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ABSTRACT

Disordered Plasmonics and Complex Metamaterials

Juan Sebastian Totero Gongora

Complex systems are ensembles of interconnected elements where mutual in-

teraction and an optimized amount of disorder produce advanced functionalities.

These systems are abundant in our daily experience: typical examples are the

brain, biological ecosystems, society, and finance. In the last century, researchers

have investigated the fundamental properties of disordered systems, unveiling fas-

cinating and counterintuitive dynamics. The main aim of this Dissertation is the

study of a new platform of disorder-enhanced photonics systems, denoted as Com-

plex Metamaterials. Due to its ultrafast time scale nanophotonics represents an

ideal framework to investigate and harness complex dynamics. Starting from the

theoretical modeling of disordered plasmonic systems, I discuss advanced real-life

applications, including the generation of highly-resistant structural colors from

porous metal surfaces and the realization of early-stage cancer detectors based

on surface roughness and self-similarity. In addition to the effects of structural

disorder on plasmonic systems I also investigate the complex emission dynamics

from non-conventional nanolasers. Lasers represent the quintessential example of

a complex photonic system due to the simultaneous presence of strong nonlineari-

ties and multi-mode interactions. At the same time, the integration of nanolasers

with silicon-based electronic circuitry represents one of the greatest technological

challenges in the field of nanophotonics. By combining ab-initio simulations and

analytical modeling, I characterize the nonlinear emission from three-dimensional

plasmonic nanolasers known as SPASERs. My results show for the first time

the occurrence of a spontaneous rotational emission in spherical SPASERs, which

originates from the nonlinear interaction of several lasing modes. I further dis-

cuss how rotating nanolasers can be employed as a fundamental building block for
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integrated quantum simulators, random information sources, and brain-inspired

photonics platforms. Leveraging the practical limitations of SPASERs, I also pro-

pose a novel concept of near-field nanolaser based on invisible anapole modes.

Anapoles constitute a peculiar state of electromagnetic radiation with no far-field

emission and they have been recently discovered in dielectric nanoparticles. By

integrating anapole lasers in a silicon-compatible platform, I discuss several ad-

vanced applications such as spontaneously polarized nanolasers and ultrafast pulse

generators on-chip.
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4.1 Concept of anapole nanolaser. a Three dimensionsonal representa-
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via stimulated emission in a direct bad gap semiconductor. c Am-
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Spatial distribution of the electric field inside the nanodisk at the
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4.2 Anapole nanolaser: design. a Tunability of the direct band gap of

InxGa(1−x)As as a function of the molar ratio x of InAs. b Pseudo-

color plot of the scattering efficiency Csca of an In0.15Ga0.85As nan-

odisk for a varying disk diameter d and of the incident wavelength.

The incident field is linearly polarized along the Ex direction. The

white dashed line highlights the region where the scattering is sup-

pressed by the presence of anapole states. c Scattering efficiency

for an In0.15Ga0.85As cylinder of diameter d = 440 nm and height

h = 100 nm. For these choice of parameters, the anapole wave-

length coincides with the semiconductor emission wavelength λ0

(red arrow). The red shahed area shows the Lorentzian gain profile

of the In0.15Ga0.85As semiconductor, which is entirely contained in

the scattering suppression region. . . . . . . . . . . . . . . . . . . . 86

4.3 Dispersive FDTD modeling of In0.15Ga0.85As Real (left) and imag-

inary (right) parts of the dielectric function ε(ω) = ε1(ω) + iε2(ω)

of In0.15Ga0.85As as a function of the wavelength λ. The disper-

sion model employed in our simulations (circles markers) ensures

one-to-one mapping with experimental measurements (solid lines). 87

4.4 Multipole decomposition of the anapole state. Electric (orange

lines) and toroidal (blue) dipole modes of the anapole state formed

in a In0.15Ga0.85As nanodisk of diameter d = 440 nm and height

h = 100 nm in an ideal lossless configuration. . . . . . . . . . . . . . 88
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4.5 Anapole state: effect of losses. Scattering cross section for an

In0.15Ga0.85As cylinder of diameter d = 440 nm and h = 100 nm

in the ideal case (blue line) and in the case where the losses of

the material are considered (orange line). The presence of losses

changes very little the scattering digram and do not appreciably

alter the minimum position in frequency. . . . . . . . . . . . . . . 89

4.6 Optimization and robusteness of the anapole state at λ = 950nm.

Scattering cross section for an In0.15Ga0.85As cylinder for varying

diameter and height near the anapole state formed at d = 440 nm

and h = 100 nm. The dotted area shows the region of strong

scattering suppression, where the anapole state is stable. . . . . . . 90

4.7 Near field lasing action of anapole states. a Input/output diagram

of anapole amplitude versus carrier density ρ0 with (inset) time

trace (a) of the field component Ex for a pumping rate of ρ0 =

3×1026 part ·m−3. b Corresponding linewidth behavior and (inset)

power spectral density measured inside the nanodisk. c-e Three-

dimensional volume mapping (c) of the electromagnetic energy in

the steady-state for ρ0 = 3 × 1026 part ·m−3. Panel d and e show

top (d) and lateral (e) sections of panel c. . . . . . . . . . . . . . . 91

4.8 Scattering suppression and invisibility of a linear anapole state.

a Volume mapping of the electromagnetic energy distribution of

an incident plane-wave impinging on an anapole nanoparticle at

λ = 948nm. The plane wave propagates along z, and the incident

polarization is Ex (red arrow). (inset) Section of the electromag-

netic energy in the center of the cylinder (dashed line), showing

the characteristic three-lobes profile of the anapole mode. b x − z
section of the electromagnetic energy distribution. As can be seen

from the figure, the anapole scattering field is restricted to the near

field, and the plane wave profile is completely restored after a few

wavelengths. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
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4.9 Polarization controlled and optical router anapole nanolaser. a

Working principle of the device based on directional coupling of

anapole modes. Light pumping the anapole nanolaser placed in

the middle of the circuit amplifies the corresponding anapole mode

that tunnels energy in neighboring channels according to the po-

larization of the input pump. b Electromagnetic energy distri-

bution in the nanowire channel at steady state in the case of an

Ex polarized pumping beam. c-e Same structure as in (a,b), but

with an In0.15Ga0.85As spherical nanoparticle replacing the anapole

nanolaser (see panel e, inset). The nanoparticle has the same radius

as the cylinder and is characterized by a strong resonance at the

emission wavelength λ0. The emission of the nanoparticle is more

than one order of magnitude larger than the anapole, as observed

by comparing panels b-c. However, does not selectively couple to

any channel, due to the strongly radiating character of the emis-

sion intensity. In addition to that, the intensity coupled in each

nanowire channel (e) is four order of magnitude lower than for the

anapole nanolaser (d). . . . . . . . . . . . . . . . . . . . . . . . . . 94
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within the amplification bandwidth of the In0.15Ga0.85As semicon-
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ωn and phase φn. Due to nearest-neighbor interactions, anapoles
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a stable train of pulses in the channel waveguide. d 3D volume

mapping of the electromagnetic energy in the structure at steady

state. e,f Energy evolution inside the waveguide channel (blue line).

The system forms equispaced pulses with duration of 95 fs and pe-

riod of 190 fs. The solid red line in panel e shows the theoretical

prediction from the standard theory of mode locking. g Emission

spectrum (solid blue line) superimposed to the semiconductor gain

profile (dashed orange line) exhibiting the locking of two electro-

magnetic frequencies located on the edges of the semiconductor

amplification band. . . . . . . . . . . . . . . . . . . . . . . . . . . 97
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4.11 Ultra-fast pulse engineering by tailoring the anapole geometry. a,b

Modified anapole array configuration where the nanoparticles from

the symmetric structure in Fig. 4.10 have been shifted of 6 degrees

along y. Panel b shows a section of the electromagnetic energy

steady-state distribution. c,e Steady-state electromagnetic energy

inside the waveguide, characterized by the formation of 145 fs long

pulses repeating within a 1.65 ps period. The pulse profile, as shown

in (d), is characteristic of a system with a large number of synchro-

nized frequencies. . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.12 Emission from an array of highly-scattering modes. a Surface plot of

the (x-z) section of the electromagnetic energy of the same structure

as in Fig. 5 of the main text but in the presence of highly-scattering

nanoparticles. The nanoparticle radius is r = 203nm, which cor-

responds to a scattering peak at the emission wavelength λ0. The

emission of the nanoparticles is coupled into the tapered structure

but fails to produce a propagating mode in the waveguide (solid

gray). b Tilted view of (a). . . . . . . . . . . . . . . . . . . . . . . 99
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5.3 Anapole states in a silicon resonator (n=3.5). a Total scattering

efficiency Qsca(x) and internal resonances (dotted vertical lines)

as computed from the Fano-Feshbach partitioning scheme. The
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intensity |σm(x)|2 and Fano coefficient φm(x) for (b) m=0 and (c)

m=2. d Electric field distribution of the Anapole state as computed

from Lorentz-Mie theory. e-f Spatial distributions of the µ21 (e) and

µ02 (f) resonances as computed with the Fano-Feshbach formalism.
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(a) shows an example of the spatial distribution of electromagnetic
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Introduction

It is a common perception that disorder influences negatively the properties of a

physical system. Nevertheless, there are several cases in which chaos and disorder

play a positive role and can be exploited to develop novel functionalities. In fact,

the introduction of an optimized amount of disorder is generally associated with

an increases in the complexity of the system under examination. As is often seen in

nature, however, such increase in complexity corresponds to a significantly broader

physical scenario. In recent years, researchers have devoted great efforts to the

possibility of harnessing complexity and controlling disorder in optical systems at

the nanoscale [1, 2, 3]. One of the most discussed properties of disordered systems

it the possibility of induce the formation of strongly localized states. Starting

from the initial works of Anderson on the insulation properties of a disordered

conductor [4], it has been possible to generalize and study the occurrence of weak

and strong localization in different physical contexts involving wave propagation in

random media. In photonics, for example, the occurrence of Anderson localization

has been observed and analyzed extensively by investigating the spectral proper-

ties of disordered Photonic Crystals (PhCs) [5, 6]. Localization plays a key role in

the presence of metal structures at the nanoscale. It is well known that when an

electromagnetic wave impinges on a metallic surface, it can excite a distribution of

Surface Plasmon Polariton (SPP) or Localized Plasmon Polariton (LPP), whose

spatial footprint is confined to the geometrical structure of the metal. By tuning

the geometry of the plasmonic structure, the SPP distribution can be tailored to

produce a strong enhancement of the electromagnetic field, whose spatial extent

can go far below the diffraction limit. The generation of highly localized hot-spots

plays an important role in many plasmonic applications and is usually achieved

by considering symmetric and regular geometries (e.g. nano-tips). A particu-
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larly important application of nano-plasmonics is provided by the development

of high-resolution imaging techniques. Highly localized electric field distributions

play a fundamental role in Surface Enhanced Raman Spectroscopy (SERS), which

constitutes the core of several biological spectroscopy applications [7]. In this

context, different plasmonic nanolensing systems have been investigated and their

properties assessed both theoretically and experimentally. These devices exploit

various self-similarity effects and/or take advantage from the guiding properties

of periodic systems [8, 9, 10, 11]. All these studies, however, are characterized by

the use of classical geometries, such as regular spheres, where structural disorder

is generally not taken into account. On the contrary, a few degrees of randomness

are unavoidable in fabrication processes of such geometries. The investigation of

the effects of disorder is therefore an important problem to be addressed and sev-

eral studies have been conducted on the localization properties of fractal clusters,

particles aggregates and disordered surfaces [12, 13].

Due to the uncertainty produced by randomness and chaos, the study of com-

plex plasmonic systems requires the development of rigorous theoretical models to

treat disorder and complexity. A first efficient approach is provided by ab-initio

methods, such as FDTD simulations of plasmonic structures. In the FDTD frame-

work, Maxwell’s equations are solved simultaneously in time and space, hence pro-

viding a detailed knowledge of the electromagnetic fields with arbitrary precision

[14, 15]. FDTD simulations, therefore, provide an interesting virtual laboratory

to investigate and test the localization properties of arbitrary plasmonic systems.

However, due to the typical length-scale of plasmonic-induced phenomena, direct

FDTD simulations can require extremely high-resolution numerical grids, hence

significantly increasing the computational cost of the investigation. At the same

time, the large number of localized modes interacting in a disordered plasmonic

structure produce non-trivial dynamics, which cannot be traced directly from nu-

merical simulations alone. Therefore, the results from ab-initio simulations have to

be combined with opportune theoretical methods which allow for a detailed mod-
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eling of the localization properties of the system and the mutual interaction of the

underlying modes. As we will show, a very elegant and efficient representation of

arbitrary plasmonic structures can be obtained by means of a novel kind of Trans-

formation Optics (TO) approach. TO, which relies on the invariance of Maxwell’s

equations under spatial coordinates transformation, is a widely employed tech-

nique in the field of metamaterials [16, 17, 18, 19, 20, 21]. In the TO approach,

any desired geometrical deformation of the electromagnetic field components can

be obtained by introducing an opportune refractive index distribution, such as in

the case electromagnetic cloacking applications ([REFS]). Similarly, we observed

that the geometrical deformation introduced by a disordered metallic surface pro-

duce an effective dielectric function distribution with non-trivial properties. As

a result, a generic plasmonic structure can be rigorously mapped into a set of

dissipative cavities, characterized by strong mutual interaction. The consequences

of this mapping are multiple: first of all, the dynamics of the electromagnetic

field, as produced by numerical FDTD simulations, can be directly interpreted

and quantitatively analyzed in the transformed space. At the same time, the def-

inition of such set of interacting cavities opens up to the application of advanced

theoretical methods, such as in the case of Random Matrix Theory (RMT), or

approaches based on Coupled-Dipole, to deeply understand the dynamics under-

lying the localization properties of disordered plasmonic structures. While these

results provide meaningful theoretical insights, they can be also be employed in

the development of novel kind of applications, which we will discuss thoroughly.

While plasmonic structures allow for an extremely tunable and efficient local-

ization of light, the high absorption occurring in the interior of the metal widely

limits the performance and applications of plasmonic systems at the nanoscale.

Therefore, besides the fundamental investigation of the localization properties of

plasmonic systems, researchers have extensively focused on the development of

novel techniques to overcome dissipative losses. Among these, the SPASER rep-

resents an intriguing candidate to act as an integrable source of coherent light
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at the nanoscale [22]. In a SPASER, the plasmonic resonances of the structure

are amplified by the presence of a resonant medium and, as a result, if the inci-

dent pumping power is above the so-called “spasing threshold”, the SPASER can

sustain fully optical emission. Despite the large number of experimental and the-

oretical studies, to date the theoretical understanding of the dynamics underlying

the nonlinear emission is still challenging. At the same time, the SPASER emission

has not been investigated by means of ab-initio numerical methods: a first princi-

ple approach, nevertheless, could provide detailed and quantitative insights on the

fundamental properties of the spasing action. First of all, ab-initio simulations

would open to the description of the temporal dynamics underlying the sponta-

neous/stimulated transition up to the femto-second scale. At the same time, they

would allow for the study of the evolution and mutual interaction of the spatial

modes of the system before and during the lasing stage. In order to address these

fundamental questions, in this work we investigate the emission of a core-shell

SPASER by employing massively parallel FDTD simulations. Our computational

approach, which explicitly considers the dispersion of the metallic core, allows for

a realistic representation of the amplifying medium by means of a rigorous time

dependent, quantum-mechanical description. Our results show that, in the lasing

regime, the SPASER emission is characterized by rotational vortex-like patterns,

whose direction of rotation changes randomly across different realizations. The

randomness of the direction of rotation is a direct consequence of quantum noise,

which is hard-coded in our simulations by considering an additional fluctuating

field [23].

Despite its promising features, the SPASER has been object of significant criti-

cisms and its practicality is still matter of debate [24, 25]. Theoretical calculations

on electrically-pumped SPASERS, in fact, have shown that the spasing threshold

can easily exceed the material tolerances of standard CMOS semiconductors [26].

With this position, researchers have dedicated large efforts in the development

of all-dielectric integrated sources [27]. The realization of an integrated dielec-
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tric nanolaser is limited by two fundamental issues. First, the diffraction limit of

light, which introduces strong radiation losses in optical circuitry at the nanoscale

[28, 29]. Secondly, the coherent emission of external sources is normally affected

by inefficient coupling with the underlying silicon circuitry [30, 31]. To this re-

spect, several configuration have been proposed, aiming at the integration of III-V

semiconductor sources directly on chip [32, 33].

By taking inspiration from optical cloaking applications, we developed a novel con-

cept of an integrated source based on the nonlinear emission of anapole modes in

dielectric nanoparticles. Anapole states are peculiar electromagnetic states which

are characterized by the absence of radiation emission in the far-field. As it has

been recently shown theoretically [34, 35] and experimentally [36, 37], anapole

states can be excited in silicon and germanium and they are responsible for the

formation of scattering-free states in dielectric nanoparticles. The formation of

an anapole state is due to a purely modal interaction between electric and dipole

dipole modes of the nanostructure, which at the anapole frequency cancel each

other in the far-field. Despite their invisibility properties, anapole states are char-

acterized by a strong enhancement of the electromagnetic energy, which is com-

pletely localized in the near-field [36]. By resorting to FDTD simulations, we have

proved the possibility of achieving stimulated emission of anapole states in InGaAs

nanocylinders. As expected, the nonlinear emission is composed of purely evanes-

cent components, opening to the realization of a truly near-field source directly on

chip. Our results open to a wide large of applications in the field of spontaneously

polarized nanolasers and ultrashort pulse generation on chip, which we discuss in

detail.

One intriguing question is whether anapole states can be generated only in

spherical or cylindrical dielectric structures. To address this question, we inves-

tigated the generation of anapole states in generic dielectric nanostructures by

introducing a Fano-Feshbach projection technique, which represents a fundamen-

tal tool for the investigation of resonant phenomena in open systems. Differently
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from previous approaches, aiming at the quantization of the electromagnetic field,

we expanded the electric field E(x, t) into two orthogonal sets of internal and

external eigenmodes, which are mutually coupled by ad hoc boundary terms. Ad-

ditionally, we addressed the definition of a complete electromagnetic scattering

problem, obtaining a general expression for the scattered field as generated by

a known incident field. As an illustrative example of the Fano-Feshbach parti-

tioning tehcnique, we investigated the formation of Anapole states in a circular

dielectric cavity, which constitutes a geometry which can be fabricated with stan-

dard techniques. Our results show that even such simple resonator structures

support the formation of high-order anapoles, originated from the superposition

of several internal modes, which we completely identify and characterize by means

of the Fano-Feshbach approach.

This Dissertation is organized as follows. In Chapter 1, we model a disordered

plasmonic structure as a set of interacting cavities. To describe the mutual in-

teraction of the dissipative cavities combine RMT and Random Transformation

Optics (RTO), a novel powerful theoretical approaches to the analysis of disor-

dered plasmonic systems. The role of structural disorder in plasmonic applications

is discussed in Chapter 2, where we report the generation of ultra-bright structural

colors and the design of a disorder-enhanced early-stage cancer device. In Chapter

3, we investigate the dynamics underlying the emission of a core-shell SPASER,

which represents a fundamental example of a non-linear plasmonic device. In

the SPASER, the high-number of interacting modes produces non-trivial emission

patterns which can be exploited for novel applications. In Chapter 4, leveraging

the main practical limitations of the SPASER, we introduce and characterize a

near-field source based on Anapole modes and we discuss its main properties and

applications. Finally, in Chapter 5 we discuss the formation of fundamental and

higher-order anapole states in generic nanostructures by developing a rigorous

theoretical formalism inspired by the study of quantum-mechanical open systems.
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Chapter 1

Theoretical analysis of a disordered plasmonic system:

Anderson localization and Transformation Optics

A large number of nanoscale systems can be modeled by considering a random

set of interacting cavities [38]. Despite the very good agreement between mod-

eling and experimental results, the derivation of a cavity-based representation of

random media is still challenging in many aspects [39, 40]. In this chapter we

introduce a novel approach to the modeling of disordered plasmonic structures

and surfaces based on TO and RMT. Our results, which are applicable to any

generic plamonic structure, show how the geometrical deformation induced by a

rough metallic surface is equivalent to a disordered dielectric function distribu-

tion. As a result, irregularities on the metallic structure can be assimilated to a

set of disordered resonant cavities, characterized by dissipative losses and strong

mutual interaction. The evolution of the system is then investigated by deriving

a set of Coupled Mode (CM) equations ruling the distribution and propagation

of energy among the cavities. In the stationary regime, the CM equations can be

rewritten as a recursive product of real-valued matrices by applying the transfer

matrix formalism. In the presence of disorder, the transfer matrices of the sys-

tem become random variables and their general properties can be determined by

means of RMT. By definition, a Random Matrix (RM) M is a D × D matrix

whose elements Mij are random variables distributed according to a given proba-

bility distribution µ[M]. RMs were first introduced in the 1950s to interpret the

fluctuations of the nuclear energy levels, but they have rapidly become a powerful

investigation tool for random processes and disordered systems [41]. Furthermore,

as in the case under examination, many physical phenomena and systems involve
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the introduction and manipulation of Products of Random Matrices (PRM) [42].

The localization properties of a disordered system described by a PRM are usu-

ally characterized by introducing the Lyapunov Characteristic Exponent (LCE)

γm of the PRM which, in analogy with dynamical systems, determines the ex-

ponential growth or decay of the PRM eigenfunctions, and consequently, of any

vector evolving according to it. By applying the theory of PRMs, one can derive

an analytical expression of γm for the relevant case of a binary distribution of

different cavities. The calculation, which is performed by considering a a suitable

statistical mechanics approach, allows for the detection of an optimal amount of

disorder maximizing the degree of localization of the system. The results from the

theoretical model can be verified by resorting to numerical ab-initio simulations, in

which a chain of metallic nanoparticles under external illumination plays the role

of a one-dimensional set of open cavities. In the nano-plasmonic system, disorder

is introduced by varying the radius of a fixed number of spheres along the chain.

The relative number of different spheres depends on a probability parameter p

which controls the amount of disorder. The degree of localization in the system

is determined by defining a suitable localization measure for the electromagnetic

energy whose value is averaged over different realizations of disorder. In very good

agreement with the theoretical prediction, the numerical results confirm the exis-

tence of an optimal value of disorder which maximizes the localization of energy

in the system.

1.1 Random Transformation Optics of random plasmonic

systems

It is well known that Maxwell’s equations, which describe the propagation and

evolution of the electromagnetic fields, are invariant under coordinate transfor-

mation [43]. This fundamental principle is at the basis of the TO, which is a

widely used technique in the design and analysis of metamaterials. TO is based

on the mathematical equivalence between a geometrical transformation and a ma-
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terial with non-homogeneous dielectric function distribution ε(x). As a result,

the propagation of the electromagnetic fields can be molded and controlled by

by generating a specific material configuration, or its corresponding coordinate

transformation. The realistic realization of the latter, however, is rarely achiev-

able directly, and is usually approximated by considering assemblies of micro and

nanostructures. Most popular applications of these works are the design of partic-

ular devices, mainly invisibility cloaks, lenses or waveguides [16, 17, 18, 19, 20, 21].

In most of these approaches, one considers regular and periodic geometries, either

because they correspond to a given known transformation, such as in the case of

the cylinder cloaking devices, or because they are regular or moderately complex

geometries for which a transformation can be approximated. In this context, the

modeling of completely irregular structures is highly challenging, as it requires the

definition of an analytic transformation matching the given profile. Even though

some methods exist for the description of arbitrary surfaces [44, 45], they are usu-

ally involved and realization-dependent. As a result, in the last years the use of

disordered and complex geometries in the field of metamaterials has been gener-

ally limited. However, recent results have suggested that systems characterized by

high degree of complexity possess unique features which enable novel kind of appli-

cations and effects [2, 3, 46]. In a two-dimensional, z-invariant space x = (x, y, z),

consider a generic disordered surface Γ, whose profile is described by

Γ(s) =


x = γx(s)

y = γy(s)

(1.1)

where s is a parametric coordinate. Our domain of interest D ∈ R2, in which

the electromagnetic fields E and H propagate according to Maxwel’s equations,

is the semi-infinite region above the irregular surface (Fig.1.1-left). Due to the

fundamental properties of the Cartesian space, it is always possible to establish a

coordinate transformation between the domain D and a semi-infinite strip domain

D′ delimited by a flat surface in a new curvilinear coordinate system ρ = (φ, ψ, z)
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Figure 1.1: Schematic representation of (left) the physical domain D and (right)
the transformed domain D′. As can be evinced from the figure, the rough metal-
lic boundary (orange line) is transformed into a flat surface in the transformed
domain.

