
Improper Gaussian Signaling in

Interference-Limited Systems

Thesis by

Mohamed Gaafar

In Partial Fulfillment of the Requirements

For the Degree of

Masters of Science

in Electrical Engineering

King Abdullah University of Science and Technology, Thuwal,

Kingdom of Saudi Arabia

Copyright ©2016

Mohamed Gaafar

All Rights Reserved

May 2016



2

The thesis of Mohamed Gaafar is approved by the examination committee

Committee Chairperson: Mohamed-Slim Alouini

Committee Member: Marc Genton

Committee Member: Tareq Elnaffouri

Committee Member: Zouheir Rezki



3

ABSTRACT

Improper Gaussian Signaling in Interference-Limited Systems

Mohamed Gaafar

In the last decade, wireless applications have witnessed a tremendous growth. This

can be envisioned in the surge of smart devices which became almost in everyone’s pos-

session, demand for high speed connection and the internet of things (IoT) along with

its enabling technologies. Hence, the multiuser interference became the main limiting

factor in wireless communications. Moreover, just like diamonds and emeralds, the

electromagnetic spectrum is limited and precious. Therefore, the high data rate appli-

cation may not be satisfied by our current technologies. In order to solve this spectrum

scarcity problem, researchers have steered their focus to develop new techniques such

as cognitive radio (CR) and in-band full-duplex (FD). However, these systems suffer

from the interference problem that can dramatically impede their quality-of-service

(QoS). Therefore, investigating communication techniques/systems that can relieve

the interference adverse signature becomes imperative.

Improper Gaussian signaling (IGS) has been recently shown to outperform the

traditional proper Gaussian signaling (PGS) in several interference-limited systems.

In this thesis, we use IGS in order to mitigate the interference issue in three differ-

ent communication settings. IGS has the ability to control the interference signal

dimension, and hence, it can be considered as one form of interference alignment.

In the first part, we investigate an underlay CR system with in-band FD pri-
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mary users (PUs) and one-way communication for the secondary user (SU). IGS is

employed to alleviate the interference introduced by the SU on the PUs. First, we

derive a closed form expression and an upper bound for the SU and PUs outage prob-

abilities, respectively. Second, we optimize the SU signal parameters, represented in

its power and the circularity coefficient, to achieve the design objectives of the SU

while satisfying certain QoS constraints for the PU under instantaneous, average and

partial channel state information (CSI). Finally, we provide some numerical results

that demonstrate the advantages that can be reaped by using IGS to access the spec-

trum of the FD PUs. Specifically, with the existence of week PU direct channels

and/or strong SU interference channels, PGS tends to use less transmit power while

IGS uses more power along with increasing the signal impropriety.

Part 2 studies the potential employment of IGS in FD cooperative settings with

non-negligible residual self-interference (RSI). In this part, IGS is used in an attempt

to alleviate the RSI adverse effect in full-duplex relaying (FDR). To this end, we

derive a tight upper bound expression for the end-to-end outage probability in terms

of the relay signal parameters. We further show that the derived upper bound is

either monotonic or unimodal in the relay’s circularity coefficient. This result allows

for easily locating the global optimal point using known numerical methods. Based

on the analysis, IGS allows FDR systems to operate even with high RSI. It is shown

that, while the communication totally fails with PGS as the RSI increases, the IGS

outage probability approaches a fixed value that depends on the channel statistics

and target rate. The obtained results show that IGS can leverage higher relay power

budgets than PGS to improve the performance, meanwhile it relieves its RSI impact

via tuning the signal impropriety.

In part 3, we investigate the potential benefits of adopting IGS in a two-hop

alternate relaying (AR) system. Given the known benefits of using IGS in interference-

limited networks, we propose to use IGS to relieve the inter-relay interference (IRI)
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impact on the AR system assuming no CSI is available at the source. In this regard,

we assume that the two relays use IGS and the source uses PGS. Then, we optimize

the degree of impropriety of the relays signal, measured by the circularity coefficient,

to maximize the total achievable rate. Simulation results show that using IGS yields

a significant performance improvement over PGS, especially when the first hop is a

bottleneck due to weak source-relay channel gains and/or strong IRI.

