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Abstract 
A Hybrid Embedded Fracture (HEF) model was developed to reduce various computational costs 
while maintaining physical accuracy (Amir and Sun, 2016). HEF splits the computations into fine 
scale and coarse scale. Fine scale solves analytically for the matrix-fracture flux exchange parameter. 
Coarse scale solves for the properties of the entire system. In literature, fractures were assumed to be 
either vertical or horizontal for simplification (Warren and Root, 1963). Matrix-fracture flux exchange 
parameter was given few equations built on that assumption (Kazemi, 1968; Lemonnier and 
Bourbiaux, 2010). However, such simplified cases do not apply directly for actual random fracture 
shapes, directions, orientations …etc. This paper shows that the HEF fine scale analytic solution (Amir 
and Sun, 2016) generates the flux exchange parameter found in literature for vertical and horizontal 
fracture cases. For other fracture cases, the flux exchange parameter changes according to the angle, 
slop, direction, … etc. This conclusion rises from the analysis of both: the Discrete Fracture Network 
(DFN) and the HEF schemes. The behavior of both schemes is analyzed with exactly similar fracture 
conditions and the results are shown and discussed. Then, a generalization is illustrated for any slightly 
compressible single-phase fluid within fractured porous media and its results are discussed.   
 
Keywords: Discrete Fracture Network (DFN), two-scale, hybrid method, matrix-fracture flux exchange. 

1 Introduction 
Hydrocarbon fluids including oil, gas, or combinations of both are usually trapped within rock 

formations. Rock formation properties include their bulk and void spaces. Such properties need to be 
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comprehended to estimate the hydrocarbon fluids production rates. Different mechanisms are used to 
obtain them such as CT scans (Schlumberger, 2013). Such mechanisms work well but depend 
considerably on many aspects that include: (1) Observation scales: dealing with whole-core sections 
differs significantly from dealing with many cross-sectional slices from tomography CT scanners. (2) 
Internal heterogeneities: appear at several scales affecting various properties (Weber, 1986). Such 
heterogeneities are affected by naturally existing fractures and hydraulic fractures. (3) Representative 
nature of images used: depend on the scale selected to analyze rock samples.       

Since fractures affect internal heterogeneities and flow behaviors significantly, they need to be 
considered when studying flows through rocks (porous mediums). Many numerical approaches were 
developed over the years to deal with fractured systems: (1) Single-Continuum (SC) models: designate 
both matrices and fractures explicitly within grid cells by their positions, permeabilities, porosities, 
and mesh sizes (Civan et al., 2011). (2) Dual-Continuum (DC) models: deal with two disconnected 
overlapping continua: fractures and matrices. Fractures act as major flow routes and matrices serve as 
main storage. Interaction between both continua is synchronized by a flux exchange parameter 
(Warren and Root, 1963; Li et al., 2014; Clarkson et al., 2012). (3) Discrete Fracture Network (DFN) 
models: require significant CPU time even for a single well simulation making it neither practical nor 
beneficial to use, particularly in dense fractured systems (Cipolla et al., 2010; Zhang et al., 2009). (4) 
Hybrid Finite Volume (HFV) models: homogenize short to medium size fractures as part of the 
continuum described by permeability and porosity and deals with large fractures using DFN as a 
hierarchy (Li et al., 2008). (5) Enhanced matrix permeabilities considering medium size fractures and 
modeling large fractures explicitly as major fluid conductors (Lee et at., 2000; Lee et al., 2001) in Cell 
Centered Finite Difference (CCFD) scheme. This paper deals with this predicament by applying an 
iterative Hybrid Embedded multiscale (two-scale) Fracture (HEF) model introduced in details by 
Amir and Sun (2016). HEF splits the system computations into fine scale and coarse scale. Fine scale 
solves analytically for the matrix-fracture flux exchange parameter within each grid cell. This allows 
detailed control over fractures properties including their shapes, sizes, orientations … etc. Coarse scale 
solves for the matrix-fractures pressures of the entire system using the resulting flux exchange 
parameter [matrix in D dimensions and fractures in (D-1) dimensions].  

In literature, fractures were assumed to be either vertical or horizontal for simplification (Warren 
and Root, 1963). Matrix-fracture flux exchange parameter was given few equations built on that 
assumption (Kazemi, 1968; Lemonnier and Bourbiaux, 2010). However, such simplified cases do not 
apply directly for actual random fracture shapes, directions, orientations …etc. This paper shows that 
the HEF fine scale analytic solution (Amir and Sun, 2016) fits perfectly with the flux exchange 
parameter found in literature for vertical and horizontal fracture cases. For other fracture cases, the 
flux exchange parameter changes according to the angle, slop, direction, … etc. This conclusion rises 
from this paper analysis of both: the Reduced Fractures (RF) finite element method scheme (Jaffre et 
al., 2006) and the HEF scheme. The behavior of both schemes is analyzed with exactly similar fracture 
conditions and the results are shown and discussed. Also, the shale gas model from Amir and Sun 
(2016) that applies to laboratory test conditions is generalized to any slightly compressible single-
phase fluid within the fractured porous media. Generalization concept, governing equations, flow 
behaviors, results are illustrated and discussed.      

2 Flux exchange parameter  
In general, flux exchange parameters couple: pressure gradients within matrix blocks, fractures and 

surrounding matrices interactions, viscous force effects, capillary pressures, gravity effects, 
components molecular diffusion rates, … etc. Several techniques can be used to define the 
dimensionless flux exchange parameter shape factor 𝛼𝛼∗ that reflects somewhat physically accurate 
estimations. Such approaches include: analytic solutions, DFN models approximations for fracture 

 

 

defined boundary value problems, thermodynamic properties gained by molecular simulations, … etc. 
Although it is not necessary for all of these approaches to give exactly similar results since they might 
depend on different scales, number of inputs and outputs considered, assumed simplification, … etc. 
but their behavior need to be relatively similar to maintain the physical effects of the matrix-fracture 
flux exchange. 

For simplification purposes in this section, the DFN scheme application to a RF model (RF-DFN) 
for an incompressible single-phase flow is used as base of comparison. The adjacency of 𝛼𝛼∗ numerical 
solution using this approach is compared to the simplified analytical solutions introduced in Amir and 
Sun (2016) for the HEF scheme application to a RF model (RF- HEF). Results show that the RF-HEF 
model 𝛼𝛼∗ fits perfectly with the simplified vertical and horizontal fractures case results (Warren and 
Root, 1963; Kazemi, 1968; Lemonnier and Bourbiaux, 2010). For different fracture shapes cases, 𝛼𝛼∗ 
changes according to angles, slops, directions, … etc. Focusing on the slop effect, 𝛼𝛼∗ adjacency in 
both schemes is compared for exactly similar fractures conditions and the results are illustrated and 
discussed within this section.     

2.1 Analysis assumptions and equations   
Focusing on a fine-scale that allows modeling each fracture individually within a grid cell. At such 

scale, fracture shapes are defined using their 𝑥𝑥, 𝑦𝑦 positions in 2D planes and their 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 positions in 
3D planes. To simplify the concept grasping, we focus on the analysis in 2D and the RF-DFN model 
for an incompressible single-phase flow comparison to the fine-scale in the RF-HEF model. RF 
assumptions ignore fractures apertures and deal with them as interfaces. Fractures apertures effects are 
included within permeability and porosity for each type of rock fabric within each cell. RF-DFN 
model solves for fractures as interfaces between the matrices as a system using the equations listed in 
Table 1. Further discretization details of the RF-DFN model, used in this paper, are illustrated in Chen 
and Sun (2016). Existence, uniqueness, and error estimation assumptions are explained in Jaffre et al. 
(2006). The RF-DFN model used in this paper utilizes the Raviart-Thomas mixed finite element 
approximation of order 1 (𝑅𝑅𝑇𝑇!) to solve for the flux exchange parameter numerically.         
 