(Fig.1.1-right). Mathematically, we define such transformation, and its inverse,

by the application

Ω : D ∈ R2 → D′ ∈ R2 , (1.2)

whose components in the transformed space are simply expressed as a function of

the cartesian coordinates as:

Ω(x) =


φ = φ(x, y, z)

ψ = ψ(x, y, z)

z′ = z

. (1.3)

Standardly, the Jacobian matrix Jω(φ, ψ, z) of the transformation is defined as

follows:

J =
∂(φ, ψ, z)

∂(x, y, z)
=


∂xφ ∂yφ 0

∂xψ ∂yψ 0

0 0 1

 (1.4)

where we introduced the short-hand notation ∂i = ∂/∂xi. Due to the invariance of

Maxwell’s equations under coordinate transformations, in the transformed coordi-
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nate system the electromagnetic fields propagate in an effective non-homogeneous

medium, whose material tensors ε′ and µ′ are related to the cartesian material

tensors ε and µ as follows:

ε′ =
J εJ T

det J
µ′ =

JµJ T

det J
. (1.5)

Eq. (1.5) expresses the fundamental concept that a geometric deformation of

the space coordinates is equivalent to the introduction of a new electromagnetic

medium, whose properties stem naturally from the properties of the transforma-

tion under consideration [21]. As can be easily seen from Eq. (1.5), however, a

geometric transformation produces the generation of two permeability and per-

mittivity tensors, simultaneously and, by itself it is of scarce general use, due to

the intrinsic difficulties in generating magnetic materials with arbitrary permit-

tivity distribution. Moreover, the transformed material tensors are generally non-

diagonal, hence introducing the additional requirement of arbitrary anisotropy.

Neverthless, these issues can be completely circumvent by restricting the spec-

trum of available transformation to the conformal, or harmonic, mappings of the

domain D. By definition, a transformation of coordinates in a two-dimensional

space is said to be conformal when the following condition holds:

J T J =
∣∣det J

∣∣ I , (1.6)

where I is the identity matrix. Mathematically, this condition corresponds to

two fundamental properties: harmonicity of the coordinate transformation (Rie-

mann’s Theorem) and conservation of the angles between the coordinate eigenvec-

tors. When considering conformal transformations in electrodynamics, addition-

ally, Eq. (1.6) has some important consequences. First of all, the expression of
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the permittivity tensor in the transformed space reads simply:

ε′ = ε


1 0 0

0 1 0

0 0
1

|det J|

 (1.7)

and an analogous expression holds for the permeability tensor µ′. As can be

easily seen, therefore, conformal transformations allow for the definition of fully-

isotropic, non-magnetic metamaterials acting only on the transverse electromag-

netic components and, consequently, they are the main subject of interest for the

TO community. The standard approach to electromagnetic conformal mapping,

then, is based on the initial identification of a desired conformal transformation,

and its subsequent implementation in terms of dielectric and (eventually) mag-

netic materials. As mentioned earlier, however, the conformality of a coordinate

transformation is deeply linked with another fundamental geometrical property.

By definition, in fact, coordinate systems connected by a conformal transforma-

tion can always be expressed as the solution of Laplace Equation in the original

space, i.e. the following set of harmonicity conditions has to be met [47, 48]:


∇2
x,y,zφ(x, y, z) = 0

∇2
x,y,zψ(x, y, z) = 0

∇2
x,y,zx

′(x, y, z) = 0

(1.8)

where ∇x,y,z and ∇φ,ψ,z′ denote the gradient operator in the cartesian and trans-

formed space, respectively. Interestingly, Eqs. (1.6)-(1.8), allow for an immediate

computation of the transformed coordinates, provided an opportune set of bound-

ary conditions is imposed on the boundaries of the physical domain D. More

specifically, the numerical integration of Eqs. (1.8) can be performed using read-

ily available and highly-efficient numerical suites [49, 50, 47, 51, 52, 53]. The

details of the numerical approach, which won’t be included for the sake of brevity,
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can be found in [54]. Once the transformed coordinates are computed by solv-

ing Eqs.(1.8), the effective refractive index introduced by the deformation of the

boundary is simply expressed as:

n(φ, ψ, z) =

√(
∂φ

∂x

)2

+

(
∂ψ

∂y

)2

(1.9)

Despite its simplicity, the approach is extremely powerful, as the intrinsic prop-

erties of the Laplacian operator∇2 ensure fast convergence with arbitrary precision

even in the presence of highly disordered boundaries. As a first verification of the

Figure 1.2: Reference case of a gaussian 1D random surface. (a) Computed and
exact coordinate meshes corresponding to mapping (1.10). The two meshes rep-
resent the image of a regular cartesian mesh in the (φ, ψ)–plane for 0 ≤ φ ≤ 1
and 0 ≤ ψ ≤ 0.38 The black dotted lines present the mesh obtained numeri-
cally while the solid gray lines stand for the exact mesh obtained by using the
formula (1.10). (b-c) Equivalent refractive index n(φ, ψ) in the curvilinear coor-
dinate system (φ, ψ) obtained (b) with our numerical method and (c) with the
exact formula (1.11). (d) Relative error on the refractive index n(φ, ψ).

numerical accuracy of our method, we consider the following analytic coordinate
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transformation:

z = ω +
N∑
m=1

ame
imω (1.10)

where we used the usual complex formalism for conformal mappings with z = x+iy

and ω = φ+iψ. The coefficients an fully determine the shape of the rough surface,

and can, under some conditions, be determined for a given surface of the form

y = h(x) [44, 45]. The corresponding refractive index is then given by

n =

∣∣∣∣∣1 + i
N∑
m=1

m · ameimω
∣∣∣∣∣ (1.11)

As an illustratory example, we consider a random surface with gaussian probability

distribution, as represented on figure 1.2(a). This surface is then modeled with the

mapping (1.10) using the above mentioned method with N = 128. This analytical

mapping, with the known coefficients an is used as a reference case to compare

our method with. The results are displayed on figure 1.2(a-d). On figure 1.2(a)

are represented the mesh computed with our method (dotted black lines) on top

of the reference exact mesh (solid gray lines) obtained from Eq. (1.10). As can

be seen from the figure, the two meshes match almost perfectly. Figures 1.2(b-c)

shows the corresponding refractive index of the material in the (φ, ψ) coordinate

system, computed numerically [on 1.2(b)] and directly obtained from the analytical

formula (1.11) [on 1.2(c)]. Again, the numerically obtained result matches very

well with the reference, as can also be seen from figure 1.2(d) which shows the

relative difference.

1.2 One-dimensional disordered chain of cavities: Random-

Matrix-Theory

As discussed in the previous section, the response of a rough metallic surface can

be efficiently described by considering a disordered set of interacting cavities. A

cavity, or resonator, is a structure capable of storing and accumulating energy

at a given resonance frequency ω [55]. The resonance frequency corresponds to
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Figure 1.3: Chain of open cavities. Every cavity is characterized by a different
oscillation frequency ωn and a different decay time τn. The exchange of energy
along the chain is ruled by the coupling coefficients Cn,n′ , which depend on the
spatial coupling of the single cavity modes.

a localized mode (i.e. a standing wave) of the electromagnetic field inside the

cavity. The amplitude of the localized mode is described by a complex function

an(t), in such a way that the energy stored in the cavity corresponds to |a(t)|2. A

cavity which can continuously lose energy by means of radiative emission is called

an open cavity. A dissipative cavity, conversely, depletes energy due to internal

losses (e.g. metal absorption). Radiative and dissipative losses, as can be easily

understood, limit the ability of storing energy inside the cavity. A quantitative

measure of the latter is provided by the quality factor Q of the cavity, which is

defined as

Q =
ωW

Pd
(1.12)

where W is the energy stored in the cavity and Pd is the power depleted by

radiative and dissipative losses. Simple arguments show that the quality factor is

indeed a measure of the characteristic decay time τ of the electromagnetic energy

inside the cavity, which is defined as τ = 2Q/ω. It follows that the properties of

the cavity are completely determined by the oscillating frequency ω and the decay

time τ , which can be grouped by defining a complex characteristic frequency

Ω = ω + i
1

τ
(1.13)

in order to simplify the notation. If one considers a set of distinct cavities with

coupled resonance modes, electromagnetic energy can be further transfered among

the single resonators. The exchange of energy among the cavities is described by
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introducing a set of coupling constants Cn,n′ , being n, n′ the indices identify the

interacting cavities. As a significative case study, one can consider the case of

a one-dimensional chain of N coupled cavities whose characteristic frequencies

Ωn are complex-valued random variables (Fig. 1.3). The system is chosen to be

one-dimensional in order to provide a simpler notation, but all the results can

be extended to higher-dimensions with some algebraic effort [56, 42]. This model

is particularly suitable to describe the distribution and localization of energy in

a disordered plasmonic system, in which radiative and dissipative losses play an

important role. Starting from an ordered chain of identical cavities, each one de-

scribed by a characteristic frequency Ω0, the presence of disorder can be introduced

as a perturbation in the characteristic frequencies. As a result, the expression for

the fluctuating frequencies reads

Ωn = Ω0 + δΩn (1.14)

where δΩn is a random variable distributed according to a given probability dis-

tribution µ[δΩ]. The evolution of the total system can be studied by applying

Coupled Mode Theory (CMT), which provides a set of evolution equations for the

complex amplitudes of every resonator in the chain. By assuming nearest-neighbor

interactions, CM equations read

∂tan = iΩnan + iCn+1an+1 + iCn−1an−1, Cn =


1 n ∈ [1, N ],

0 otherwise,

(1.15)

where n ∈ [1, N ] and Cn are coupling factors which are assumed to be constant

along the chain, provided an opportune normalization of the CM equations allows

for their inclusion in the complex frequencies Ωn. Eqs. (1.15) can be rewritten

in operatorial form by defining a state vector a(t) = [a1(t) · · · aN(t)]ᵀ and a
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tridiagional operator A:

∂ta(t) = iA · a(t) A =



Ω1 1 0 · · · 0

1 Ω2 1 · · · 0

...
...

...
. . .

...

0 · · · 0 1 ΩN


(1.16)

Given an initial condition, e.g. external illumination, the electromagnetic energy

distributes along the chain of nanocavities until the system reaches a stationary

state, in which the external pumping is balanced by the losses of the system.

In the stationary regime ∂ta(t) = 0, the dynamical problem expressed by Eqs.

(1.16) becomes an eigenvalue problem for the operator A. However, due to the

introduction of radiative and dissipative losses, the operator A is not Hermitian,

and its eigenvalues E , which are solution of the eigenvalue equation A · a = Ea,

are complex variables. Without losing any generality, the eigenvalue problem can

be written in recursive form as

an+1 = (E − Ωn)an − an−1 (1.17)

which is analogous to a discretized Schröedinger equation in the presence of a

random complex potential. Despite the simple formulation, the real version of

Eq. (1.17) has been extensively used to investigate localization phenomena in

various physical systems. Following the standard approach, and by defining the

vector φn = [an an−1]ᵀ, Equations (1.17) can be rewritten in the transfer matrix

formalism as

φn+1 = Cnφn, Cn =

(E − Ωn) −1

1 0

 . (1.18)

where Cn is a complex-valued transfer matrix. The advantage of the transfer

matrix approach is that it allows for a direct control of the the propagation of
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energy along the chain of resonators. By iterating Eq. (1.18), in fact, one obtains

φN+1 = QNφ1, QN =
N∏
n=1

Cn. (1.19)

where the vector φ1 contains the initial conditions of the system (e.g. the input

signal) and where the total transfer matrix QN is simply the product of the single

transfer matrices. It follows immediately that, in the presence of disorder, the

propagation of energy along the chain is ruled by a product of matrices with

random elements and can be investigated by means of RMT. However, the general

results of RMT hold for real-valued matrices. In order to overcome this difficulty,

and provided the matrices Cn are symplectic matrices, a real-valued model can be

deducted from Eqs. (1.18) by considering separately the real and imaginary parts

of the cavity amplitudes

an(t) = pn(t) + iqn(t) (1.20)

and rewriting Eq. (1.15) as a system of 2N coupled differential equations. In

the stationary regime, the evolution of the system is ruled by the following set of

coupled recursive equations


pn+1 = Σ′npn − Σ′′nqn − pn−1

qn+1 = Σ′′npn + Σ′nqn − qn−1

(1.21)

in which the complex variable Σn = E−Ωn was introduced to simplify the notation

and Σ′n and Σ′′n are the real and imaginary parts of Σn, respectively. Using the

transfer matrix formalism, Eqs. (1.21) can be rewritten as

ψn+1 = Tnψn, ψn =



pn

qn

pn−1

qn−1


, Tn =



Σ′n −Σ′′n −1 0

Σ′′n Σ′n 0 −1

1 0 0 0

0 1 0 0


. (1.22)
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where Tn is a real-valued 4 × 4 matrix with det Tn = 1. In analogy with Eq.

(1.19), the total transmitted field reads

ψN = PNψ1 (1.23)

where the transfer matrix of the system

Pn =

[
N−1∏
n=1

Tn

]
. (1.24)

has determinant one and is again the product of all the single transfer matrices.

In order to obtain a better insight on the physics underlying the model, one can

solve Eqs. (1.21) in the absence of disorder. By considering δΩn ≡ 0, Eq. (1.18)

can be easily solved by looking for a solution of the form

pn + iqn = Ae−ikn +Beikn (1.25)

where k = k′ + ik′′ is a complex wavenumber and A,B are complex constants

depending on the boundary conditions. By substituting Eq. (1.25) into Eq. (1.21),

and solving, one obtains


Σ′ = 2 cos k′ cosh k′′

Σ′′ = −2 sin k′ sinh k′′
(1.26)

which corresponds to

Σ′ + iΣ′′ = 2 cos(k′ + ik′′). (1.27)

Equation (1.27) relates the eigenvalues Σ to the wavevector k of the corresponding

eigenmodes. Therefore, it can be used to determine whether the solution associ-

ated with each value of Σ is a propagating or exponentially localized solution. In

the absence of any loss, Σ is a purely real quantity and, consequently, Eq. (1.27)

has two kind of solutions (see Fig 1.4-a). When |Σ′| ≤ 2, which is known as the
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Figure 1.4: Dispersion relation and energy bands of the system (a) in the absence
of losses and (b) considering Σ′′ = −0.4.

the allowed band of the system, the wavenumber k is a real quantity and the

eigenmode of the total structure is a propagating wave. Conversely, when |Σ′| > 2

the wavenumber k becomes a purely imaginary quantity, which corresponds to an

exponentially attenuated eigenmode. As no propagation is possible, this condition

defines the forbidden band of the structure. In the presence of losses Σ becomes

a complex variable, whose imaginary part is always negative. The real part of Σ

is again divided into a forbidden and allowed region, but the presence of losses

produces a solution which is exponentially attenuated also for values of Σ′ deep

inside the allowed band |Σ′| ≤ 2 (see Fig 1.4-b).

1.3 Determination of the localization length

In a disordered chain of cavities the propagation and localization properties of the

system depend on the amount of disorder introduced, which is directly related to

the random frequency distribution µ[δΩ]. The transfer matrices Tn, and the total

product matrix PN , become random non-commutative variables, whose general

properties can be studied by employing RMT. As in the case of standard random

variables, the global properties of a large set of RMs can be determined by means

of limit theorems. In the case of a PRM, these limit theorems provide useful and

universal estimates for the growth of the eigenfunctions of the final matrix, and

consequently, for any state vector evolving according to it. In the presence of
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disorder, and in analogy with chaotic dynamical systems, a generic vector ψN =

PNψ1 will be related to the initial condition ψ1 by an exponential growth of the

form |ψN | = |ψ1| exp(γ̃N) when N is sufficiently large. The growth rate for a

specific PRM is then given by

γ̃ =
1

N
log
|ψN |
|ψ1|

=
1

N
log Tr PN . (1.28)

and γ̃ is called the Lyapunov Characteristic Exponent (LCE) of the PRM PN .

Due to the random nature of the PRM, the LCE defined in Eq. (1.28) depends

on the specific sequence of RMs composing PN . A general extension of Eq. (1.28)

can be obtained by averaging over all the possible sequences of RMs and by taking

the limit N →∞, namely

γm ≡ lim
N→∞

1

N
〈log Tr PN〉 . (1.29)

where γm is defined as the maximum LCE of the PRM and

〈f [Mn]〉 =

∫
f [Mn]

(
N∏
n=0

dµ[Mn]

)
(1.30)

represents an average over the ensemble of all possible random sequences of ma-

trices, i.e. over all the possible realizations of disorder. The properties of γm

naturally descend from the properties of the RMs composing the product (e.g.

domain of definition, sign, symmetry properties) and a general analytic expres-

sion of γm is known only for a limited number of RM classes. As mentioned earlier,

however, if the random matrices are independent identically distributed and their

probability meets some regularity requirements, the existence conditions and the

properties of γm can be determined by means of limit theorems. More specifically,

the existence of a maximum LCE is ensured by the Furstenberg-Kersten Theorem,

which in the case of real random matrices with determinant one assures that the
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maximum LCE always exists and is a positive non-random quantity, namely

γm = lim
N→∞

1

N
〈log Tr (PNψ)〉 > 0 (1.31)

where ψ is a generic vector [57]. Moreover, it can be shown that the average over

disorder in Eq. (1.31) can be performed in any statistical ensemble and γm is

a self-averaging quantity. As already mentioned, an analytical calculation of the

maximum LCE is feasible only in a limited number of cases and generally one has

to fallback to approximate methods or numerical estimates of γm. As an example

of an exactly solvable system one can consider the case of a finite sequence of

identical matrices, which in the theoretical model corresponds to an ordered chain

of identical cavities. In this case, the total transfer matrix of the system assumes

the simple form PN = TN , and a direct computation of the LCE yields

lim
N→∞

1

N
log Tr TN = log |µ1| ≡ γm (1.32)

where µ1 is the largest non-degenerate eigenvalue of the matrix T. The proof of

Eq. (1.32) is straightforward: as the matrix T is invertible and diagonalizable, it

can be decomposed as T = PDP−1 where D is the diagonal eigenvalues matrix

D = diag[µ1, µ2, µ3, µ4] and P is the eigenvectors matrix. Taking the n-th power

yields

TN = PD(P−1P)D · · ·DP−1 = PDNP−1 (1.33)

which in the limit of large N can be rewritten as TN −→ |µ1|ND̃ where D̃ is

an O(1) matrix, and from which trivially follows Eq. (1.32). Once disorder is

introduced in the system, however, the equality in Eq. (1.31) holds only in the

limit N →∞, i.e. in the case of an infinite sequence of RMs. Hence, the LCE γ1

is a self-averaging quantity only in the thermodynamical limit, and in the case of

finite sequences, the ratio log Tr Pn fluctuates around γ1, with fluctuations which

are in general related to the statistical ensemble of sequences under consideration.
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It is useful in these cases to define a set of generalized Lyapunov Characteristic

Coefficients of order k, whose expressions read

G (k) = lim
N→∞

1

N
log
〈
Tr (PN)k

〉
(1.34)

and which are related to the the maximum LCE by γm = ∂qG (q)|q=0. Equation

(1.34) is an example of an annealed average, in contrast with the quenched average

from Eq. (1.31) [58]. From a strict mathematical point of view, annealed averages

are easier to perform, as they don’t require the averaging of the logarithmic func-

tion. The problem of dealing with logarithmic averages is a well known issue in

statistical mechanics of disordered systems, and in the recent years a wide num-

ber of theoretical approaches to their computation have been developed. These

methods, which relate the generalized LCE G (k) to the maximum LCE of the

PRM, rely on the approximation of the logarithmic function by either expanding

it into a power series or by considering limit identities [42]. The most immediate

approach, known as the weak disorder expansion, is based on the introduction of

a multiplicative control parameter ε for the fluctuating frequencies in Eq. (1.14).

As a result, the random transfer matrices assume the form

Tn = T0 + εT̃n (1.35)

where T0 is the transfer matrix of the ordered system and T̃n is a matrix containing

the fluctuating frequencies. When ε is small, the total PRM, and consequently

the logarithm in Eq. (1.31) can be expressed in terms of powers of ε, and the

maximum LCE can be computed up to the desired order in ε. Another standard

approach to the logarithmic average is based on the replica trick, which in the

Random Matrix case is expressed by the identity

〈
Tr (PN)k

〉
= Tr

〈
(PN)⊗k

〉
= Tr

[
T⊗kn

]N
(1.36)
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where A⊗k = A⊗A · · ·⊗A represents the k-th tensor power of the matrix A, and

· · · is the average over the probability distribution µ[δΩn]. In Eq. (1.36), due to

the direct average of the tensor product matrix, the matrix T⊗kn is a non-random

quantity, and by referring to Eq. (1.29), the generalized LCE from Eq. (1.34)

reads

G (k) = log µ⊗ (1.37)

where µ⊗ is the largest eigenvalue in modulus of the tensor matrix T⊗kn . Apart

from these methods, a very good estimate of the maximum LCE can be obtained

by employing the microcanonical method, which can be easily described by con-

sidering a set of RMs characterized by a binomial probability distribution

Tn =


TA with probability p

TB with probability 1− p
(1.38)

where p ∈ [0, 1]. This case is very relevant because in the majority of the experi-

ments the system is composed by a random aggregation of two materials, such as

in the case of metallic scatterers dispersed in a host medium. The results for the

binomial distribution, moreover, can be easily generalized to a generic continous

probabilty distribution, as shown in [56]. In a random sequence of N matrices

extracted with probability given by Eq. (1.38) NA and NB denote the number of

occurrences of the matrices A and B, respectively. In analogy with the statistical

mechanics formalism, if NA and NB are fixed across the different disorder realiza-

tions, then the statistical ensamble is microcanonical-like, while on the contrary

if the number of occurrencies is variable it is canonical-like. The microcanonical

ensemble exhibits some crucial advantages over the canonical. First of all, it can

be shown that the finite N fluctuations are significantly reduced. Second, in the

microcanonical ensemble the annealed average can be computed exactly by means
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of the binomial formula

(TA + xTB) =
N∑
k=0

(
N

k

)
Tk
A(xTB)N−k (1.39)

where x ∈ R. The product PN , then, is expressed by the derivative

∂NB

∂xNB
(TA + xTB)

∣∣∣∣
x=0

=

(
N

NB

)
TNA
A TNB

B . (1.40)

and this allows to write the annealed average in the microcanonical ensamble as

〈Tr PN〉m =

(
N

NB

)−1
1

NB!
Tr

(
∂NB

∂xNB
(TA + xTB)

∣∣∣∣
x=0

)
(1.41)

which follows from the commutativity of the trace operator. Provided all matrices

Tn are diagonalizable, Equation (1.41) can be simplified by considering

(TA + xTB) = PD1(x)P−1 (1.42)

where D1(x) = diag[ν1(x), ν2(x), ν3(x), ν4(x)] is the diagonal matrix containing the

eigenvalues νi(x) of the matrix (TA +xTB). From Eq. (1.42) follows immediately

(cfr. Eq. (1.33))

(TA + xTB)N = PD1(x)NP−1 N→∞−−−→ νM(x)ND̃(x) (1.43)

where νM is the maximum eigenvalue of (TA + xTB)and D̃(x) is again a O(1)

matrix. By substituting Eq. (1.43), taking the analyitic continuation of x, and

applying the Cauchy integral formula

∂αf(z)

∂xα

∣∣∣∣
z=z∗

=
α!

2πi

∮
C

dz
f(z)

(z − z∗)α+1
(1.44)
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where C is a closed countour surrounding z = 0, the annealed average reads

〈Tr PN〉m =

(
N

NB

)−1

Tr

(∮
C

dz

z
D̃(x) exp

[
N log

νM(x)

z(1−p)

])
(1.45)

Due to the presence of the exponential function, in the limit N →∞ the complex

contour integral can be evaluated by means of the stationary phase method

Z = lim
N→∞

∮
C

dz f(z)eNS(z) ∝ eNS(w) (1.46)

where w is the solution of the saddle point equation ∂zS(z) = 0. In the case of

Eq. (1.45), the final expression for the annealed average reads

〈Tr PN〉m ∝
(
N

NB

)
exp [N log νM(w)− (1− p) logw] (1.47)

where, again, wp is the solution of

∂ log νM(z)

∂ log z

∣∣∣∣
z=wp

= (1− p). (1.48)

Substituting into Eq. (1.31) one finally obtains

γ̃m = lim
N→∞

1

N
= (1− p) log(1− p) + p log(p) + log νM(wp)− (1− p) logwp (1.49)

where the binomial coefficient is expressed using the Stirling approximation for-

mula. As shown in [56], the LCE of the starting PRM is very close to the real

part of γ̃m. Hence, Eq. (1.49) allows for a precise calculation of the LCE in the

microcanonical ensemble. More than that, the availability of an analytic estimate

for γm opens up interesting perspectives. As an example, Eq. (1.49) can be used

to determine the optimal degree of disorder for the localization of the system.