Keywords: Improper Gaussian signaling, interference mitigation, cognitive ra-

dio, full-duplex relaying, alternate relaying, power allocation, optimization, energy

efficiency, outage probability.
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)
= (4, 8) , (13, 13) dB pairs. . . . . . . . . . . . . . . . . . 63

3.10 Percentage of SU power saving of IDL-CSI improper based design ver-

sus γ̄s for R0,s = 0.5, 1, 1.5, 2 b/s/Hz. . . . . . . . . . . . . . . . . . . 64

3.11 SU average energy efficiency for A-CSI and IDL-CSI improper based

designs versus R0,s for γ̄s = 8, 15, 20 dB. . . . . . . . . . . . . . . . . . 65

3.12 PUs outage probability for A-CSI and IDL-CSI based designs versus

γ̄s for R0,s = 0.5, 1, 2 b/s/Hz. . . . . . . . . . . . . . . . . . . . . . . . 65

4.1 A full-duplex cooperative setting in coverage extension scenarios. . . . 67

4.2 Outage probability performance vs. πrr for different πsr values. . . . . 78

4.3 Outage probability performance vs. relay power budget. . . . . . . . 80

4.4 Outage probability performance vs. πsr for different target rates. . . . 80

4.5 Outage probability performance vs. normalized relay location. . . . . 81

5.1 A two-relay network based on the AR scheme. The blue solid lines

represent the signal links and the red dashed lines represent the IRI

links. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83



12

5.2 The average achievable rates (blue curves) for PGS and IGS for differ-

ent schemes versus the average IRI link gain σ2
f along with the average

optimal circularity coefficient (red curve). . . . . . . . . . . . . . . . . 90

5.3 The average achievable rates (blue curves) for PGS and IGS different

schemes versus the distance ratio LSR/L along with the average optimal

circularity coefficient (red curve). . . . . . . . . . . . . . . . . . . . . 91



13

List of Tables

3.1 Exact PUs outage probabilities for PGS and IGS for different pairs of

Isi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60



”To my parents (Nawal and Ahmed)”



15

Chapter 1

Introduction

As a consequence of the transition from voice-only communications to multimedia

type applications, the need for higher data rates is increasing significantly. The

tremendous growth in wireless applications can be experienced in the explosive emerg-

ing of smart phones and tablets, increasing demand for high speed internet connec-

tions, advancement of the Internet of Things (IoT) and its enabling technologies, etc.

Moreover, the spectrum resources are limited and hence, it becomes obvious that

these high data rate applications cannot be satisfied by our current technology.

Researchers have steered their focus to develop new techniques that solve the spec-

trum scarcity problem such as Cognitive Radio (CR) and Full-Duplex (FD) communi-

cations. CR is a promising spectrum sharing technology that mitigates the spectrum

scarcity [1]. As many licensed primary users (PUs) block the available spectrum,

CR systems exploit the same spectrum resources and allow secondary users (SUs) to

coexist with PUs without degrading the PUs quality-of-service (QoS) [2]. FD is a

spectrally efficient paradigm that allows the communication nodes to transmit and

receive simultaneously at the same frequency and hence it effectively doubles the

spectrum efficiency. However, this comes on the price of the Self-Interference (SI) [3].

The wireless medium is broadcast in nature and hence interference can be consid-

ered as the main limiting factor of wireless communications. Furthermore, the overall

improvements in such systems are mainly governed by the progress achieved in the
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interference channel (IC) system design. For instance, CR systems suffer from the SU

interference on the PU. Moreover, even with the application of advanced SI isolation

and cancellation techniques for FD systems, a level of residual self-interference (RSI)

persists [4].

Proper Gaussian signaling (PGS), with uncorrelated real and imaginary signal

components and equal power for each component, has been typically adopted as

it achieves capacity in point-to-point, broadcast channel (BC) and multiple access

channel (MAC). However, this is not generally the case in ICs. Improper Gaussian

signaling (IGS) is a generalized Gaussian signaling scheme, where the aforesaid PGS

characteristics are relaxed. IGS has been firstly proposed in [5] and has shown to be

advantageous over PGS. Given the known benefits of using IGS in interference-limited

networks, we propose to use IGS as an interference mitigation scheme. The main idea

of IGS is its ability to control the interference signal dimension, and hence, it can

be considered as one form of interference alignment (IA) [5, 6]. Thus, by applying

optimization techniques for the transmit signal power and the circularity coefficient1,

we could alleviate the adverse effect of the interference and reap the benefits of IGS.

