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Abstract—An explicit marching on-in-time (MOT) scheme for
solving the time domain electric field integral equation enforced
on volumes with time varying dielectric permittivity is proposed.
Unknowns of the integral equation and the constitutive relation,
i.e., flux density and field intensity, are discretized using full
and half Schaubert-Wilton-Glisson functions in space. Temporal
interpolation is carried out using band limited approximate
prolate spherical wave functions. The discretized coupled system
of integral equation and constitutive relation is integrated in
time using a PE(CE)m type linear multistep scheme. Unlike
the existing MOT methods, the resulting explicit MOT scheme
allows for straightforward incorporation of the time variation in
the dielectric permittivity.

I. INTRODUCTION

Recent advancements in material synthesis has allowed for

development of electromagnetic and optical systems where the

dielectric permittivity can be controlled externally, resulting in

time varying media. Among the several techniques developed

for analyzing transient electromagnetic field interactions on

scatterers with time-dependent material properties, time do-

main volume integral equation (TD-VIE) solvers offer several

advantages over their differential equation counterparts [1].

Recently, a stable and accurate explicit marching on-in-time

(MOT) scheme has been developed for solving time domain

magnetic field surface integral equation (TD-MFSIE) [2] and

electric field volume integral equation (TD-EFVIE) [3]. In

this work, this explicit MOT solver is extended for analyzing

transient electromagnetic field interactions on scatterers with

time-dependent material properties. This extension discretizes

the TD-EFVIE and (time-varying) constitutive relation sep-

arately [1], [4], [5]. The unknowns flux density and field

intensity are approximated in terms of full and half Schaubert-

Wilton-Glisson (SWG) functions in space [5]. Temporal inter-

polation required for accurate computation of retarded time

integrals carried out using approximate prolate spherical wave

(APSW) functions [6]. The resulting coupled system of equa-

tions is integrated in time using a PE(CE)m type linear

multistep scheme. The stability of resulting explicit MOT

scheme is ensured using the complex-exponent extrapolation

scheme developed in [7]. Unlike the existing MOT methods,

explicitness of the marching scheme allows for straightforward

incorporation of the time-dependent dielectric permittvitiy.

II. FORMULATION

Let V denote the volume of a scatterer with time-dependent

dielectric permittivity residing in an unbounded background

medium. The permittivity and permeability of the scatterer

and background are {ε(r, t), μ0} and {ε0, μ0}, respectively.

The scatter is excited by a band-limited incident electric field

Einc(r, t). Upon excitation, flux density D(r, t) and field

intensity E(r, t) are induced in V . They satisfy

D(r, t) = ε(r, t)E(r, t) (1)

∂tE
inc(r, t) = ∂tE(r, t) + L{E(r, t)} − L{ε−10 D(r, t)} (2)

for r ∈ V . Here, L{.} is the EFVIE operator [4]. To numeri-

cally solve (1) and (2), V is discretized into tetrahedrons and

unknowns D(r, t), E(r, t), and ∂tE(r, t) are expanded as

D(r, t) =
∑ND

n=1
{I(t)}nfDn (r)

E(r, t) =
∑NE

n=1
{L(t)}nfEn (r) (3)

∂tE(r, t) =
∑NE

n=1
{K(t)}nfEn (r).

Here,
{
fDn (r), f

E
n (r)

}
are the full and half SWG functions

respectively [5], and {I(t),L(t),K(t)}n are unknown time-

dependent expansion coefficients. First, (3) is inserted into (1)

and (2), then the resulting equations are tested by fDn (r), m =
1 : ND, and fEn (r), m = 1 : NE, respectively, at times jΔt.
To facilitate the computation of retarded-time integrals, band-

limited APSW functions are applied to temporal samples Ii =
I(iΔt), Li = L(iΔt), and Ki = K(iΔt). This discretization

procedure yields:

GDDIj = G
DEεjLj (4)

GEEKj = Z
EE
0 Lj − ZED0 Ij +V

inc
j +

∑j−1
i=1

ZEEj−iLi (5)

−
∑j−1

i=1
ZEDj−iIi.

