¼ veB
2p2kF

, whereas in a conven-

tional 2DEG,41–43,51,52 the corresponding expression is

kBT ¼ �hx
2p2 ¼ �heB

2p2m
. For example, m
 ¼ 0:068me in GaAs,

where me is the electron mass. The ratio of the characteristic

damping temperatures in graphene and conventional 2DEG

devices is given by the ratio of the corresponding Fermi

velocities. Typically, the Fermi velocity �hkF

m
 of a conventional

2DEG is 105 m/s and thus an order of magnitude smaller

than that of graphene (106 m/s). Specifically, the ratio of the

characteristic damping temperatures is �h
ffiffiffiffiffiffiffi
2pne

p

vm
 ¼ 0:24 for

GaAs, 0.03 for Ge, and 0.015 for Si, with ne ¼ 3:2

�1015 m�2. To obtain the same temperature scale, the effec-

tive mass of the carriers in the conventional 2DEG is

required to be 0.016 me, which is very small.

From the above discussion, we expect that the capaci-

tance oscillations are less affected by the temperature in the

graphene than in the conventional 2DEG case, due to the

higher characteristic damping temperature. In the following,

we employ numerical results for GaAs for comparison.

When the magnetic field varies, the Landau levels cross EF

one by one, leading to Shubnikov de Haas oscillations in the

quantum capacitance. By the proportionality to the DOS, an

exponential decay of the oscillation amplitude with tempera-

ture and disorder is expected. The quantum capacitance is

plotted as function of the dimensionless magnetic field B0/B
in Fig. 1, using B0 ¼ �hk2

F ¼ 13:25 T for ne ¼ 3:2� 1015 m�2

and the realistic parameters C ¼
ffiffiffi
B
p

meV=
ffiffiffi
T
p

and

T¼ 1.2 K.41–43,50–52 The Shubnikov de Haas oscillations in

the graphene case are found to be enhanced and less damped

with temperature as compared to the conventional 2DEG

case. There is a p Berry phase difference, whereas the period

and frequency are the same in the two systems. For the pa-

rameters considered here, the oscillations are found to be

almost completely damped around 20 K for the conventional

2DEG, whereas they persist beyond 100 K for graphene.

FIG. 1. Quantum capacitance as a function of the inverse magnetic field for

a temperature of 1.2 K. The black line represents the graphene monolayer

and the red line the conventional 2DEG.
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For field effect transistors using graphene as channel

material, it is also important to determine the effect of Vg. To

this end, we plot in Fig. 2 the quantum capacitance as a func-

tion of EF¼ eVg. We set B¼ 16 T and address temperatures

of 15, 35, and 100 K. A realistic impurity concentration of

ni ¼ 2� 1011 cm�2 (Ref. 50) yields C¼ 15 meV, since C � �h
s

with s ¼ 30
ffiffiffiffiffi
pne
p

p2vni
and ne ¼ 3:2� 1012 cm�2 in graphene.54–56

Variation of Vg shifts EF and populates/depopulates succes-

sively the Landau levels, leading to Shubnikov de Haas

oscillations. The quantum capacitance shows a maximum at

the Dirac point with oscillations superimposed on a linear

increase to both sides. The electron-hole symmetry50 is

clearly visible. In order to see the effects of the symmetry

breaking induced by the substrate, we demonstrate in Fig. 3

that a gap develops at the Dirac point when we increase D,

while keeping all other parameters as in Fig. 2. This gap

even exists in the absence of a magnetic field, consistent

with the experimental observation in Ref. 20. Our Landau

level broadening of C¼ 15 meV enables a direct comparison

with the experimental results in Fig. 3 of Ref. 50. The charge

inhomogeneity reported in this reference is due to the sample

size and SiO2 substrate but does not apply to a h-BN

substrate.40

III. SUBSTRATE AND ZEEMAN FIELD

Adding a Zeeman exchange field breaks the spin sym-

metry of the system, in each valley independently. The

Hamiltonian is modified to H ¼ vðgrxpx þ rypyÞ þ Drz

þMrz, where M¼ glBB is the Zeeman energy with g¼ 2

and the Bohr magneton lB. We obtain the eigenvalues Es;g
n

¼ t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n�h2x2 þ D2

p
þ sM for n 6¼ 0 and Es;g

0 ¼ �gDþ sM with

s¼þ1/�1 representing spin up/down. The quantum capaci-

tance for the n¼ 0 Landau level then is

CQðn ¼ 0Þ ¼ e2

2pl2
1

C
ffiffiffiffiffiffi
2p
p

X
s;g

exp �ðEþ gD� sMÞ2

2C2

" #
:

(11)

For higher Landau levels, we employ the same procedure as

before and obtain

CQ ¼ e2D0 1=2�
X

s

as

sinhas
exp � 2pðEF � sMÞ

ffiffiffi
2
p

C

�h2x2

� �2
" #8<

:
�cos 2p

ðEF � sMÞ2 � D2

�h2x2

" #)
; (12)

with as ¼ 4p2ðEF�sMÞ
�h2x2b

.