1.1 Scope and Objectives

The work done in this thesis lies within the area of interference mitigation and trans-

mit optimization. In our work, we considered three main interference-limited systems

and we used IGS in order to relieve the adverse effect of the interference in each

of the systems. First, we consider an underlay CR systems which suffers from the

interference of the SU on the PU. Second, in FD relaying (FDR) system, we em-

ploy IGS to mitigate the RSI, resulted due to distortions and uncertainties in the SI

cancellation process. Third, we investigate an alternate relaying (AR) system which

1The circularity coefficient is a measure of the degree of asymmetry or impropriety of the signal,
will be defined later in Chapter 2. It provides an additional dimension of the transmit optimization.
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mimics the operation of FDR by using two Half-Duplex (HD) relays that transmit

and receive, alternately. IGS is deployed so as to relieve the inter-relay interference

(IRI), produced from the simultaneous forwarding of one relay and listening of the

other in each time slot.

The main objectives of the thesis are twofold. First, we analyze the performance

of the aforementioned systems under the use of IGS and investigate whether IGS is

beneficial for such systems or not. We use two performance metrics to assess the

QoS of the systems; the achievable rates and the outage probability. Second, we

propose efficient optimization algorithms for the signal parameters, represented in

the signal transmit power and circularity coefficient, in order to reap the benefits of

IGS. Specifically, in the first scenario, we aim at designing the SU signal parameters

in order to maximize the achievable rate or minimize the outage probability of the

SU while satisfying QoS for the PU and bounds for the signal parameters. In FDR

systems, we seek tuning the relay transmit signal parameters to minimize its end-to-

end outage probability. Finally, we design the signal asymmetry of the both relays in

order to maximize the end-to-end achievable rate of the AR system.

1.2 Outline and Contributions

The thesis consists of six chapters: an introduction, background, three chapters for

technical contributions and concluding remarks and future work. We give a summary

for their contents, our contributions and output publications as follows.

• Chapter 2 presents a brief literature review for the considered communications

systems and techniques.

• Chapter 3 presents the application of IGS at the SU transmitter in a CR sce-

nario in order to mitigate the SU interference impact on the PU. It is assumed

that the PU is working in a FD mode and transmitting proper signals while
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assuming one way communications for the SU. The main contributions of this

part are as follows. We derive a closed form expression for the SU outage

probability. For the PUs, which are subjected to the SU interference and RSI,

we derive a tight upper bound for the outage probability. We design the SU

signal parameters to either maximize its achievable rate under instantaneous

CSI or minimize its outage probability based on average CSI while maintaining

acceptable PUs QoS. Then, we study the benefits of partial CSI knowledge at

the SU terminals on the design problem while meeting the lack of coordination

assumptions of underlay CR systems. Specifically, we assume the availability of

instantaneous SU direct link and average CSI of other links at the SU terminals.

Then, we analyze the performance gain in power saving, outage probability for

both SU and PUs, and SU average energy efficiency (EE). Finally, with the aid

of numerical results, we first examine the accuracy of the PUs derived outage

probability bound. Then, we investigate the benefits that can be reaped by em-

ploying IGS for the SU versus different system parameters with instantaneous

and average CSI. And finally, we explore the availability of the SU direct link

benefits on power saving, SU and PUs outage probability and SU average EE.

We produce the following publications from this chapter.

− [C1] M. Gaafar, O. Amin, W. Abediseid, and M.-S. Alouini, “Spectrum

sharing opportunities of Full-Duplex systems using improper gaussian signal-

ing,” in 2015 IEEE 26th International Symposium on Personal, Indoor and

Mobile Radio Communications (PIMRC). Hong Kong, China, pp. 244–249,

Aug. 2015.

− [C2] M. Gaafar, O. Amin, W. Abediseid, and M.-S. Alouini, “Sharing the

licensed spectrum of full-duplex systems using improper Gaussian signaling,”

in Proc. Global Communications Conference (GLOBECOM). San Diego, USA,

Dec. 2015, to appear. [Online]. Available: http://arxiv.org/abs/1510.02902.
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− [J1] M. Gaafar, O. Amin, W. Abediseid, and M.-S. Alouini, “Underlay Spec-

trum Sharing Techniques with In-band Full-Duplex Systems using Improper

Gaussian Signaling,“IEEE Transactions on Wireless Communications, Sub-

mitted, Oct. 2015, Revised, Feb. 2016 [Online]. Available: http://arxiv.org/abs/

1601.00256.