Once fixed the structure of the matrices TA and TB, the amount of disorder is

controlled by the probability p, with p = 0 corresponding to N matrices of type

TB and p = 1 corresponding to N matrices of type TA. By finding the zeros of
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the derivative

∂γ̃m
∂p

= 2 tan−1(1− 2p)− logωp (1.50)

one obtains that, in the case of a binomial distribution, the LCE γm has a single

minimum for p = pc. As the minimum in the LCE corresponds to a maximum in

the localization length lc = γ−1
m , the system will exhibit the maximum degree of

localization at the critical probability [59].

1.4 FDTD analysis and nanoplasmonic systems

The propagation of energy across a stationary one-dimensional set of open cavities

can be simulated by considering a chain of metallic nanoparticles under external

illumination. The transfer matrices for this system can be obtained by assimilating

every nanoparticle with an hertzian dipole. By expressing the dipole equations

in the Fourier domain, the amplitudes an of the elements of the chain evolve

according to Eqs. (1.18) with a transfer matrix of the form

Cn =

 1

γα2
n

(
ω2 − ω2

0 − i
[
ω

τe
− ω3

τRω0

])
−1

1 0

 . (1.51)

where ω is the oscillation frequency of the dipoles, ω0 is the plasma frequency of

the metal, τe,R are the electronic and radiative decay times, γ is a polarization-

dependent term and αn are coupling constants depending on the relative position

of the nanoparticles [60, 61]. The evolution of the electromagnetic fields in such

system can be rigorously investigated by employing the FDTD algorithm [14]. The

FDTD algorithm allows for the solution of Maxwell’s equations simultaneously in

space and time with arbitrary precision. Due to the presence of the curl operator

in Maxwell’s equations, the components of the electric E and magnetic H fields

are staggered on a specifically designed Yee grid, and the computation proceeds

in time according to a leapfrog scheme. The simulations included in this essay

have been performed using the massively parallel FDTD simulator NANOCPP,
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which has proved to be able to scale up to hundreds of thousands of processors

[2, 62]. The computational domain was organized as follows. The computational

grid was set as a two-dimensional (x, z) box with dimensions 10µm × 1µm and

discretized on a 10000× 1000 regular mesh (resolution 1nm) with UPML bound-

ary conditions simulating an open space (Fig. 1.5-a). A one-dimensional chain of

N equidistributed Ag nanoparticles was placed along the axis z = 0.5µm and the

metallic nanochain was illuminated on the long side by an impinging plane wave,

represented by means of the Total-Field-Scattered-Field formalism (yellow box),

and whose polarization was chosen to be parallel to the axis of the chain (TM

polarization). As requested by the microcanonical hypothesis, for every value of

the probability p the nanochain was formed as a random permutation of NA = pN

nanoparticles of radius 25nm and NB = N −NA nanoparticles of radius 20nm. In

order to excite all the plasmonic resonances of the metallic nanospheres, the wave-

form of the incident wave was takes as a gaussian pulse with waist ∆λ = 200nm

and centered in λ = 400nm. Due to the presence of a broadband excitation, the

permittivity of the Ag nanoparticles was represented using a broadband Critical-

Point (CP) model with a set of 4 complex-conjugate Lorentz-Drude poles, which

is implemented in the FDTD code using an unconditionally-stable auxiliary equa-

tion algorithm [63, 64]. In a typical simulation, the incident wave travels across

the computational domain, exciting the plasmonic resonances of the nanoparticles

composing the metallic chain, which behave as resonant cavities. As the incident

wave leaves the computational domain, the excited modes of the nanoparticles

start interacting. A first insight on the dynamics of the system can be obtained

by computing the electromagnetic energy

E =

∫
dx εE2 + µH2. (1.52)

In Fig. 1.5-b is shown the typical distribution of energy in a small region of a

disordered chain with p = 0.4. As can be easily evinced from the figure, part

of the energy is localized in proximity of the nanospheres, while a large amount
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Figure 1.5: FDTD simulation of a disordered chain of metallic nanoparticles.
(a) Computational domain. The yellow line represents the Total-Field region of
the TFSF source. The green line represents the surface over which is computed
the inverse participation ratio 〈lc〉−1. (b) Electromagnetic Energy distribution
in proximity of a localized region. (c) Poynting vector distribution in a sub-
region of (b). The streamlines have been computed by applying the Line Integral
Convolution, and the energy distribution is plotted for the sake of completness.
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of energy rapidly leaves the system due to radiative emission. In the presence

of disorder, however, the system tends to create highly localized hotspots. The

transfer of energy can be analyzed by computing the Poynting vector S = E×H,

whose distribution in proximity of a localized hotspot is shown in Fig. 1.5-c. The

degree of localization of the system can be measured by computing the normalized

Inverse Participation Ratio 〈lc〉−1 (IPR), which is inversely proportional to the

localization length lc and which is defined as

〈lc(p)〉 =

〈
1

V

(
∫

dx E )2∫
dx E 2

〉
p

(1.53)

where 〈· · ·〉p represents an average over different realizations of the sequence at

fixed p [41]. The integral in Eq. (1.53) is performed over a surface containing the

nanochain (Fig. 1.5-a, green box). In Fig. 1.6-a is reported the typical evolution

of the localization length (orange line) and of the total energy in the integration

surface (blue line) for a disordered chain of N = 150 nanoparticles with p = 0.4.

As can be evinced from the total energy evolution, the incident wave enters the

integration region at t =0.05fs and leaves it at t =0.1fs. In the presence of the

external excitation the IPR has strong oscillations related to the excitation of the

plamon modes on the spheres. Once the incident radiation leaves the integrating

region, however, the IPR converges to a stable value. The final IPR for the single

realization can then be computed by averaging over time. In order to verify the

presence of a single minimum in the localization length of the disordered chain,

a large set of massively parallel simulations was performed for different values of

the probability p. The results of the simulation campaign are shown in Fig. 1.6.

In order to compute the average IPR, 20 different realizations of disorder were

considered for each value of the probability p. In order to verify the theoretical

model, the maximum LCE of the system (orange line) was computed using Eqs.

(1.49) and (1.51) and considering the parameters form [60]. Remarkably, the

FDTD results are in strong agreement with the theoretical model and in both

cases the localization length 〈lc〉−1 exhibits a single minimum in proximity of the
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Figure 1.6: Inverse participation ratio from FDTD simulations. (a) Single real-
ization with p = 0.4. The IPR (orange line) tends to a stationary value once the
external excitation leaves the system. The total energy (blue line) is reported for
the sake of completness. (b) localization length as a function of the amount of
disorder p. For each value, 20 different realizations of disorder were considered.
The FDTD results (blue dots) are in strong agreement with the theoretical results
from Eqs. (1.49) and (1.51) (orange line).

critical probability pc = 0.4. It is worthwhile remarking that the Eq. (1.49) does

not contain any fit parameter, and the theoretical calculation of γm depends only

on the physical parameters of the system.
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Chapter 2

Applications of disordered plasmonics: ultra-bright

structural colors and early-stage cancer detection

While in the previous chapter we have focused on the theoretical analysis of the

effects of roughness in completely random structures, we will now provide a quan-

titative analysis of the role played by structural disorder in standard plasmonic

applications. In nanoplasmonics, structural disorder is an inherent by-product

of the fabrication process, and is generally unwanted and considered in negative

terms. As a result, significant efforts are standardly spent in the optimization of

the fabrication procedures. However, there are some specific cases in which the

effects of structural disorder can be efficiently harnessed, improving the overall

performance of the fabricated device with respect to the ideal case. By combining

analytical modeling, FDTD simulations and experimental results, we show how

disorder and complexity can play a key role in the development of advanced ma-

terial functionalities and applications, ranging from ultra-bright structural color

generation to early-stage cancer detection sensors based on self-similarity and sur-

face roughness.

2.1 Disorder-optimization by metal dealloying

An efficient process to generate rough and porous plasmonic systems is metal deal-

loying, which consists in the selective dissolution by an acid or alkaline solution

of the less noble constituent of an alloy [67]. As shown in Ref. [65], for exam-

ple, a dealloyed metal surface can be exploited to form a complex metamaterial

characterized by a percolation profile that generates a random network of metallic

nanowires. Figure 2.1a shows a reconstruction of a 2D section obtained by via



53

(c)

(b)
connectivity

c = 1.5

d = 89 nm

d = 152 nm

c = 2.1

c = 2.6
d = 270 nm

t =60s

Physical coordinates

Curvilinear coordinates

SPP

SPP

convex surface

ENZ

Refractive index 

(a)

Figure 2.1: Nanowire random network metamaterial obtained through dealloying
of a film of Pt− Y − Al. (a) Sample section obtained via focused ion beam (FIB)
assisted thin-film tomography with illustration of geometrical connectivity among
different nanowires. (b) Extracted 2D cross section in the physical coordinates
(x, y). Impinging light generates surface plasmon polariton waves (SPP) which
propagate following the interface dielectric-metal having a complex geometry (b-
inset). (c) Equivalent transformed structures in curvilinear coordinates (ϕ, ψ) that
conformally follow the metallic interface of panel b. In the transformed medium,
SPP waves appear to propagate inside an inhomogeneous material with refractive
index n(ϕ, ψ) along the horizontal line ψ = 0 (c, inset). Adapted with permission
from [65, 66].

Focused Ion Beam (FIB) assisted thin-film tomography from a sample fabricated

through this process. The sample is fabricated from a 300 nm Pt.14Y.06Al.80 film

deposited on a Si3N4/Si substrate, and immersed into a 4 molar aqueous solution of

NaOH. The nanowire network generated through this approach has characteristic

mean diameter and mean pore intercept-length smaller than 0.2λ for visible light.

The authors of [65] showed that the material thickness and network connectivity

can be controlled by different parameters such as the composition of the original

alloy, or the concentration of the the solution and the etching time. Figure 2.1a

illustrates different samples obtained for three different etching times, while Figs.

2.1b-c show the conformal mapping (b) and transformed material (c) generated

from the surface of the completely dealloyed sample. As seen in Figs. 2.1b-c, the

random surface of the metal creates in the transformed curvilinear space a com-

plex network of epsilon-near-zero (ENZ) nanocavities. The insets in 2.1b-c well
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Figure 2.2: Near-normal reflectance spectra experimentally measured for sam-
ples corresponding to different dealloying time and disordered layer thickness (see
Fig. 2.1). The black arrows show the minima of the reflectance spectra, corre-
sponding to the formation of absorbing states. Adapted with permission from [65].

illustrates that ENZ regions are created by convex regions of positive curvature,

while concave surfaces originate areas of high refractive indexes, which connect

different ENZ nanostructures.

The disordered nature of these materials provides a large variety of geometrical

modulations having different curvatures and sizes, which corresponds to a large

variety of spatial extensions and complex Epsilon-Near-Zero (ENZ) networks. The

response of the ENZ network is nontrivial, as shown in Figure 2.2 that reports the

reflectivity spectrum of samples fabricated via different etching times. As can

be expected from a metal film, the as-deposited dense Pt− Y − Al film acts as

a broadband reflector. However, after etching, even for a very small thickness
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Figure 2.3: Complex network metamaterial model. (a) Symbolic depiction of
the network structure. Each node of the network represents a quasi-localized
state. Different states are connected through links representing couplings between
different quasi-localized resonances. (b-c) Experimentally measured (solid blue
line) and theoretically computed (dashed red line) reflectivity spectra of samples
obtained for different dealloying times. Adapted with permission from [65].

of 10 nm, the response abruptly changes and displays an absorbing state whose

wavelength can be precisely tuned in the range 200 nm—400 nm with the thickness

of the layer. A second absorbing state even starts to appear for a thickness of

100nm. The authors of [65] showed that these results are repeatable and do not

depend on the particular realization of randomness provided by a single sample.

FDTD simulations on the sample section provided results remarkably consistent

with measurements [65].

The authors of [65] explained the response of the ENZ network by resorting

to TDCMT and graph theory [68]. FDTD simulations showed that ENZ regions

trap electromagnetic radiation in a set of quasi-localized resonant states. At such,

the complex ENZ network is modeled via a random network composed of a series
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of resonances, which are connected by links representing the coupling between

two different resonant states (Fig. 2.3a). The number and intensity of links of

different nodes depend from the overlapping of the corresponding quasi-localized

electromagnetic fields.

Figure 2.3b-c shows the reflectivity spectra computed within this approach (red

dashed line) and experimentally measured (blue solid line) for samples with differ-

ent connectivities, which is controlled by varying the etching time (see Fig. 2.1).

It appears there is in all cases a very good agreement between the network the-

ory and the measurements. These results show that the response of this complex

network metamaterial can be engineered from a broadband reflector to a perfect

absorber with tunable properties, which are precisely controlled by varying the

dealloying fabrication conditions.

2.2 Structural coloration by dielectric coating of dealloyed

structures

Taking inspiration from the nanoscale structure of the feathers of a South Amer-

ican bird, the Cotinga mayana [69, 70], we integrated the above-mentioned ENZ

network metamaterials to produce large scale, ultra-bright structural colors [66].

Contrary to colors originated from pigments and based on absorption, structural

colors are generated from optical structures that diffract light selectively in fre-

quency. In this context, the Cotinga Mayana represents a natural inspiration to

develop structural colors with disordered nano-photonic structures, as its feathers

display a non-iridescent blue color produced by an aperiodic nanoporous keratin

network. This mechanism of coloration is found in many animals and insects,

which spontaneously developed this technology during their evolution mainly for

camouflage and prey-predator interactions. The main advantage of structural

colors lies in their robustness, which can persist even after tens of millions of

years [71], contrary to pigments or dyes that fade away quite easily. Research on

structural coloration is stirring a conspicuous interest as it can lead to promising
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Figure 2.4: Complex nanoporous material for structural coloration (a) 3D recon-
struction obtained via focused ion beam (FIB) assisted thin-film tomography. (b)
Representation in the standard CIE 1931 (x,y) space of the colors obtained exper-
imentally (circles markers) and by FDTD simulations (dashed line) for increasing
thickness of the Al2O3 layer. The CIE 1931 (x,y) space encompasses all of the
chromaticities visible to the the human eye. The triangle region corresponds to
the RGB color space. The edges of the tongue-shaped plane correspond to color
values of maximal saturation. The square panels connected to experimental data
points show photographs of the corresponding samples. The colors obtained by
FDTD simulations are represented by the red dashed line, and show a very good
agreement with experimental results. Adapted with permission from [66].

technologies in biomimetic smart fabrics and materials with adaptive camouflage

properties [72, 73, 74, 75]. The main limitation of existing approaches, how-

ever, lies in the limited in scalability and robustness of the fabricated structures.

As discussed in [66], we overcome these limitations by combining the complex

metamaterial structure described in the previous section with ultra-thin dielectric

coatings.

Figure 2.4a displays a 3D reconstruction of the sample used in [66]. The structure

combines an ENZ network nanomaterial with on top a layer of Al2O3 dielectric

coating. Interestingly, when the layer thickness of Al2O3 is varied between 7 nm

and 53 nm, many different colors were formed by the system. The highly saturated

colors generated span from yellow, orange, red to blue, as seen from figure 2.4b



58

showing photographs of the material with coating of different thicknesses, with col-

ors represented in the the CIE1931 (x,y) chromaticity space. Figure 2.4b displays

the colors obtained by FDTD simulations, which show a very good agreement

with experimental results. Remarkably, the dielectric coating has no particular

effect on the displayed color when deposited on a dense film of the same alloy.

This demonstrates experimentally that the observed colors are the result of the

complex light-matter interaction occurring in the ENZ network material.

By combining FDTD simulations and experiments, we demonstrated that the ob-

served coloration is due to a change in the ENZ network connectivity, which red

shifts the reflectivity response of the material when the coating gets thicker. This

mechanism is sustained by the Al2O3, which traps via total internal reflection

a portion of scattered waves inside the coating layer. Light reflected inside the

Al2O3 layer is then arrested preferentially in the the ENZ regions located inside

the coating, favoring the formation of quasi-localized states in these areas. The re-

sults of this process, from a network perspective, is to change network connectivity

and isolate the ENZ regions inside the Al2O3 coating from the others, effectively

creating a sub-network of resonances that are unconnected from the rest.

The response of such sub-network generates the different structural colors from

this material observed in Fig. 2.4b, and it is possible to precisely determine a re-

lationship between the color shift and the change in the coating thickness, with a

simple analytic expression that showed a very good agreement with experimental

outcomes, providing also further evidences to assess the accuracy of the network

model that is used to interpret the dynamics.

This new type of metamaterial presents advantages that makes it suitable for

real-world industrial applications. It provides highly saturated and uniform colors

through a mechanism that is robust to incidence angle (non iridescent) even up

to 70 degrees [66]. The fabrication process relies on simple technology (wet chem-

istry and coating), which are inexpensive and largely scalable. The material has

a lightweight structure and is proven to be extremely robust in a series of scratch



59

tests, which constitutes a significant advantage over classical structures. It is also

lightweight thanks to its porous structure.

2.3 Disorder-enhanced plasmonic nanolenses

While a disordered plasmonic surface sustains a large number of interacting reso-

nances, leading to strong field localization and enhancement, it is extremely chal-

lenging to convey the field localization in a specific spatial location. By definition,

in fact, rough surfaces and porous metals produce localization regions which are

equally distributed across the disordered sample. By combining surface roughness

and standard plasmonic devices, however, it is possible to tailor the mutual inter-

action of the field localizations in order to produce high level functionalities, such

as in the case of disorder-enhanced plasmonic nanofocusing [76].

One of the strongest advantages of plasmonic nanostructures is the possibility

to confine and enhance the electromagnetic fields in nanometric regions, whose

extent and distribution can be tuned by acting on the geometrical features of

the device [13]. Plasmonic nanolenses exploit several self-similarity effects and/or

take advantage from the guiding properties of periodic systems to focus the elec-

tromagnetic field in a specific region of space, such as in the case of chains of

metallic nanoparticles, plasmonic bow-ties and AFM tips [77, 78]. The highly

confined enhancement from plasmonic nanofocusing devices can be exploited to

enhance light-matter interactions, such as in the case of Surface Enhanced Raman

Scattering (SERS) spectroscopy [7]. In a SERS device, plasmonic resonances are

employed to amplify the Raman signal originated from a biological sample. Due to

the high degree of localization of plasmonic resonances, SERS devices can probe re-

gions of space of a few nanometers, opening to the development of single-molecule

spectroscopy applications and nanoscopic probing of molecules and agglomerates.

However, SERS devices are generally based on classical geometries, such as reg-

ular spheres or tips, and surface roughness is generally not taken into account,

despite the fact that roughness and randomness are unavoidable components of
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Figure 2.5: Theoretical analysis of the role of disorder in a Self-Similar-Chain of
disordered nanospheres. a SEM image of an optimized SSC. b Gaussian correlated
disorder distribution as generated from Eq. (2.1) (left) and after the mapping on
a spherical surface (right). c Hot-spot generation in a regular structure (left) and
in a disordered structure (right). The parameters for the sphere roughness were
extracted from SEM images of fabricated samples. d Field enhancement coefficient
ε as a function of the incident wavelength for a regular structure (red line), and
for a statistical ensemble of realistic SSCs (green line). The enhancement for
the realistic system has been averaged over a statistical population of 200 disorder
realizations. e 3D plot of the electric field magnitude along a section of a disordered
SSC. The incident polarization is parallel to the section plane (E = Ex).

any nanofabrication process [13]. In most cases, a large portion of experimental

development is spent in expensive and extensive optimizations of the fabrication

processe, aiming at minimizing the amount of disorder and roughness. An inter-

esting question, however, is whether an optimized amount of structural disorder

can be exploited to enhance the performance of the fabricated structure, instead

of acting as a detrimental factor for the final device. A quantitative analysis of the

effects of disorder is therefore an important problem to be addressed, particularly

considering that surface roughness naturally favors the formation of interacting

localized states.
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2.3.1 Disorder modeling and FDTD analysis

As an example of an efficient single-molecule SERS device, we consider an ensem-

ble of metallic nanoparticles arranged along a Self Similar Chain (SSC), a device

introduced and discussed in [79]. Due to its self-similarity properties, a SCC is

able to sustain a strong plasmonic enhancement in the smaller gap of the nano-

chain, producing a strong three-dimensional field localization whose extent can be

scaled down to a few nm3. The fabrication of a three-dimensional plasmonic SSC

is a challenging task, as it requires a precise control of the nano-particles size and

their relative position. As discussed in [76, 80], we addressed such difficulty by

combining electron-beam lithography and metal electro-less deposition, obtaining

SSCs with smaller gaps below 10nm, as shown in Fig. 2.5-a. As can be evinced

from the figure, however, the nanospheres composing a realistic SSC are charac-

terized by rough and irregular surfaces, which represent a natural consequence of

the electroless deposition process. Counter-intuitively, the surface roughness has

beneficial effects on the performance of the SSC, as can be verified by resorting to

numerical simulations.

Without loss of generality, the surface of a disordered nano-particle in spherical

coordinates (ρ, θ, φ) can be represented by a random radius function R(θ, φ) =

R0 + δR(θ, φ) =, being R0 the mean radius and δR(θ, φ) a Gaussian correlated

disorder contribution. In the curvilinear coordinate system (u, v), the disordered

radius contribution reads (see Fig. 2.5-b left):

δR(u, v) =

∫
dξ dη h∆(ξ − u, η − v) exp

(
−u

2 + v2

2c2
l

)
(2.1)

where h∆(θ) is a white noise distribution, uniform in [0,∆], which is convolved with

a Gaussian function of correlation length cl [81]. The Gaussian-correlated function

δR(u, v) can be mapped on the sphere surface by considering the transformation:

θ = 2πu, φ = cos−1(2v − 1) (2.2)
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which minimizes the occurrence of pole-bunching effects (see Fig. 2.5-b right).

In (2.1), the amount of disorder is controlled by the standard deviation of the

white noise h∆(u, v), which defines the amplitude of the surface roughness, and

the gaussian disorder correlation cl, which governs the disorder fluctuations along

θ and φ.

In order to unveil the role of disorder in a realistic SCC, we performed an extensive

campaign of fully dispersive Finite-Differences in Time-Domain simulations using

our own-made code NANOCPP [82, 2, 46]. In our simulations, we extracted the

surface amplitude ∆ and the correlation length cl for each sphere in the chain

from SEM images of optimized SSCs. As expected, the field enhancement in the

smaller gap is much stronger in the presence of structural disorder, as is shown in

Fig. 2.5-c, where we compare the electromagnetic energy distribution of a regular

structure (left) with the one of a realistic disordered chain. The beneficial effect of

disorder is a robust feature of our device, as we verified by analyzing a statistical

ensemble of 200 different SSCs. As reported in Fig. 2.5-d, the enhancement factor

ε, which is defined as the ratio of the electromagnetic energy in the two gaps of

the SSC, is significantly higher in the presence of disorder.

2.3.2 Nanomedicine applications: screening of early-stage

breast cancer

The high-localization properties of the single SSCs can be exploited to develop a

single-molecule SERS sensor with an extraordinary sensitivity. The final device is

composed by a M ×N matrix of disordered nanolenses, as shown in Fig. 2.6-a,b.