Matrices system Fractures system 
∇! . 𝑢𝑢! = 𝑞𝑞! in Ω! 
𝑢𝑢! = −𝐾𝐾!∇𝑝𝑝! in Ω! 
Matrix Boundary Conditions (B.C.): 
𝑝𝑝! = 𝑝𝑝!"#" on Γi (Dirichlet B.C.) 
𝑝𝑝! = 𝑝𝑝! (on the fracture)  

 

∇! . 𝑢𝑢! = 𝑞𝑞! + (𝑢𝑢!. 𝑛𝑛 − 𝑢𝑢!. 𝑛𝑛) on 𝑓𝑓 
𝑢𝑢! = −𝑑𝑑 𝑘𝑘!∇!𝑝𝑝! on 𝑓𝑓  
Fracture Boundary Conditions (B.C.): 
𝑝𝑝! = 𝑝𝑝!! on ∂𝑓𝑓 
𝑑𝑑 is fracture thickness.  

 

Table 1: The equations used for the fractures and matrices system in the DFN comparison base 

The assumed fracture shapes in geometry define the RF-DFN unstructured grid cells generated for 
the solution such that fractures form interfaces between matrix blocks where they exist as illustrated in 
Figs. 1-4. Fig. 1 illustrates an example for elements generation according to the fractures in RF-DFN 
model. Connecting any three purple dots form the discretization elements. Fractures are located at 
matrix grid cells interfaces as demonstrated by the green line. Figs. 2-4 show that different fracture 
shapes results in different elements distributions. Also, the flow behavior in such grid cells shows 
lower pressure values at the fractures that almost reach zero in most cases and varies gradually as we 
go further from the fractures.      

On the other hand, the fine scale in RF-HEF model is built on assuming that fractures have zero 
pressure values: 𝑃𝑃! = 0. Since pressures need to increase gradually as we go further from the 
fractures, the RF-HEF fine scale analytical solutions are built on assuming linear matrix pressure 
functions 𝑃𝑃!!(𝑑𝑑) that are defined by the vertical distances 𝑑𝑑! between fractures and coarse grid cell 
edges within each cell. In other words, 𝑃𝑃!! 𝑑𝑑 : 𝐸𝐸 →  ℝ;  ∇𝑃𝑃!! ⊥ Fracture 𝛾𝛾 . As a result, matrix 
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comprehended to estimate the hydrocarbon fluids production rates. Different mechanisms are used to 
obtain them such as CT scans (Schlumberger, 2013). Such mechanisms work well but depend 
considerably on many aspects that include: (1) Observation scales: dealing with whole-core sections 
differs significantly from dealing with many cross-sectional slices from tomography CT scanners. (2) 
Internal heterogeneities: appear at several scales affecting various properties (Weber, 1986). Such 
heterogeneities are affected by naturally existing fractures and hydraulic fractures. (3) Representative 
nature of images used: depend on the scale selected to analyze rock samples.       

Since fractures affect internal heterogeneities and flow behaviors significantly, they need to be 
considered when studying flows through rocks (porous mediums). Many numerical approaches were 
developed over the years to deal with fractured systems: (1) Single-Continuum (SC) models: designate 
both matrices and fractures explicitly within grid cells by their positions, permeabilities, porosities, 
and mesh sizes (Civan et al., 2011). (2) Dual-Continuum (DC) models: deal with two disconnected 
overlapping continua: fractures and matrices. Fractures act as major flow routes and matrices serve as 
main storage. Interaction between both continua is synchronized by a flux exchange parameter 
(Warren and Root, 1963; Li et al., 2014; Clarkson et al., 2012). (3) Discrete Fracture Network (DFN) 
models: require significant CPU time even for a single well simulation making it neither practical nor 
beneficial to use, particularly in dense fractured systems (Cipolla et al., 2010; Zhang et al., 2009). (4) 
Hybrid Finite Volume (HFV) models: homogenize short to medium size fractures as part of the 
continuum described by permeability and porosity and deals with large fractures using DFN as a 
hierarchy (Li et al., 2008). (5) Enhanced matrix permeabilities considering medium size fractures and 
modeling large fractures explicitly as major fluid conductors (Lee et at., 2000; Lee et al., 2001) in Cell 
Centered Finite Difference (CCFD) scheme. This paper deals with this predicament by applying an 
iterative Hybrid Embedded multiscale (two-scale) Fracture (HEF) model introduced in details by 
Amir and Sun (2016). HEF splits the system computations into fine scale and coarse scale. Fine scale 
solves analytically for the matrix-fracture flux exchange parameter within each grid cell. This allows 
detailed control over fractures properties including their shapes, sizes, orientations … etc. Coarse scale 
solves for the matrix-fractures pressures of the entire system using the resulting flux exchange 
parameter [matrix in D dimensions and fractures in (D-1) dimensions].  

In literature, fractures were assumed to be either vertical or horizontal for simplification (Warren 
and Root, 1963). Matrix-fracture flux exchange parameter was given few equations built on that 
assumption (Kazemi, 1968; Lemonnier and Bourbiaux, 2010). However, such simplified cases do not 
apply directly for actual random fracture shapes, directions, orientations …etc. This paper shows that 
the HEF fine scale analytic solution (Amir and Sun, 2016) fits perfectly with the flux exchange 
parameter found in literature for vertical and horizontal fracture cases. For other fracture cases, the 
flux exchange parameter changes according to the angle, slop, direction, … etc. This conclusion rises 
from this paper analysis of both: the Reduced Fractures (RF) finite element method scheme (Jaffre et 
al., 2006) and the HEF scheme. The behavior of both schemes is analyzed with exactly similar fracture 
conditions and the results are shown and discussed. Also, the shale gas model from Amir and Sun 
(2016) that applies to laboratory test conditions is generalized to any slightly compressible single-
phase fluid within the fractured porous media. Generalization concept, governing equations, flow 
behaviors, results are illustrated and discussed.      

2 Flux exchange parameter  
In general, flux exchange parameters couple: pressure gradients within matrix blocks, fractures and 

surrounding matrices interactions, viscous force effects, capillary pressures, gravity effects, 
components molecular diffusion rates, … etc. Several techniques can be used to define the 
dimensionless flux exchange parameter shape factor 𝛼𝛼∗ that reflects somewhat physically accurate 
estimations. Such approaches include: analytic solutions, DFN models approximations for fracture 

 

 

defined boundary value problems, thermodynamic properties gained by molecular simulations, … etc. 
Although it is not necessary for all of these approaches to give exactly similar results since they might 
depend on different scales, number of inputs and outputs considered, assumed simplification, … etc. 
but their behavior need to be relatively similar to maintain the physical effects of the matrix-fracture 
flux exchange. 

For simplification purposes in this section, the DFN scheme application to a RF model (RF-DFN) 
for an incompressible single-phase flow is used as base of comparison. The adjacency of 𝛼𝛼∗ numerical 
solution using this approach is compared to the simplified analytical solutions introduced in Amir and 
Sun (2016) for the HEF scheme application to a RF model (RF- HEF). Results show that the RF-HEF 
model 𝛼𝛼∗ fits perfectly with the simplified vertical and horizontal fractures case results (Warren and 
Root, 1963; Kazemi, 1968; Lemonnier and Bourbiaux, 2010). For different fracture shapes cases, 𝛼𝛼∗ 
changes according to angles, slops, directions, … etc. Focusing on the slop effect, 𝛼𝛼∗ adjacency in 
both schemes is compared for exactly similar fractures conditions and the results are illustrated and 
discussed within this section.     

2.1 Analysis assumptions and equations   
Focusing on a fine-scale that allows modeling each fracture individually within a grid cell. At such 
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included within permeability and porosity for each type of rock fabric within each cell. RF-DFN 
model solves for fractures as interfaces between the matrices as a system using the equations listed in 
Table 1. Further discretization details of the RF-DFN model, used in this paper, are illustrated in Chen 
and Sun (2016). Existence, uniqueness, and error estimation assumptions are explained in Jaffre et al. 
(2006). The RF-DFN model used in this paper utilizes the Raviart-Thomas mixed finite element 
approximation of order 1 (𝑅𝑅𝑇𝑇!) to solve for the flux exchange parameter numerically.         
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Table 1: The equations used for the fractures and matrices system in the DFN comparison base 

The assumed fracture shapes in geometry define the RF-DFN unstructured grid cells generated for 
the solution such that fractures form interfaces between matrix blocks where they exist as illustrated in 
Figs. 1-4. Fig. 1 illustrates an example for elements generation according to the fractures in RF-DFN 
model. Connecting any three purple dots form the discretization elements. Fractures are located at 
matrix grid cells interfaces as demonstrated by the green line. Figs. 2-4 show that different fracture 
shapes results in different elements distributions. Also, the flow behavior in such grid cells shows 
lower pressure values at the fractures that almost reach zero in most cases and varies gradually as we 
go further from the fractures.      