• In Chapter 4, we employ IGS at the relay in FDR system to alleviate the ad-

verse effect of RSI. The contributions can be summarized in the following. We

assume the relay transmits with IGS and derive a closed-form upper bound on

the end-to-end outage probability using the Jensen’s inequality. We compare

the derived outage upper bound of IGS to the exact outage probability of PGS

from the literature. Also, we show that depending on the channel parameters

and transmission rate, the derived upper bound is either monotonic or unimodal

in the relay’s circularity coefficient, which allows for locating the global optimal

value using simple known numerical methods. Through numerical optimization,

we show that the use of IGS can yield an outage upper bound that is less than

the exact outage probability of PGS. We also numerically validate the derived

upper bound by comparing it to the well-matching numerically computed ex-

act outage probability. As an output from this chapter, we have the following

publication.

− [C3] M. Gaafar, M. G. Khafagy, O. Amin and M.-S. Alouini, “Improper

Gaussian Signaling in Full-Duplex Relay Channels with Residual Self-Interference

,” in Proc. International Conference On Communications (ICC’16). Accepted,

May. 2016, Kuala Lumpur, Malaysia [Online]. Available: http://arxiv.org/abs/

1601.00445.
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• Chapter 5 investigates the mitigation of IRI in AR systems by the application of

IGS at both HD relays. We can sum up the contributions as follows. We employ

IGS combined with DF in the AR system to relieve the interference impact on

the achievable rate performance. Specifically, we investigate mitigating the IRI

by adopting IGS at both relays while using PGS at the source. To this end, we

tune the degree of impropriety, measured by the circularity coefficient, in order

to maximize the total end-to-end achievable rate of the AR system. Then, we

show that the benefits of adopting IGS can be reaped when the first hop is the

bottleneck of the system performance, which can result from weak source-relay

channel gains and/or strong IRI. To the best of the authors’ knowledge, this

is the first work to employ IGS in AR systems. This chapter produced the

following publication.

− [J2] M. Gaafar, O. Amin, A. Ikhlef, A. Chaaban and M.-S. Alouini, “On

Alternate Relaying with Improper Gaussian Signaling,“IEEE Communications

Letters, Submitted, Jan. 2016, Revised, Mar. 2016.

• Chapter 6 concludes the thesis and gives some future research lines.

1.3 Notations

Throughout the rest of the thesis, we use |.| to denote the absolute value operation

and [x]+ = max(x, 0). 1[x,∞) (z) is the indicator function where 1[x,∞) (z) := 1 if

z ≥ x and 1[x,∞) (z) := 0 for all z < x. Pr{A} denotes the probability of occurrence

of an event A. The operator E{.} is used to denote the statistical expectation and the

mean of a random variable (RV) X is defined as X̄ = E{X}. Also, E{X|H} denotes

the conditional expectation of a RV X given the occurrence of an event H. fX|A (x)

denotes the probability density function (PDF) conditioned on the occurrence of an

event A. Moreover, log (.) is the natural logarithm function.
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Chapter 2

Background

In this chapter, we provide a brief literature review for the IGS, underlay CR, FDR

and AR systems. We also give some preliminaries of improper Gaussian RVs

2.1 Improper Gaussian Signaling

Improper Gaussian signaling (IGS), or asymmetric complex signaling, has been shown

to be advantageous over proper Gaussian signaling (PGS) in several interference lim-

ited scenarios [6–14]. The first work that shows the benefits of IGS was [7] in which

by employing IGS, we can achieve higher degrees of freedom (DoF)1 for the 3-user

single-input single-output interference channel (SISO-IC) than its PGS counterpart.

The Pareto boundary of the achievable rate region for the 2-user SISO-IC was char-

acterized in [9]. In CR systems, the merits of IGS were obtained when the PU is not

fully loaded and with weak PU direct channel and/or strong SU interference channels

[11–13]. The application of IGS in the Z-interference channel (ZIC) is investigated

in [6], where the authors derived the optimal real-composite transmit covariance ma-

trix in order to maximize the sum-rate. Moreover, by analyzing the structure of the

optimal real-composite covariance matrix, IGS is shown to exhibit better interfer-

1The degrees of freedom (DoF) is a fundamental concept in communication and information
theory. It is the capacity scaling factor in high signal-to-noise ratio (SNR) regime and it represents
the number of error-free data streams achievable.
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ence handling properties. In [14], IGS, over practical signal modulations, achieves

competitive or improved symbol error rate (SER) performances in SISO-ICs.

To clarify the difference between IGS and PGS schemes, we introduce the following

definitions

Definition 2.1. [15] The variance and pseudo-variance of a zero mean complex ran-

dom variable x are defined as σ2
x = E[|x|2] and σ̄2

x = E[x2], respectively.

Definition 2.2. [15] PGS (conventional) is a zero mean complex Gaussian signaling

scheme whose real and imaginary components are uncorrelated and have equal power.