By dispersing a mixture of biological molecules, the raman intensity upon exter-

nal illumination will be dominated by the scattering of the molecules sitting in

the smaller gaps of each SSC in the matrix array (2.6-c). Intuitively, the number

of molecules which can fit into the hotspot region is proportional to their rela-

tive concentration in the solution under examination. Therefore, by considering

a matrix array formed by a large number of SCCs, it is possible to precisely re-
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Figure 2.6: Nanomedicine application: disorder-enhanced SERS sensor based on
plasmonic SSCs. a Device structure. The SERS sensor is composed of an array
of m × n disordered SSCs. b-c Each pixel of the sensor will provide a Raman
signal which is originated in the smaller gap (b). The characteristic Raman signal
(c) shows the characteristic signature of the molecules trapped in the smaller
gap. d Chemical structure of the M1175 peptide in its wild form (left) and in
the mutated form (right). The mutation is due to the substitution of a single
amino-acid, changing from a methionine (left, blue arrow) to an arginine (right,
red arrow). e Characteristic Raman spectra from a SSC containing a wild-type
amino-acid (blue line) and a mutated amino-acid (red line).

construct the initial composition of the biological sample with a few-molecules

precision even in the case of very small concentrations. As a relevant example of

the high sensitivity of the disorder-enhanced SSCs device, we addressed the prob-

lem of early-stage breast cancer detection by analizing the mutation of a BRCA1

protein. BRCA1 is a tumor suppressor gene, whose germline mutation M1775R

predisposes to the development of breast and ovarian cancers [83]. The mutation

of the peptide M1175R, as shown in Fig. 2.6-d, is characterized by the substitution

of a single amino-acid, changing from a methionine (left, blue arrow) to an arginine

(right, red arrow) [84]. As a result, the wild-type protein M1775wt differs from

the mutated specie M1775R by a single amino-acid, and its detection is generally

a rather challenging task, as its characteristic Raman signature is washed out by

other complex molecular groups in the protein. Such difficulty in the detection

is particularly evident in the early stages of the mutation, as the concentration

of mutated species is extremely low. However, by employing digestive molecular

methods, it is possible to dissociate the protein into its amino-acid components,
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transforming the direct detection of a mutated peptide into a multicomponent

mixture analysis, whose experimental details are reported in [76]. Thanks to the

high degree of selectivity of the disordered SSCs, the Raman spectra from a single

pixel of the matrix changes significantly in the presence of mutation, even in the

presence of an extremely low concentration of mutated species, opening to a quan-

titative evaluation of mutated species concentration in the mixture under analysis

(see 2.6-e) [85].
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Chapter 3

Nonlinear complexity in SPASER nanolasers: emission

dynamics traced by ab-initio simulations

Integrating coherent light sources at the nanoscale with SPASERs is one of the

most promising applications of plasmonics [86, 87, 88, 89, 90]. In a SPASER,

localized plasmon polaritons (LPPs) waves occurring at the metal-dielectric inter-

face are amplified by introducing an amplifying medium [86, 91]. Under specific

material and geometric conditions, the amplification of the plasmonic modes can

overcome the intrinsic losses occurring in the metal and the SPASER supports

stimulated emission of radiation, which has been experimentally observed in opti-

cally pumped SPASERs [92, 93, 90, 94, 95, 96, 97, 98, 99]. Despite the large body

of experimental research, the theoretical understanding of the SPASER dynamics

is still challenging. Fundamental insights on the lasing threshold conditions have

been obtained by Mie theoretical approaches [100, 101] and semi-classical methods

[102, 103, 29, 104, 105, 106]. One of the most widely adopted configurations for the

SPASER is given by a spherically symmetric core-shell nanostructure composed

by a metallic core coated with a shell of resonant material and originally intro-

duced in [93]. Even for such a simple configuration, both the spatial distribution

of the lasing modes and their temporal evolution are still unclear in many aspects.

While the core nanostructure supports strongly directional dipole modes [107], in

fact, the symmetry of the system is expected to favor a rotational invariant laser

emission. Understanding the competition between these opposite aspects, while

furnishing new insights on the core-shell SPASER, can provide key elements to

govern the dynamics of energy emission from nanoplasmonic lasers. Controlling

the directionality of light in nanophotonic channels is a fundamental challenge
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in plasmonics, and is at the center of large research efforts [108, 109, 110, 111].

The classical approach to address this issue is to use passive structures with bro-

ken symmetries, which scatter light in one preferential direction. An intriguing

question is related to the possibility of achieving unidirectional emission from a

perfectly spherical nanoparticle. Intuitively, one may expect that this would not

be possible, due to the symmetry of the system. However, we here illustrate that

this counterintuitive dynamics is indeed feasible, thanks to the fundamental prin-

ciple of energy equipartition. By leveraging on this thermodynamic principle, we

illustrate how it is possible to observe very unconventional light-matter interac-

tions in spherically symmetric systems, enabling a new manifold of functionalities

at the nanoscale with SPASER technology.

3.1 Nanolaser modeling: Maxwell-Bloch equations in the

FDTD framework

A major experimental challenge in the understanding of the SPASER dynamics lies

in the difficulty of studying in detail the lasing emission of a single nanostructure

of ≈ 100 nm size. These information would provide essential data to obtain clear

insights on the physics of the system. In order to tackle this issue, we began

our theoretical campaign by performing a series of massively parallel simulations,

where the first-principle equations of motions were numerically solved without

approximation. Our approach combined dispersive FDTD for the evolution of

the electromagnetic field and a fully quantum mechanical description of the gain

medium through Bloch equations. The global set of equations is described as

follows: 
∂H

∂t
= − 1

µ0

∇× E,

∂E

∂t
=

1

ε0

[
∇×H− ∂

∂t
(Plin + Pnlin)

]
,

(3.1)
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where ε0 is the electric permittivity, µ0 the magnetic permeability and E, H denote

the electric and magnetic fields, respectively. In Equations (3.1), the polarization

response of the material P = Plin + PNlin is decomposed into a linear Plin and

nonlinear contribution PNlin. The linear polarization is modeled by a general

non-instantaneous term Plin(t) = ε0

∫
dt′ χ(t− t′)E(t′), which keeps into account

the dispersive properties of the materials. The nonlinear polarization term, con-

versely, describes the interaction between the electromagnetic fields and the atoms

composing the resonant medium. In our model, we represented the atomic sys-

tem by considering a four-level system, with three degenerate levels independently

coupled to each component of the electric field, hence allowing a fully-vectorial rep-

resentation of the light-matter interaction in the SPASER. The dynamics of the

atomic transitions were described by the following set of Bloch equations, which

have been originally derived in [23, 6] and we report here for completeness:


PNlin = eq0Na [S1x̂ + S4ŷ + S9ẑ] ,

∂tSl =
∑

ΓlmSm −
1

τl

[
Sl − S(0)

l

]
,

Γlm =
j

2~
TrH{λl, λm}

(3.2)

In Eqs. (3.2), e is the electric charge, q0 is the typical quantum displacement

length, Na is the density of polarizable atoms in the excited state, τj are the

atomic decaying constant rates and Sj, finally, represents the j−th component

of the Bloch coherence vector S, which combines different complex elements of

the density matrix into a real vector state of the system. Expressions for the

Hamiltonian H and the coupling components Γlm can be found in [23, 112]. In

Eqs. (3.2) the density of excited atoms Na played the role of an external pumping

rate, whose value is determined, as in a standard laser, by the external excitation

of additional energy levels. We explicitly considered the presence of quantum noise

[113] (further details can be found in Appendix A). The Maxwell-Bloch approach

described by Eqs. (3.1)-(3.2) has demonstrated to provide excellent quantitative



68

predictions on a variety of nanolasers including very complex geometries [114, 115].

All dispersive materials were modeled by employing a representation based on 4

Lorentz poles, which correctly represent the media response at visible wavelengths

[116]. The quantum mechanical properties of Rhodamine were defined by the

following set of parameters [6]:


ω0 = 4.33 · 1015 rad/s, q0 = 0.1 nm,

τ0 = 1 ps, τ1 = 10 fs.

(3.3)

where ω0 represents the emission frequency of the dye, τ0 and τ1 are the slow

and fast relaxation rate of the atoms, respectively. In accordance with standard

considerations on nanolasers with characteristic size much smaller than the wave-

length [93] and with models based on full wave Maxwell-Bloch equations [6, 117],

the system was assumed to be in an inverted population condition due the com-

plete saturation of the dye molecules upon external illumination. Accordingly,

the atomic density Na accounting for the pumping rate of the optical dye, was

constant and uniform with typical values below the limit . We solved Eqs. (3.1)

and (3.2) using our massively parallel FDTD simulator NANOCPP [2, 112, 76].

In our 2D and 3D simulations the computational domain was organized as follows:

the SPASER was placed in the center of a box with 1µm side, and each spatial di-

rection was discretized with 400 points (spatial resolution in air: 2.5nm). In order

to simulate an open system, we used Uniaxial Perfectly Matched Layer (UPML)

boundary conditions [14].

3.2 SPASER characterization and spatial emission regimes

We began our analysis by considering a two dimensional core-shell SPASER struc-

ture [95, 96, 97, 98, 99] composed by an Ag nanorod of radius r = 8 nm, embedded

in a doped silica shell. The 32 nm-tick shell was doped with a Rhodamine dye

amplifier. The advantages of this specific geometry are twofold: i) it opens to

various experimental realizations through the use of nanorods structures, whose
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Figure 3.1: First-principle results on the SPASER emission under different dye
doping concentrations Na. Panels (a,d) correspond to the case of Na = 2.25 ·
1027 part/m3, panels (b,e) to Na = 2.75 · 1027 and panels (c,f) to Na = 3.75 ·
1027 part/m3. Panel (a)-(c) report the time evolution (vertical axis) of the (x, z)
distribution of electromagnetic energy, illustrated with a semitransparent volume
mapping. The total time window displayed in (a) is 2π/ω0 = 1.475 fs, while
in the panels (b-c) it has been increased to 8π/ω0 = 5.9 fs in order to capture
the rotation dynamics. In all panels (a,b,c) the period of the energy dynamics,
either in rotation and pulsation, is T = π/ω0 = 0.73 fs. Panels (d)-(f) show the
electric field evolution (normalized with respect to a reference value E0) probed
in proximity of the SPASER. In the spinning phase (c,f), the energy emission of
the SPASER is ≈ 10 times larger than in the multipole configuration (a,d).
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fabrication can be fully controlled and ii) the results can be directly compared

with experiments on single SPASERs, which to date are available only for 2D

geometries [98, 99, 104, 118, 101]. Our analysis was then generalized to three-

dimensional core-shell SPASERs by a set of 3D simulations. The results of our

work are based on an extensive campaign of a few thousands of FDTD Maxwell-

Bloch simulations, which have been performed on 8192 cores of our Shaheen II

supercomputer cluster. The total simulation time was 25 millions cpu hours. Fig-

ure 3.1 summarizes our results obtained for a TM polarized field characterized

by Ex(x, z; t), Ez(x, z; t) and Hy(x, z; t) electromagnetic components. This was

realized in the FDTD Maxwell-Bloch approach by enabling Ex and Ez transitions

in the energy levels (see, e.g. [117] for more details). In terms of wavelength,

the system was assumed to be excited with an angular frequency ω close to the

resonant frequency ω0 of the amplifying material. Due to the typical length of our

simulations (tens of ps), we considered a continuous excitation. In our simula-

tions, we monitored the spatio-temporal dynamics of the electromagnetic energy

for a large temporal window characterized by t = 80 ps, studying the formation

of different lasing regimes when the atomic density Na is varied. At low atomic

densities Na < 1026 part/m3, the system does not manifest any lasing action, and

is characterized by random fluctuations of the electromagnetic field (not shown

in figure for simplicity). When Na = 2.25 · 1027 part/m3 (see Fig. 3.1a,d), the

system exhibits an initial non-equilibrium regime characterized by the emission of

pulses, which slowly approach a stationary emission pattern at ω = ω0 resembling

an electric quadrupole, where energy dynamically pulsates in time (see Fig. 3.1a).

If the atomic density is increased to Na = 3.75 · 1027 part/m3 (Fig. 3.1c,f) an

even more interesting dynamics appears, where the SPASER becomes a spinning

dipole that rotates at the ultrafast frequency ν0 = 689 THz. Quite interestingly,

the spinning direction of the SPASER emission changed randomly from simula-

tion to simulation, with a probability that has been estimated to be 50%. The

energy emission in the spinning phase is almost 10 times higher than in the multi-
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pole configuration. The spinning regime is attained by an intermediate phase (see

Fig. 3.1b,e), where the energy dynamics shows a non-equilibrium configuration

characterized by the alternation of both rotation and pulsation effects (see Fig.

3.1b).

3.3 Nonlinear dynamics and complexity in a SPASER

The lasing regimes displayed in Fig. 3.1 are the result of a complex form of

light-matter interaction, which can be modeled by considering all the interacting

degrees of freedom in the SPASER. To this extent, we developed a formalism whose

dynamical variables can be extracted from first-principle simulations, allowing to

validate our theory against realistic results. Following the angular spectrum repre-

sentation approach [119], we decomposed the total emitted field as a superposition

of modulated angular plane waves:

E(x, t) = ê

∫ 2π

0

dα
[
aα(t)ψα(x)eiω0t + c.c.

]
, (3.4)

where ω0 = ck is the field frequency, ê a dimensionless unit vector along the

direction of E, aα(t) a generic mode amplitude and ψα is an outgoing plane wave

that propagates on the angular direction defined by ŝ = [sx, sz] = [cosα, sinα]:

ψα(x) = exp [−ik (x cosα + |z| sinα)] . (3.5)

Each term aα = |aα|eiθα can be considered as an angular spin variable, where the

phase θα defines the orientation θ̂α = [cos θα, sin θα], and |aα| the amplitude. In

our analysis, stemming from the total field (3.4), we calculated the evolution of

the spin variables in the far-field zone for α ∈ [0, 2π]. This is accomplished by

substituting Eqs. (3.4) into the Maxwell-Bloch Eqs. (3.1)-(3.2), and by applying
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Figure 3.2: Study of energy equipartition in the SPASER. Panel (a) shows the
evolution of an ensemble of N = 30 eigenstates of the system in the case of ε = 0,
when nonlinear interactions among the angular spins are absent. All eigenstates
bβ are initially excited with the same amplitude, and random phases. Each eigen-
state has a gain coefficient equal to gξβ, with ξβ uniformly distributed between 0
and 1, and is identified in the plot by a unique color (colorbar on the right). In the
time dynamics, we observed that the eigenstate with the highest gain converges to-
wards a nonzero stationary value, while all the others are progressively suppressed
after an initial transient. Panel (b) analyzes the case for ε 6= 0, when nonlinear
interactions affect the dynamics of the system. The panel illustrates the results of
an ensemble of 100 different simulations, each considering the dynamics of a set
of N = 30 eigenstates, with gain factors ξβ ∈ [0, 1] and fully random nonlinear
couplings. In each simulation, we excited at the input the eigenstate with the
highest gain, keeping all the other at zero amplitude. In this regime, the system
shows always convergence towards energy equipartition. In all the simulations we
used g = 1, κ = 0.1 and τ = 10.
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perturbation analysis (see Appendix A for a detailed derivation):

Ȧ + κA = g
χ(1) ·A
1 + τI

+ εgτ
χ(3)...AAA∗

(1 + τI)2
+O(ε2), (3.6)

where A = [a0, ..., aα, ...] is a vector that contains the angular spin variables aα with

Ȧ = dA/dt, τ = τ0/τ1, ε < 1 a dimensionless perturbation constant, I =
∑

α |aα|2

the total intensity emitted by the laser, κ the material losses, g the active medium

gain, χ(1) and χ(3) rank-2 and rank-4 tensors, respectively, behaving as first and

third order susceptibilities of classical nonlinear optics [120]. In Eq. (3.6), all

quantities are normalized into dimensionless units, and the relative expressions

are detailed in Appendix A. Equation (3.6) shows that the SPASER dynamics

does not only depends on the competition between gain g and losses κ, but also

from the relaxation times τ0 and τ1, which control the strength of high-order

nonlinear interactions among the spins through τ = τ0/τ1. When the amplitude

of gτ is small, we can neglect high order nonlinear effects and the system dynamics

becomes expressed by a standard laser equation, with saturation effects provided

by the term 1/(1 + τI). In this regime, the laser evolution can be easily discussed

by moving to the space of the eigenstates bβ of the system, which is constructed

from the eigenvectors ϕβ and eigenvalues ξβ of the linear susceptibility matrix χ(1).

Each eigenmode ϕβ groups a set of angular spins aα into a single eigenstate bβ,

which evolves as follows (see Appendix A):

ḃβ + κbβ =
gξβ

1 + τI
bβ, (3.7)

with I =
∑

β |bβ|2. The competition between gain and losses in this system has

a very simple outcome, which always selects the eigenmode ϕβ′ with the highest

gain, reaching a steady state intensity |bβ′|2 = (gξβ′ − κ)/τκ. All the remaining

eigenmodes with β 6= β′ are progressively suppressed at large times. This behavior

relies on the fact that at steady-state, the intensity is constant I =
∑

β |bβ|2 =

const. and Eq. (3.7) becomes a simple linear system with uncoupled states, which
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are all suppressed except the one with the largest gain. In Fig. 3.2a, we illustrates

the evolution of Eqs. 3.7 in the case of N = 30 eigenstates, with eigenvalues ξβ

randomly distributed between zero and one. In the simulations we assumed g = 1,

κ = 0.1 and τ = 10. We considered an input condition where all the eigenstates

are initially excited with the same amplitude and a random phase. In the Fig. 3.2,

we assigned a unique color to each eigenstate bβ, in order to identify the evolution

of each state (Fig. 3.2, colorbar on the right). As expected, only a single state

was selected. Equation (3.7) provides a very intuitive idea for a laser: given a

distribution of independent angular emission patterns, the system evolves towards

the one with the highest gain factor.

When gτ is no longer negligible, Eq. (3.7) becomes:

ḃβ + κbβ =
gξβ

1 + τI
bβ + εgτ

∑
η,ν,ρ ξ

(3)
ηνρbηbνb

∗
ρ

(1 + τI)2
, (3.8)

where the tensor ξ(3) expresses the susceptibility χ(3) in the space of eigenstates

(see Appendix A for more details on this transformation). In the dynamics encom-

passed by Eq. (3.8), all the states are now fully coupled. The dynamics of a single

eigenstate, initially launched into the system, is no longer trivial. In the presence

of many interacting states, the mode-competition resulting from (3.8) is expected

to lead to a scenario of energy equipartition, which is the fundamental principle

of statistical mechanics [121, 2]. This implies that at equilibrium, the system is

expected to converge towards a configuration where each degree of freedom has

the same amount of energy. In order to verify this hypothesis, we performed nu-

merical simulations on (3.8) and considered 100 realizations of the dynamics of

N = 30 modes, with g = 1, κ = 0.1, τ = 10. The tensors ξn and ξ(3) where chosen

as random matrices, with entries following a Gaussian probability density with

unit mean value and unit variance. At the input, we launched each time the single

mode with the highest gain factor gξβ′ , while putting the amplitudes of all the

others to zero. The input intensity I0 = |bβ′(0)|2 of the mode was chosen to match
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Figure 3.3: Phase diagram of the SPASER and angular spin evolution. Panel
(a) shows the phase diagram of the SPASER in the (g, τ/τRh800) plane, where
we have scaled the parameter τ with respect to the corresponding value τRh800

of Rodhamine 800, a very common dye. Each phase is identified by extracting
the dynamics of the angular spin variables aα from the far-field of the system.
The continuous lines in the plot indicates typical dyes available in the literature,
with parameters taken from [122]. Panels (b) and (c) illustrate the dynamical
evolution of the angular variables aα(t), plotted in a three-dimensional space
(|aα| sin θα, |aα| cos θα, t), corresponding to the points b-c in the panel (a). The
insets in panels (b) and (c) report a spatial snapshot of the spatial distribution of
the energy density emitted by the SPASER at steady state.

the steady-state intensity I0 = (gξβ′ − κ)/τκ. In the absence of nonlinear mode

couplings, the excited mode maintains a constant intensity, showing practically no

evolution from the initial state. In the presence of nonlinear coupling, however,

the dynamics was quite different, as illustrated in Fig. 3.2b.

In all cases examined, despite the fully random nature of the distribution of

couplings furnished by ξ(3), the outcome observed was always the same: the system

showed an irreversible evolution where the dynamics of the initial mode faded

away, leading to the thermalization of energy among all the available states (Fig.

3.2b) and confirming our hypothesis of energy equipartition. The consequences of

energy equipartition for a SPASER are quite interesting, as we will illustrate in

the next section.
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3.4 Phase diagram

We calculated the emission dynamics of a SPASER by extracting the time evolu-

tion of the spin variables aα from FDTD simulations. By integrating Eq. (3.4) in

the far field regime with the saddle-point method [123], we obtained the relation-

ship between the angular spin variables aα and the electric field:

Er→∞(sx, sz, t) = −i2πaα(t)
ei(ω0t−kr)

r
ê, (3.9)

with r2 = x2 +z2. Equation (3.9) represents the intuitive idea that in the far-field,

the electromagnetic field distribution can be modeled as an angular modulated

wave, represented by a cylindrical wave in 2D or a spherical wave in 3D. The an-

gular spin variables aα can be extracted from the amplitude of far-field component

of the electric field Er=r0→∞(sx, sz, t) on a surface of constant radius r = r0. To

calculate the dynamic of aα, we divided the angular domain [0, 2π] into N = 100

different angles αj, and used a Near to Far-Field (NTFF) transformation to cal-

culate the time evolution of the electric field Eαj along each angular direction αj

[14]. We then extracted the amplitude |aαj | and phase θαj by employing a Hilbert

transform on the time field evolution of the angular modes. To this extent, we

first calculate the analytic representation Aαj of the electric field:

Aαj(t) = Eαj + iH{Eαj} ≡ Xcαj + iXsαj (3.10)

where H[f ] indicates the Hilbert Transform on the generic field f . The amplitudes

and phases are then expressed as follows:

|aαj | = |Xcαj |2 + |Xsαj |2,

θαj = tan−1

(
Xsαj

Xcαj

)
. (3.11)

In our simulations, we changed both the gain g and the strength of nonlinear

interactions τ , by acting on the atomic density Na and the population relaxation
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time τ0. For each point in a (Na, τ) phase-diagram, we calculated the far-field

dynamics of the system, retrieving the evolution of the angular spins aα(t) until

steady-state. For each simulation, we considered various realizations of quantum

noise to check the stability of the numerical outcomes, investigating a range of τ

that covers typical dyes used in experiments [122] (Fig. 3.3a, solid lines). The

analysis shows that the SPASER exhibits two different phases (Fig. 3.3a). When

the parameter Naτ is small, the system converges towards a dipolar emission of

energy. Figure 3.3b illustrates the corresponding dynamics of the angular spin

variables aα, which redistribute the energy on a configuration that represents an

electric quadrupole. This emission confirms the scenario predicted by our theo-

retical analysis for negligible nonlinear mode interactions: in this regime, in fact,

emission of energy occurs towards the angular eigenstate that experiences the

largest gain. In a SPASER, angular eigenstates are provided by electric dipolar

modes, which are degenerate along all the possible orientations, due to the rota-

tional symmetry of the structure. Rotational symmetry is broken by the input

excitation, which favors electromagnetic transitions along the axis of the electric

field components Ex and Ez [124]. This imposes a specific distribution of angular

gains, which have maxima for the quadrupole state observed in our simulations.

When the factor Naτ increases, conversely, nonlinear mode interactions become

important. In this situation, the system explores the full space of states and man-

ifests energy equipartition (Fig. 3.3a,c). At steady state (Fig. 3.3c), each degree

of freedom |aα|eiθα acquires the same energy |aα|2 = a2. Due to the rotational

symmetry of the SPASER, energy equipartition is exploited in the configuration

that guarantees a radial emission of energy (Fig. 3.3c, inset). This implies that all

the possible angular directions θ ∈ [0, 2π] are explored in sequence with θ = ±α.

By substituting such configuration of angular spins into (3.9), we obtain:

E(r, t) = −i2πaêe
i(ω0t−kr)±iα

r
, (3.12)

which represents the far-field expression of a rotating dipole. Quite interestingly,
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Figure 3.4: Lasing characterization and spasing threshold. Panel (a) Double
logarithmic LL plot of lasing intensity (blue circles) and emission linewidth (red
circles). Panel b and c show the spatial distribution of the emitted energy from
the SPASER for two different gain density Na and marked as points (b) and (c),
respectively, in panel a. In the multipole lasing emission region (Panel a point (b)
and panel b), we observe the simultaneous occurrence of a nonlinear enhancement
of the lasing intensity and the formation of a plateau in the spectral narrowing,
which are the characteristic signature of a spasing transition. These results are
in accordance with the experimentally observed transitions for single SPASER
structures [99, 98].

the rotation direction of the dipole is fully random, and dictated by quantum noise

with a probability of 50% to select counter clock-wise and clock-wise rotations.

From the phase diagram of Fig. 3.3a, we also observe that when the parameter

τ increases, the interactions among the modes become dominant, and the lasing

action always converges towards energy equipartition. It is important to observe

that when the SPASER approaches energy-equipartition, the transient dynamics

shows the typical patterns of non-equilibrium thermodynamics, and the resulting

evolution is sensitive to the specific realization. This aspect is observed in Fig.