By Eq. (11), the four-fold degeneracy of the zeroth Landau

level is lifted when the valley degeneracy is lifted by the sub-

strate and the spin degeneracy by the Zeeman field.

Accordingly, Fig. 4 shows as a function of EF for the zeroth

Landau level four peaks with an energy gap in the middle, using

the parameters D¼ 10 meV, T¼ 15 K, and C¼ 1 meV.38,40 For

increasing magnetic field (10 T, 20 T, 40 T), the Zeeman spin

splitting evolves consistent with experiments.36 Spin and valley

splittings can be verified by the quantum capacitance. While the

effects of a Zeeman field36 and of a h-BN substrate20 have been

observed separately in transport experiments so far, investiga-

tion of the combined effect is possible by quantum capacitance

experiments.40 Discriminating the lifting of the spin and valley

degeneracies is possible by means of a substrate combined with

FIG. 2. Quantum capacitance as a function of the Fermi energy for

D¼ 0 meV. The temperature is 15 K (green line), 35 K (red line), and 100 K

(black line), and the magnetic field is 16 T.

FIG. 3. Quantum capacitance as a function of the Fermi energy for different

values of D: 0 meV (green line), 20 meV (red line), and 40 meV (black line).

The temperature is 15 K and the magnetic field is 16 T.

FIG. 4. Quantum capacitance as a function of the Fermi energy for

D¼ 10 meV. The magnetic field is 10 T (green line), 20 T (red line), and

40 T (black line), and the temperature is 15 K.
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a Zeeman field. An energy gap at EF is important for device

operations and for controlling the transport in graphene based

nanoelectronics.

IV. KEKULE DISTORTION AND ZEEMAN FIELD

It recently has been proposed that a spontaneous Kekule

deformation of the graphene structure can occur as a conse-

quence of the coupling between the in-plane optical phonons

and the electronic degrees of freedom,30,57 leading to an

energy gap of 2D0, see below. This essentially breaks the

inversion symmetry and the valley degeneracy is lifted, simi-

lar to the effects of a substrate but smaller in magnitude. We

consider graphene (suspended sample) in the presence of a

Zeeman field to study the electron-phonon interaction. While

electron-phonon effects frequently have been subject of ex-

perimental and theoretical investigations, we are interested

in the consequences for the quantum capacitance. The eigen-

values of the meanfield Kekule Hamiltonian are30 Es
n

¼ t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n�h2x2 þ D2

0

q
þ sM for n 6¼ 0 and Es;g

0 ¼ gD0 þ sM,

where D0 is the electron-phonon coupling energy due to

Kekule distortion. The quantum capacitance for the n¼ 0

Landau level then is

CQðn ¼ 0Þ ¼ e2

2pl2
1

C
ffiffiffiffiffiffi
2p
p

X
s;g

exp �ðE� gD0 � sMÞ2

2C2

" #
;

(13)

and for higher Landau levels, we obtain analogously to the

previous procedure the same result as in Eq. (12).

The combination of Kekule deformation and Zeeman

energy does not only lift the spin and valley degeneracies for

this level but also influences the transport properties. We

employ a realistic value of 2M for the electron-phonon

energy30,57 and of 1 meV for the disorder broadening.36

Disorder broadening has been discussed in detail in Refs. 4

and 58 and the DOS in Refs. 56 and 59. Motivated by experi-

mental difficulties to understand the zeroth Landau level in

terms of the quantum capacitance, we show that this level is

robust against temperature and disorder, in agreement with

room temperature experiments.60 In the limit of zero

Zeeman field, it splits into two levels separated by an energy

gap, as observed in scanning tunneling spectroscopy.29

Being proportional to the DOS, the experimental spectrum is

directly related to our results. We note that it is straightfor-

ward to extend the experiment to a Zeeman field and the cor-

responding quantum phase transitions, as done before by

quantum capacitance measurements.40 The numerical results

are analogous to Fig. 4 just with the Kekule parameter (D0)

replacing the substrate term (D). It is possible to distinguish

between the liftings of the spin and valley degeneracies.

V. CONCLUSION

We have investigated the quantum capacitance of a de-

vice with graphene as channel material, taking into account

temperature and disorder induced Gaussian broadening of

the Landau levels. The results obtained are compared to a

conventional 2DEG. The Shubnikov de Haas oscillations

under variation of the magnetic field are found to be

enhanced and more robust against the temperature in the gra-

phene case for which an additional p Berry phase shift is

observed. A metal-insulator transition is induced by the bro-

ken inversion symmetry if the graphene is mounted on a sub-

strate as well as for Kekule distortion. We have studied the

combined effects of substrate and Zeeman field, showing a lift-

ing of the spin and valley degeneracies of the zeroth Landau

level. While discrimination between spin and valley degener-

acy lifting is not possible in standard transport experiments,

quantum capacitance measurements will enable discrimination

if a combination of either a substrate or a Kekule distortion

with a Zeeman field is employed. Therefore, such measure-

ments are important for the design of nanoscale devices based

on graphene and for gaining insight into the spin and valley

polarizations.
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