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Abstract. In this paper, we propose a method for the evaluation of
importance of rows for decision tables. It is based on indirect information
about changes in the set of reducts after removing the considered row
from the table. We also discuss results of computer experiments with
decision tables from UCI Machine Learning Repository.
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1 Introduction

In this paper, we discuss a way to evaluate the importance of rows for decision ta-
bles (importance of objects for datasets) which is based on the study of changes
in the set of reducts [3, 4] if we remove the considered row from the decision
table. Unfortunately, the problem of constructing the set of reducts for a given
decision table is too complicated: the number of reducts can grow exponentially
depending on the size of the decision table. However, we can obtain useful indi-
rect information about the set of reducts in polynomial time depending on the
size of the input decision table.

We associate a given decision table T with n conditional attributes a charac-
teristic function fT with n variables that describes the set of tests (superreducts)
for T [2]. This is a monotone Boolean function for which the set of lower units
correspond to the set of reducts for T . This function can be described not only
by the set of lower units but also by the set of upper zeros UT which can be
constructed for T in polynomial time depending on the size of the input deci-
sion table. Note that upper zeros correspond to maximal subsets of attributes
which are not tests. For a given row r of the table T , we construct the table
T (r) obtained from T by the removal of the row r. We find the cardinality of
the symmetric difference of the sets UT and UT (r), |(UT ∪UT (r)) \ (UT ∩UT (r))|,
which is considered as the importance of the row r for the table T .

In [2], a way to find the set of upper zeros UT for the characteristic function fT
was proposed for decision tables with binary attributes. It was used in creation of
classifiers. In this paper, we extend it to arbitrary decision tables with categorical
attributes, and use it in the evaluation of the importance of rows.



The created technique can be useful for analysis of decision tables with cate-
gorical attributes. It will allow us to point to rows (objects) that have the greatest
influence on the formation of the set of reducts. We apply this technique to a
number of decision tables from the UCI Machine Learning Repository [1] and
find the importance of rows for these tables.

The paper consists of fours sections. In Sect. 2, we consider the main notions,
and discuss a way to find the set of upper zeros of the characteristic function
and to calculate the importance of rows. Section 3 discusses the experimental
results, and Sect. 4 contains short conclusions.

2 Main Notions and Tools

In this section, we consider the main notions, and discuss how to construct the
set of upper zeros of the characteristic function for a decision table and how to
evaluate the importance of a row.

2.1 Decision Tables, Tests and Reducts

A decision table is a rectangular table T whose elements belong to the set
ω = {0, 1, 2, . . .} of nonnegative integers. Columns of this table are labeled with
attributes f1, ..., fn. Rows of the table are pairwise different, and each row is
labeled with a number from ω (a decision).

A test for T is a subset of attributes (columns) such that at the intersection
with these columns any two rows with different decisions are different. A reduct
for T is a test for T for which each proper subset is not a test. It is clear that
each test has a reduct as a subset.

2.2 Characteristic Functions

Let T be a decision table with n columns labeled with attributes f1, . . . , fn.
There exists a one-to-one correspondence between En2 , where E2 = {0, 1}, and
the set of subsets of attributes from T . Let ᾱ ∈ En2 and i1, . . . , im be indices of
elements from ᾱ which are equal to 1. Then the set {fi1 , . . . , fim} corresponds
to the tuple ᾱ.

Let us associate a characteristic function fT : En2 → E2 with the table T .
For α ∈ En2 we have fT (ᾱ) = 1 if and only if the set of attributes corresponding
to ᾱ is a test for T .

We consider now some notions related to monotone Boolean functions. We
define a partial order ≤ on the set En2 where n is a natural number. Let ᾱ =
(α1, . . . , αn), β̄ = (β1, . . . , βn) ∈ En2 . Then ᾱ ≤ β̄ if and only if αi ≤ βi for
i = 1, . . . , n. The inequality ᾱ < β̄ means that ᾱ ≤ β̄ and ᾱ 6= β̄. Two tuples
ᾱ and β̄ are incomparable if both relations ᾱ ≤ β̄ and β̄ ≤ ᾱ do not hold. A
function f : En2 → E2 is called a monotone Boolean function if, for every tuples
ᾱ, β̄ ∈ En2 , if ᾱ ≤ β̄ then f(ᾱ) ≤ f(β̄).