On the other hand, the fine scale in RF-HEF model is built on assuming that fractures have zero 
pressure values: 𝑃𝑃! = 0. Since pressures need to increase gradually as we go further from the 
fractures, the RF-HEF fine scale analytical solutions are built on assuming linear matrix pressure 
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edges within each cell. In other words, 𝑃𝑃!! 𝑑𝑑 : 𝐸𝐸 →  ℝ;  ∇𝑃𝑃!! ⊥ Fracture 𝛾𝛾 . As a result, matrix 
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pressures at the points aligned with the fracture are zero since the distance from the fracture 𝑑𝑑 is zero: 
𝑃𝑃!!(0) = 0; since all pressures in porous media are always positive according to the physical laws and 
distances from fractures are always positive, we can write: 𝑃𝑃!! ≥ 0; and the absolute matrix partial 
derivatives sum up to 1: ∇𝑃𝑃!! = 1. The theoretical derivation for the assumptions considering several 
possible fracture shapes within each grid cell was illustrated in Amir and Sun (2016).  

 
Figure 1: example for DFN elements generated by 

connecting any three purple dots and fracture 
interfaces specifications. 

 
Figure 2: fracture form a line with slop 𝒎𝒎 = 𝟏𝟏 that 

appears clearly within the pressures distribution. 

 
Figure 3: fracture forms a vertical line that appears 

clearly within the pressures distribution.   

 
Figure 4: fracture form a line with slop 𝒎𝒎 = 𝟎𝟎.𝟕𝟕𝟕𝟕 

that appears clearly within the pressures distribution. 

Since fracture shapes are defined using their 𝑥𝑥, 𝑦𝑦 positions within each 2D grid cell, a normalized 
grid cell needs to be determined for the RF-DFN and RF-HEF analysis. In other words, if the size of 
the normalized grid cell was chosen to be 𝑁𝑁, then the normalized grid cell ranges between 0:𝑁𝑁 ×
[0:𝑁𝑁]. As a result, all the fractures defined by their 𝑥𝑥, 𝑦𝑦 positions in any grid cell need to be scaled to 
fit in that normalized grid cell while preserving their shape, orientation, size, … etc.  

Each fracture at the normalized cell will intersect with the grid cell edges at two points: 𝑥𝑥!, 𝑦𝑦!  
and 𝑥𝑥! , 𝑦𝑦! . For triangle shape fractures, this could look like Fig.5 original shape part or it’s mirrored 
shape. Amir and Sun (2016) shape factors were built on Fig.6 assumption for the triangle shape 
fractures such that fractures intersect with the grid cell edges at the two points: 𝑥𝑥!, 𝑦𝑦!  and 𝑥𝑥! , 𝑦𝑦! . 
For such fracture shape cases, Amir and Sun (2016) derivation can be applied directly from Table 2. 
However, if the fractures original shape took Fig.5 shape, then the symmetrical properties are applied. 
Symmetrical properties indicate that the behavior at one corner of the grid cell can be mirrored to the 
other corner. However, the mirroring effect needs to be applied correctly and the new resulting 
coordinates need to be used carefully in the analytic solutions to correspond to numerical solutions. 
Applying the symmetrical mirroring effects to the triangle shape fractures, we end up with Equs. (1-2).  

 

 

 

 

Figure 5: due to symmetry, original shapes can be 
mirrored easily and the new resulting coordinates are used if 
needed in the analytic solutions to correctly correspond to 
numerical solutions. 

 
Figure 6: the analytic solution based on the 

indexes illustrated in this figure (Amir and Sun, 
2016).    

 
Fracture Shape Distance 𝒅𝒅𝒊𝒊 𝜶𝜶∗ 
Triangle shape 

fractures 
𝑑𝑑! =  ((𝑦𝑦! − 𝑦𝑦!)(𝑥𝑥! − 𝑥𝑥!)) 𝛾𝛾  
If both fracture points are on grid cell corners.  
𝑑𝑑! =  1 𝛾𝛾 ∗ 𝑦𝑦! − 𝑦𝑦! 𝑥𝑥 − 𝑥𝑥! − 𝑥𝑥! − 𝑥𝑥! 𝑦𝑦 − 𝑦𝑦!   
If one fracture point is on a grid cell corner and the other 
is on a grid cell edge.      

One side:  
𝛼𝛼∗ =  ℎ 𝑑𝑑!"#!  
Both sides: 
 𝛼𝛼∗ =  2ℎ 𝑑𝑑!"#!  
 

Vertical shape 
fractures 

One side: 
 𝑑𝑑! = ∆𝑥𝑥!. 
Both sides: 
 𝑑𝑑!" =  (∆𝑥𝑥! + ∆𝑥𝑥!) 2. 

One side: 
 𝛼𝛼∗ =  2ℎ 𝛾𝛾 𝑑𝑑!"#!  
Both sides: 
 𝛼𝛼∗ =  4ℎ 𝛾𝛾 𝑑𝑑!"#

!"  
Horizontal 

shape fractures 
One side:  
𝑑𝑑! = ∆𝑦𝑦!.  
 Both sides: 
 𝑑𝑑!" =  (∆𝑦𝑦! + ∆𝑦𝑦!) 2. 

One side: 
 𝛼𝛼∗ =  2ℎ 𝛾𝛾 𝑑𝑑!"#!  
Both sides: 
 𝛼𝛼∗ =  4ℎ 𝛾𝛾 𝑑𝑑!"#

!"  
Vertical 

Tetragonal 
shape fractures  

𝑑𝑑! = (𝑥𝑥! − 𝑥𝑥!) ∗ (𝑦𝑦! − 𝑦𝑦!) 𝛾𝛾   
If selected distances forms a triangle with both fracture 
points on the grid cell corners. 
𝑑𝑑! =  1 𝛾𝛾 ∗ 𝑦𝑦! − 𝑦𝑦! 𝑥𝑥 − 𝑥𝑥! − 𝑥𝑥! − 𝑥𝑥! 𝑦𝑦 − 𝑦𝑦!   
If selected distances forms a triangle with one fracture 
point on a grid cell corner and the other on a grid cell 
edge. 
𝑑𝑑! = 𝑦𝑦 − 𝑦𝑦! ! + 𝑥𝑥 − 𝑥𝑥! ! → General case. Since 
𝑏𝑏! = (𝑥𝑥! + 𝑦𝑦!) − 𝑥𝑥! + 𝑥𝑥! 𝑥𝑥 − 2𝑦𝑦! 𝑦𝑦 + 𝑥𝑥!𝑥𝑥! +
𝑦𝑦!! = 0; 𝑑𝑑! = 𝑏𝑏! (Not linear).  

One side: 
 𝛼𝛼∗ =  ℎ 𝑑𝑑!"#!  
Both sides: 
 𝛼𝛼∗ =  2ℎ 𝑑𝑑!"#!  

Table 2: RF-HEF fine scale 𝜶𝜶∗ equations from Amir and Sun (2016). One side indicates considering the 
distances from one side of the fracture. Two sides indicate considering the distances from both side of the fracture    

If fracture corners are on grid cell corners: 𝑑𝑑! =  ((𝑦𝑦! + 𝑦𝑦!)(𝑥𝑥! − 𝑥𝑥!)) 𝛾𝛾   (1) 
One corner on grid cell corner and the other 
on a grid cell edge:  

𝑑𝑑! =  1 𝛾𝛾 ∗ 𝑦𝑦! + 𝑦𝑦!) 𝑥𝑥 − 𝑥𝑥! −
𝑥𝑥! − 𝑥𝑥! 𝑦𝑦 + 𝑦𝑦!   

(2) 
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pressures at the points aligned with the fracture are zero since the distance from the fracture 𝑑𝑑 is zero: 
𝑃𝑃!!(0) = 0; since all pressures in porous media are always positive according to the physical laws and 
distances from fractures are always positive, we can write: 𝑃𝑃!! ≥ 0; and the absolute matrix partial 
derivatives sum up to 1: ∇𝑃𝑃!! = 1. The theoretical derivation for the assumptions considering several 
possible fracture shapes within each grid cell was illustrated in Amir and Sun (2016).  