3.1b,c: both systems are converging towards energy equipartition, but the case

illustrated in Fig. 3.1c is characterized by stronger nonlinear interactions and

thermalizes energy at a faster rate with respect to the case of Fig. 3.1b.

Figure 3.4 provides further details on the spasing action of the system, by showing
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the spectral narrowing (Fig. 3.4a solid red markers) and the nonlinear emission

intensity (Fig. 3.4a solid blue markers) of the SPASER for an increasing gain den-

sity Na. In our simulations, we considered the presence of a Rhodamine dye (Fig.

3.3 solid red line). The results of this analysis agree very well with experimental

measures published in [99, 98]. The spasing action is confirmed by the character-

istic “S”-shaped behavior of the intensity peak versus density Na, as well as by

the exponential narrowing of the emission linewidth, which approaches an almost

constant value in the spasing regime. The final linewidth of the SPASER is of the

order of 1 − 2 nm, which is in quantitative agreement with experimental results

[99, 98]. Both dipolar and rotational dynamics are observed in the spasing regime,

within an order of magnitude of increase of the gain density Na. The similitude of

Fig. 3.4 with Fig. 3b of [99], suggests the possibility that the spasing rotational

dynamics can be observed within the pumping ranges of current experiments.

3.5 Applications: nanoplasmonic launchers and random

information sources

We completed our analysis by investigating some possible applications of the

SPASERs in the regime where energy equipartition takes place. A thorough anal-

ysis of this problem goes beyond the scope of this paper, and will be reported in

a future work. An important problem in plasmonics is to achieve unidirectional

light coupling, where the traffic of surface plasmon polariton (SPP) waves can be

manipulated and controlled at the nanoscale [110]. The possibility to obtain a

stable rotating dipole emission in the SPASER opens up the possibility to inte-

grate unidirectional energy sources in spherically symmetric systems, which are

quite attractive due to their fabrication maturity. In order to build a unidirec-

tional launcher with the SPASER, we took inspiration from the large literature

on rotating dipole systems [125, 126]. We investigated two simple configurations,

illustrated in Fig. 3.5a-b (Movies illustrating the two configurations are available

online as Supporting Information of [82]). In the first case, the SPASER was
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Figure 3.5: Analysis of different configurations of the SPASER as unidirectional
energy launcher and random energy source. Panels (a-b) illustrate the setup of
different configurations, with the working principle of the device summarized on
the right. In panel (a), we considered a SPASER placed in proximity of a metallic
Ag surface (a, left). According to the spin orientation acquired by the laser in the
rotational phase, energy is coupled on SPP wave trains that propagate in different
directions along the x axis (a, right). In panel (b), conversely, we considered a
tapered X structure, where the SPASER is placed in the center. This geometry
always couples energy in both directions along x, but the states generated are
always anti-symmetric along z. Panels (c-d) shows a snapshot of the energy dis-
tribution retrieved by FDTD simulations of the devices sketched in panels (a-b).

placed near a metallic plane, made of Ag, with the nanostructure center diplaced

by 50 nm, corresponding to 0.1 λ, with λ the emission wavelength of the SPASER.

In our simulations, we modeled a Rhodamine 800 dye, with decaying constant

τ0 = 5 · 10−10, whose parameters were taken from [122]. Figure 3.5c illustrates a

snapshot of the electromagnetic energy density (semitransparent surface) for the

geometry of Fig. 3.5a.

As seen in the figure, the light matter interaction between the SPASER and the

metal induces the generation of unidirectional surface plasmon polariton (SPP)

waves, which propagate in the metal-dielectric interface by following the rotation

direction of the energy emitted by the SPASER. Due to the rotational emission, the

SPASER acquires the character of a nanoparticle with a random effective ‘spin’,

with a positive and negative sign corresponding to counter-clockwise and clockwise
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Figure 3.6: Rotational emission from a 3D spherical core-shell SPASER. Panels
a-b show two different perspective view of the electromagnetic energy distribution
in the lasing stage at t = 30 ps for a fully three-dimensional nanoparticle when
Na = 7×1027. A 3D section of the SPASER nano particle is represented in the axis
center. The incident polarization is linear along the (x, z) plane and the rotational
emission occurs on the same plane.

rotations, respectively. In this simple nanoplasmonic circuit, the effective spin sign

controls the coupling direction of light in the metallic planar surface. Figure 3.5d

shows the energy distribution corresponding to a different configuration, where the

SPASER was sandwiched between two identical tapered metallic nanostructures.

This particular geometry can generate anti-symmetric states along z, whose energy

propagates along x always in both positive and negative directions. This dynamics

is further illustrated in Fig. 3.5d which report the case corresponding to a positive

spin.

3.6 Rotational emission from a three-dimensional SPASER

In order to verify the occurrence of a spinning phase in a spherical SPASER, we

performed a series of fully 3D simulations on a spherical core-shell SPASER cor-

responding to the geometry experimentally investigated in [93]. A full analysis of

the 3D SPASER with a complete phase diagram for different Na and combinations

of optical dyes will be presented in a future work. Figure 3.6 summarizes the re-
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sults obtained for Na = 7×1027 and a Rodhamine dye, showing the formation of a

spinning phase for this configuration. In our simulations we considered a linearly

polarized excitation along (x, z), which drives the SPASER towards a rotational

emission in the same plane. This result further confirms that the rotational phase

of the system is a general signature of energy equipartition that occurs in both 2D

and 3D spasing geometries.
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Chapter 4

Anapole nanolasers for mode-locking and ultrafast pulse

generation

In recent years significant efforts have been devoted to realize nanoscale sources of

coherent light aiming at filling the gap between photonics and electronics for both

classical and quantum applications [127, 128, 129, 130, 131, 132, 33]. Fundamen-

tal advances have been recently reported in semiconductor-dielectric heterojunc-

tions, where nanolasers from direct band gap materials have been demonstrated

[32, 133, 134, 135]. Further progress with these materials requires to address many

fundamental challenges, originating when the miniaturization of optical circuitry

is pushed to the nanoscale. A first problem comes from the diffraction limit of

light, which introduces significant radiative losses that are detrimental and severely

limit the performance of nanoscale devices [28, 29]. A second issue is represented

by the efficient coupling of light from nanophotonics sources, whose emission is

strongly nondirectional [30, 31]. All these problems originate from the fact that

conventional optical sources couple energy to classical radiating states, which are

all diffraction limited and difficult to control at the nansocale.

An intriguing idea is to introduce a novel nanolaser design concept, which exploits

states of matter with unconventional radiation properties that can overcome the

aforementioned limitations. States with nonconventional emission of energy have

been recently demonstrated in specific types of all-dielectric nanoparticles, real-

ized in both silicon and germanium semiconductors [136, 36, 137]. Under specific

conditions, the superposition of internal modes of these nanostructures can gener-

ate radiation-less states, called anapoles, that are scattering-free and invisible to

the propagation of the electromagnetic fields [35, 138].
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4.1 Anapole-based nanolasers: Conceptual design

A fundamental question is whether it is possible to employ a non-radiating state

of matter, such as an anapole, to engineer a coherent light source based on stim-

ulated light amplification. To illustrate this concept (Fig. 4.1) we consider an

all-dielectric resonator composed by a semiconductor nanodisk that is optically

pumped in the same scheme of a classical laser, with energy decaying in one —or

more— indirect transitions to a final energy state (Fig. 4.1b). Unlike a conven-

tional laser, however, in our design the stimulated emission (Fig. 4.1b red arrow)

amplifies an anapole state, which can be identified by a dip in the scattering effi-

ciency of the structure (Fig 4.1c, blue line). The anapole mode is generated by the

superposition of electric and toroidal dipoles [36], which produce an electromag-

netic mode that is confined in the interior of the nanodisk and does not radiate

in the far-field (Fig. 4.1d). The possibility to achieve nonlinear amplification

of an anapole is counterintuitive, due to the lack of any optical feedback from a

scattering-free state that is totally invisible to a far-field observer. However, if this

interaction could be successfully triggered, we would have at disposal a new type

of source that is not limited by diffraction or any of the aforementioned problems.

By using rigorous first-principle simulations on the quantum electrodynamics of

photons, here we show that the light-matter interaction depicted in Fig. 4.1 gives

rise to a surprisingly stable steady-state, where light energy is strongly collected

within the anapole and evanescently transmitted in a subwalength area outside

the nanostructure. By leveraging on tunneling effects and mutual synchroniza-

tion, we illustrate that such “anapole nanolaser” opens a large manifold of ap-

plications, ranging from efficient and polarization controlled energy coupling, to

ultrafast pulse generation without the need of external design elements. Anapole

nanolasers hold the promise to be an ideal energy source for nanoscale optics in

silicon compatible platforms.
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Figure 4.1: Concept of anapole nanolaser. a Three dimensionsonal representa-
tion of an anapole nanolaser composed by an direct bandgap semiconductor (black
nanodisk), which is optically pumped from the top from the top (green arrow).
b Energy diagram of light amplification via stimulated emission in a direct bad
gap semiconductor. c Amplification scheme in frequency domain of the anapole
nanolaser, where the stimulated emission (solid red line) coincides with the scat-
tering dip (solid blue line) associated to an anapole state. d Spatial distribution
of the electric field inside the nanodisk at the anapole frequency. The formation
of circulating patterns (white arrows) suppresses far field radiation and generates
a scattering-free anapole state whose energy is confined inside the nanostructure.
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Figure 4.2: Anapole nanolaser: design. a Tunability of the direct band gap of
InxGa(1−x)As as a function of the molar ratio x of InAs. b Pseudo-color plot of the
scattering efficiency Csca of an In0.15Ga0.85As nanodisk for a varying disk diameter
d and of the incident wavelength. The incident field is linearly polarized along the
Ex direction. The white dashed line highlights the region where the scattering
is suppressed by the presence of anapole states. c Scattering efficiency for an
In0.15Ga0.85As cylinder of diameter d = 440 nm and height h = 100 nm. For these
choice of parameters, the anapole wavelength coincides with the semiconductor
emission wavelength λ0 (red arrow). The red shahed area shows the Lorentzian
gain profile of the In0.15Ga0.85As semiconductor, which is entirely contained in
the scattering suppression region.

4.2 Design materials and geometry

We design an integrated anapole source starting from standard InxGa1−xAs semi-

conductor. InxGa1−xAs is obtained by combining InAs and GaAs and is a direct

bandgap semiconductor that is silicon compatible for monolithic integration [133].

Following the electrical or optical excitation of carriers, the material sustain stimu-

lated emission of radiation. Both the optical properties and the emission frequency

can be tuned by varying on the molar concentration x of InAs in the compound

[139, 140]. Figure 4.2a illustrates the bandgap energy of InxGa1−xAs as a func-

tion of the Indium molar fraction x. As shown in the figure, the emission of the

material can be tuned in a large bandwidth from 873 nm in the near-infrared to

3.6 µ m in the infrared. In our analysis, we consider a molar fraction x = 0.15,

corresponding to an emission wavelength λ0 = 948 nm. The value x = 0.15 is

a standard concentration of InAs that allows monolithic integration directly on

silicon, as reported in [32]. In addition to that, In0.15Ga0.85As is characterized by

low losses in the proximity of the emission frequency λ0, as illustrated in Fig. 4.3

Figure 4.2b illustrates the scattering cross section Csca [141, 142] of a cylinder of
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Figure 4.3: Dispersive FDTD modeling of In0.15Ga0.85As Real (left) and imagi-
nary (right) parts of the dielectric function ε(ω) = ε1(ω)+ iε2(ω) of In0.15Ga0.85As
as a function of the wavelength λ. The dispersion model employed in our simu-
lations (circles markers) ensures one-to-one mapping with experimental measure-
ments (solid lines).

In0.15Ga0.85As with height 100 nm and different values of diameter d. The figure

shows a region where the scattering of the nanodisk is suppressed in all directions

(Fig. 4.2b dashed line). Such special region, which extends in the visible and

in the near infrared for In0.15Ga0.85As nanodisks, is sustained by the presence of

non-radiating Anapole states that do not possess far field emission. This is fur-

ther confirmed by the multipole decomposition of the electromagnetic fields as a

function of the incident wavelength for a nanodisk with diameter d = 440 nm and

height h = 100 nm (Figs. 4.4-4.5). All scattering efficiencies for three-dimensional

structures have been computed by means of the freely available package DDSCAT

[142, 143].

Figure 4.2d presents the scattering cross section spectrum for a cylinder with

diameter d = 440 nm and height h = 100 nm, whose anapole wavelength coincides

with the emission wavelength of the In0.15Ga0.85As semiconductor at 948 nm (red

arrow). This configuration constitutes our design geometry as illustrated in Fig.

4.1c. To maximize the energy trapped inside the nanodisk for the pump beam,

we placed the pump wavelength on a scattering maximum of the nanodisc (Fig.

4.2c green arrow). In the proximity of the Anapole frequency, the scattering of
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Figure 4.4: Multipole decomposition of the anapole state. Electric (orange lines)
and toroidal (blue) dipole modes of the anapole state formed in a In0.15Ga0.85As
nanodisk of diameter d = 440 nm and height h = 100 nm in an ideal lossless
configuration.

the structure is strongly suppressed within a bandwidth of ∆λ ≈ 50 nm. This

is larger than the amplification bandwidth of the In0.15Ga0.85As semiconductor,

which is around 20 nm (Fig. 4.2d, red solid area) as experimentally measured in

[32, 144]. The anapole state is stable against geometrical changes in the struc-

tures, as we verified by calculating the scattering efficiency Csca of the structure

for varying nanodisk diameter d and height h (see Fig. 4.6). The formation of

anapole states dominate at λ0 = 950 nm in a wide range of geometrical parameters

corresponding to 85 nm ≤ h ≤ 105 nm and 435 nm ≤ d ≤ 475 nm, which are

well within the precision of optical nano fabrication technologies such as electron

beam lithography.

4.3 Anapole amplification through stimulated emission of

radiation.

We investigated the process of amplification of anapoles through stimulated emis-

sion by the Maxwell-Bloch Finite-Difference Time-Domain (MB-FDTD). The MB-

FDTD is a first-principle approach extensively explained in [117, 23, 112]. This

method is based on the quantum-mechanical density matrix equations for a four
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Figure 4.5: Anapole state: effect of losses. Scattering cross section for an
In0.15Ga0.85As cylinder of diameter d = 440 nm and h = 100 nm in the ideal case
(blue line) and in the case where the losses of the material are considered (orange
line). The presence of losses changes very little the scattering digram and do not
appreciably alter the minimum position in frequency.

level atomic system coupled with a dispersive set of Maxwell equations, which are

exactly solved in time and space with a statistical model for quantum noise [82].

sThis technique has proven to furnish extremely realistic results that have been

verified against many experiments [145, 6, 62, 82]. In our simulations, we modeled

the exact dispersion curve of the In0.15Ga0.85As (see Fig. 4.3) [146, 147, 148, 139],

and we assumed a Lorentzian-shaped gain profile with a dephasing time of τ = 40

ps, whose value has been experimentally measured in [32, 144].

Figure 4.7 summarizes our three-dimensional results for a pumping beam linearly

polarized along the x axis and perpendicular to the cylinder axis. In these sim-

ulations we considered a cylinder of In0.15Ga0.85As with diameter 440 nm and

height 100 nm, exposed to different pumping rates that are measured through the

density of carriers ρ0 [149]. Figures 4.7a-b report the intensity and the linewidth

of the electromagnetic field of the anapole state amplified inside the nanodisk.

The behavior of the anapole amplitude versus pumping rate (Fig. 4.7a-b) is that

of a standard laser, with a linear relationship between pumping rate and amplified

intensity (Fig. 4.7a). The system shows also an equivalent Schawlow—Townes
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Figure 4.6: Optimization and robusteness of the anapole state at λ = 950nm.
Scattering cross section for an In0.15Ga0.85As cylinder for varying diameter and
height near the anapole state formed at d = 440 nm and h = 100 nm. The dotted
area shows the region of strong scattering suppression, where the anapole state is
stable.

linewidth (Fig. 4.7b), which quickly reaches a stable value of approximatively

2 nm. This value is in accordance with experiments on lasing emission from

InGaAs nanostructures [32]. A characteristic time evolution of the Ex field is dis-

played in Fig. 4.7a-inset, which shows the reaching of a stable stationary emission

state after an initial transient. The corresponding intensity spectrum, reported in

Fig. 4.7b-inset, further confirms that the emission corresponds to the amplifica-

tion of the anapole state at λ0 = 948 nm.

Figures 4.7c-e illustrate the spatial distribution of the electromagnetic energy of

the system at steady-state. Here we observe a radically different scenario if com-

pared to a classical nanolaser. The emitted field is in fact totally confined within

the nanodisk resonator, with electromagnetic energy decaying exponentially out-

side the cylinder region. The lack of far-field emission provides a characteristic
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Figure 4.7: Near field lasing action of anapole states. a Input/output diagram of
anapole amplitude versus carrier density ρ0 with (inset) time trace (a) of the field
component Ex for a pumping rate of ρ0 = 3 × 1026 part ·m−3. b Corresponding
linewidth behavior and (inset) power spectral density measured inside the nan-
odisk. c-e Three-dimensional volume mapping (c) of the electromagnetic energy
in the steady-state for ρ0 = 3 × 1026 part ·m−3. Panel d and e show top (d) and
lateral (e) sections of panel c.
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signature of the anapole state that is being amplified through stimulate emission,

and is the hallmark of a new type of near-field nanolaser that do not radiate in

the far-field. Inside the nanodisk, we observe that the electromagnetic energy dis-

tribution preserves the dipolar shape of the linear anapole state (see Fig. 4.8),

which is perpendicular to the polarization of the pumping field Ex.

Figure 4.8: Scattering suppression and invisibility of a linear anapole state. a
Volume mapping of the electromagnetic energy distribution of an incident plane-
wave impinging on an anapole nanoparticle at λ = 948nm. The plane wave
propagates along z, and the incident polarization is Ex (red arrow). (inset) Section
of the electromagnetic energy in the center of the cylinder (dashed line), showing
the characteristic three-lobes profile of the anapole mode. b x − z section of
the electromagnetic energy distribution. As can be seen from the figure, the
anapole scattering field is restricted to the near field, and the plane wave profile
is completely restored after a few wavelengths.
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4.4 Applications of near-field Anapole nanolasers

4.4.1 Spontaneously polarized nanolaser splitters and nanopho-

tonics couplers.

The possibility to exploit near-field emission in conjunction with the dipolar na-

ture of the anapole mode opens new pathways to develop spontaneously polarized

nanolasers and nanophotonic routers. Polarization control, which is crucial in

many linear and nonlinear applications [150, 151, 152, 153], is a quite challenging

task for nanoscale sources and it is in general addressed with the introduction of

metals and/or specific geometries [154, 155, 156]. By employing anapole sources

we can introduce a different design concept that can be easily integrated into two-

dimensional circuits. Figure 4.9 illustrates our idea, where we consider a nanodisk

of In0.15Ga0.85As with 440 nm diameter and 100 nm height placed in proximity

of silicon nanowires of width 150nm and thickness 100nm. The nanowires are

distributed in cross configuration, with the anapole nanolaser placed at the in-

tersection point of the circuit. When the incident beam impinges on the anapole

with linear polarization (Fig. 4.9a), it excites the corresponding anapole state

with localized dipolar field aligned perpendicularly to the pump polarization. The

electromagnetic field distribution of the anapole couples only into the channels

that overlap with the anapole mode, routing light according to the polarization

of the input field. Figure 4.9b reports a volumetric mapping of the spatial distri-

bution of the electromagnetic energy at steady state and illustrate this dynamics.

The near-field nature of the anapole allows electromagnetic energy to be efficiently

coupled inside nanowire channels even of such a small size. In order to evaluate

this functionality more quantitatively, we considered the same scenario with a

standard nanolaser, characterized by a classical spherical nanoparticle with di-

ameter d = 448 nm and resonance at 948 nm (Figure 4.9e, inset). Figure 4.9c

illustrates the outcome. Due to the strongly radiating nature of the components

amplified in the nanoparticle, light scatters almost everywhere without coupling in
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Figure 4.9: Polarization controlled and optical router anapole nanolaser. a Work-
ing principle of the device based on directional coupling of anapole modes. Light
pumping the anapole nanolaser placed in the middle of the circuit amplifies the
corresponding anapole mode that tunnels energy in neighboring channels accord-
ing to the polarization of the input pump. b Electromagnetic energy distribution
in the nanowire channel at steady state in the case of an Ex polarized pump-
ing beam. c-e Same structure as in (a,b), but with an In0.15Ga0.85As spherical
nanoparticle replacing the anapole nanolaser (see panel e, inset). The nanoparticle
has the same radius as the cylinder and is characterized by a strong resonance at
the emission wavelength λ0. The emission of the nanoparticle is more than one
order of magnitude larger than the anapole, as observed by comparing panels b-c.
However, does not selectively couple to any channel, due to the strongly radiating
character of the emission intensity. In addition to that, the intensity coupled in
each nanowire channel (e) is four order of magnitude lower than for the anapole
nanolaser (d).
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the nanowire channels. By measuring at the light energy in the nanowire channels,

we observe that with an anapole nanolaser we have 4 orders of magnitude more

energy inside the channel with respect to the standard nanoparticle laser (Fig.

4.9d-e). Such remarkable result depends on the fact that an anapole nanolaser en-

ables by design near-field energy coupling, a mechanism that is extremely efficient

in transferring energy in neighboring structures.

The tunability of the formation of an anapole state in the In0.15Ga0.85As material

(Fig. 4.2) and the compact geometry of the anapole near-field nanolaser allows a

large design flexibility, where multiple anapoles can be optically pumped within

hundreds of nm, feeding light energy into complex nanoscale circuits. In this sce-

nario, even the use of a near field scanning optical microscope (NSOM) nanotip

or a plasmonic nanoantenna is very challenging, as the macroscopic size of the

coupling structure does not easily allow the excitation of selective channels nearby

in space.

4.4.2 Spontaneous mode-locking and on-chip ultrafast pulse

generation.

The evanescent emission of energy from anapole nanolasers opens to new concepts

for ultrafast pulse generation, which result from a mechanism of mode-locking

that is based on the near-field synchronization of different anapoles. In Photonics,

synchronization phenomena that are usually exploited for the generation of optical

pulses require expensive setup with specific design elements, such as Q−switching

components, saturable absorbers and optical modulators [149], which cannot be

miniaturized to the nanoscale.

In the far-field emission of optical sources, recent experiments report the observa-

tion of mutual synchronization in space of different laser sources [157, 158, 159,

160], which can reconfigure the spatial distribution of the emitted field. These

results open the question whether is possible to exploit the mutual syntoniza-

tion of nanolasers in time to design a new process of mode-locking that generates
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pulses without the need of external design elements than the laser itself. Anapole

nanolasers, owing to their unique emission properties, offer an ideal platform to

address this problem.

Figure 4.10a shows the design principle of our idea, where we consider a linear

array of anapole nanolasers with slightly different radii. Due to the radius vari-

ation, each anapole possesses a different emission frequency ωn = ω0 + n · ∆ω ,

which lies in the 20 nm amplification bandwidth of the In0.15Ga0.85As semicon-

ductor (Fig. 4.2b). The collective emission from the anapole chain is collected

by a tapered structure into a single-mode nanowire channel of width 150 nm and

height 100 nm.

The anapole chain, in this scheme, behaves as a system of weakly coupled, non-

linear oscillators. Nonlinearity is here provided by the presence of the amplifying

optical semiconductor. Weak coupling, conversely, arises from the spatial over-

lapping of the anapole emitted fields (Fig. 4.7). Each anapole behaves initially

as an independent oscillator at the frequency ωn and phase φn, as illustrated in

Panel b of Fig. 4.10. During the time evolution of the system, the frequencies

ωn and phases φn interact are allowed to interact via nearest-neighbor coupling.

Universal models show that the mutual synchronization of a set of oscillators is

typically triggered if the interaction among the oscillators becomes sufficiently

strong [161, 162]. Whenever a synchronization event takes place in the anapole

chain (see Fig. 4.10d), all phases become synchronized to the same value, and the

total emission intensity I(t) is expected to acquire the temporal profile of a train

of pulses I(t) ∝
∣∣∑

n e
iω0t+nδωt

∣∣2 =
∣∣∣ sin(Nδω0/2)

sin(δω0/2)

∣∣∣2, given by the superposition of an

ensemble of phase-locked frequencies.