On the other hand, IGS relaxes the aforementioned assumptions and assumes asym-

metric Gaussian components, i.e., correlated and/or with unequal power. Therefore,

PGS has a zero σ̄2
x, while IGS has a non-zero σ̄2

x.

Definition 2.3. [16] The circularity coefficient Cx is a measure of the degree of

impropriety of signal x and is defined as Cx = |σ̄2
x| /σ2

x, where 0 ≤ Cx ≤ 1. Cx = 0

denotes proper signal and Cx = 1 denotes maximally improper signal.

For more details about improper RVs, we refer the reader to [17]. Next, we give a

brief background of the systems where IGS will be applied to improve its performance.

2.2 Underlay Cognitive Radio

Cognitive radio (CR) is a new dimension in wireless communications that holds the

promise of increasing the opportunity of spectrum access especially after the explosive

growth of the spectrum demand over the past decade [2]. CR can operate in three

different strategies called, interweave, overlay and underlay spectrum sharing. The

CR with interweave strategy accesses the PUs spectrum when it is not used, i.e.,

the PUs is idle. On the other hand, CR with both overlay and underlay strategies

coexists with the PU. In the overlay strategy, the SU uses part of its power to assist
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the PUs transmission in order to compensate its interference impact on the PU. In

underlay CR, the secondary users (SU) are allowed to use the licensed spectrum while

causing tolerable interference to the primary users (PU) through power limitation

policies. Therefore, it becomes a big challenge to improve the SU coverage and data

rate performance while satisfying the PU quality-of-service (QoS). CR systems can

be incorporated with other communication techniques, such as in-band full-duplex

(FD) and cooperative communications, to improve the spectrum utilization of the

communication networks and the SU performance [3].

2.3 Full-Duplex Relaying

Contrary to a long-held acceptance that radio front-ends cannot simultaneously trans-

mit and receive, a truly promising potential for full-duplex communications has been

shown by recent hardware developments [18],[19]. Indeed, by multiplexing inbound

and outbound traffic over the same channel resource, a full-duplex (FD) radio can

recover the spectral efficiency loss known to be encountered by its half-duplex (HD)

counterpart. Performance merits of FD have been recently investigated in different

communication settings, including FD bidirectional communication, FD base sta-

tions, and full-duplex relaying (FDR) [20], with the latter being one of the foci of this

work. These merits have qualified FD communication to be considered as a candi-

date technology for future fifth generation (5G) wireless networks [21]. FDR allows

a relay node to listen to an information source and simultaneously forward to its in-

tended destination. Theoretically, this simultaneous transmission/reception doubles

the spectral efficiency in the relay channel. However, in practice, this comes at the

expense of a self-interference (SI) level introduced at the receiver of the relay node

from its own transmitter.

In FDR, even with the application of advanced SI isolation and cancellation tech-
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niques, a level of residual self-interference (RSI) persists [3,4]. Such a persistent RSI

link and the means to mitigate it represent the main challenge in FD communica-

tions, especially with the fact that its adverse effect can typically be an increasing

function of the relay power. Therefore, increasing the relay power no longer guar-

antees an enhanced end-to-end performance. For instance, by increasing the relay

power in a fixed-rate transmission scheme, the relay may forward more reliably to the

destination in the second hop. However, it also increases the RSI level which nega-

tively affects the reliability in the first hop. Hence, higher relay power budgets cannot

be always utilized beyond a certain threshold. Consequently, employing interference

mitigation strategies in FDR is crucial to accomplish a satisfactory performance of

FD transmissions.

The potential gains of IGS have been also recently studied in [22] for the multiple-

input multiple-output (MIMO) relay channel when a partial decode-and-forward

strategy is adopted. In such a relaying strategy, the relay only decodes a part of

the message, while the rest of the message is treated as an additional interference

term. It was shown in [22] that PGS is optimal within the class of Gaussian sig-

nals. However, the work in [22] assumed an ideal full-duplex relay channel, where the

self-interference imposed by the relay’s transmitter on its own receiver is perfectly

canceled.

2.4 Alternate Relaying

Alternate relaying (AR), or two-path relaying, is a distributed realization of FDR that

can almost double the spectral efficiency without upgrading the network hardware [23]

in addition to being subjected to less interference than FDR. The AR system uses two

HD relays that transmit and receive, alternately. As a result, the source (destination)

transmits (receives) a message in every time slot similar to the FD mode. The main
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limitation of the AR system is the so-called inter-relay interference (IRI).