Here, elements of the matrices GDD, GDE, GEE, εj , ZEEj−i,

and ZEDj−i and the vector Vincj are

{GPP}m,n =

∫
Vm

fPm(r) · fPn (r)dr,P ∈ {E,D}
{εj}n,n = ε(rn, t)|t=jΔt
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{ZEEj−i}m,n =

∫
Vm

fEm(r) · L{fEn (r)T (t− iΔt)}∣∣
t=jΔt

dr

{ZEDj−i}m,n =

∫
Vm

fEm(r) · L{ε−10 fDn (r)T (t− iΔt)}∣∣
t=jΔt

dr

{Vincj }m =
∫
Vm

fEm(r) · ∂tEinc(r, t)
∣∣
t=jΔt

dr.

Coupled system of equations (4) and (5) is integrated in

time using a linear k-step PE(CE)m scheme to find unknown

coefficients Ij , Lj , and Kj . Accuracy and stability of the

predictor-corrector steps are controlled using successive over

relaxation (SOR) [3]. The resulting MOT scheme can be

written as:

At time step j (j = 1 : Nt)

Step 0: Compute the part of the right hand side that does not

change within a time step:

Vfixedj = Vincj +
∑j−1

i=1
ZEEj−iLi −

∑j−1
i=1

ZEDj−iIi (6)

Step 1: Predict L
(0)
j (using the predictor coefficients p):

L
(0)
j =

∑k

l=1
[{p}lLj−1+l−k + {p}k+lKj−1+l−k] (7)

Step 2: Compute εj and evaluate I
(0)
j by solving

GDDI
(0)
j = GDEεjL

(0)
j (8)

Step 3: Evaluate K
(0)
j by solving

GEEK
(0)
j = ZEE0 L

(0)
j − ZED0 I

(0)
j +Vfixedj (9)

Step 4: Iterate until the solution converges (ν = 1 : νmax)

Step 4.1: Correct L
(ν)
j (using corrector coefficients c):

L
(ν)
j =

∑k

l=1
[{c}lLj−1+l−k (10)

+ {c}k+lKj−1+l−k] + {c}2k+1K(ν−1)j

Step 4.2: Apply SOR:

L
(ν)
j = αL

(ν)
j + (1− α)L

(ν−1)
j (11)

Step 4.3: Compute εj and evaluate I
(ν)
j by solving

GDDI
(ν)
j = GDEεjL

(ν)
j (12)

Step 4.4: Evaluate K
(ν)
j by solving

GEEK
(ν)
j = ZEE0 L

(ν)
j − ZED0 I

(ν)
j +Vfixedj (13)

Step 4.5: Check for the convergence. If the solution con-

verged, set Lj = L
(ν)
j , Kj = K

(ν)
j and Ij = I

(ν)
j

It should be noted here that GDD, GDE, and GEE are

sparse, therefore (8), (9), (12), and (13) can be very efficiently

solved using an iterative solver.
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Fig. 1. E(r, t) recorded at (0, 0, 1.2mm)

III. NUMERICAL RESULTS

The proposed solver is used for analyzing transient electro-

magnetic field interactions on a dielectric slab with dimensions

90 × 90 × 3 mm3 and ε(r, t) = 3ε0 (1 + b sin(2πfmt)),
fm = 1 GHz, and b = 0.37. The slab is excited by

Einc(r, t) = x̂G(t− r · ẑ/c0), where

G(r, t) =

⎧⎪⎨
⎪⎩
cos[2πf0(t− t1)]e

−(t−t0)
2/2σ2

, t < t1
cos[2πf0(t− t1)], t1 ≤ t < t2

cos[2πf0(t− t2)]e
−(t−t2)

2/2σ2

, t2 ≤ t

(14)

with f0 = 10 GHz, σ = 3/(πf0), t1 = 7σ, and t2 =
t1 + 20/(πf0). For this simulation, NE = 37652, ND =
21200, Δt = 12 ps, Nt = 5600, α = 0.3, p and c are

the sixth order Adams-Bashforth and backward differentiation

(BDF) coefficients, and the convergence threshold at Step

4 is 10−13. The stability of the solution is ensured using

the complex-exponent extrapolation scheme developed in [7]

for high contrast scatterers. Fig. 1 shows E(r, t) recorded at

r = (0, 0, 1.2) mm. The result clearly shows that the time

variation in ε(r, t) results in amplitude modulation in E(r, t).
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