A tuple ᾱ ∈ En2 is called an upper zero of the monotone Boolean function f
if f(ᾱ) = 0 and, for any tuple β̄ such that ᾱ < β̄, we have f(β̄) = 1. For any
ᾱ ∈ En2 , the equality f(ᾱ) = 0 holds if and only if there exists an upper zero β̄
of f such that ᾱ ≤ β̄. A tuple ᾱ ∈ En2 is called a lower unit of the monotone
Boolean function f if f(ᾱ) = 1 and f(β̄) = 0 for any tuple β̄ such that β̄ < ᾱ.
For any ᾱ ∈ En2 , the equality f(ᾱ) = 1 holds if and only if there exists a lower
unit β̄ of f such that β̄ ≤ ᾱ. So the set of upper zeros allows us to describe
completely the set of lower units of a monotone Boolean function.

We omit the proof of the following simple statement.

Lemma 1. For any decision table T , the characteristic function fT is a mono-
tone Boolean function which does not equal to 0 identically and for which the set
of lower units coincides with the set of tuples corresponding to reducts for the
table T .

2.3 Canonical Forms of Decision Tables

Let us associate a decision table τ(T ) with the decision table T . The table τ(T )
has n columns labeled with attributes f1, . . . , fn. The first row of τ(T ) is filled by
1. The set of all other rows coincides with the set of all rows of the kind l(δ̄1, δ̄2)
where δ̄1 and δ̄2 are arbitrary rows of T labeled with different decisions, and
l(δ̄1, δ̄2) is the row containing at the intersection with the column fi, i = 1, . . . , n,
the number 0 if δ̄1 and δ̄2 have different numbers at the intersection with the
column fi, and the number 1 otherwise. The first row of τ(T ) is labeled with
the decision 1. All other rows are labeled with the decision 2.

We denote by C(T ) the decision table obtained from τ(T ) by the removing all
rows σ̄ for each of which there exists a row δ̄ of the table τ(T ) that is different
from the first row and satisfies the inequality σ̄ < δ̄. The table C(T ) will be
called the canonical form of the table T .

Lemma 2. For any decision table T , fT = fC(T ).

Proof. One can show that fT = fτ(T ). Let us prove that fτ(T ) = fC(T ). It is not
difficult to check that fC(T )(ᾱ) = 0 if and only if there exists a row δ̄ of C(T )
labeled with the decision 2 for which ᾱ ≤ δ̄. Similar statement is true for the
table τ(T ).

It is clear that each row of C(T ) is also a row in τ(T ), and equal rows in
these tables are labeled with equal decisions. Therefore if fτ(T )(ᾱ) = 1 then
fC(T )(ᾱ) = 1.

Let fC(T )(ᾱ) = 1. We will show that fτ(T )(α) = 1. Let us assume the con-
trary. Then there exists a row σ̄ from τ(T ) which is labeled with the decision 2
and for which ᾱ ≤ σ̄. From the description of C(T ) it follows that there exists a
row δ̄ from C(T ) which is labeled with the decision 2 and for which σ̄ ≤ δ̄. But in
this case ᾱ ≤ δ̄ which is impossible. Hence fτ(T )(α) = 1 and fτ(T ) = fC(T ). ut

Proposition 1. For any decision table T , the set of rows of the table C(T ) with
the exception of the first row coincides with the set of upper zeros of the function
fT .



Proof. Let ᾱ be an upper zero of the function fT . Using Lemma 2 we obtain
fC(T )(ᾱ) = 0. Therefore there exists a row δ̄ in C(T ) which is labeled with the
decision 2 and for which ᾱ ≤ δ̄. Evidently, fC(T )(δ̄) = 0. Therefore fT (δ̄) = 0.
Taking into account that ᾱ is an upper zero of the function fT we conclude that
the inequality ᾱ < δ̄ does not hold. Hence ᾱ = δ̄ and ᾱ is a row of C(T ) which
is labeled with the decision 2.