 
Figure 1: example for DFN elements generated by 

connecting any three purple dots and fracture 
interfaces specifications. 

 
Figure 2: fracture form a line with slop 𝒎𝒎 = 𝟏𝟏 that 

appears clearly within the pressures distribution. 

 
Figure 3: fracture forms a vertical line that appears 

clearly within the pressures distribution.   

 
Figure 4: fracture form a line with slop 𝒎𝒎 = 𝟎𝟎.𝟕𝟕𝟕𝟕 

that appears clearly within the pressures distribution. 

Since fracture shapes are defined using their 𝑥𝑥, 𝑦𝑦 positions within each 2D grid cell, a normalized 
grid cell needs to be determined for the RF-DFN and RF-HEF analysis. In other words, if the size of 
the normalized grid cell was chosen to be 𝑁𝑁, then the normalized grid cell ranges between 0:𝑁𝑁 ×
[0:𝑁𝑁]. As a result, all the fractures defined by their 𝑥𝑥, 𝑦𝑦 positions in any grid cell need to be scaled to 
fit in that normalized grid cell while preserving their shape, orientation, size, … etc.  

Each fracture at the normalized cell will intersect with the grid cell edges at two points: 𝑥𝑥!, 𝑦𝑦!  
and 𝑥𝑥! , 𝑦𝑦! . For triangle shape fractures, this could look like Fig.5 original shape part or it’s mirrored 
shape. Amir and Sun (2016) shape factors were built on Fig.6 assumption for the triangle shape 
fractures such that fractures intersect with the grid cell edges at the two points: 𝑥𝑥!, 𝑦𝑦!  and 𝑥𝑥! , 𝑦𝑦! . 
For such fracture shape cases, Amir and Sun (2016) derivation can be applied directly from Table 2. 
However, if the fractures original shape took Fig.5 shape, then the symmetrical properties are applied. 
Symmetrical properties indicate that the behavior at one corner of the grid cell can be mirrored to the 
other corner. However, the mirroring effect needs to be applied correctly and the new resulting 
coordinates need to be used carefully in the analytic solutions to correspond to numerical solutions. 
Applying the symmetrical mirroring effects to the triangle shape fractures, we end up with Equs. (1-2).  

 

 

 

 

Figure 5: due to symmetry, original shapes can be 
mirrored easily and the new resulting coordinates are used if 
needed in the analytic solutions to correctly correspond to 
numerical solutions. 

 
Figure 6: the analytic solution based on the 

indexes illustrated in this figure (Amir and Sun, 
2016).    

 
Fracture Shape Distance 𝒅𝒅𝒊𝒊 𝜶𝜶∗ 
Triangle shape 

fractures 
𝑑𝑑! =  ((𝑦𝑦! − 𝑦𝑦!)(𝑥𝑥! − 𝑥𝑥!)) 𝛾𝛾  
If both fracture points are on grid cell corners.  
𝑑𝑑! =  1 𝛾𝛾 ∗ 𝑦𝑦! − 𝑦𝑦! 𝑥𝑥 − 𝑥𝑥! − 𝑥𝑥! − 𝑥𝑥! 𝑦𝑦 − 𝑦𝑦!   
If one fracture point is on a grid cell corner and the other 
is on a grid cell edge.      

One side:  
𝛼𝛼∗ =  ℎ 𝑑𝑑!"#!  
Both sides: 
 𝛼𝛼∗ =  2ℎ 𝑑𝑑!"#!  
 

Vertical shape 
fractures 

One side: 
 𝑑𝑑! = ∆𝑥𝑥!. 
Both sides: 
 𝑑𝑑!" =  (∆𝑥𝑥! + ∆𝑥𝑥!) 2. 

One side: 
 𝛼𝛼∗ =  2ℎ 𝛾𝛾 𝑑𝑑!"#!  
Both sides: 
 𝛼𝛼∗ =  4ℎ 𝛾𝛾 𝑑𝑑!"#

!"  
Horizontal 

shape fractures 
One side:  
𝑑𝑑! = ∆𝑦𝑦!.  
 Both sides: 
 𝑑𝑑!" =  (∆𝑦𝑦! + ∆𝑦𝑦!) 2. 

One side: 
 𝛼𝛼∗ =  2ℎ 𝛾𝛾 𝑑𝑑!"#!  
Both sides: 
 𝛼𝛼∗ =  4ℎ 𝛾𝛾 𝑑𝑑!"#

!"  
Vertical 

Tetragonal 
shape fractures  

𝑑𝑑! = (𝑥𝑥! − 𝑥𝑥!) ∗ (𝑦𝑦! − 𝑦𝑦!) 𝛾𝛾   
If selected distances forms a triangle with both fracture 
points on the grid cell corners. 
𝑑𝑑! =  1 𝛾𝛾 ∗ 𝑦𝑦! − 𝑦𝑦! 𝑥𝑥 − 𝑥𝑥! − 𝑥𝑥! − 𝑥𝑥! 𝑦𝑦 − 𝑦𝑦!   
If selected distances forms a triangle with one fracture 
point on a grid cell corner and the other on a grid cell 
edge. 
𝑑𝑑! = 𝑦𝑦 − 𝑦𝑦! ! + 𝑥𝑥 − 𝑥𝑥! ! → General case. Since 
𝑏𝑏! = (𝑥𝑥! + 𝑦𝑦!) − 𝑥𝑥! + 𝑥𝑥! 𝑥𝑥 − 2𝑦𝑦! 𝑦𝑦 + 𝑥𝑥!𝑥𝑥! +
𝑦𝑦!! = 0; 𝑑𝑑! = 𝑏𝑏! (Not linear).  

One side: 
 𝛼𝛼∗ =  ℎ 𝑑𝑑!"#!  
Both sides: 
 𝛼𝛼∗ =  2ℎ 𝑑𝑑!"#!  

Table 2: RF-HEF fine scale 𝜶𝜶∗ equations from Amir and Sun (2016). One side indicates considering the 
distances from one side of the fracture. Two sides indicate considering the distances from both side of the fracture    

If fracture corners are on grid cell corners: 𝑑𝑑! =  ((𝑦𝑦! + 𝑦𝑦!)(𝑥𝑥! − 𝑥𝑥!)) 𝛾𝛾   (1) 
One corner on grid cell corner and the other 
on a grid cell edge:  

𝑑𝑑! =  1 𝛾𝛾 ∗ 𝑦𝑦! + 𝑦𝑦!) 𝑥𝑥 − 𝑥𝑥! −
𝑥𝑥! − 𝑥𝑥! 𝑦𝑦 + 𝑦𝑦!   

(2) 
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Similarly for other possible cases by substituting the points by their equivalent symmetrical mirror. 
In the vertical and horizontal shape fractures, 𝑑𝑑!" indicates the distances considering both side of the 
fracture; ∆𝑥𝑥! and ∆𝑦𝑦! for the first side; ∆𝑥𝑥! and ∆𝑦𝑦! for the second side.        

RF-HEF fine scale computations depend on vertical distance 𝑑𝑑! between fractures and the coarse 
grid cell edges. In other words, the computations applied follow the steps: (1) randomly select points 
𝑥𝑥-positions within the fracture 𝑥𝑥 range; (2) use the slop (computed from the 𝑥𝑥, 𝑦𝑦 positions of the points 
defining the fracture shape); (3) use the line equation: 𝑦𝑦 − 𝑦𝑦! = 𝑚𝑚 (𝑥𝑥 − 𝑥𝑥!) to find the 𝑦𝑦-positions of 
the randomly selected 𝑥𝑥-positions; finally, (4) apply the distance 𝑑𝑑! equation according to the fracture 
shapes and Table 2 rules or their mirrors as fits with the case under study.  

Since successive grid cells form the continuum, each grid cell boundary conditions effects need to 
be reduced. Oversampling technique is one of the methods used to reduce boundary conditions effects. 
The basic concept for the oversampling technique is to add additional grid cells at each direction as 
illustrated by Fig.1 and explained in Chen and Sun (2016).    

