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Abstract
Nanoparticles are particles that are between 1 and 100 nanometers in size. They present
possible dangers to the environment due to the high surface to volume ratio, which can make
the particles very reactive or catalytic. Furthermore, rapid increase in the implementation of
nanotechnologies has released large amount of the nanowaste into the environment. In the last
two decades, transport of nanoparticles in the subsurface and the potential hazard they impose
to the environment have attracted the attention of researchers. In this work, we use numerical
simulation to investigate the problem regarding the transport phenomena of nanoparticles in
anisotropic porous media. We consider the case in which the permeability in the principal
direction components will vary with respect to time. The interesting thing in this case is the
fact that the anisotropy could disappear with time. We investigate the effect of the degenerating
anisotropy on various fields such as pressure, porosity, concentration and velocities.

Keywords: Nanoparticle transport, multipoint flux approximation, anisotropic porous media, algebraic

multigrid.

1 Introduction

Nanoparticles are particles that are between 1 and 100 nanometers in size. Due to their high
surface to volume ratio, nanoparticles become highly reactive or catalytic and may impose a
negative impact on the environment. In particular, large quantities of these materials might
have already leached into our subsurface groundwater reservoirs and started to transport. On
the other hand, nanomaterials have been extensively used in petroleum-related industries. They
have been applied to various activities such as reservoir exploration, drilling and completion,
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production and improved oil recovery as well as refinery. All these raise the concern about the
fate of these material in their local environment and motivate the research on the transport of
nanoparticle in the environment.

2 Transport models of nanopartilces

To model the transport of nanoparticles we use Eulerian specification to characterize the flow
fields. In this approach the nanoparticles are not tracked and one looks at fluid motion that
focuses on specific locations in the space through which the fluid flows as time passes. Besides
the fluid equations, a balance equation for the mass of the particles is derived. Furthermore,
a filtration term is added to the advection-dispersion equation to account for nanoparticle
transport and deposition process.

2.1 Filtration theory

Several authors have developed several filtration models to study transport of nanoparticles
([1]-[3]). Goldberg et al. [4] have reviewed a number of these models. They categorized them
according to the mechanisms involved in the transport processes, including deposition(fast
and slow), remobilization, and blocking. The complexity of these model vary according to the
assumption considered. In addition to the conventional advection-dispersion process, the mech-
anisms affecting the transport of nanoparticles include retardation, detachment, site blocking
and a combination of them. The general equation for advection-dispersion process in porous
media may be written as:

φ
∂c

∂t
+∇ · (uc−D∇c) = R+ qc (1)

where c is the concentration of nanoparticles, u is Darcy velocity, φ is the porosity, D is the
dispersion tensor, R accounts for mass insertion or depletion due to chemical reaction, and qc is
a source/sink term. In filtration theory, the migration of the very fine particles is accompanied
by deposition. This phenomena is incorporated into the governing balance equation by adding
the rate at which the mass is deposited to the mass accumulation term [5], such that:

∂c

∂t
+

ρb
φ

∂s

∂t
= −∇ · (uc−D∇c) +R+ qc (2)

where ρb represents the solid bulk density and s is the concentration at the surface. The depo-
sition rate is proportional to the concentration of nanoparticles. Denote the particle deposition
coefficient as kdep, we have

ρb
φ

∂s

∂t
= kdepc (3)

The process of deposition of nanoparticles is assumed to be irreversible and s can grow indefi-
nitely. Depending on difference assumptions, there have been several approaches proposed by
authors in order to describe various filtration scenarios. To account or possible retardation of
nanoparticles, He et al. [6] proposed a model of the form:(

1 +
ρbkd
φ

)∂c
∂t

= −∇ · (uc−D∇c)− kdepc (4)

where kd is the particle deposition coefficient [1/T] which depends on the flow velocity. To
account for detachment of particles, Bradford et al. [3] suggested

−∂ρbs

∂t
= φkattc+ ρbkdet (5)
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where katt [1/T] is the is the first order colloid attachment coefficient, kdet is the first-order
colloid detachment coefficient. If one considers site blocking, Cullen et al. [7] suggested that
the rate of nanoparticles deposition takes the form:

(ρb
φ

)∂s
∂t

= kdep

(
1− s

smax

)
c (6)