In AR, several interference mitigation techniques have been reported in the liter-

ature for decode-and-forward (DF) AR systems to partially or fully cancel the IRI

[24–26]. Particularly, in [24], repetition codes (RC) are applied at both relays in which

the relays forward the message from the source using the same codebook used at the

source considering a direct link from the source to the destination. Moreover, the IRI

is suppressed by successive decoding (SD) which decodes the IRI if it is stronger than

the desired signal and subtracts it from the received signal. Otherwise, it performs

single-user decoding (SUD) by treating the IRI as Gaussian noise. Dirty paper coding

(DPC) and lattice based DPC are used in [25] and [26], respectively, in order to fully

cancel the IRI. However, these schemes assume the availability of global CSI at the

source which might be difficult to be realized in practice [27].
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Chapter 3

Improper Gaussian Signaling in

Cognitive Radio Systems

In this chapter, we consider the spectrum sharing problem with in-band FD licensed

users, i.e., the PUs. Then, we inspect the possibility of inserting the SU into operation

without deteriorating the PUs QoS based on instantaneous, average and partial CSI.

In this regard, we adopt IGS for the SU to create a room for spectrum sharing

systems. As for measuring the QoS, we use two metrics, the achievable rates and

the outage probability given a target rate. To the best of our knowledge, this is

the first work that investigates sharing the licensed spectrum of in-band FD PUs.

The main contributions of this chapter can be summarized in the following. We

derive a closed form expression for the SU outage probability. For the PUs, which

are subjected to the SU interference and RSI, we derive a tight upper bound for

the outage probability. We design the SU signal parameters to either maximize its

achievable rate under instantaneous CSI or minimize its outage probability based on

average CSI while maintaining acceptable PUs QoS. Then, we study the benefits of

partial CSI knowledge at the SU terminals on the design problem while meeting the

lack of coordination assumptions of underlay CR systems. Specifically, we assume

the availability of instantaneous SU direct link and average CSI of other links at

the SU terminals. Then, we analyze the performance gain in power saving, outage
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Figure 3.1: System model of CR sharing system, where the solid and the dash lines
are for the desired and the interference signals, respectively.

probability for both SU and PUs, and SU average energy efficiency (EE). Finally,

with the aid of numerical results, we first examine the accuracy of the PUs derived

outage probability bound. Then, we investigate the benefits that can be reaped by

employing IGS for the SU versus different system parameters with instantaneous and

average CSI. And finally, we explore the availability of the SU direct link benefits on

power saving, SU and PUs outage probability and SU average EE.

3.1 System Model

Consider underlay CR system with downlink transmission, where a SU pair coexists

with an in-band FD PU pair as depicted in Fig. 3.1. In this scenario, we have

three simultaneous different transmissions occur in the same network over the same

frequency.

The PU nodes are assumed to use zero-mean proper Gaussian signals xi, i ∈ {1, 2}

with a unit variance, while the SU transmitter uses zero-mean improper Gaussian

signals xs with a unit variance and a circularity coefficient Cx. The received signal at
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the PU node j, where j ∈ {1, 2}, i 6= j, is expressed as

yj =
√
pihijxi +

√
pjhjjxj +

√
psgjxs + nj, (3.1)

where pi is the transmitted power of the PU node i, ps is the SU transmitted power,

nj is the noise at the PU node j receiver. As for the communication channels, hij

denotes the channel between PU node i and PU node j, gj represents the interference

channel between the SU transmitter and PU node j and hjj represents the residual

self interference (RSI) channel of node j after undergoing analog and digital cancel-

lation techniques due to imperfect self-interference cancellation [28–30]. It is worth

to emphasize that the RSI can not be canceled due to the estimation error of the

echo interfering channel [28]. We assume that the RSI is modeled as a zero mean

complex Gaussian random variable as in [28]. As for the PUs direct links, we could

assume channel reciprocity, i.e., hij = hji, however it might not be the case when the

two PU nodes use different spatial antennas locations or the receivers’ front end and

transmitters’ back end are not perfectly matched [31]. Hence, we adopt the general

assumption of different forward and reverse PU links.

In the same time, the SU received signal is expressed as

ys =
√
psgxs +

2∑
i=1

√
pihixi + ns, (3.2)

where ns is the noise at the SU receiver, hi is the interference channel of PU node i on

the SU receiver, g denotes the direct channel between the SU transmitter and receiver.