2.2 Analysis results  
In order to check adjacency between RF-DFN and RF-HEF flux exchange parameters, comparison 

tests need to be applied over several examples. This paper analysis assumes a normalized grid cell 
0: 1 ×[0: 1] in 2D and fractures pass through the points 𝑥𝑥!, 𝑦𝑦! = 0,0  and 𝑥𝑥! , 𝑦𝑦! = 1, 𝑦𝑦  such 

that 𝑦𝑦 ranges between [0.45,0.95] by 0.05. Applying the oversampling technique, the normalized grid 
cell 0: 1 ×[0: 1] became 0: 3 ×[0: 3] and so on for all the other test cases.  

RF-HEF fine scale equations are applied to the new grid cell size 3×3 and the fractures defined by 
their 𝑥𝑥!, 𝑦𝑦!  and 𝑥𝑥! , 𝑦𝑦!  positions are also extended to the new grid cell edges as illustrated by Figs. 
2-4 in RF-DFN. This oversampling effect can be applied on the RF-HEF model simply by substituting 
ℎ = 3𝑁𝑁 in 𝛼𝛼∗ equations from Table 2. This will compute the vertical distance 𝑑𝑑! until the new cell 
edges as illustrated in Amir and Sun (2016) derivations.  

Resulting 𝛼𝛼∗ values in both RF-DFN and RF-HEF models show that: (1) As actual fractures slops 
increase, 𝛼𝛼∗ values computed by both schemes become more and more adjacent to each other as 
illustrated in Figs. 7-8. (2) Both schemes 𝛼𝛼∗ values are the closest for fractures with slop 𝑚𝑚 between 
[0.8: 1] and pass through the points 𝑥𝑥!, 𝑦𝑦! = 0,0  and 𝑥𝑥! , 𝑦𝑦! = 1, [0.8: 1] . (3) This applies to 
the fractures perpendicular to them too according to the symmetrical conditions illustrated in Fig. 5. 
(4) Scaling to fit into the normalized grid cell while preserving properties is one of the important 
aspects that need to be applied. Ignoring this condition causes major additional variations between RF-
DFN and RF-HEF 𝛼𝛼∗  computations as illustrated by example in Figs. 9-10. In both figures, 𝛼𝛼∗ 
computations are applied on the non-normalized grid cell 0.5: 1.5 ×[0: 1] instead of the normalized 
grid cell 0: 1 ×[0: 1] by shifting 𝑥𝑥!, 𝑦𝑦!  to 0.5,0  and the rest of the properties accordingly. The 
behavior in Figs. 9-10 is similar to Figs.7-8 but with larger variances in values and no clear 
intersection points between the two schemes results. (5) Similar tests can be applied for vertical and 
horizontal fracture shapes intersecting with the grid cell edges.  

Assuming a normalized grid cell 0: 1 ×[0: 1] with fractures passing through the points 𝑥𝑥!, 𝑦𝑦! =
𝑥𝑥, 0  and 𝑥𝑥! , 𝑦𝑦! = 𝑥𝑥, 1  such that 𝑥𝑥 ranges between [0.45,0.95] by 0.05. Elements and pressure 

distribution using RF-DFN model for such case is illustrated by example in Fig. 3. RF-DFN and RF-
HEF 𝛼𝛼∗ comparison is illustrated by example in Figs. 11-12. Both figures show that 𝛼𝛼∗ values at 
vertical fracture cases are very close to 8. RF-DFN 𝛼𝛼∗ = 8.155718 and RF-HEF 𝛼𝛼∗ = 8 causing 
𝐷𝐷𝐷𝐷𝐷𝐷 𝛼𝛼∗ − 𝐻𝐻𝐻𝐻𝐻𝐻𝛼𝛼∗ ≈ 0.155718 as illustrated in Fig.12. Due to symmetrical properties, it can be 

concluded that 𝛼𝛼∗ values at horizontal fracture cases are also very close to 8. This fits perfectly with 
literature results based on Warren and Root (1963) DC models assuming vertical and horizontal 
fractures. For anisotropic cases: 𝛼𝛼∗ = 4 (𝑘𝑘! ∆𝑥𝑥 ! + 𝑘𝑘! ∆𝑦𝑦 ! + 𝑘𝑘! ∆𝑧𝑧 !) and for isotropic cases: 
𝛼𝛼∗ = 4 1 ∆𝑥𝑥 ! + 1 ∆𝑦𝑦 ! + 1 ∆𝑧𝑧 !  (Kazemi, 1968; Lemonnier and Bourbiaux, 2010). The 2D 
example assumptions application gives: 𝛼𝛼∗ = 4 1 1 ! + 1 1 ! = 8, similar to the test cases.  

 

 

 
Figure 7: RF-DFN and RF-HEF 𝛂𝛂∗ values in the 

normalized grid cell 𝟎𝟎:𝟏𝟏 ×[𝟎𝟎:𝟏𝟏] for triangle shape 
fractures with slops range between [𝟎𝟎.𝟒𝟒𝟒𝟒,𝟏𝟏] by 𝟎𝟎.𝟎𝟎𝟎𝟎.   

 
Figure 8: the absolute difference between RF-DFN 

and RF-HEF 𝛂𝛂∗ values in the normalized grid cell 
𝟎𝟎:𝟏𝟏 ×[𝟎𝟎:𝟏𝟏] for fractures with slops range between 
[𝟎𝟎.𝟒𝟒𝟒𝟒,𝟏𝟏] by 𝟎𝟎.𝟎𝟎𝟎𝟎: 𝑫𝑫𝑫𝑫𝑫𝑫 𝜶𝜶∗ −𝑯𝑯𝑯𝑯𝑯𝑯𝜶𝜶∗  

 
Figure 9: RF-DFN and RF-HEF 𝛂𝛂∗ values in non- 

normalized grid cell 𝟎𝟎.𝟓𝟓:𝟏𝟏.𝟓𝟓 ×[𝟎𝟎:𝟏𝟏] for triangle 
shape fractures with slops range between [𝟎𝟎.𝟒𝟒𝟒𝟒,𝟏𝟏] by 
𝟎𝟎.𝟎𝟎𝟎𝟎.  

 
Figure 10: the absolute difference between RF-

DFN and RF-HEF 𝛂𝛂∗  values in the non-normalized 
grid cell 𝟎𝟎.𝟓𝟓:𝟏𝟏.𝟓𝟓 ×[𝟎𝟎:𝟏𝟏]  for fractures with slops 
range between [𝟎𝟎.𝟒𝟒𝟒𝟒,𝟏𝟏]  by 𝟎𝟎.𝟎𝟎𝟎𝟎 : 𝑫𝑫𝑫𝑫𝑫𝑫 𝜶𝜶∗ −
𝑯𝑯𝑯𝑯𝑯𝑯𝜶𝜶∗   

 
Figure 11: RF-DFN and RF-HEF 𝛂𝛂∗ values in the 

normalized grid cell 𝟎𝟎:𝟏𝟏 ×[𝟎𝟎:𝟏𝟏] for vertical shape 
fractures.    

 
Figure 12: the absolute difference between RF-

DFN and RF-HEF 𝛂𝛂∗ values in the normalized grid cell 
𝟎𝟎:𝟏𝟏 ×[𝟎𝟎:𝟏𝟏] for vertical fractures.  
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Similarly for other possible cases by substituting the points by their equivalent symmetrical mirror. 
In the vertical and horizontal shape fractures, 𝑑𝑑!" indicates the distances considering both side of the 
fracture; ∆𝑥𝑥! and ∆𝑦𝑦! for the first side; ∆𝑥𝑥! and ∆𝑦𝑦! for the second side.        

RF-HEF fine scale computations depend on vertical distance 𝑑𝑑! between fractures and the coarse 
grid cell edges. In other words, the computations applied follow the steps: (1) randomly select points 
𝑥𝑥-positions within the fracture 𝑥𝑥 range; (2) use the slop (computed from the 𝑥𝑥, 𝑦𝑦 positions of the points 
defining the fracture shape); (3) use the line equation: 𝑦𝑦 − 𝑦𝑦! = 𝑚𝑚 (𝑥𝑥 − 𝑥𝑥!) to find the 𝑦𝑦-positions of 
the randomly selected 𝑥𝑥-positions; finally, (4) apply the distance 𝑑𝑑! equation according to the fracture 
shapes and Table 2 rules or their mirrors as fits with the case under study.  