2.2 Transport phenomena in anisotropic porous media

In this work we simulate the nanpparticle transport phenomena in anisotropic porous media in
which case the direction of the anisotropy does not align with the grid lines. Anisotropy can be
observed in almost all subsurface formation due to the several physiochemical and mechanical
processes that took place over the longer geologic time scale. Cullen et al. [7] investigated
the transport of carbon nanoparticles in a two dimensional heterogeneous anisotropic porous
medium rectangular domain. The principle direction of the anisotropy is aligned with the
coordinate axes. In this case, two points flux approximation is sufficient to solve the system.
However, when the anisotropy direction is not aligned with the coordinate system, the two points
flux approximation may fails to account for the fact that pressure gradient in one direction can
cause flow in other directions. In the case of the presence of full permeability tensor, the more
involved multipoint flux approximation (MPFA) methods (as will be explained later) are need
in order to obtain the correct discretization. Although similar work have been done by Salama
et al. [13], they considered the update of permeability tensor the same in all direction. In this
work, we consider the update of permeability different in the different directions which is more
realistic. Starting with the governing equation, the mass conservation equation is

∇ · u = 0 (7)

Darcy’s law:

u = −K

μ

(
∇p− ρg

)
(8)

where K is the permeability tensor, μ is the fluid viscosity, ρ is the fluid density and g is the
gravity. The transport of nanoparticles in size interval i is governed by ([8], [9])

φ
∂ci
∂t

+∇ ·
(
uci + φτD∇ci

)
= Rt +Qci (9)

Here ci is the concentration of nanoparticles in interval i, D = Ddisp + DBr
i , where Ddisp

and DBr
i are second order tensor that accounts for hydrodynamic dispersion and Brownian

diffusion, respectively. They are obtained by the following formula:

Ddisp = dt,w|u|I+
(
dl,w − dc,w

)uu
|u| (10)

and

DBr
i =

kBT

3πμdp,i
. (11)

Ri in equation (9) is the net rate of loss of nanoparticles in interval i. In this work we use the
model in Gruesbeck and Collin [10]:

Ri =
∂s1i
∂t

+
∂s2i
∂t

. (12)
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where
∂s1i
∂t

=

{
γdi|u|ci, |u| ≤ uc
γdi|u|ci − γei(|u| − uci)s1i, |u| > uc

. (13)

and
∂s2i
∂t

= γpt,i|uc. (14)

In Eq. (13) γdi and γei are rate coefficients for surface retention and entrainment of nanoparticles
in interval i, respectively. With equations (13) and (14), the porosity and permeability are
updated:

φ = φ0 −
∑

δφi = φ0 − (s1i + s2i) (15)

K = K0

[
(1− f)kf + f

φ

φ0

]l
(16)

where K0 and φ0 are initial permeability and porosity, f is called flow efficiency factor and is
calculated as

f = 1− γfs2 (17)

3 Numerical algorithm

3.1 Multipoint flux approximation

The simulation code was written in FORTRAN 95. For spatial discretization, we use multipoint
flux approximation (MPFA) method to deal with the porous media whose direction of anisotropy
is not aligned with the coordinate system, in which case the permeability tensor is full. In the
2-D problem, the MPFA method builds the interaction region (dashed line, see Fig. 1) that
is centered on the four adjacent cells and there are four fluxes need to be calculated in each
interaction region. in which each flux is approximated by

f ≈
∑
i∈Ω

tiΦi (18)

where ti and Φi are the transmissibility coefficient and the potential gradient (for instance, the
pressure gradient) at the center of the cell-i, respectively. The set Ω depends on the dimension
of the considered problem. The fluxes are conserved locally by assuming the inflow and outflow
fluxes are equal. From Figure 1 the half flux fij is give by

fij ≈ −txxi (pij − pi)− txyi (pik − pi)

≈ −txxj (pj − pij)− txyj (pjl − pi). (19)

The half fluxes fik, fjk and fkl are obtained in a similar fashion. Each flux involves two
adjacent cells to be considered as expressed in Equation (18). From each interaction region, we
would obtain four systems of equations that need to be solved locally. Each full flux involves
two interaction regions and hence six pressure variable in neighboring cells. It is clear that
the construction of MPFA stencil is quite complicated. The remedy we use here is to adapt
the experimenting field approach developed by Sun et al. [11], which solves a set of local
problems and construct the global system automatically (Salama et al.,[12]). In experimenting
field approach, the matrix coefficients are obtained by solving several local problems. The
predefined experimenting pressure fields are designed and operated over the local problems
such that the global matrix coefficients are obtained.
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Figure 1