Figures 4.10d-g show the lasing behavior of the anapole chain. Figure 4.10d

shows a snapshot of a 3D volume mapping of the energy distribution of the system,

showing the near field coupling of energy into the nanowire optical channel and

the high degree of confinement ensured by the evanescent coupling of the anapoles

radiation into the tapered structure. In the steady state, the anapoles mutually
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Figure 4.10: On-chip ultra-fast pulse generation with anapole nanolasers. a-
c Integrated mode-locking device structure composed by an chain of anapole
nanolasers with increasing emission frequencies ω1, ω2, ..., ωn within the amplifi-
cation bandwidth of the In0.15Ga0.85As semiconductor. The structure is coupled
via tapered junction into a nanowire channel. Panels b-c provide a graphical illus-
tration of the mechanism of pulse generation in this structure. Each anapole acts
as a nonlinear oscillator characterized by a different emission frequency ωn and
phase φn. Due to nearest-neighbor interactions, anapoles tend to mutually lock
their phases to the same value, generating a stable train of pulses in the channel
waveguide. d 3D volume mapping of the electromagnetic energy in the structure
at steady state. e,f Energy evolution inside the waveguide channel (blue line).
The system forms equispaced pulses with duration of 95 fs and period of 190 fs.
The solid red line in panel e shows the theoretical prediction from the standard
theory of mode locking. g Emission spectrum (solid blue line) superimposed to the
semiconductor gain profile (dashed orange line) exhibiting the locking of two elec-
tromagnetic frequencies located on the edges of the semiconductor amplification
band.
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Figure 4.11: Ultra-fast pulse engineering by tailoring the anapole geometry. a,b
Modified anapole array configuration where the nanoparticles from the symmetric
structure in Fig. 4.10 have been shifted of 6 degrees along y. Panel b shows a
section of the electromagnetic energy steady-state distribution. c,e Steady-state
electromagnetic energy inside the waveguide, characterized by the formation of
145 fs long pulses repeating within a 1.65 ps period. The pulse profile, as shown in
(d), is characteristic of a system with a large number of synchronized frequencies.

synchronize and the structure naturally generates train of pulses, as shown in Fig.

4.10e where we report the emitted intensity at the end of a 5µm waveguide. Figure

4.10f provides a zoomed view of a single pulse, characterized by an ultrashort

duration ∆t = 95 fs. The spectrum of the electric field (Fig. 4.10g) well illustrates

the locking of the various emitted frequencies around the amplification band edge

of the In0.15Ga0.85As semiconductor (Fig. 4.10g dashed line). By extracting the

mode spacing ∆ω = 4× 1012 rad · s−1 and their spectral amplitudes, it is possible

to compare the emitted intensity with the standard mode-locking equation taken

from [149], which show perfect agreement with the results from first-principle

calculations (Fig. 4.10e). Remarkably, the mode-locking mechanism is a stable

and repeatable feature of the system, as we verified by performing a statistical

campaign of distinct simulations. By acting on the array geometry of the anapoles

we can further tune the time dynamics of the system. We will here consider a

simple and illustrative case, where we shift by 6 degrees the anapole array along

the direction y (Fig. 4.11a). In this configuration the emission dynamics exhibits
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Figure 4.12: Emission from an array of highly-scattering modes. a Surface plot
of the (x-z) section of the electromagnetic energy of the same structure as in Fig.
5 of the main text but in the presence of highly-scattering nanoparticles. The
nanoparticle radius is r = 203nm, which corresponds to a scattering peak at the
emission wavelength λ0. The emission of the nanoparticles is coupled into the
tapered structure but fails to produce a propagating mode in the waveguide (solid
gray). b Tilted view of (a).

the appearance of a large number of synchronized frequencies in the spectrum

(Fig. 4.11e), and the stable emission of a pulse train of period 1.65 ps (Fig. 4.11c)

and pulse duration 145 fs (Fig. 4.11d). Figure 4.11b shows a section along the z

plane of the energy energy distribution in the structure, and well illustrates the

mechanism of formation of the energy pulses inside the waveguide channel by the

complex interactions among the different anapoles. By comparing the emission

spectra of Fig. 4.10g and Fig. 4.11e we observe that the dynamics of mode-

locking in the anapole nanolasers is quite complex, involving the selective locking

of different spectral frequencies, which vary in number and position according to

the spatial configuration considered (linear in Fig. 4.10 vs shifted array in Fig.

4.11). A thorough analysis of the full synchronization scenario of ensembles of

anapoles requires technical arguments from the generalization of the many-body

model developed in [82], and goes beyond the scope of this article. The analysis is
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deferred to a future specialized work on this subject. The mode-locking dynamics

of Figs. 4.10-4.11 is a characteristic feature of anapoles that is not observed in

conventional nanoparticle lasers. Fig. 4.12 reports the results for nanoparticles

with diameter 448 nm, arranged in the same geometry of Fig. 4.10. In this case

there is no pulse generation: the collective emission does not mutually synchronize

and very little energy is coupled into the nanowire.
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Chapter 5

Fundamental and high-order anapoles in all-dielectric

metamaterials via Fano-Feshbach modes competition

It is well known that metamaterial structures can sustain states of minimal scat-

tering under specific combinations of geometrical and materials configurations

[163, 164, 165, 166]. Scattering-free nanostructures play a relevant role in a ple-

toria of applications, ranging from near-field sensing to energy harvesting and

integrated coherent sources [167, 138]. However, the mechanism underlying the

strong reduction of the scattered field is still a subject of debate, in particu-

lar when considering all-dielectric nanostructures [165, 164, 168, 169]. Recently,

researchers have experimentally demonstrated that invisibility states in dielectric

nanoparticles, occurring at specific wavelengths, are associated with the excitation

of photonic anapole modes [36]. Anapoles, which manifest as non-radiating distri-

butions of electromagnetic currents, appear in many different branches of physics,

ranging from condensed matter to cosmology, where they have been proposed as a

possible candidate to explain the elusive dark matter [170, 171, 172, 173]. In pho-

tonic systems, anapole states originate from specific combinations of multipolar

components that cancel each other in the far-field [35, 34]. As a consequence, the

radiation pattern of an anapole mode is composed of purely evanescent waves and

it is entirely confined in the near-field, where it can be exploited to amplify light-

matter interactions [174, 137, 37]. In spherical and cylindrical structures, anapole

modes arise naturally from the multipole decomposition of the electromagnetic

fields, allowing for a convenient determination of the scattering suppression condi-

tions [36, 170]. In a generic structure, conversely, the definition of internal modes

is a challenging task, as generic dielectric resonators constitute open cavities that
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do not support a set of standard orthogonal modes [175, 176, 39, 177]. Never-

theless, non-conventional cavity systems, such as chaotic resonators or disordered

structures, possess unique localization and energy harvesting properties, which

can be exploited to develop novel applications at the nanoscale [62, 178, 179].

In this chapter, we take inspiration from the field of open quantum systems

to develop a novel approach to the description of radiation-less states in dielec-

tric structures [180, 181, 182, 183]. By resorting to a Fano-Feshbach partitioning

scheme, we derive two complete sets of internal and external eigenmodes, whose

mutual interaction is ruled by coupling terms defined on the resonator boundary

and which allow to describe the electromagnetic scattering from the resonator in

a rigorous fashion. With this general approach, which we derived directly from

Maxwell’s equations, we investigate the scattering suppression conditions for the

system. Finally, in the case of a circular cavity, we identify higher-order anapole

modes originated from the mutual competition of several internal resonances of the

system and which can not be explained in terms of fundamental anapole modes.

5.1 Theoretical Methods

We begin our theoretical analysis by considering a generic dielectric cavity de-

limited by a boundary ∂R, whose optical properties are expressed by a dielectric

function ε(x). The definition of the resonator boundary is completely general:

it can either represent the boundary of a complex dielectric object, or a region

containing several dielectric objects (see Fig. 5.1). The evolution of the electric

field E(x, t) follows Maxwell’s wave equation, which reads:

[
∇×∇×+

ε(x)

c2

∂2

∂t2

]
E(x, t) = 0. (5.1)

A common way to study Eq. (5.1) is by introducing a set resonance modes ψ(x)

of the photonic cavity. The latter are defined as the solutions of the Helmholtz
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eigenproblem associated to Eq. (5.1), which reads:

L|ψ〉 =
ε(x)Ω2

c2
|ψ〉, (5.2)

where we introduced the differential operator L = ∇×∇× and its eigenvalues Ω.

In the following, we employ the bra-ket notation |ψ〉 = ψ(x) to achieve a compact

notation. Whenever a complete set of eigenmodes for Eq. (5.2) can be obtained,

the eigenbasis |ψ〉 can be employed to expand all the electromagnetic quantities

of the system. By definition, however, a dielectric resonator is an open cavity

and, therefore, it is not possible to define a set of orthogonal eigenmodes [176].

Historically, the definition of a set of orthogonal cavity modes for an open system

has been subject of great theoretical efforts, as its implications range from quantum

mechanical scattering to particle physics and quantum optics [175, 39, 177]. We

address this problem by employing a Fano-Feschbach partitioning scheme, which

allows to split all the electromagnetic quantities into ‘resonator’ and ‘environment’

contributions, with the only condition that all the projection components preserve

their Hermiticity properties [181, 184, 182, 185]. Following the mathematical

partitioning of the eigenspace from Eq. (5.2), the system can be expanded in

terms of a set of internal |µ〉 and external |ν〉 eigenmodes, defined as the solution

of the following independent eigenproblems:

∇×∇× |µm〉 =
ω2
m

c2
ε|µm〉,

∇×∇× |νn(ω)〉 =
ω2

c2
ε|νn(ω)〉, (5.3)

with the following boundary conditions:

n×∇× |µm〉|∂R = 0,

n× |νn〉|∂R = 0, (5.4)

being n the normal unit vector to the surface ∂R. Due to their definition, the
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resonator

external channels

∂R

Figure 5.1: System configuration. The choice of the boundary ∂R is not fixed,
and it can chosen as the boundary of a region containing all the dielectric objects
composing the resonator.

internal and external eigenmodes are mutually orthogonal, and they form a com-

plete set of eigenmodes for the resonator and for the environment subspaces,

separately. Therefore, they coincide with the closed-cavity modes of the sys-

tem, which describe the system in the absence of any interaction between the

resonator and the external environment. In the realistic case of an open cav-

ity, conversely, the Fano-Feshbach eigenmodes |µ〉 and |ν〉 are connected by ad

hoc coupling terms, rigorously defined on the resonator boundary, which rule the

resonant interaction between the internal and external eigenspaces. With this po-

sition, the evolution of the electromagnetic field in the interior of the resonator is

described by introducing set of internal A(t) = {a1(t), a2(t) · · · am(t)} and exter-

nal S = {s1(t), s2(t) · · · sn(t)} modal operators, whose definition can be found in

Appendix B. In terms of the modal operators, the internal Eint(x, t) and external

Eext(x, t) electric fields are expressed as:

Eint(x, t) =
∑
m

Am(t)|µm(x)〉, (5.5)

Eext(x, t) =

∫
dω
∑
n

Sn(t, ω)|νn(x, ω)〉. (5.6)
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After some lengthy but straightforward algebra, the evolution of the modal field

amplitudes is dictated by the following set of dynamical equations:

∂A

∂t
(t) = jΩA(t) +

∫
dωG(ω)S(ω, t),

S(ω, t) = S0(ω, t)−
t∫

t0

dτH(ω)A(τ)ejω(t−τ), (5.7)

where Ω = diag(ω1, ω2 · · ·ωN) is the resonance frequency matrix and Gmn(ω) and

Hmn(ω) represent coupling terms defined on the boundary of the resonator. Eqs.

(5.7) form a set of Fano-Feshbach Coupled-Mode equations (FF-CM), which pro-

vide a rigorous description of the dynamical evolution and mutual interaction of

the internal and external modes of the system. In their current form, Eqs. (5.7)

represent a multi-mode generalization of standard Time-Dependent Coupled-Mode

Theory (TD-CM) equations, which are widely employed in the study of resonant

photonic systems [38, 186, 187, 188]. More specifically, the FF-CM equations de-

scribe a set of impressed external sources S0(ω, t) which are coupled with a set

of internal modes Am by means of two frequency-dependent matrices G(ω) and

H(ω). As can be easily verified by direct substitution, the coupling matrices in-

troduced in Eqs. (5.7) fulfill all the symmetry properties of the standard equations

from TD-CM (e.g. energy conservation and time-reversal invariance), as a direct

consequence of the Hermiticity requirements of the Fano-Feshbach projection tech-

nique [177]. Differently from standard TD-CM approaches, which are based on a

phenomenological description of the resonant interaction [189, 190], the coupling

matrices and the resonant frequencies of the system can be directly computed

from Maxwell’s Eqs. (5.1). Such important difference opens to the realistic study

of a large number of complex systems, such as chaotic or irregular shaped res-

onators and disordered many-body cavities. Moreover, as discussed in [82], the

Fano-Feshbach approach can be easily extended to include complex light-matter

interaction phenomena occurring in the interior of the resonator, such as stimu-

lated emission of radiation or nonlinear material responses. Such possibility al-
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lows for a rigorous modeling of mode competition phenomena in non-conventional

nanolasers characterized by strongly coupled multi-mode regimes.

5.2 Results and Discussion

5.2.1 Anapole generation condition

In a typical scattering experiment, the dielectric resonator is illuminated by an

incident field Einc(x, t), which constitutes the physical initial condition for the

system, such as, e.g., a plane wave. The interaction with the resonator produces

a scattered field Esca(x, t) = Eext(x, t) − Einc(x, t), which is defined as the total

variation of the external field due to the resonator. In the case of an open dielectric

cavity, the total scattered field Esca(x, t) is the result of two distinct mechanisms:

the resonant interaction with the cavity modes and the non-resonant reflection at

the cavity boundary. The former is ruled by the dynamical equations (5.7), which

can be solved in the Fourier domain ω and combined in a single equation for the

external amplitudes S(ω) obtaining:

S(ω) = σA(ω)S0(ω), (5.8)

where S0(ω) is the Fourier transform of S0(ω, t) and where we introduced the

resonant scattering matrix σA(ω), whose lengthy expression is included in the

Supplementary Information.

The non-resonant reflections occurring at the cavity boundary, conversely, repre-

sent a fundamental property of the external modes and they are determined by the

boundary conditions from Eqs. (5.4). In order to characterize the non-resonant

interaction with the resonator, it is convenient to decompose the external eigen-

modes |ν(x, ω′)〉 into ingoing |ν+(x, ω′)〉 and outgoing |ν−(x, ω′)〉 contributions as

follows:

|νn(ω)〉 = |ν+
n (ω)〉+R0

n(ω)|ν−n (ω)〉, (5.9)
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with R0
n(ω) a “reflection” coefficient, connecting the incoming and outgoing con-

tributions, which can be determined by applying the boundary conditions from

Eq. (5.4). In its current form, Eq. (5.9) allows for a straightforward interpreta-

tion, as it expresses the external modes in terms of an incoming contribution |ν+
n 〉

and its reflection R0
n(ω)|ν−n (ω)〉 from the cavity boundary. Furthermore, such de-

composition reflects the intuitive concept that, in order to constitute a complete

basis for the total electromagnetic field in the external space, the environment

eigenmodes are always expressed as a superposition of counter-propagating waves

|ν(+)
n (ω)〉 and |ν(−)

n (ω)〉. As can be easily verified by applying the ortoghonality of

the external eigenmodes to (5.9), the reflection coefficient is unitary: (R0)†R0 = 1

and, therefore, it can be rewritten as a pure phasor term as follows:

R0
n(ω) = ejφ

0
n(ω), (5.10)

where φ0
n(ω) is commonly denoted as Fano coefficient. In terms of the ingoing and

outgoing contributions, the incident field is expanded as follows:

Einc =
∑
n

λ+
n (ω)|ν+

n (ω)〉+ λ−n (ω)|ν−n (ω)〉, (5.11)

where λ+
n (ω) and λ−n (ω) are expansion coefficients which can be easily determined

by projecting the incident field on the external eigenmodes. The expression for the

total scattered field can be obtained by substituting Eqs. (5.5), (5.8) and (5.11)

into the definition of the scattered field Esca, obtaining:

Esca(x, ω) =
∑
n

σ+
n (ω)|ν+

n (ω)〉+ σ−n (ω)|ν−n (ω)〉, (5.12)
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where the expressions for the ingoing and outgoing scattering coefficients σ+,−
n

read:

σ+
n (ω) =

∑
n′

σAnn′(ω)S0
n′(ω)− λ+

n (ω),

σ−n (ω) =
∑
n′

R0
n(ω)σAnn′(ω)S0

n′(ω)− λ−n (ω). (5.13)

As expressed in Eq. (5.12), the total scattered field is composed of two contribu-

tions. Firstly, a set of ingoing contributions, ruled by the scattering coefficients

σ+(ω), which represent all the contributions that do not propagate away from the

resonator space, such as, e.g., all the evanescent and near-field contributions.

Secondly, the outgoing scattering coefficients σ−(ω), conversely, represent the

measurable electromagnetic scattering from the cavity, which is composed of purely

outgoing contributions [141]. The outgoing scattered field, which is the typical

outcome of a scattering experiment, is then defined as:

Eout(x, ω) =
∑
n

σ−m(ω)|ν−n (ω)〉. (5.14)

The condition for the formation of an anapole state corresponds to the situation

where the amplitude of the outgoing scattering waves tend to a minimum, which

implies a negligible measurable scattering in the dynamics. In the presence of

a large number of interacting resonances, the physical scenario described by Eq.

(5.14) is rather complicated and, in most cases, the minima of the scattering

intensity must be retrieved by numerical methods. However, it is possible to

precisely characterize the mutual interaction between external and internal modes

in the case of isolated resonances, i.e. by assuming that the frequency spacing

internal resonances is much larger than the damping factors Γ(ω). Under these

conditions, the scattering coefficients σ−n (ω) assume the familiar form:

σ−n (ω) =
∑
m

λ
j(ω − ωm)

(
ejφn(ω) − 1

)
− Γm

(
ejφn(ω) + 1

)
j(ω − ωm) + Γm(ω)

, (5.15)
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Figure 5.2: Anapole states . d-g Scattering suppression states in the case of an
isolated resonance ω0 as a function of the reflection phase φ0(ω). The interaction
between the internal resonance and the external reflection R0 = ejφ0 produces
the typical Fano-shaped profiles, ranging from purely lorentzian peaks (e, φ = 0)
to lorentzian dips (g, φ = π). Due to the interaction with the slowly-varying
background, the internal resonance produces a scattering suppression state for
φ0 6== 0.

where we assumed that all the internal resonances interact only with one external

eigenmode (see Appendix B).

Equation (5.15) describes a scattering coefficient composed of several Fano-

shaped profiles, which represent the characteristic signature of the interaction

among localized resonances and a slowly-varying background [187, 38]. In Fig.

(5.2)-a we report the scattering intensity in the proximity of a resonance placed

at ω = ωm, as a function of the normalized frequency ω̃ = (ω − ωm)/Γm and

of the Fano coefficient φn(ω). As can be seen from the figure, the final shape of
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the scattering spectrum is dictated by the value of the Fano parameter φn(ω). If

the external modes do not produce any reflection on the resonator boundary, i.e.

φn = 0, the scattering efficiency is characterized by a Lorentzian profile of width

Γm and centered at ω = ωm (Fig. 5.2-b). Under these conditions, it is not possible

to identify a specific scattering suppression condition. On the contrary, when the

interaction between internal and external modes give rise to perfect reflection,

corresponding to φn = π, the scattering spectrum is characterized by a Lorentzian

dip at ω = ωm (Fig. 5.2-d). In this configuration, the scattering suppression

condition coincides with the internal resonance frequency. In the intermediate

regime, where 0 < φn(ω) < π, the scattering spectrum is characterized by a

Fano-shaped profile (Fig. 5.2-c), with a strong scattering suppression condition

corresponding to:

ωanapole = ωm − jΓm
ejφn(ω) + 1

ejφn(ω) − 1
. (5.16)

In the next section we illustrate specific examples where the competition of dif-

ferent resonances lead to the formation of anapole states composed of different

internal and external modes.

5.2.2 Fundamental and high-order anapoles in a dielectric

disc

We apply the Fano-Feshbach projection developed in the previous section to inves-

tigate the formation of anapole states in circular two-dimensional cavities of radius

R and dielectric function ε(x) = n2. The choice of such geometry is dictated by

the fact that z-invariant cylindrical resonators can be easily fabricated, allowing

for a convenient experimental observation of the anapole states [169]. As an input

condition, we considered an incident plane wave directed along the x direction. In

the closed cavity limit, the external eigenmodes can be obtained by solving Eq.
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(5.3) in the external space, obtaining:

|νm(x, ω)〉 =
√

k
8π

[
H

(1)
m (kρ)−R0

m(kR)H
(2)
n (kρ)

]
ejmφ, (5.17)

where H(1,2) are Hankel functions of the first and second type, respectively, and

R0 = − ∂ρH1(kρ)/∂ρH
2(kρ)|ρ=R was obtained by means of Eq. (5.4). As can

be easily verified, such set of external eigenmodes correspond to the electromag-

netic field produced by a TM-polarized plane wave impinging on a perfect electric

conductor cylinder. In this context, the perfect conductor condition represents

the electromagnetic equivalent of the closed cavity limit, with no radiation en-

tering the cavity space, and all energy reflected at its boundary. The internal

eigenmodes are obtained by solving the Helmholtz equation (5.3) in the resonator

space, obtaining:

|µml〉 =
ejmθJm(nkmlρ)√
πnRJm+1(xml)

, (5.18)

where the internal resonance frequencies xml = kmlR coincide with the l-th zero

of the Bessel function Jm(ρ) . In analogy with the angular momentum formalism,

we introduced an additional discrete index l, which distinguishes the eigenmodes

with the same order m but different number of zeros [191].

As a first example, we considered the scattering from a disc of silicon (n = 3.5)

with radius of R = 150nm (Fig. 5.3). In Fig. 5.3-a, we report the Mie-Lorentz

total scattering efficiency Qsca(x) as a function of the size parameter x = kR, being

k the wavenumber of the incident plane wave. The vertical dotted lines correspond

to the internal resonances xml as computed from Eq. (5.18). Even for such a simple

geometry, it is possible to easily identify an anapole state at x = 1.525 (see Fig.

5.3-a), whose electric field distribution is reported in Fig. 5.4-a (cfr. Fig. 3 of

[36] and Fig. 5 of [37]). The Fano-Feschbach partitioning unveils the presence of

two distinct resonances generating the anapole state: a first one, corresponding

to the cavity mode |µ02〉, with m = 0 and l = 2 and a higher order mode with
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Figure 5.3: Anapole states in a silicon resonator (n=3.5). a Total scattering ef-
ficiency Qsca(x) and internal resonances (dotted vertical lines) as computed from
the Fano-Feshbach partitioning scheme. The anapole state occurring at x = 1.595
can be explained as a superposition between the µ21 and µ02 modes. b-c Partial
scattering intensity |σm(x)|2 and Fano coefficient φm(x) for (b) m=0 and (c) m=2.
d Electric field distribution of the Anapole state as computed from Lorentz-Mie
theory. e-f Spatial distributions of the µ21 (e) and µ02 (f) resonances as com-
puted with the Fano-Feshbach formalism. Their superposition (g) is in excellent
agreement with the exact case.

m = 2 and l = 1 (Fig. 5.3-e,f). These resonances are coupled to different external

channels and, therefore, they are mutually independent, provided that as the

coupling amplitudes Γmll′ connect only states with the same angular momentum

index m′ = m. However, both these resonances are individually characterized by

Fano-shaped profiles, as it can be evinced by inspecting their scattering response

separately (Fig. 5.3-b,c). The m = 0 mode, which is characterized by a large

and positive Fano parameter φ0 in the proximity of the resonance (Fig. 5.3-b,

green line), provides for a quasi-lorentzian dip (Fig. 5.3-b, orange line). The

m = 2 mode, conversely, presents a small and negative Fano parameter (Fig.