The SU transmitter power has to be adjusted in order not to affect the required QoS

of the PUs. The channels in the described system are modeled as slow Rayleigh flat

fading channels and the noise at the receivers end is modeled as a white, zero-mean,

circularly symmetric, complex Gaussian with variance σ2. The transmitted signals,

channel coefficients and noise components are assumed to be independent of each
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other except hij and hji, which may be dependent. In this chapter, we consider three

different of scenarios for the CSI available at the transmitter of the SU; Instantaneous

CSI, average CSI and partial CSI.

3.2 Achievable rates with Improper Gaussian Sig-

naling

As a result of using IGS while treating the interference as Gaussian noise at all

receivers, the achievable rate1 for the PU node i is given by [9, 11],

Rpi (ps, Cx) = log2

(
1 +

piγpi

pjυpj + psIsj + 1

)
+

1

2
log2

(
1− C2

yj

1− C2
Ij

)
, (3.3)

where γpi
= |hij|2/σ2 is the channel-to-noise ratio (CNR) of the PU channel from PU

node i to PU node j, Isi = |gi|2/σ2 is the interference CNR of SU to PU node i and

υpi = |hii|2/σ2 is the RSI-CNR of PU node i, Cyj and CIj are the circularity coefficients

of the received and interference-plus-noise signals at PU node j, respectively, which

are given by

Cyj =
psIsjCx

piγpi + pjυpj + psIsj + 1
, CIj =

psIsjCx
pjυpj + psIsj + 1

. (3.4)

It is worth to mention that the additional second term with the “1/2” factor in

(3.3) exists as a result of adopting IGS, and it vanishes when PGS is adopted [9].

Furthermore, one can note from (3.3) and (3.4) that the second term achieves always

rate improvement when IGS is adopted. After some manipulations, Rpi (ps, Cx) can

1This rate is ”achievable” under the assumption of perfect knowledge of all channel coefficients
included in the rate expression and treating interference as Gaussian noise.
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be simplified as

Rpi (ps, Cx) =
1

2
log2

((
piγpi + pjυpj + psIsj + 1

)2 − p2
sI2

sj
C2
x(

pjυpj + psIsj + 1
)2 − p2

sI2
sj
C2
x

)
. (3.5)

Similarly, the SU achievable rate can be expressed as

Rs (ps, Cx) =
1

2
log2

(
p2

sγs
2 (1− C2

x)(∑2
i=1 piIpi + 1

)2 +
2psγs∑2

i=1 piIpi + 1
+ 1

)
, (3.6)

where γs = |g|2/σ2 is the SU direct CNR between the SU transmitter and receiver

and Ipi = |hi|2/σ2 is the PU node i interference CNR to the SU.

The direct, interference and RSI CNR γpi
, γs, Ipi , Isi , υpi are exponentially dis-

tributed random variables with mean values γ̄pi
, γ̄s, Īpi , Īsi , ῡpi , respectively.

One can notice from (3.5) and (3.6) that if Cx = 0, we obtain the well known

achievable rates expressions of PGS. Moreover, if Cx increases, the SU rate decreases

while the PUs rate increases allowing the SU to increase its transmitted power. This

merit should be considered carefully to satisfy the PUs QoS requirements and meet

the maximum SU power budget.

3.3 Outage probability analysis

In this chapter, we use the outage probability to measure the performance for both the

PUs and SU assuming that both users use fixed rates according to their transmission

requirements. For this purpose, we derive expressions of the outage probability for

both the PUs and SU in the following subsections.
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3.3.1 Secondary User Outage Probability

Assume the SU target rate is R0,s, then its outage probability is defined as

Pout,s (ps, Cx) = Pr {Rs (ps, Cx) < R0,s} . (3.7)

By substituting (3.6) in (3.7), we obtain

Pout,s (ps, Cx) = Pr

{
p2

sγ
2
s (1− C2

x)(∑2
i=1 piIpi + 1

)2 +
2psγs∑2

i=1 piIpi + 1
− Γs < 0

}
, (3.8)

where Γs = 22R0,s − 1. One can show that the conditional SU outage probability

(conditioned on Ip1and Ip2) is given by

Pout,s (ps, Cx |Ip1 , Ip2 ) = 1− exp

(
−γ

◦
s

γ̄s

)
, (3.9)

where γ◦s is the non-negative zero obtained by solving the quadratic inequality in (3.8)

with respect to γs, which is found to be

γ◦s =

∑2
i=1 piIpi + 1

(1− C2
x)