3.2 Aggregation-based algebraic multigrid

After the global matrix for solving pressure field is constructed, the linear system is solved by
aggregation-based algebraic multigrid method [14]. Due to their O(N) complexity under certain
circumstances, multigrid methods have been proved to be one of the most efficient algorithms
to solve the elliptic type partial differential equations numerically. As one of the multigrid
methods, aggregation-based algebraic multigrid (AGMG) can be very efficient because of its
relatively low setup time. However, it may suffer slow convergence in some difficult cases.
Specifically, the diffusion equations whose diffusion coefficients contain rotated anisotropy ap-
pear to be a challenge problems for aggregation-based algebraic multigrid methods. For this
type of the problem, Chen et. al. [15] proposed an improved aggregation strategy to reduce
the number of iterations. The new automatic aggregation algorithm determines appropriate
aggregates based on eigenvectors associated with small eigenvalues of a block splitting matrix.
The improved algorithm was employed in the simulation code.

4 Numerical example

In this work we consider a set of 2D numerical experiments to investigate the effects of anisotropy
on the transport of nanoparticles. The domain studied is rectangular and consists of three
zones, where the middle zone is anisotropic. In addition, the angles between the direction of
anisotropy and the x-axis considered in the simulations are 0◦, 30◦, 45◦ and 60◦. At the center
of the domain, nanoparticles are emitted at the intensity 10−6 1/s. The fluid flows advect these
particles and certain amount of them deposit in the media. The deposition of nanoparticles
changes the heterogeneity of media in a way that the anisotropy ratio decreases with time. All
the numerical simulations stop when the anisotropy ratio reduces to 1, i.e., when the media
becomes isotropic. For the boundary conditions, we impose the velocity boundary condition
of 5 × 10−6 m/s on the left edge of the domain. On the right hand boundary the pressure is
1 atmosphere (1.01325 bar). No flow boundary condition is imposed on the top and bottom
of the domain. The parameters used in the numerical simulations are listed in Table 1. The
nanoparticles are assumed not affecting the flow field. This assumption allows the decoupling
of flow and transport equations.

5 Results and disscusion

In this work the primary concern is the effect of the anisotropy of the media on various fields,
such as pressure, porosity, flow and concentration distribution of nanoparticles. The anisotropy
is defined by two parameters. The first parameter is the angle the principle direction of
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Table 1: Parameters for single nano-size particle transport simulations.

Parameters Values

Initial permeability K0

Isotropic layer

[
9.869 0
0 9.869

]
× 10−14 m2

Anisotropic layer

30◦
[
7.649 3.846
3.846 3.208

]
× 10−14 m2

45◦
[
5.428 4.441
4.441 5.428

]
× 10−14 m2

60◦
[
3.208 3.846
3.846 7.649

]
× 10−14 m2

Parameters Values

Lx × Ly 5 m × 5 m
nx × ny 30 × 30

φ0 0.3
DBr 2× 10−9 m2s−1

μ 10−3 Pa s
γd 5 m−1

γpt 1 m−1

γf 0.001 m−1

kf 0.6
c0 0
cs1 0
cs2 0
qc 10−6 s−1

tsimulation 129600 s
Δt 3.55 s

anisotropy is making with the x-axis. The other is the anisotropy ratio, which is the ratio
between the anisotropy components in the principle directions. We study the scenarios when
the deposition of nanoparticles changes the anisotropy ratio of porous media. The deposition
also decreases the volume of the void space available for flow and therefore, the permeability
also decreases. Since the velocity is set constant at the left boundaries, the average pressure
changes as a consequence of the decrease of both anisotropy ratio and permeability with time.
In this section we highlight these effects on the different scenarios.

The results of numerical experiments are shown in Figure 2 - 9. Figures 2 - 5 show an
update of the various fields after the anisotropy ratio reduced to 1. In these figures the scalar
fields and the corresponding velocity fields are presented simultaneously. From Figure 2 we
see that the pressure and velocity fields distort with direction of anisotropy. In Figure 3a the
pressure and velocity fields slightly deform. As the anisotropy angle increases, the gradient of
the pressure profiles along the x-direction increases. Figure 6a shows the evolution of the aver-
age pressure at the inlet for the different anisotropy angles with time. One first observes that
the average pressure at the inlet at the start of simulations is larger the larger the anisotropy
angle. This can be attributed to the decrease of effective permeability due to the accumulation
of nanoparticles. In order to maintain the constant flux condition at the inlet boundary, the
average inlet pressure increases with time because of the decrease of permeability. The large
anisotropy angle of the media hinders the flow more severely than the smaller angles do and
enhance the deposition process of the nanoparticles. Another interesting effect caused by the
flow direction change due to the anisotropy of media is the high concentration of nanoparticles
at the top end of the interface between two regions (recall that the whole domain is divided
into three regions, with the middle layer contains rotated anisotropy), as seen from Figure 4.
With no flow boundary condition, the top boundary acts as a wall so that the flow direction
changes rapidly and the accumulation of the nanoparticles becomes sever.