Since successive grid cells form the continuum, each grid cell boundary conditions effects need to 
be reduced. Oversampling technique is one of the methods used to reduce boundary conditions effects. 
The basic concept for the oversampling technique is to add additional grid cells at each direction as 
illustrated by Fig.1 and explained in Chen and Sun (2016).    

2.2 Analysis results  
In order to check adjacency between RF-DFN and RF-HEF flux exchange parameters, comparison 

tests need to be applied over several examples. This paper analysis assumes a normalized grid cell 
0: 1 ×[0: 1] in 2D and fractures pass through the points 𝑥𝑥!, 𝑦𝑦! = 0,0  and 𝑥𝑥! , 𝑦𝑦! = 1, 𝑦𝑦  such 

that 𝑦𝑦 ranges between [0.45,0.95] by 0.05. Applying the oversampling technique, the normalized grid 
cell 0: 1 ×[0: 1] became 0: 3 ×[0: 3] and so on for all the other test cases.  

RF-HEF fine scale equations are applied to the new grid cell size 3×3 and the fractures defined by 
their 𝑥𝑥!, 𝑦𝑦!  and 𝑥𝑥! , 𝑦𝑦!  positions are also extended to the new grid cell edges as illustrated by Figs. 
2-4 in RF-DFN. This oversampling effect can be applied on the RF-HEF model simply by substituting 
ℎ = 3𝑁𝑁 in 𝛼𝛼∗ equations from Table 2. This will compute the vertical distance 𝑑𝑑! until the new cell 
edges as illustrated in Amir and Sun (2016) derivations.  

Resulting 𝛼𝛼∗ values in both RF-DFN and RF-HEF models show that: (1) As actual fractures slops 
increase, 𝛼𝛼∗ values computed by both schemes become more and more adjacent to each other as 
illustrated in Figs. 7-8. (2) Both schemes 𝛼𝛼∗ values are the closest for fractures with slop 𝑚𝑚 between 
[0.8: 1] and pass through the points 𝑥𝑥!, 𝑦𝑦! = 0,0  and 𝑥𝑥! , 𝑦𝑦! = 1, [0.8: 1] . (3) This applies to 
the fractures perpendicular to them too according to the symmetrical conditions illustrated in Fig. 5. 
(4) Scaling to fit into the normalized grid cell while preserving properties is one of the important 
aspects that need to be applied. Ignoring this condition causes major additional variations between RF-
DFN and RF-HEF 𝛼𝛼∗  computations as illustrated by example in Figs. 9-10. In both figures, 𝛼𝛼∗ 
computations are applied on the non-normalized grid cell 0.5: 1.5 ×[0: 1] instead of the normalized 
grid cell 0: 1 ×[0: 1] by shifting 𝑥𝑥!, 𝑦𝑦!  to 0.5,0  and the rest of the properties accordingly. The 
behavior in Figs. 9-10 is similar to Figs.7-8 but with larger variances in values and no clear 
intersection points between the two schemes results. (5) Similar tests can be applied for vertical and 
horizontal fracture shapes intersecting with the grid cell edges.  

Assuming a normalized grid cell 0: 1 ×[0: 1] with fractures passing through the points 𝑥𝑥!, 𝑦𝑦! =
𝑥𝑥, 0  and 𝑥𝑥! , 𝑦𝑦! = 𝑥𝑥, 1  such that 𝑥𝑥 ranges between [0.45,0.95] by 0.05. Elements and pressure 

distribution using RF-DFN model for such case is illustrated by example in Fig. 3. RF-DFN and RF-
HEF 𝛼𝛼∗ comparison is illustrated by example in Figs. 11-12. Both figures show that 𝛼𝛼∗ values at 
vertical fracture cases are very close to 8. RF-DFN 𝛼𝛼∗ = 8.155718 and RF-HEF 𝛼𝛼∗ = 8 causing 
𝐷𝐷𝐷𝐷𝐷𝐷 𝛼𝛼∗ − 𝐻𝐻𝐻𝐻𝐻𝐻𝛼𝛼∗ ≈ 0.155718 as illustrated in Fig.12. Due to symmetrical properties, it can be 

concluded that 𝛼𝛼∗ values at horizontal fracture cases are also very close to 8. This fits perfectly with 
literature results based on Warren and Root (1963) DC models assuming vertical and horizontal 
fractures. For anisotropic cases: 𝛼𝛼∗ = 4 (𝑘𝑘! ∆𝑥𝑥 ! + 𝑘𝑘! ∆𝑦𝑦 ! + 𝑘𝑘! ∆𝑧𝑧 !) and for isotropic cases: 
𝛼𝛼∗ = 4 1 ∆𝑥𝑥 ! + 1 ∆𝑦𝑦 ! + 1 ∆𝑧𝑧 !  (Kazemi, 1968; Lemonnier and Bourbiaux, 2010). The 2D 
example assumptions application gives: 𝛼𝛼∗ = 4 1 1 ! + 1 1 ! = 8, similar to the test cases.  

 

 

 
Figure 7: RF-DFN and RF-HEF 𝛂𝛂∗ values in the 

normalized grid cell 𝟎𝟎:𝟏𝟏 ×[𝟎𝟎:𝟏𝟏] for triangle shape 
fractures with slops range between [𝟎𝟎.𝟒𝟒𝟒𝟒,𝟏𝟏] by 𝟎𝟎.𝟎𝟎𝟎𝟎.   

 
Figure 8: the absolute difference between RF-DFN 

and RF-HEF 𝛂𝛂∗ values in the normalized grid cell 
𝟎𝟎:𝟏𝟏 ×[𝟎𝟎:𝟏𝟏] for fractures with slops range between 
[𝟎𝟎.𝟒𝟒𝟒𝟒,𝟏𝟏] by 𝟎𝟎.𝟎𝟎𝟎𝟎: 𝑫𝑫𝑫𝑫𝑫𝑫 𝜶𝜶∗ −𝑯𝑯𝑯𝑯𝑯𝑯𝜶𝜶∗  

 
Figure 9: RF-DFN and RF-HEF 𝛂𝛂∗ values in non- 

normalized grid cell 𝟎𝟎.𝟓𝟓:𝟏𝟏.𝟓𝟓 ×[𝟎𝟎:𝟏𝟏] for triangle 
shape fractures with slops range between [𝟎𝟎.𝟒𝟒𝟒𝟒,𝟏𝟏] by 
𝟎𝟎.𝟎𝟎𝟎𝟎.  

 
Figure 10: the absolute difference between RF-

DFN and RF-HEF 𝛂𝛂∗  values in the non-normalized 
grid cell 𝟎𝟎.𝟓𝟓:𝟏𝟏.𝟓𝟓 ×[𝟎𝟎:𝟏𝟏]  for fractures with slops 
range between [𝟎𝟎.𝟒𝟒𝟒𝟒,𝟏𝟏]  by 𝟎𝟎.𝟎𝟎𝟎𝟎 : 𝑫𝑫𝑫𝑫𝑫𝑫 𝜶𝜶∗ −
𝑯𝑯𝑯𝑯𝑯𝑯𝜶𝜶∗   

 
Figure 11: RF-DFN and RF-HEF 𝛂𝛂∗ values in the 

normalized grid cell 𝟎𝟎:𝟏𝟏 ×[𝟎𝟎:𝟏𝟏] for vertical shape 
fractures.    

 
Figure 12: the absolute difference between RF-

DFN and RF-HEF 𝛂𝛂∗ values in the normalized grid cell 
𝟎𝟎:𝟏𝟏 ×[𝟎𝟎:𝟏𝟏] for vertical fractures.  
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However, literature 𝛼𝛼∗ for the simplified vertical and horizontal fracture shapes doesn’t apply to 
other shapes effected by sizes, orientations, … etc. as illustrated in Figs.1-10.     