5.3-c, green line) yielding an almost symmetric Fano profile (Fig. 5.3-c, violet

line). When these resonances are placed in the proximity of each other, their
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Figure 5.4: Scattering suppression in anapole states Electric field distribution
and scattering suppression in a silicon resonator (a, n=3.5, x=1.595) and in a
high-refractive index resonator (b, n=8, x=0.495).

superposition produces a strong cancellation of the total scattering efficiency. As

a further confirmation that the anapole state is generated by the superposition of

two distinct resonances, we compare the exact electric field distribution computed

from Lorentz-Mie theory (Fig. 5.3-d) with the internal modes distribution for the

two resonances (Fig. 5.3-e,f). Remarkably, their superposition (Fig. 5.3-g), as

computed from the Fano-Feshbach approach, is in strongly agreement with the

exact solution from Maxwell’s equations. Interestingly, the fundamental anapole

state at x = 1.525 is the only scattering reduction state for this geometry, as

in a two-dimensional structure higher-order anapole states are suppressed by the

strong scattering from nearby resonances [169, 192]. As a result, no additional

anapole states can be identified for larger values of x (see Figure 5.5).

By increasing the refractive index of the resonator, it is possible to identify
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Figure 5.5: Scattering efficiency for large values of x a,b Scattering efficiency
for large values of x in the case of a silicon nanodisc (a) and of a high-refractive
index nanodisc (b). Due to the overlap among the internal resonances, the sil-
icon nanoparticle supports only a fundamental anapole mode, while the high-
refractive index resonator supports a large number of higher-order scattering re-
duction states.

even more complex scenarios, as reported in Fig. 5.6, where we considered a

dielectric disc with the same geometry but refractive index n = 8. Such high

value for the refractive index can be easily obtained in experiments by considering,

e.g., the refractive index of water in the microwave spectrum [169]. As it can be

observed from the total scattering efficiency (Fig. 5.6-a), in the case of a high-

index nanoparticle the resonances are much narrower and closer, producing a

complicated Mie scattering profile characterized by distinct Fano-shaped profiles.

As a result, it is possible to identify three anapole states, occurring at x = 0.49,

x = 1.495 and x = 1.896, respectively (Fig. 5.6-a, gray bars). Such states are

the result of the competition of multiple Fabo-Feshbach resonances: in the first

case (x = 0.49, cfr. Fig. 5.6-b), the invisibility state is due to the excitation

of a single internal mode µ01, with m = 0, l = 1 mode (yellow dashed line). The

higher order anapole states, conversely, are characterized by the mutual interaction

between states with m = 0 (orange dashed lines), and m = 2 (violet dashed lines)

with different values of l(Fig. 5.6-c,d). As in the case of the silicon resonator,

we computed the spatial distributions for the internal modes responsible for the

anapole state formation. Their superposition (Fig. 5.6-a, inset) is in very good
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Figure 5.6: Higher order anapole states in a a high-index resonator (n=8). a
Total scattering efficiency Qsca(x). Three invisibility states can be identified (gray
areas), which can be interpreted in terms of different superpositions of internal
modes (inset). b, d As in the silicon case, the invisibility states are characterized
by different superposition of internal and external channels. While in the first
state at x = 0.495 (b) the invisibility is due to a pure state (m = 0, l = 1),
in the higher order invisibility modes the internal modes are characterized by the
superposition of two different internal modes, with m = 0 and m = 2 and different
values of l (c,d).

agreement with the results from Lorentz-Mie theory (insets of Fig. 5.6-b,d). These

additional Anapole states, unvelied by this theoretical Fano-Feshbach description,

cannot be represented in terms of fundamental anapole modes, and they have

been experimentally observed in Germanium nanoparticles [37]. An interesting

question is whether it is possible to express these states in terms of high-order

toroidal dipoles [170]. This question, which is clearly beyond the scope of this

paper, is a current topic of investigation [170, 193], and it will be addressed in a

future separate work on the subject.
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Concluding Remarks

In this Dissertation, I have outlined some of the main results I have obtained in

the field of Disordered plasmonics and Complex metamaterials during my PhD

studies at KAUST University. In collaboration with the members of my group, I

have been investigating both theoretically and experimentally the effects induced

by disorder and complexity in nanoscale systems, and our results have produced

the development of several applications. I have been actively working in the de-

velopment of most of the theoretical models described in the previous chapters,

and I have performed all of the numerical simulations included in this work.

By developing advanced theoretical methods, I have modeled the response of a

disordered plasmonic structure in terms of a set of interacting open cavities. I have

shown how the effect of disorder can be quantitatively estimated and optimized by

combining RMT and TO. The existence of an optimal degree of disorder, which was

verified by FDTD simulations, opens to interesting perspectives for any plasmonic

application requiring highly-localized hot-spot distributions. I discussed some of

these applications, reporting two of the most important results I have achieved

in this field: the modeling and characterization of structural colors from porous

metals and the development of an advanced early-stage cancer detector based

on disorder and self-similarity. Both these applications, and their remarkable

performances, heavily rely on the presence of an optimized degree of structural

disorder.

I have also investigated the ultrafast dynamics of integrated multi-mode lasers,

providing fundamental insights into the nonlinear evolution of these system. I have

shown how the SPASER, despite its simple geometry, shows a remarkable com-

plexity that is able to sustain a rich scenario of different phases. This result opens

to the attractive perspective of using SPASERs as a new type of unidirectional
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coupler and random information sources. Compared to standard random sources

based on chaotic data sequences, SPASERs would have the advantage of using a

fully physical process —i.e., quantum noise— which possesses an ideal infinite en-

tropy, generating random numbers whose sequence is never repeated [194]. Besides

the SPASER, I also proposed and characterized a new type of near-field source

based on non-radiating anapole modes. Anapole have no emission in the far-field,

due to the cancellation of internal modal components. I have shown how a realistic

Anapole-based nanolaser can be fabricated in a silicon-compatible platform. Due

to its unique properties, Anapole emitters can be used as a fundamental building

block for advanced integrated devices, such as spotansouly polarized lasers and

optical routers. Designing nanoscale energy sources where the symmetry of the

emission can be controlled is a quite interesting opportunity in the field of pho-

tonic quantum simulators as well. A central point in this field is related to the

physical size of the simulator, which ultimately defines the time window of the

quantum dynamics probed by the system [195, 114, 196]. To date, state-of-the-art

architectures employ micron-sized photonic structures. An interesting question is

related to the use of SPASERs or Anapole-based nanolasers as energy launchers

for new types of nanoscale simulators, which can largely enhance the capabilities

of current systems due to the nanoscale nature of these devices. Once this question

is properly addressed, SPASERs can open pathways toward the realization of new

types of nanoplasmonic neural networks, where the interactions among a large

number of spin nanostructures is exploited to generate a novel manifold of nano-

optics applications. Networks of coupled oscillators and systems with random

spins have inspired a vast number of studies, which demonstrated a fascinating

series of applications ranging from novel classes of error correcting codes [197], to

new concepts in neurobiology and brain functions modeling [198, 199]
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Appendix A

Theoretical analysis of the multimode emission from a

spherical SPASER nanolaser

A.1 Angular representation of the SPASER emission

In the presence of a generic polarization P(x, t) term, which includes both linear

and nonlinear effects, the total electromagnetic field evolves according to Maxwell

equations, which for the electric field E(x, t) are expressed as follows:

∂2

∂t2
E(x, t) = − c2

ε(x)
∇2E(x, t)− ∂2

∂t2
P(x, t). (A.1)

The solution of Eq. (A.1) can be formulated in terms of angular modulated plane

waves ψα(x):

ψα(x) = exp

[
− jk(cosαx+ sinα |z|)

]
. (A.2)

In Eq. (A.2), ψα(x) denotes an outgoing propagating plane wave, whose wave-

vector k = kα̂ = k(cosα, sinα) is parallel to the angle α measured from the x axis.

The plane waves in Eq. (A.2) form an orthonormal basis for the electromagnetic

fields with respect to the following scalar product:

〈ψα(x), ψβ(x)〉 =

∫
dxψ∗α(x)ψβ(x) = δ(α− β), (A.3)

and the total field expansion in terms of ψα(x) reads:

E(x, t) = êE(x, t) = ê
∑
α

Aα(t)ψα(x) + c.c., (A.4)
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where c.c. indicates the complex conjugation, ê is a unit polarization vector di-

rected along E(x, t) and:

Aα(t) = 〈ψα(x),E(x, t)〉 = aα(t)eiω0t, (A.5)

constitutes a set of complex amplitudes, slowly modulated by the envelope function

a(t) and rapidly oscillating at ω0, which denotes the SPASER emission frequency.

An important relationship between the complex amplitude terms A(t) and the

far-field expression of the electric field E(x, z, t) can be derived by generalizing

the approach introduced in [200]. We begin from the Fourier transform of the

total field at z = 0:

Ẽ(kx, 0, t) =
1

2π

∞∫
−∞

dxE(x, 0, t) exp (jkxx) . (A.6)

When the latter expression is propagated for z 6= 0 and transformed back to the

spatial coordinates (x, z), it furnishes the expression of the total electric field:

E(x, z, t) =

∫
dkx Ẽ(kx, 0, t) exp[−j(kxx+ kz |z|)]. (A.7)

Eq. (A.7) is standardly referred as the angular representation of the electromag-

netic field E(x, t), and is valid both in the near and far field regions [119]. By

imposing the far-field condition, k2
x ≤ k2, equation (A.7) can be solved by means

of a saddle-point integration, obtaining the fundamental relationship:

Er→∞(α, t) = −i2πAα(t)
e−ikr

r
ê, (A.8)

which connects the evolution of the angular amplitudes Aα(t) with the electric

field contribution Er→∞(α, t) in the far-field. As discussed in the main text, the

latter can be directly extracted from first principle calculations, hence allowing

for a direct measurement of the angular amplitudes evolution.
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A.2 Expansion of Maxwell-Bloch equations in angular plane-

wave modes

By substituting the expansion (A.4) into (A.1), we obtain:

ê
∑
α

[
ω2

0

ε(x)
Aα(t) +

d2Aα(t)

dt2
t

]
ψα(x) + c.c. = − ∂2

∂t2
P(x, t), (A.9)

where we have used the dispersion relation ω0 = ck. Equation (A.9) is a general

expression for the evolution of the emitted field. In the case of the SPASER,

we can further specify the polarization term P(x, t) = Pl(x, t) + Pnl(x, t) by

considering its linear Pl and nonlinear Pnl contributions. The linear polarization

term accounts for the losses σ(x) occurring in the metal ∂Pl/∂t = σ(x)E(x, t).

This originates a dissipative term in the equations of motion:

ê
∑
α

[
ω2

0

ε(x)
Aα +

d2Aα
dt2

+ σ(x)
dAα
dt

]
ψα(x) + c.c. = − ∂2

∂t2
Pnl(x, t). (A.10)

The nonlinear term Pnl appearing in (A.10) models the nonlinear process of light-

matter interaction occurring in the SPASER. We express this term by using a

Maxwell-Bloch (MB) model for a two-level atomic system. In the MB system,

the dynamics of the resonant medium can be described by employing the density

matrix formalism. Detailed calculations are found in [201, 202], hence, we here

limit to report the main equations for the components ρij of the density matrix.

If we denote by Na the density of polarizable atoms in the medium and by q0 the

typical atomic displacement, the MB nonlinear polarization reads:

Pnl(x, t) = êq0Naρ12(x, t) + c.c. (A.11)

where ρ12(x, t) and ρ21(t) = ρ∗12(x, t) is the density matrix element describing

the transition rate between the atomic levels of the two-level atoms and where,

following standard approaches, we assumed the polarization field Pnl to be parallel

to the electromagnetic field E. T=Such standard approach can be easily extended
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to the case of The evolution of the density matrix elements follows the standard

Bloch equations:


∂ρ12(x, t)

∂t
+
(
γ12 − iω0

)
ρ12(x, t) = i

q0

~
E(x, t)∆ρ(x, t),

∂∆ρ(x, t)

∂t
+ γ11 [∆ρ(x, t)−∆ρ0] = 2i

q0

~
E(x, t)[ρ12(x, t)− ρ∗12(x, t)],

(A.12)

where ∆ρ(x, t) = ρ22(x, t)− ρ11(x, t) defines the difference in population between

the two atomic levels, ω0 is the atomic resonance frequency and τij = 1/γij are the

atomic relaxation times. Contrarily to the electric field case, we here expand the

density matrix elements ρ12 by using the Feshback projection technique, which

introduces a set of orthogonal modes φn(x), ξm(x, t) defined inside and outside

the cavity system, respectively. The Feshback projection technique is introduced

and thoroughly described in [177], hence, we here limit to present the main results

remanding to Ref. [177] for the calculation of the eigenmodes φn and ξm as well

as the mathematical demonstration of their orthogonality, which follows from the

following relations:

〈φn, εφn′〉 =

∫
dxφn(x)∗ε(x)φn′(x) = δnn′ ,

〈ξm, εξm′〉 =

∫
dx ξm(x)∗ε(x)ξm′(x) = δmm′ , (A.13)

This choice of eigenmodes for the expansion of the density matrix element ρ12 is

particularly advantageous, due to the fact that this component is defined only in-

side the cavity space and therefore requires only one set of modes to be completely

described. With this position, the expansion of ρ12 reads as follows:

ρ12(x, t) =
∑
n

Rn(t)φn(x), (A.14)

with Rn(t) being dynamical amplitudes coefficients. By substituting Eqs. (A.11)

and (A.14) into (A.10) and (A.12), we obtain the full set of equations that describes
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the SPASER dynamics:



∑
α

[(
2 +

σ

iω0

)
ȧα + σaα − iω0

(
1− ε
ε

)
aα

]
ψα = −iω0Naq0

∑
n

ρnφn,

∑
n

ρnφn = i
q0

~γ12

∑
α

∆ρ · aαψα

∆ρ = ∆ρ0 +
2iq0

~γ11

∑
α,n

(a∗αρnψ
∗
αφn − c.c.)

(A.15)

where we have used the shorthand symbol ḟ = df/dt, and where we have general-

ized the standard approach explained in [201, 202] to simplify the Maxwell-Bloch

equations, which introduces slowly modulated envelope variables aα(t) [see Eq.

(A.5)] and ρn(t):

Rn(t) = ρn(t)eiω0t, (A.16)

and applies the quasi-static approximation for the variation of the populations and

coherence, i.e., ∂∆/∂t ≈ 0, ∂ρ12/∂t ≈ 0, which evolve on scales much longer than

the electromagnetic field. By using the expression of the population ∆ρ found in

the last of Eqs. (A.15), we can obtain a single equation for the dynamics of the

coherence terms ρn(t):

ρn = i
q0∆ρ0

~γ12

∑
α

Cnαaα −
2q2

0

~2γ11γ12

∑
αα′n′

[
Jαα′nn′aαa

∗
α′ρn′ −Gαα′nn′aαaα′ρ

∗
n′

]
,

(A.17)

which is obtained by projecting the second of Eqs. (A.15) on the mode φn. This

projection originates the following coupling terms in Eq. (A.17):



Cnα =

∫
dx ε(x)ψαφ

∗
n = εg

∫
dxψαφ

∗
n,

Jαα′nn′ =

∫
dx ε(x)ψαψ

∗
α′φ
∗
nφn′ ,

Gαα′nn′ =

∫
dx ε(x)ψαψα′φ

∗
nφ
∗
n′ ,

(A.18)
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with εg the dielectric constant of the gain medium, assumed uniform in the spatial

region where the density matrix elements ρij are defined. The resulting equations

can be cast into dimensionless form by rescaling the dynamical variables:

t =⇒ t

(
2− i σ

ω0

ω0

)
aα −→ aα

(
~γ12√

2q0

)
ρn −→ ρn

(
~γ12√
2Naq2

0

)
, (A.19)

which yields the following set of equations:


ȧα +

∑
α′

Kαα′aα′ = −i
∑
n

Dnα · ρn,

ρn = ig
∑
α

Cnα · aα − τ
∑
αα′n′

[
Jαα′nn′aαa

∗
α′ρn′ −Gαα′nn′aαaα′ρ

∗
n′

]
,

(A.20)

where g = Na∆ρ0q
2
0/~γ12 is the gain factor, κ = σ/ω0 are the rescaled mode losses,

τ = γ12/γ11 is a dimensionless number that represents the degree of nonlinear

interactions in the system response and:

Kαα′ = K∗α′α =

∫
dx

[
σ(x)

ω0

+ i
1− ε(x)

ε(x)

]
ψα′(x)ψα(x)∗, Dnα =

∫
dxψ∗α(x)φn(x)

(A.21)

are linear coupling coefficients. The matrix elements Kαα′ can be further specified

by expanding the permittivity ε(x) and conductivity σ(x) of the SPASER as

follows:

ε(x) =


εg, |x| ≤ a,

1, |x| > a,

, σ(x) =


σ, |x| ≤ a,

0, |x| > a,

, (A.22)

being a the radius characterizing the SPASER nanoparticle. Due to the nanoscale

volume of the SPASER, we have a � λ and we can neglect the contributions for

|x| < a, obtaining Kαα′ = (i+κ)δαα′ , with κ = σ/ω0. The inclusion of off-diagonal

contributions provides only perturbative corrections, which are inessential to un-

derstand the main dynamical emission properties of the SPASER. The nonlinear
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coupling integrals Jαα′nn′ and Gαα′nn′ , conversely, possess a leading order contri-

bution from the term Jααnn:

Jααnn =

∫
dx ε(x) |φn|2 = 1, (A.23)

which yields the normalization condition (A.13). All the remaining terms Jα 6=α′n6=n′ ,

due to the presence of oscillatory terms ψ(α−α′) in the integral, are then Jα 6=α′n6=n′ <

Jααnn, . The same consideration applies for Gαα′nn′ < Jααnn, due to the presence

of the oscillatory functions ψα+α′ . We can therefore write:

Jαα′nn′ = Jααnnδαα′δnn′ + εJα 6=α′,n 6=n′ , Gαα′nn′ = εGαα′nn′ , (A.24)

with ε < 1. With the aid of Eqs. (A.24), we can solve Eqs. (A.20) iteratively

by expanding ρn = ρ0
n + ερ1

n + O(ε2). At order O(ε), we obtain a single set of

equations for the variables aα(t):

Ȧ + iA + κA = g
χ(1) ·A
1 + τI

+ εgτ
χ(3)...AAA∗

(1 + τI)2
(A.25)

where I =
∑

α |aα|2 the total energy emitted by the SPASER, χ(3) rank-2 and

rank-4 tensors, respectively, with components χ
(1)
αα′ , χ

(3)
αα′α′′α′′′ defined as follows:

χ
(1)
αα′ =

∑
n

DnαCnα′ = εg
∑
n

CnαCnα′ , (A.26)

χ
(3)
αα′α′′α′′′ = −

∑
n,n′

[Cnα′′′Gαα′nn′ + C∗nαJα′′′ 6=α′′,n6=n′ ] . (A.27)

Equation (A.26) can be simplified by rescaling A→ Ae−it, obtaining:

Ȧ + κA = g
χ(1) ·A
1 + τI

+ εgτ
χ(3)...AAA∗

(1 + τI)2
, (A.28)

which represents Eq. (6) of the main text. In Eq. (A.28), the symbols · and
... rep-

resent tensorial products, which follow the standard convention used in nonlinear
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optics (see, e.g., [120] for additional details).

A.3 Change of basis in the equations of motion

For the analysis of Eq. (A.28), is convenient to move to a angular basis where

the Hermitian tensor χ(1) appears diagonal. By indicating the eigenvalues and

eigenvectors of χ(1) as ξn and ϕn, respectively:

χ(1)ϕn = ξnϕn (A.29)

and by applying the following coordinates change:

B = T (1) ·A, (A.30)

being T (1) a rank-2 tensor containing the eigenvectors of the coupling matrix χ(1),

we obtain:

Ḃ + κB = g
ξ(1) ·B
1 + τI

+ εgτ
ξ(3)...BBB∗

(1 + τI)2
, (A.31)

with:

ξ
(1)
αα′ = ξαδαα′ , (A.32)

and ξ(3) a new transformed rank-4 tensor with components ξ
(3)
αα′α′′α′′′ :

ξ
(3)
αα′α′′α′′′ =

∑
ββ′β′′β′′′

χ
(3)
ββ′β′′β′′′T

(1)
αβ T

(1)
α′β′T

(1)
α′′β′′T

(1)
α′′′β′′′ (A.33)

A.4 Numerical implementation of quantum noise in MB-

FDTD simulations

In our FDTD simulations, we introduced quantum noise by considering the field

fluctuations generated by an external blackbody source, generalizing to the 2D

and 3D the method introduced in 1D in [113]. This approach is based on the

observation that the UPML acts as a blackbody material, absorbing all energy
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Figure A.1: Simulation of quantum noise in the MB-FDTD algorithm. Panel
(a) shows an example of the spatial distribution of electromagnetic energy corre-
sponding to quantum noise at T = 3000K. Panel (b) shows the average power
spectral density of the fluctuating field (red circles) as computed from 200 FDTD
simulations and compared to Eqs. (A.34) (solid blue line).

that impinge on it. At thermal equilibrium, the UPML should emit thermal

radiation inside the FDTD computational grid, acting as a source of quantum

noise for all components of the electromagnetic field. The power density spectrum

P (ω) of the radiated energy corresponds to that of a blackbody radiation, whose

expression in two and three dimensions reads as follows:

P2D(ω, T ) =
~ω2

πc2(e
~ω
kBT − 1)

, P3D(ω, T ) =
~ω3

π2c3(e
~ω
kBT − 1)

. (A.34)

In Eqs. (A.34), kB and ~ are the Boltzmann’s and Planck’s constants, respectively,

while T is the temperature of equilibrium of the blackbody source. In Figure A.1-a

we show a typical realization of quantum noise in an empty 4µm× 4µ box for an

example temperature T = 3000K, while in Figure A.1-b we illustrate the average

power density of the system as calculated by averaging over 500 different FDTD

simulations.
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Appendix B

Fano-Feshbach analysis of an open dielectric cavity

B.1 Mode-of-the-universe approach: dynamics in the total

space

While it is not possible to directly define a set of eigenmodes for the resonator,

we can define the eigenmodes of the total system by extend Eq. (5.2) to the

total space (mode-of-the-universe approach). With this position, the solutions of

Eq. (5.2) in the total space represent the Maxwell’s eigenmodes |ψh〉, which are

orthogonal with respect to the following scalar product:

〈ψk|ε|ψh〉 =

∫
dx ε(x)ψ∗k(x)ψh(x) = δhk. (B.1)

In terms of the |ψ〉 eigenbasis, the electric field E(x, t) is expanded as:

E(x, t) =
∑
h

Qh(t)|ψh〉, (B.2)

where Qh(t) = 〈ψh|εE(x, t) are complex amplitudes and where, without loss of

generality, we consider a discrete number of Maxwell’s eigenmodes. By substitut-

ing the electric field expansion from Eq. (B.2) into Eq. (5.1), Maxwell’s wave

equation ais rewritten as:

ε0ε
∑
h

[
Ω2
hQh|ψh〉+

∂Ph
∂t
|ψ∗h〉

]
= 0, (B.3)

where Ωh is the eigenvalue associated to |ψh〉 and where we defined the momentum-

like variables Ph(t) = 〈ψ∗h|ε
∂E(x,t)
∂t

. In Eq. (B.3) the double curl operator was
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simplified by means of Eq. (5.2). The total electromagnetic energy E of the

system, which is defined as:

E =
1

2

∫
dx
[
ε0ε(x)E2(x, t) + µ0H

2(x, t)
]
. (B.4)

By substituting Eqs. (B.2) in (B.4), the electromagnetic energy is expressed as

follows:

E =
1

2
ε0

∑
h

(
|Qh(t)|2 +

|Ph(t)|2

Ω2
h

)
. (B.5)

Equation (B.3) provides an immediate physical interpretation: as the modal am-

plitudes Qh(t) and Ph(t) act as position-like and momentum-like variables, the

dynamics of the system is analogous to a set of uncoupled harmonic oscillators.

The electromagnetic energy from Eq. (B.5) can be diagonalized by introducing a

set of modal operators An(t), analogous to creation/annihilation operators for an

harmonic oscillator, which are defined as:

Ah = Qh − 1
jΩh

∑
k PkΛ

†
kh,

A∗h =
∑

k ΛhkQk + Ph(t)
jΩh

, (B.6)

being Λhk = 〈ψ∗h(x)|ε|ψk(x)〉. By substituting Eq. (B.6) into (B.5), the electro-

magnetic energy E becomes:

E = 2ε0

∑
h

|Ah(t)|2 , (B.7)

which corresponds to the sum of the single oscillators contributions. Equation

(B.7) has an important physical meaning, as it shows that the electromagnetic

energy is expressed as the sum of the electromagnetic energy stored in each mode

of the resonator. In terms of the modal operators An(t), the total electric field is
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expanded as:

E(x, t) =
∑
h

Ah(t)|ψh〉+ c.c., (B.8)

where c.c. denotes Hermitian conjugate.