Figure 6b shows the evolution of minimum porosity with time for the different anisotropy
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(a) Isotropic (b) 30◦ (c) 45◦ (d) 60◦

Figure 2: Pressure fields

(a) Isotropic (b) 30◦ (c) 45◦ (d) 60◦

Figure 3: Porosity

(a) Isotropic (b) 30◦ (c) 45◦ (d) 60◦

Figure 4: Concentration

(a) Isotropic (b) 30◦ (c) 45◦ (d) 60◦

Figure 5: Permeability
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(a) Comparison of the average pressure profile
at the inlet for the different anisotropy scenar-
ios.

(b) Comparison of the evolution of the
minimum porosity profile for the different
anisotropy scenarios.

Figure 6

(a) Porosity in the center layer. x = 2.5 m (b) Porosity in the center layer, x = 3.0 m.

Figure 7

scenarios. From this figure it is clear that the minimum porosity decreases with time as a
consequence of the increase of deposition of nanoparticles. Furthermore, the minimum poros-
ity curves are different for different anisotropy conditions (porosity is smaller the larger the
anisotropy). This is also manifested in Figure 7 which shows profiles of porosities at two x-
positions along the height of the middle domain after the anisotropy ratio reduced to 1. Figure
7a shows the porosity profile at the center of the middle layer. One notices that the porosities
for all scenarios are very closed near the source of the nanoparticles. Away form the source,
porosity is the least the larger the anisotropy angle. We also exhibit the porosity profile some-
where in the middle layer but closer to the flow exit, as shown in Figure 7b. The profile deviates
toward the direction of anisotropy and the minimum porosities are very closed in all cases. It
expectable that the porosity is the least the larger the anisotropy angle, since the direction of
anisotropy affects the inlet pressure and the distribution of the deposition of the nanoparticles.

Anisotropy also affects the concentration profile significantly. Figures 4 exhibits the concen-
tration contours for different scenarios. As seen from the figures the nanoparticles spread out in
broader range for the case θ = 60◦ than in the other scenarios. In the region near the emission
source, the concentration is the least the larger the anisotropy angle. This is also manifested in
Figure 8a and 8b, which show the comparisons of the concentration profiles along the middle
layer height. Based on this figures, the concentration is higher for the isotropic scenario and
decreases with the increase of anisotropy. These behaviors (Figures 7 and 8) may possibly be
described by exploring velocity profiles as shown in Figures 9a and 9b. Figure 9a shows a com-
parison between the x-component velocity along the height of the middle layer for the different
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anisotropy scenarios and it is clear that in the middle of the middle layer, the x-component
velocity drops because of the decrease in permeability. Meanwhile, the x-component velocity
is larger the larger anisotropy angle. Similar phenomena is observed in Figure 9b which shows
the comparison for the magnitude of velocity along the middle layer height. Again, It is clear
that velocity magnitude is larger the larger the anisotropy. This explains the behavior of both
the concentration and the porosity in the middle layer, which is manifested by the fact that
increasing the velocity increases the dispersion and deposition rate.

(a) Concentration in the center layer. x = 2.5
m

(b) Concentration in the center layer. x = 3.0
m

Figure 8

(a) x velocity in the center layer. x = 2.5 m (b) Speed in the center layer. x = 2.5 m

Figure 9

6 Conclusion

In this work, we have simulated the flow and transport of nanoparticles in porous media with
rotated anisotropy. Spatial variables were discretized using the multipoint flux approximation
method. The linear system for solving pressure field arising from MPFA discretization is solved
by aggregation-based algebraic multigrid. A source term in the middle of anisotropic domain
is used to introduce nanoparticles to the domain. We considered a more realistic mechanism
that the anisotropy ratio decreases with time in response to the deposition of nanoparticles.
Several scenarios of anisotropy are considered including different anisotropy angles. Since the
simulations stop after the anisotropy ration became 1, the time steps used for various scenar-
ios are different. We found that the larger anisotropy angle was, the smaller number of time
step was used. This indicates that large angle between the anisotropy and the principle flow
direction (x-direction) causes faster change in anisotropy ratio. The simulation results and
plots for variables (pressure, porosity, velocity and concentration) manifested this observation.
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When nanoparticles are deposited into the pore space, they deteriorate both the velocity and
permeability fields. Pressure and velocity fields change in response to the change in permeability.
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