3 Flow model generalization 
From oil extraction point of view, reservoir fracking is applied during drilling wells forcing open 

existing fissures with crush-resistant Frac sands. Such processes cause higher permeability fractures 
compared to matrices, different porosities and other properties fitting rocks structures, … etc. A mass-
momentum conservation law is used according to the unified Hagen-Poiseuille-type equation to 
preserve the physical properties for a single-phase single-component slightly compressible rock and 
fluid. Component adsorption is considered within each rock section type according to its properties 
(Civan et al., 2011):         
𝜕𝜕 𝜕𝜕𝜕𝜕 𝜌𝜌𝜌𝜌 + 1 − 𝜑𝜑 𝑞𝑞! + ∇. 𝜌𝜌𝑢𝑢! = 𝑄𝑄! (3) 
Index 𝑐𝑐 = 𝑚𝑚, 𝑓𝑓 indicates matrices and fractures; 𝑞𝑞! is the mass of a single-phase component adsorbed 
per solid volume; 𝜌𝜌 density; 𝜑𝜑 porosity; 𝑢𝑢 velocity; 𝑄𝑄! source term; 𝑡𝑡 time. Expanding the first term: 

𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝!

+ 𝜑𝜑
𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝!

+ 1 − 𝜑𝜑
𝜕𝜕𝑞𝑞!
𝜕𝜕𝑝𝑝!

− 𝑞𝑞!
𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝!

𝜕𝜕𝑝𝑝!
𝜕𝜕𝜕𝜕

+ ∇. 𝜌𝜌𝑢𝑢! = 𝑄𝑄! 
(4) 

Adsorbed single-phase component per solid volume estimation methods include Langmuir isotherms 
(1932), BET [after Burner, Emmett, and Teller] (Atkins, 1978), and molecular simulation (Sui et al., 
2015). For simplification purposes, we use Langmuir isotherm in this paper: 
𝑞𝑞! = 𝜌𝜌!𝑀𝑀!𝑉𝑉! 𝑝𝑝! 𝑉𝑉!"# 𝑝𝑝! + 𝑝𝑝!   (5) 
𝜌𝜌! is density (constant); 𝑀𝑀! gas molecular weight (constant); 𝑉𝑉!"# molar volume of gas at standard 
temperature 273.15 𝐾𝐾!  at pressure 101325 Pa (constant); 𝑉𝑉!  Langmuir volume; 𝑝𝑝!  Langmuir; 𝑝𝑝! 
considered rock section pressure such that 𝑐𝑐 = 𝑚𝑚, 𝑓𝑓. 
𝜕𝜕𝑞𝑞! 𝜕𝜕𝑝𝑝! = 𝜌𝜌!𝑀𝑀!𝑉𝑉! 𝑝𝑝! 𝑉𝑉!"# 𝑝𝑝! + 𝑝𝑝! !   (6) 
Assuming slightly compressible fluid:   

𝑐𝑐! =  −
1
𝑉𝑉

𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝! !

=
1
𝜌𝜌

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝! !

→  
𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝!

= 𝑐𝑐!𝜌𝜌 
(7) 

Using Taylor series approximation for slightly compressible rocks and fluids:  
𝜌𝜌 = 𝜌𝜌! exp 𝑐𝑐! 𝑝𝑝! − 𝑝𝑝!! ;𝜑𝜑 = 𝜑𝜑! exp 𝑐𝑐! 𝑝𝑝! − 𝑝𝑝!! ;  𝜕𝜕𝜕𝜕 𝜕𝜕𝑝𝑝! = 𝜑𝜑!𝑐𝑐! (8) 
𝑐𝑐! is fluid compressibility; 𝑐𝑐! is rock compressibility; 𝜌𝜌! is density at 𝑝𝑝!! pressure; 𝜑𝜑! is porosity at 𝑝𝑝!! 
pressure. Substituting Eqs. 5-8 in Eq. 4:  

𝜌𝜌𝜑𝜑!𝑐𝑐! + 𝜑𝜑𝑐𝑐!𝜌𝜌 + 1 − 𝜑𝜑
𝜌𝜌!𝑀𝑀!𝑉𝑉!
𝑉𝑉!"#

 
𝑝𝑝!

𝑝𝑝! + 𝑝𝑝! ! −
𝜌𝜌!𝑀𝑀!𝑉𝑉! 𝑝𝑝!
𝑉𝑉!"# 𝑝𝑝! + 𝑝𝑝!

 𝜑𝜑!𝑐𝑐!
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
+ ∇. 𝜌𝜌𝑢𝑢! = 𝑄𝑄! 

(9) 

𝑄𝑄! = 𝑞𝑞! +  𝛼𝛼 !
!
(𝑝𝑝! − 𝑝𝑝!); 𝑄𝑄! = 𝑞𝑞!  +  𝛼𝛼 !

!
(𝑝𝑝! − 𝑝𝑝!); Ignoring gravity effects:  (10) 

𝑢𝑢! = −
𝑘𝑘!
𝜇𝜇

 ∇𝑝𝑝! → 𝑢𝑢!! = −
𝑘𝑘!
𝜇𝜇

𝜕𝜕𝑝𝑝!
𝜕𝜕𝜕𝜕

 
(11) 

𝑝𝑝! is total head (total amount of pressure for a system fluid flow); 𝑝𝑝! = ℎ! + ℎ!; ℎ!: vertical rise 
(elevation head); ℎ!: friction loss (pressure head). 𝜇𝜇 is viscosity assumed to be constant in this paper; 
𝑘𝑘 is permeability; 𝑢𝑢! is velocity in 𝑥𝑥 − axis and so on in all axis’s. 

According to Figs. 7-8, RF-DFN and RF-HEF 𝛼𝛼∗  are most adjacent in the normalized cells 
0: 1 ×[0: 1] when fractures pass through the point 𝑥𝑥!, 𝑦𝑦! = 𝑥𝑥, 0  with slop 0.9 for triangle shape 

fractures. So, the reservoir in Fig. 13-14 is chosen to have 88×88 grid cells and a fracture defined by 
the equation 𝑦𝑦 = 0.9𝑥𝑥 and two more fractures parallel to it: 𝑦𝑦 = 0.9𝑥𝑥 + 5 and 𝑦𝑦 = 0.9𝑥𝑥 − 5. The flow 
is applied for single-phase Ethane properties with the slip effects. Fig.13 visualizes the flow behavior 
using velocity quivers and show that fluids have a tendency to flow into the fracture and then along 

 

 

the fracture in mediums with higher permeability fractures. Fig.14 gives an indication for the small 
size fractures production rates.   

 
Figure 13: coupling fine scale with coarse scale in 

RF-HEF model for a fracture with equation 𝒚𝒚 = 𝟎𝟎.𝟗𝟗𝟗𝟗 
and two fractures parallel to it.  

 
Figure 14: matrices cumulative rate for the test 

case described in Fig.13. 

4 Conclusion  
RF-DFN and RF-HEF 𝛼𝛼∗ for vertical and horizontal fractures are approximately equivalent to 

Kazemi (1968) simplification for Warren and Root (1963) assumption. For more complex fracture 
shapes, RF-DFN 𝛼𝛼∗ numerical solutions and RF-HEF fine-scale 𝛼𝛼∗ analytic solutions applying exactly 
similar testing conditions are compared. As a result, it was found that the difference between 𝛼𝛼∗ values 
in both schemes decreases as fractures slops increase within each grid cell. In the normalized grid cell 
0: 1 ×[0: 1], these values are the nearest to each other when fractures slops range between the values 
[0.8: 1] and passes through the points 𝑥𝑥!, 𝑦𝑦! = 0,0  for each fracture. The same could apply to the 
fractures perpendicular to them due to the symmetrical properties applied.  

A generalization was provided for Amir and Sun (2016) laboratory test shale gas model in order to 
make it applicable to any slightly compressible single-phase fluid flow within fractured porous media. 
Results showed that fluids have tendency to flow into the fracture and then along the fracture in 
mediums with higher permeability fractures. Visualization of flow using velocity quivers is used to 
detect and demonstrate the diverse flow regimes progressively occurring over time.   

5 Future work 
Since the difference between RF-DFN and RF-HEF 𝛼𝛼∗ values decreases as fracture slops increase, 

it is adequate to assume that 𝛼𝛼∗ values could fit better if the angles formed between fractures and grid 
cell edges were taken into account in the RF-HEF fine-scale analytic solution enhancement.     
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However, literature 𝛼𝛼∗ for the simplified vertical and horizontal fracture shapes doesn’t apply to 
other shapes effected by sizes, orientations, … etc. as illustrated in Figs.1-10.     