Let δ̄ be a row of C(T ) different from the first row. Then fC(T )(δ̄) = 0, and
by Lemma 2, fT (δ̄) = 0. Let δ̄ < σ̄. We will show that fT (σ̄) = 1. Let us assume
the contrary. Then by Lemma 2, fC(T )(σ̄) = 0. Therefore there exists a row γ̄ of
C(T ) which is labeled with the decision 2 and for which σ̄ ≤ γ̄ and δ̄ < γ̄. But
this is impossible since any two different rows of C(T ) which are labeled with 2
are incomparable. Hence fT (σ̄) = 1, and δ̄ is an upper zero of fT . ut

This proposition gives us an efficient way to construct the set UT of upper
zeros of the function fT . We construct in polynomial time depending on the size
of T the canonical form C(T ) of T . By Proposition 1, the set UT coincides with
the set of rows of the table C(T ) with the exception of the first row.

2.4 Importance of Rows

The idea of evaluation of row importance is the following. We construct the
canonical form C(T ) of the table T and the set UT of upper zeros of the charac-
teristic function fT corresponding to the table T . We remove a row r from the
decision table T . As a result, we obtain new decision table T (r). We construct
the canonical form C(T (r)) of the table T (r) and the set UT (r) of upper zeros of
the characteristic function fT (r) corresponding to the table T (r). The cardinality
|(UT ∪UT (r))\ (UT ∩UT (r))| of the symmetric difference of the sets UT and UT (r)

will be considered as the importance of the row r for the table T .

Example 1. Let T be the decision table depicted in Fig. 1 and r4 be the fourth
row of T . We construct tables C(T ), T (r4), and C(T (r4)) (see Fig. 1).

f1 f2 f3
1 1 1 0

T= 1 0 0 0
0 0 1 1
0 0 0 0

C(T ) =

f1 f2 f3
1 1 1 1
0 0 1 2
1 1 0 2

T (r4) =

f1 f2 f3
1 1 1 0
1 0 0 0
0 0 1 1

C(T (r4)) =

f1 f2 f3
1 1 1 1
0 0 1 2
0 1 0 2

Fig. 1. Decision table T and tables C(T ), T (r4), and C(T (r4))



As a result, we have UT = {(0, 0, 1), (1, 1, 0)} and UT (r4) = {(0, 0, 1), (0, 1, 0)}.
The symmetric difference of the sets UT and UT (r4) is equal to {(0, 1, 0), (1, 1, 0)}.
Therefore the importance of the row r4 for the table T is equal to 2.

Of course, it would be better to compare the sets of reducts of the tables
T and T (r) directly. Unfortunately, there are no efficient algorithms for the
construction of the set of reducts. So instead of the comparison of the sets of
reducts directly, we compare the sets UT and UT (r) which describe completely
the sets of reducts for the tables T and T (r), respectively. In particular, the
importance of the row r for the table T is equal to 0 if and only if the tables T
and T (r) have the same sets of reducts.

3 Experimental Results

We did experiments with 10 decision tables from UCI ML Repository [1]. Some
preprocessing steps were done before the actual experiments. We removed con-
ditional attributes which have unique value for each row. Each group of identical
rows was replaced with a single row labeled with the most common decision for
this group. Missing values for an attribute were replaced with a most common
value for this attribute. Table 1 contains information about the considered deci-
sion tables including the number of rows, the number of conditional attributes,
and the existence of important rows – rows for which the importance is greater
than zero.

Table 1. Characteristics of decision tables

Decision Rows Attrs Has important
table rows?

balance-scale 625 4 No
breast-cancer 266 9 Yes
cars 1728 6 No
hayes-roth-data 69 4 No
house-votes-84 279 16 Yes
lymphography 148 18 Yes
soybean-small 47 35 Yes
spect-test 169 22 Yes
tic-tac-toe 958 9 No
zoo-data 59 16 Yes

For the decision tables breast-cancer, house-votes-84, spect-test, and
zoo-data, we show the results of experiments in the form of range of importance
in the left column and the number of rows with importance in this range in the
right column.

