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S1 - Phase Response of the Vortex Core Gyration in a Tilted

Asymmetric Restoring Potential

To derive the steady-state trajectory of the vortex core under ac-current excitation we

follow the calculations of Moriya et al. [1] for the case of an asymmetric tilted potential and

low excitation amplitude. We start with the Thiele equation for steady-state motion of a

vortex core, including the spin torque terms [2, 3]:

G(p)× [u− ṙ] = −∂V (r)

∂r
−D [αṙ + βu] , (S1)

where r = (rx′ , ry′) is the vortex core position, G(p) = −Gpêz is the gyrovector, u =

jeµBP/eMS is the spin drift velocity and Dij = δijD is the diagonal dissipation tensor for

the vortex structure [3, 4]. The restoring potential is oriented along the (x′, y′)-coordinate

system V (r) = κx′r2x′/2 + κy′r
2
y′/2 and the ac-current is injected at an angle φ

ux′(t) = uRe
[
eiωt
]

sin(φ), uy′(t) = uRe
[
eiωt
]

cos(φ), (S2)

where ω = 2πf is the angular excitation frequency. The Thiele equation written in vector

notation reads in the (x′, y′)-coordinate system

pG

 0 1

−1 0

ux′

uy′

−
 ˙rx′

˙ry′

 = −

κx′ 0

0 κy′

rx′

ry′

+

D 0

0 D

β
ux′

uy′

− α
 ˙rx′

˙ry′

 . (S3)

The solution of equation (S3) has the form

rx′ = X̃eiωt, ry′ = Ỹ eiωt, (S4)

so that we obtain the characteristic equation for the complex amplitudes X̃ and Ỹ ,κx′ + iωαD −iωpG

iωpG κy′ + iωαD

X̃
Ỹ

 = u

sinφ − cosφ

cosφ sinφ

βD
pG

 . (S5)

We use the following substitutions to simplify the notation:

qx′,y′ =
κx′,y′

G
, α̃ =

αD

G
, β̃ =

βD

G
. (S6)

Using Cramer’s rule, equation (S5) can be solved as follows

X̃ =
qy′u

∆

[
β̃ sinφ− p cosφ

]
+
iωu

∆

[
sinφ(α̃β̃ + 1) + p cosφ(β̃ − α̃)

]
, (S7)

Ỹ =
qx′u

∆

[
β̃ cosφ+ p sinφ

]
+
iωu

∆

[
cosφ(α̃β̃ + 1) + p sinφ(α̃− β̃)

]
, (S8)
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where ∆ = (qx′ + iωα̃)(qy′ + iωα̃)− ω2. The complex amplitudes can be written as sum of

the real and imaginary part

X̃ = X̃ ′ + iX̃ ′′, Ỹ = Ỹ ′ + iỸ ′′. (S9)

To obtain the steady-state vortex core trajectory, we take the real part of the excitation and

correspondingly the real parts of the solutions rx′ and ry′

rx′(t) = Re
[
X̃eiωt

]
= X̃ ′ cosωt− X̃ ′′ sinωt = Ax′ cos(ωt+ εx′),

ry′(t) = Re
[
Ỹ eiωt

]
= Ỹ ′ cosωt− Ỹ ′′ sinωt = Ay′ cos(ωt+ εy′),

(S10)

where Ax′ , Ay′ and εx′ , εy′ are the amplitudes and the phase response in x′- and y′-direction,

respectively:

A′x =
√
X̃ ′2 + X̃ ′′2

A′y =
√
Ỹ ′2 + Ỹ ′′2

ε′x = arctan(X̃ ′′/X̃ ′)

ε′y = arctan(Ỹ ′′/Ỹ ′).

(S11)

The position of the vortex core oscillates synchronously with the ac-current on an elliptical

trajectory.

In our experiment, the exciting current je(t) flows along the y-axis, parallel to the

nanowire. However, the restoring potential and hence the (x′, y′)-coordinate system is asym-

metric and tilted by an angle φ with respect to the direction of the current flow, see Fig.

1d. Furthermore, we measure the phase response εy and the amplitude Ay along the (x,y)-

coordinate system, such that we need to transform the elliptical trajectory (rx′(t), ry′(t))

into the trajectory (rx(t), ry(t)) given in the (x,y)-coordinate system.

The aim is to calculate

rx(t) = X ′ cosωt−X ′′ sinωt = Ax cos(ωt+ εx),

ry(t) = Y ′ cosωt− Y ′′ sinωt = Ay cos(ωt+ εy),
(S12)

where Ax, Ay and εx, εy are the amplitudes and phases with respect to the the (x,y)-axes.

Let the coordinate system (x′, y′) be rotated by an angle φ with respect to the coordinate

system (x, y), as shown in Fig. 1d, then the coordinate transformation is given byX
Y

 =

cosφ − sinφ

sinφ cosφ

X̃
Ỹ

 . (S13)
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Using equations (S10) and (S13), we can solve for the complex amplitudes X ′, X ′′ and Y ′,

Y ′′

X ′ = X̃ ′ cosφ− Ỹ ′ sinφ,

X ′′ = X̃ ′′ cosφ− Ỹ ′′ sinφ,

Y ′ = X̃ ′ sinφ+ Ỹ ′ cosφ,

Y ′′ = X̃ ′′ sinφ+ Ỹ ′′ cosφ.

(S14)

The amplitudes Ax,Ay and the phases εx, εy are then given by

Ax =
√
X ′2 +X ′′2

Ay =
√
X ′2 + Y ′′2

εx = arctan(X ′′/X ′)

εy = arctan(Y ′′/Y ′).

(S15)

S2 - Derivation of a Maximum Bound for the Non-Adiabaticity

We now derive a high confidence maximum bound from the qualitative behaviour of the

phase response. From equation (3) we can define a critical non-adiabaticity βc, when the

denominator vanishes

βc =
G sinφ

D cosφ
. (S16)

The direction θ of the force Fst, equation (8), is discontinuous and jumps from −π/2 (β < βc)

to π/2 (β > βc), for fixed tilt angle φ. Experimentally, we observe εy(f → 0) = π, hence,

we can qualitatively determine that βvc < βc. Therefore βc(φ) constitutes a high confidence

upper limit for the non-adiabaticity, that only depends on the angle φ between the pinning

potential V (r) and the current direction. In Fig. S1, the maximum bound βc is plotted as

a function of the tilt angle φ in units of the Gilbert damping α. In our case, for φ = 0.29

the measured value is well below the upper limit βvc = 0.061± 0.006 < βc = 0.11± 0.01.
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FIG. S1: The critical non-adiabaticity βc is plotted as a function of the tilt angle φ (red). The

error bar is indicated by the red shade. Experimentally, we measured φ = 0.29 ± 0.02 rad (blue)

and βvc = 0.061± 0.006 (black data point), which is well below the upper limit.
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