B.2 Completeness of the mode-of-the-universe eigenmodes

As can be easily verified, the differential operator in Eqs. (5.2) is not an Hermitian

operator w.r.t the standard Hilbert scalar product. However, the eigenproblem

from Eq. (5.2) can be rewritten into an Hermitian eigenvalue problem by intro-

ducing a set of associate eigenfunctions |φn〉, which are related to the Maxwell’s

eigenmodes by the relation:

|ψn〉 =
1√
ε(x)
|φn〉. (B.9)

It can be easily shown that if the |φn〉 constitute an orthonormal basis w.r.t. the

standard Hilbert scalar product, i.e.:

〈φn|φn′〉 =

∫
dxφ∗n(x)φ′(x) = δn′ . (B.10)

then Maxwell’s eigenmodes are orthonormal w.r.t. the non-Hermitian scalar prod-

uct from Eq. (B.1). Similarly, the non-Hermitian eigenproblem from Eq. (5.2)

corresponds to the Hermitian eigenproblem:

1√
ε(x)
∇×∇× |φn〉√

ε(x)
=
ω2
n

c2
|φn〉. (B.11)

Equations (B.9) and (B.10) ensure the Hermitianity of the quantitites discussed

in the main text, by remembering that all the operations and calculations are

computed in the associated Hermitian space defined by |ψ)n〉 with the scalar

product from Eq. (B.1).
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B.3 Calculation of the electromagnetic energy in the total

space

The electromagnetic energy is defined as

E = EE + EH =
1

2

∫
dx
[
ε0ε(x)E2(x, t) + µ0H

2(x, t)
]
. (B.12)

We first consider the fields expansion in the total space, in which the electro-

magnetic fields are expanded in terms of the Maxwell’s eigenmodes |ψn〉. By

substituting Eq. (B.2) in the first term in Eq. (B.12), one obtains straightfor-

wardly:

EE = ε0

∑
nn′

Qn(t)Qn′(t) ·
∫

dx ε(x)ψn(x)ψn′(x) (B.13)

= ε0
∑
n

Qn(t)
∑
n′

Qn′(t)Mnn′ (B.14)

= ε0
∑
n

|Qn(t)|2 , (B.15)

where the last equality follows from the reality of the field E, which implies the

following relationships:

Q∗m =
∑
n

Λmn ·Qn, P ∗m =
∑
n

Pn · Λ†nm, (B.16)

which can be verified by direct substitution. The expression for the magnetic

energy EH is obtained by considering Maxwell’s equations:

∂H(x, t)

∂t
= − 1

µ0

∇× E(x, t)

∇×H(x, t) = ε0ε(x)
∂E(x, t)

∂t

(B.17)
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By substituting Eq. (B.2) into the first of (B.17), the magnetic field is expressed

in the |ψ〉 eigenbasis as follows:

H(x, t) = − 1

µ0

∑
n

hn(t) · ∇ × |ψn(x)〉, (B.18)

where hn(t) are complex amplitudes whose expression is obtained by substituting

Eqs. (B.2), and (B.18) into the second of Eqs. (B.17), obtaining:

∑
n

hn(t) · ∇ ×∇× |ψn(x)〉 = −ε(x)

c2

∑
n′

Pn′(t)|ψ∗n′(x)〉. (B.19)

where we also considered the expansion

∂E

∂t
(x, t) =

∑
h

Ph(t)|ψ∗h〉. (B.20)

By projecting Eq. (B.19) over a specific mode 〈ψn|ε,

hn(t) = − 1

ω2
n

∑
n′

M†
nn′Pn′(t) = −P

∗
n

ω2
n

. (B.21)

where the double curl operator was simplified by means of Eq. (5.2). By substitut-

ing Eqs. (B.18) and (B.19) into the second term of Eq. (B.12), and considering the

orthonormality condition of Maxwell’s eigenmodes form Eq. (B.1), the magnetic

energy reads:

EH =
1

µ0

∑
nn′

P ∗n(t)P ∗n′(t)

ω2
nω

2
n′

∫
dx∇× ψn(x) · ∇ × ψn′(x) (B.22)

Provided the curl operator ∇× is Hermitian[203], the following identity:

∫
dx [A∗(x) · ∇ ×B(x)] =

∫
dx [∇×A∗(x) ·B(x)] (B.23)
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can be substituted in Eq. (B.22), obtaining:

EH =
1

µ0

∑
nn′

P ∗n(t)P ∗n′(t)

ω2
nω

2
n′

∫
dx∇×∇× ψn′(x) · ψn(x) (B.24)

= ε0

∑
nn′

P ∗n(t)P ∗n′(t)

ω2
n

∫
dx ε(x)ψn(x) · ψn′(x) (B.25)

(B.26)

where in the last step we took advantage of Eq. (5.2). The final expression for

the magnetic energy reads

EH = ε0

∑
n

|Pn(t)|2

ω2
n

, (B.27)

which completes our derivation of Eq. (B.5).

B.4 Fano-Feshbach partitioning

In the Fano-Feshbach formalism, the partitioning of the total space is achieved by

introducing the following set of projection operators P and Q:

P(x) =
∫

x 6∈R dx′ δ(x− x′),

Q(x) =
∫

x∈R dx′ δ(x− x′). (B.28)

As can be verified by direct substitution, the projection operators are orthogonal

(PQ = QP = 0), and complete (P + Q = 1), and they can be employed to

partition the Helmholtz differential operator L from Eq. (5.2) as follows:

L = (P +Q)L(P +Q)

= LPP + LQQ + LPQ + LQP , (B.29)

where we introduced the short-hand notation LAB = ALB. In the partitioning

from Eq. (B.29) we require that all the projection components stay Hermitian after
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the decomposition and, with this position, the resonator and environment are mu-

tually orthogonal Hermitian subspaces. The diagonal operators LQQ and LPP de-

fine two independent sets of internal |µm〉 = µm(x) and external |νn(ω)〉 = νn(x, ω)

eigenmodes, corresponding to the solutions of the following eigenproblems:

LQQ|µm〉 =
ω2
m

c2
ε|µm〉,

LPP |νn(ω)〉 =
ω2

c2
ε|νn(ω)〉. (B.30)

In Equations (B.30) we considered a discrete set of internal modes interacting with

a continuum of environment modes. In order to remain as general as possible, we

retained an additional discrete index n for the external modes, which can be used

to distinguish different external channels at the same frequency ω such as, e.g.,

different polarization states. By construction, the internal and external eigen-

modes constitute two complete eigenbasis, obeying the following orthogonality

conditions:

〈µm′ |ε|µm〉 = δmm′ ,

〈νn′(ω)|ε|νn(ω′)〉 = δnn′δ(ω − ω′). (B.31)

The off-diagonal terms LPQ and LQP of Eq. (B.29), conversely, describe the cou-

pling between the internal and internal eigenmodes along the resonator boundary.

In general, their expression can be obtained by applying the Helmholtz operator

L from Eq. (B.29) to a generic partitioned state |ψ〉 = |µ〉+ |ν〉, which yields:

L|ψn〉 = Q(x)L|µn〉+ P(x)L|νn(ω)〉+
∫
∂R dx′ (B.32)

×T (x,x′)

[
|µn〉 − |νn(ω)〉

]
, (B.33)

where T (x,x′) is a singular kernel operator defined as:

T (x,x′) = [δ(x,x′)n×∇′×] + [∇′δ(x,x′)× n×] , (B.34)
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By imposing the Hermiticity condition LAB = L†AB to Eq. (B.32), the eigenprob-

lems from Eqs. (B.30) are rewritten as Eqs. (B.30) of the main text. In terms

of internal and external eigenmodes, the completeness of the projection operators

Q+ P = 1 is expressed as follows:

∑
m

|µm〉〈µm|ε(x) +
∑
n

∫
dω |νn(ω)〉〈νn(ω)|ε(x) = 1, (B.35)

where the ε(x) term stems from having defined the |µ〉 and |ν〉 eigenmodes with

respect to the Maxwell’s scalar product from Eq. (B.1). We now use Eqs. (B.28)

and (B.35) to expand all the quantities computed in the mode-of-the-universe ap-

proach into their cavity and environment contributions. By applying Eq. (B.35),

the partitioning of the Maxwell’s eigenmodes |ψh〉 defined in Eq. (5.2) reads:

|ψh〉 =
∑
m

αhm|µm〉+
∑
n

∫
dω βhn(ω)|νn(ω)〉. (B.36)

where the internal and external projection amplitudes are defined as:

αhm = 〈µm|ε|ψh〉,

βhn(ω) = 〈νn(ω)|ε|ψh〉. (B.37)

By explicitly substituting Eqs. (B.29) and (B.36) into the eigenproblem from Eq.

(5.2) and projecting, one obtains the following two set of equations:

(
ω2
m − Ω2

h

)
αhm =

∑
n

∫
dω βhn(ω)Wnm(ω),(

ω2 − Ω2
h

)
βhn(ω) =

∑
m

αhmW†mn(ω), (B.38)

where

Wnm(ω) = c2〈µm|LQP |νn(ω)〉 (B.39)
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are the coupling terms connecting the internal internal and external eigenmodes of

the system. Similarly, the mode-of-the-universe position and momentum variables

are expanded as follows:

Qh =
∑
m

qmα
†
mh +

∑
n

∫
dω q̃n(ω)β†nh(ω),

Ph =
∑
m

αhmpm +
∑
n

∫
dω βhn(ω)p̃n(ω), (B.40)

where we defined the internal qm, pm and external q̃n(ω), p̃n(ω) position and mo-

mentum variables. By considering the following relationships:

∑
mh

α†mhαhm′ = δmm′ ,∑
nh

β†nh(ω)βhn′(ω
′) = δnn′δ(ω − ω′), (B.41)

which can be easily verified by direct substitution, the electromagnetic field is

expressed in the partitioned space as:

E =
∑
m

qm|µm〉+
∑
n

∫
dω q̃n(ω)|νh(ω)〉 (B.42)

It is now convenient to define a set of internal am and external sn modal operators,

analogous to the operators Ah(t) from Eq. (B.6). Their expressions are:

am(t) = qm(t)− 1

jωm

∑
m′

pm′(t)M†
m′m,

sn(ω, t) = q̃n(ω, t)− 1

jω

∑
n′

p̃n′(ω, t)N †n′n,

a∗m(t) =
∑
m′

Mmm′qm′(t) +
1

jωm
pm(t),

s∗n(ω, t) =
∑
n′

Nnn′ q̃n′(ω, t) +
1

jω
p̃n(ω, t). (B.43)
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where we introduced the internal and external overlap operators:

Mmm′ = 〈µ∗m′|ε|µm〉,

Nnn′(ω) = 〈ν∗n′(ω)|ε|νn(ω)〉. (B.44)

Gmn(ω) =
Wmn(ω)

jωm
, (B.45)

Hnm(ω) = j
W†nm(ω)

ω
. (B.46)

B.5 Dynamical equations and total energy in the parti-

tioned space

In this section, we will first derive the dynamical equations and the electromagnetic

energy in terms of the position and momentum variables (q, q̃, p, p̃) and in terms

of the modal operators (am(t), sn(t). The dynamical equations in the partitioned

space are obtained by substituting Eqs. B.40 and (B.38) into (B.3), obtaining:

ε0ε(x)
∑
m

[
ω2
mqm|µm〉+

∂p

∂tm
|µ∗m〉+

∑
n

∫
dωWmn(ω)q̃n(ω)|µm〉

]
+

ε0ε(x)
∑
n

∫
dω

[
ω2q̃n|νn(ω)〉+

∂p̃

∂t n
|ν∗n(ω)〉+

∑
m

W†nm(ω)qm|νn〉

]
= 0 (B.47)

The electromagnetic energy E , conversely, is obtained by considering the expansion

of the electromagnetic fields E(x, t) and H(x, t) in the partitioned space, which

read as follows:

E(x, t) =
∑
m

qm(t)|µm〉+
∑
h

∫
dω q̃h(ω, t)|νh(ω)〉

µ0H(x, t) =
∑
m

p∗m(t)

ω2
m

∇× |µm〉+
∑
h

∫
dω

p̃∗m(ω, t)

ω2
∇× |νh(ω)〉

(B.48)
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where the expression for the magnetic field was obtained following the same ap-

proach as in Section 4 and which descend from the straightforward definitions:

qm(t) =
∑
h

Qh(t)αmh, pm(t) =
∑
h

Ph(t)α
†
hm,

q̃n(ω, t) =
∑
h

Qh(t)βmh(ω), p̃n(ω, t) =
∑
h

Ph(t)β
†
hn(ω), (B.49)

By substituting the first of Eqs. (B.48) into (B.12), the electric energy contribution

reads:

EE = ε0

[∑
mm′

qm(t)q∗m′(t)〈µm|ε|µm′〉+
∑
mn′

∫
dω′ qm(t)q̃∗n′(ω, t)〈ν ′n(ω′)|ε|µ′m(ω)〉+

∑
m′n

∫
dω q∗m′(t)q̃n(ω, t)〈ν ′n(ω′)|ε|µ′m(ω)〉+

∑
nn′

∫
dω dω′ q̃m(ω, t)q̃∗m′(ω

′, t)〈νn(ω)|ε|νn′(ω)〉
]
,

(B.50)

which can be simplified by considering the orthonormality conditions from Eqs

.(B.31) obtaining:

EE = ε0

(∑
m

|qm(t)|2 +
∑
n

∫
dω |q̃n(ω, t)|2

)
. (B.51)

Following the same approach, the magnetic contribution to the electromagnetic

energy reads straightforwardly (cfr. Eqs. (B.22) to (B.24)):

EH = ε0

(∑
m

|pm(t)|2

ω2
m

+
∑
n

∫
dω
|p̃n(ω, t)|2

ω2

)
, (B.52)

and the total energy in the partitioned space reads:

E =
1

2
ε0

(∑
m

|qm(t)|2 +
|pm(t)|2

ω2
m

+
∑
n

∫
dω |q̃n(ω, t)|2 +

|p̃n(ω, t)|2

ω2

)
. (B.53)
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The dynamical equations for the the internal and external amplitude operators

am, sn(ω) are obtained by inverting the definitions from Eqs. (B.43) obtaining:

qm = am +
∑
n

a∗n · M†
nm, q̃n(ω) = sk(ω) +

∑
k

s∗k(ω) · N †kn(ω), (B.54)

pm = jωm

(
a∗m −

∑
n

Mmn · an

)
, p̃n(ω) = jω

(
s∗k(ω)−

∑
k

Mnk(ω) · sk(ω)

)
.

By substituting Eqs. (B.54) into (B.47), the dynamical equations in the diagonal

variables read as follows:

∑
m

(
∂am
∂t
− jωmam −

∑
n

∫
dω sn(ω)Gmn(ω)

)
ωm|µm〉+

+
∑
n

∫
dω

(
∂sm
∂t
− jωsn +

∑
m

Hnm(ω)am

)
ω|νn(ω)〉 = 0. (B.55)

Similarly, Eqs. (B.54) can be substituted into (B.53) and after some lengthy but

straightforward algebra, the electromagnetic energy is expressed, in terms of the

internal and external modal amplitudes as follows:

E = 2ε0

(∑
m

|am(t)|2 +
∑
n

∫
dω |sn(ω, t)|2

)
. (B.56)

Finally, the expression for the electromagnetic fields E(x, t) and H(x, t) is obtained

by substituting Eqs. (B.54) into (B.48), obtaining:

E(x, t) =
∑
m

am(t)|µm〉+
∑
n

∫
dω ãn(ω, t)|νn(ω)〉+ c.c.

µ0H(x, t) =
∑
m

a∗m(t)

ωm
∇× |µm〉+

∑
h

∫
dω

s∗n(ω, t)

ω2
∇× |νh(ω)〉

(B.57)

B.6 Solution of resonator dynamics equations in the Fourier

space

In this section, we will explicitly solve Eqs. (5.7) in the Fourier domain. By

substituting the expression for S(ω, t) into the first of Eqs. (5.7), one obtains a
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self-consistent equation for the internal amplitudes Am(t):

∂A

∂t
(t) = jΩA(t)−

∫
dω′ G(ω′)H(ω′)

×
t∫

t0

dτ A(τ)ejω(t−τ) −
∫

dωG(ω)S(ω, t0)ejω(t−t0) (B.58)

which, by taking the limit t0 → −∞, reads in the fourier space ω:

[j∆(ω) + Γ(ω)] A(ω) = G(ω)S(0)(ω), (B.59)

The quantities defined in Eq. (B.59) follow from the application of the convolution

theorem to the modal amplitudes equations, which yields:

F
[
A(t) ∗ ejω(t)

]
=

A(ω)

2π
·

t∫
−∞

dτ ej(ω
′−ω)(t−τ) = lim

ε→0+

A(ω)

2πj(ω′ − ω − jε)
(B.60)

where we introduced a vanishing imaginary frequency ε in order to regularize the

integral. The integral over the frequency domain ω can be solved by means of

Cauchy’s Theorem as follows:

lim
ε→0+

∫
dω′ G(ω′)H(ω′)

2πj(ω′ − ω − jε)
=

∫
dω′ Γ(ω)δ(ω′ − ω)− j

π
P.V.

(∫
dω′ Γ(ω)

ω′ − ω

)
.

(B.61)

By inverting Eq. (B.59), we obtain the resonator and channel spectra, whose

expressions read as follows:

A(ω) = [j∆(ω) + Γ(ω)]−1 G(ω)S(0)(ω),

S(ω) = S(0)(ω)−H(ω)A(ω), (B.62)
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and which can be recasted in a single equation obtaining Eq. (5.8). The expression

for the scattering matrix σA reads:

σA = 1− G(ω) [j∆(ω) + Γ(ω)]−1 H(ω). (B.63)

where we the damping operator Γ(ω) and the shift integral ∆(ω) are expressed

as:

Γ(ω) = 1
2
G(ω)H(ω) = 1

2
W(ω)W†(ω)

ωmω
,

∆(ω) = ω −Ω− P.V.
∫

dω′ Γ(ω′)
π(ω′−ω)

, (B.64)

being P.V. the Cauchy principal value integral. Equation (5.8) describes the evo-

lution of the external amplitudes before and after the interaction with the internal

modes, and it constitutes the fundamental input-output relationship for the res-

onator modes. The external electric field, which is the total electric field outside

the resonator, is expressed as:

Eext(x, ω) =
∑
mn

σAmn(ω)S0
n(ω)|νm(ω)〉 (B.65)

where S0
n(ω) are the components of the vector S0(ω) and where σAmn(ω) are the

components of the resonant scattering matrix σA.

B.7 Relationship between incident field expansion coeffi-

cients and impressed sources

In terms of the ingoing and outgoing contributions, the incident field is expanded

as follows:

Einc =
∑
n

λ+
n (ω)|ν+

n (ω)〉+ λ−n (ω)|ν−n (ω)〉, (B.66)
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where λ+
n (ω) and λ−n (ω) are expansion coefficients corresponding to:

λ+
n (ω) = 〈ν+

n (ω)|εEinc(x, ω),

λ+
n (ω) = 〈ν−n (ω)|εEinc(x, ω). (B.67)

In order to characterize the interaction between the incident field and the res-

onator, we need to express the initial mode amplitudes S0(ω) as a function of the

incident field (B.66). These are obtained by considering the “closed cavity” limit

of the interaction, where the external modes do not interact with the internal res-

onances of the resonator. In this condition, σA → 1 and, from (5.8), we obtain a

stationary set of external mode amplitudes S(ω) = S0(ω). Since the scattered field

is only generated by the reflections on the resonator boundary, the scattered field

is entirely composed of outgoing contribution, i.e. σ+(ω) = 0. In this condition,

from (5.13), we obtain the initial external amplitudes:

S0
m(ω) = λ+

m(ω). (B.68)

B.8 Internal and external resonances for a dielectric disc

In the dielectric disc discussed in Section 4 of the main text, the Fano-Feshbach

partitioning components of the Helmholtz operator read as follows:

LPP |νh〉 = −∇2|νh〉+ δ(ρ−R+)
∂|νh〉
∂ρ

∣∣∣∣
ρ=R+

(B.69)

LQQ|µml〉 = −∇2|µml〉+
∂

∂ρ

[
δ(ρ−R−)

ρ

]
(B.70)

×R− |µml〉|ρ=R− (B.71)

LQP |νh〉 = − ∂

∂ρ

[
δ(ρ−R−)

ρ

]
R− |νh〉|ρ=R+ (B.72)

LPQ|µml〉 = δ(ρ−R+)
∂|µml〉
∂ρ

∣∣∣∣
ρ=R−

(B.73)
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In polar coordinates (ρ, θ), the external eigenmodes of the cavity are defined as the

solution of the Helmholtz equation in the ρ > R semiplane, which reads simply:

∇2|νn(k)〉 = k2|νn(k)〉, (B.74)

where we introduced the wavevector k = ω/c and where |νn(k)〉 = νn(k, ρ, θ). The

solution of Eq. (B.74) in the external space can be written as a linear combination

of counter-propagating waves:

|νn(ω)〉 = ejnθ
[
anH

1
n(kρ) + bnH

2
n(kρ)

]
, (B.75)

where H1
n and H2

n are Hankel functions of the first and second kind of order n. The

boundary conditions depend on the polarization of the external electromagnetic

fields: in the case of a TM wave (with the E field directed along the disc axis), we

assumed the following Von-Neumann boundary conditions:

∂

∂ρ
|νn(k)〉 = 0, ρ = R+, (B.76)

where we introduced the shorthand notation ∂ρ = ∂/∂ρ. By imposing Eq. (B.76)

to the expression for νh, and following Eq. (B.31), the external eigenmodes are

expressed as follows:

|νh(k)〉 =

√
k

8π
ejnθ

[
H1
n(kρ)− ∂ρH

1(kρ)

∂ρH2(kρ)

∣∣∣∣
ρ=R

H2
n(kρ)

]
, (B.77)

where k = ω/c. By comparing Eqs. (B.77) and (5.9), we obtain:

ν(+)
n (ω, ρ, θ) = H1

n(kρ)ejnθ,

ν(−)
n (ω, ρ, θ) = H2

n(kρ)ejnθ,

R(0)
n (kR) = − ∂ρH

1(kρ)

∂ρH2(kρ)

∣∣∣∣
ρ=R

, (B.78)
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which is consistent with the standard convention of consideringH1, H2 as incoming

and outgoing spherical waves (assuming a time dependence of the form ejωt). As

an input condition for the scattering of the cavity, we considered an incident plane

wave directed along the x direction which, in terms of the incoming and outgoing

components defined in Eqs (B.78), can be expanded as follows:

e−jkx =
∑
n

jn

2

(
|ν(+)
n 〉+ |ν(−)

n 〉
)
. (B.79)

which implies S0
n = λ+

n = jn/2. In the closed cavity limit, the magnetic field

outside the cavity reads as follows:

Hext(x, t) =
√

k
8π

∑
n
jn

2
ejnφ (B.80)

×
[
H

(1)
n (kρ)−R0

n(kR)H
(2)
n (kρ)

]
, (B.81)

which corresponds to the total field produced by a TM-polarized plane wave im-

pinging on a PEC cylinder. The perfect conductor condition represents the elec-

tromagnetic equivalent of the closed cavity limit, with no radiation entering the

cavity space, and all energy reflected at its boundary. The internal eigenmodes

can be obtained by solving the Helmholtz equation in the resonator space, namely:

∇2|µm〉 = (nkm)2|µm〉, (B.82)

where |µm〉 = µm(ρ, θ) and where we introduced the discrete wavenumber km =

ωm/c
2. The boundary conditions for the internal eigenmodes can be set by combin-

ing Eqs. (5.4) and (B.76), obtaining the following Dirichlet boundary conditions

on the interior of the resonator boundary:

|µm〉|ρ=R− = 0. (B.83)
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In the case of a homogeneous dielectric circular resonator, Eqs. (B.83) and (B.82)

can be solved analytically, obtaining:

|µml〉 =
ejmθJm(nkmlρ)√
πnRJm+1(xml)

(B.84)

where xml = kmlR is the l-th zero of the Bessel function Jm(ρ) and the eigenvalues

have been normalized using the Bessel functions orthogonality condition

R∫
0

dρ Jm(kmlρ)Jm(km′l′ρ)

R2

2
[Jm+1(xml)]2

= δmm′δll′ . (B.85)
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