3 Flow model generalization 
From oil extraction point of view, reservoir fracking is applied during drilling wells forcing open 

existing fissures with crush-resistant Frac sands. Such processes cause higher permeability fractures 
compared to matrices, different porosities and other properties fitting rocks structures, … etc. A mass-
momentum conservation law is used according to the unified Hagen-Poiseuille-type equation to 
preserve the physical properties for a single-phase single-component slightly compressible rock and 
fluid. Component adsorption is considered within each rock section type according to its properties 
(Civan et al., 2011):         
𝜕𝜕 𝜕𝜕𝜕𝜕 𝜌𝜌𝜌𝜌 + 1 − 𝜑𝜑 𝑞𝑞! + ∇. 𝜌𝜌𝑢𝑢! = 𝑄𝑄! (3) 
Index 𝑐𝑐 = 𝑚𝑚, 𝑓𝑓 indicates matrices and fractures; 𝑞𝑞! is the mass of a single-phase component adsorbed 
per solid volume; 𝜌𝜌 density; 𝜑𝜑 porosity; 𝑢𝑢 velocity; 𝑄𝑄! source term; 𝑡𝑡 time. Expanding the first term: 

𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝!

+ 𝜑𝜑
𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝!

+ 1 − 𝜑𝜑
𝜕𝜕𝑞𝑞!
𝜕𝜕𝑝𝑝!

− 𝑞𝑞!
𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝!

𝜕𝜕𝑝𝑝!
𝜕𝜕𝜕𝜕

+ ∇. 𝜌𝜌𝑢𝑢! = 𝑄𝑄! 
(4) 

Adsorbed single-phase component per solid volume estimation methods include Langmuir isotherms 
(1932), BET [after Burner, Emmett, and Teller] (Atkins, 1978), and molecular simulation (Sui et al., 
2015). For simplification purposes, we use Langmuir isotherm in this paper: 
𝑞𝑞! = 𝜌𝜌!𝑀𝑀!𝑉𝑉! 𝑝𝑝! 𝑉𝑉!"# 𝑝𝑝! + 𝑝𝑝!   (5) 
𝜌𝜌! is density (constant); 𝑀𝑀! gas molecular weight (constant); 𝑉𝑉!"# molar volume of gas at standard 
temperature 273.15 𝐾𝐾!  at pressure 101325 Pa (constant); 𝑉𝑉!  Langmuir volume; 𝑝𝑝!  Langmuir; 𝑝𝑝! 
considered rock section pressure such that 𝑐𝑐 = 𝑚𝑚, 𝑓𝑓. 
𝜕𝜕𝑞𝑞! 𝜕𝜕𝑝𝑝! = 𝜌𝜌!𝑀𝑀!𝑉𝑉! 𝑝𝑝! 𝑉𝑉!"# 𝑝𝑝! + 𝑝𝑝! !   (6) 
Assuming slightly compressible fluid:   

𝑐𝑐! =  −
1
𝑉𝑉

𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝! !

=
1
𝜌𝜌

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝! !

→  
𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝!

= 𝑐𝑐!𝜌𝜌 
(7) 

Using Taylor series approximation for slightly compressible rocks and fluids:  
𝜌𝜌 = 𝜌𝜌! exp 𝑐𝑐! 𝑝𝑝! − 𝑝𝑝!! ;𝜑𝜑 = 𝜑𝜑! exp 𝑐𝑐! 𝑝𝑝! − 𝑝𝑝!! ;  𝜕𝜕𝜕𝜕 𝜕𝜕𝑝𝑝! = 𝜑𝜑!𝑐𝑐! (8) 
𝑐𝑐! is fluid compressibility; 𝑐𝑐! is rock compressibility; 𝜌𝜌! is density at 𝑝𝑝!! pressure; 𝜑𝜑! is porosity at 𝑝𝑝!! 
pressure. Substituting Eqs. 5-8 in Eq. 4:  

𝜌𝜌𝜑𝜑!𝑐𝑐! + 𝜑𝜑𝑐𝑐!𝜌𝜌 + 1 − 𝜑𝜑
𝜌𝜌!𝑀𝑀!𝑉𝑉!
𝑉𝑉!"#

 
𝑝𝑝!

𝑝𝑝! + 𝑝𝑝! ! −
𝜌𝜌!𝑀𝑀!𝑉𝑉! 𝑝𝑝!
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 𝜑𝜑!𝑐𝑐!
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
+ ∇. 𝜌𝜌𝑢𝑢! = 𝑄𝑄! 

(9) 

𝑄𝑄! = 𝑞𝑞! +  𝛼𝛼 !
!
(𝑝𝑝! − 𝑝𝑝!); 𝑄𝑄! = 𝑞𝑞!  +  𝛼𝛼 !

!
(𝑝𝑝! − 𝑝𝑝!); Ignoring gravity effects:  (10) 

𝑢𝑢! = −
𝑘𝑘!
𝜇𝜇

 ∇𝑝𝑝! → 𝑢𝑢!! = −
𝑘𝑘!
𝜇𝜇

𝜕𝜕𝑝𝑝!
𝜕𝜕𝜕𝜕

 
(11) 

𝑝𝑝! is total head (total amount of pressure for a system fluid flow); 𝑝𝑝! = ℎ! + ℎ!; ℎ!: vertical rise 
(elevation head); ℎ!: friction loss (pressure head). 𝜇𝜇 is viscosity assumed to be constant in this paper; 
𝑘𝑘 is permeability; 𝑢𝑢! is velocity in 𝑥𝑥 − axis and so on in all axis’s. 

According to Figs. 7-8, RF-DFN and RF-HEF 𝛼𝛼∗  are most adjacent in the normalized cells 
0: 1 ×[0: 1] when fractures pass through the point 𝑥𝑥!, 𝑦𝑦! = 𝑥𝑥, 0  with slop 0.9 for triangle shape 

fractures. So, the reservoir in Fig. 13-14 is chosen to have 88×88 grid cells and a fracture defined by 
the equation 𝑦𝑦 = 0.9𝑥𝑥 and two more fractures parallel to it: 𝑦𝑦 = 0.9𝑥𝑥 + 5 and 𝑦𝑦 = 0.9𝑥𝑥 − 5. The flow 
is applied for single-phase Ethane properties with the slip effects. Fig.13 visualizes the flow behavior 
using velocity quivers and show that fluids have a tendency to flow into the fracture and then along 

 

 

the fracture in mediums with higher permeability fractures. Fig.14 gives an indication for the small 
size fractures production rates.   

 
Figure 13: coupling fine scale with coarse scale in 

RF-HEF model for a fracture with equation 𝒚𝒚 = 𝟎𝟎.𝟗𝟗𝟗𝟗 
and two fractures parallel to it.  

 
Figure 14: matrices cumulative rate for the test 

case described in Fig.13. 

4 Conclusion  
RF-DFN and RF-HEF 𝛼𝛼∗ for vertical and horizontal fractures are approximately equivalent to 

Kazemi (1968) simplification for Warren and Root (1963) assumption. For more complex fracture 
shapes, RF-DFN 𝛼𝛼∗ numerical solutions and RF-HEF fine-scale 𝛼𝛼∗ analytic solutions applying exactly 
similar testing conditions are compared. As a result, it was found that the difference between 𝛼𝛼∗ values 
in both schemes decreases as fractures slops increase within each grid cell. In the normalized grid cell 
0: 1 ×[0: 1], these values are the nearest to each other when fractures slops range between the values 
[0.8: 1] and passes through the points 𝑥𝑥!, 𝑦𝑦! = 0,0  for each fracture. The same could apply to the 
fractures perpendicular to them due to the symmetrical properties applied.  

A generalization was provided for Amir and Sun (2016) laboratory test shale gas model in order to 
make it applicable to any slightly compressible single-phase fluid flow within fractured porous media. 
Results showed that fluids have tendency to flow into the fracture and then along the fracture in 
mediums with higher permeability fractures. Visualization of flow using velocity quivers is used to 
detect and demonstrate the diverse flow regimes progressively occurring over time.   

5 Future work 
Since the difference between RF-DFN and RF-HEF 𝛼𝛼∗ values decreases as fracture slops increase, 

it is adequate to assume that 𝛼𝛼∗ values could fit better if the angles formed between fractures and grid 
cell edges were taken into account in the RF-HEF fine-scale analytic solution enhancement.     
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