The decision tables lymphography and soybean-small were not changed
during the preprocessing steps. For these tables, for each row with non-zero
importance, we show the number of row and its importance.



For the decision table house-votes-84, we have 15 rows with non-zero im-
portance and 264 rows with zero importance (see Table 2).

Table 2. Importance of rows for house-votes-84

Range of No. of
importance rows

0 264
1 to 5 14

14 1

For the decision table spect-test, there are 18 rows with non-zero impor-
tance and 151 rows with zero importance (see Table 3).

Table 3. Importance of rows for spect-test

Range of No. of
importance rows

0 151
1 to 5 14

6 to 10 3
34 1

For the decision table zoo-data, there are 44 rows with zero importance and
15 rows with non-zero importance (see Table 4).

Table 4. Importance of rows for zoo-data

Range of No. of
importance rows

0 44
1 to 5 11

9 1
12 1
13 1
20 1

For the decision table breast-cancer, there are 262 rows with zero impor-
tance and 4 rows with non-zero importance (see Table 5).

For the decision table lymphography, there are 41 rows with zero impor-
tance and 107 rows with non-zero importance (see Table 6).



Table 5. Importance of rows for breast-cancer

Range of No. of
importance rows

0 262
1 to 5 4

Table 6. Importance of rows for lymphography

Row Importance Row Importance Row Importance Row Importance
No. of row No. of row No. of row No. of row

146 29 32 7 144 3 21 1
46 26 35 7 7 2 25 1

113 22 41 7 11 2 28 1
75 21 71 7 13 2 34 1
60 17 94 6 18 2 40 1
88 17 131 6 31 2 42 1
10 14 6 5 33 2 43 1
39 14 90 5 45 2 52 1
69 14 97 5 53 2 58 1
9 12 118 5 57 2 67 1

89 12 121 5 63 2 77 1
147 12 17 4 73 2 82 1
81 11 24 4 79 2 83 1
12 10 78 4 98 2 84 1

122 10 107 4 99 2 85 1
16 9 111 4 102 2 91 1
29 9 128 4 103 2 104 1
72 9 138 4 117 2 108 1
96 9 142 4 127 2 112 1

105 9 5 3 129 2 115 1
114 9 27 3 135 2 126 1
116 9 48 3 141 2 133 1
30 8 51 3 143 2 134 1
50 8 92 3 145 2 136 1
56 8 110 3 1 1 139 1
86 8 120 3 19 1 148 1
26 7 124 3 20 1

For the decision table soybean-small, there are 3 rows with zero importance
and 44 rows with non-zero importance (see Table 7).

Each of the considered tables has rows that are not important (rows with
zero importance). If a row is not important, it does not mean that it does not
contain important information: the information contained in the row is “covered”
by the information of other rows. If row is important, it means that it contains
some unique information relative to other rows, and it deserves special attention,



Table 7. Importance of rows for soybean-small

Row Importance Row Importance Row Importance Row Importance
No. of row No. of row No. of row No. of row

4 20 42 11 45 7 18 3
17 17 1 9 3 6 23 3
25 17 7 9 14 5 31 3
26 17 9 9 38 5 43 3
12 15 24 9 44 5 19 2
30 13 34 9 47 5 21 2
41 13 5 8 8 4 37 2
2 11 27 7 11 4 15 1

22 11 29 7 16 4 20 1
28 11 32 7 33 4 36 1
39 11 35 7 10 3 46 1

especially if its importance is relatively high (as for the row No. 146 in the
decision table lymphography which importance is equal to 29).

4 Conclusions

In this paper, we proposed a method for the evaluation of importance of rows
for decision tables. This allows us to understand how a given row affects the
formation of the set of reducts. In the future, we are planning to consider not
only the cardinality of the symmetric difference of the sets UT and UT (r) but
also other measures of difference of these sets.
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