Ψs (ps, Cx) , (3.10)

where Ψs (ps, Cx) =
(√

1 + Γs (1− C2
x)− 1

)
/ps. By averaging over the exponential

statistics of Ipi , we get

Pout,s (ps, Cx) = 1−
exp

(
−Ψs(ps,Cx)

γ̄s(1−C2
x)

)
2∏
j=1

(
pjIpj

Ψs(ps,Cx)
γ̄s(1−C2

x)
+ 1
) . (3.11)
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For the proper signaling case, the above expression reduces to

Pout,s (ps, 0) = 1−
exp

(
−2R0,s−1

psγ̄s

)
2∏
j=1

(
pjIpj

2R0,s−1
psγ̄s

+ 1
) . (3.12)

while for maximally improper case, the expression reduces to

Pout,s (ps, 1) = lim
Cx→1

Pout,s (ps, Cx) = 1− exp (−Γs/2psγ̄s)
2∏
j=1

(
pj ĪpjΓs

2psγ̄s
+ 1
) .

3.3.2 Primary User Outage Probability

The outage probability of PU node i for a given target rate R0,pi is defined as

Pout,pi (ps, Cx) = Pr {Rpi (ps, Cx) < R0,pi} . (3.13)

Substituting (3.5) in (3.13), we obtain

Pout,pi (ps, Cx) = Pr

{
γ2

pi +
2

p
i

(
pjυpj + psIsj + 1

)
γpi −

Γpi

p2
i

((
pjυpj + psIsj + 1

)2 − p2
sI2

sjC
2
x

)
≤ 0

}
,

(3.14)

where Γpi = 22R0,pi − 1. Similar to the above subsection, the outage probability of

PU node i (conditioned on Isj and υpj) is given by

Pout,pi

(
ps, Cx

∣∣Isj , υpj

)
= 1− exp

(
−
γ◦pi
γ̄pi

)
, (3.15)

where γ◦pi represents the non-negative zero obtained by solving the quadratic inequal-

ity in (3.14) with respect to γpi , and is found to be

γ◦pi =
(
p
j
υpj + psIsj + 1

)
Ψpi

(
psIsjCx

p
j
υpj + psIsj + 1

)
, (3.16)
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where Ψpi (x) =
(√

1 + Γpi (1− x2)− 1
)
/p

i
. By averaging over the statistics of Isj

and υpj in (3.15), we obtain

Pout,pi (ps, Cx) = EIsj
,υpj

{
Pout,pi

(
ps, Cx

∣∣Isj , υpj

)}
(3.17)

= 1−
∞∫

0

∞∫
0

exp
(
− x
Īsj

)
exp

(
− y
ῡpj

)
Īsj ῡpj

exp

(
−
p
j
y + psx+ 1

γ̄pi

Ψpi

(
xpsCx(

pjy + psx+ 1
))) dxdy.

Unfortunately, there is no closed form expression for the aforementioned integral

except at Cx = 0, which yields

Pout,pi (ps, 0) = 1−

 p2
i γ̄

2
pi

exp
(
−2

R0,pi−1
piγ̄pi

)
(
psĪsj

(
2R0,pi − 1

)
+ piγ̄pi

) (
p
j
ῡpj

(
2R0,pi − 1

)
+ piγ̄pi

)
 .

(3.18)

For Cx 6= 0, we resort to obtaining an upper bound for the outage probability. First,

we study the convexity of the exponential term in (3.15) with respect to Isj by

defining F
(
Isj

)
= exp

(
G
(
Isj

))
, where G

(
Isj

)
=
(
DIsj + F

)
−
√
AI2

sj
+BIsj + C

and A =
p2

s(1+Γpi(1−C2
x))

p2
i γ̄

2
pi

, B =
2ps(1+Γpi)(1+pjυpj)

p2
i γ̄

2
pi

, C =
(1+Γpi)(1+pjυpj)

2

p2
i γ̄

2
pi

, D = ps

piγ̄pi
and

F =
1+pjυpj

piγ̄pi
are positive constants. The second derivative of G

(
Isj

)
is given by

∂2G
(
Isj

)
∂I2

sj

=
B2 − 4AC

4
(
C + Isj

(
B + AIsj

))3/2
> 0, (3.19)

which proves the convexity of G
(
Isj

)
and F

(
Isj

)
[32]. As a result, we can employ

Jensen’s inequality [33] over Isj obtaining a conditional upper bound as

Pout,pi

(
ps, Cx|υpj

)
≤ 1− exp

(
−
p
j
υpj + psĪsj + 1

γ̄pi

Ψpi

(
psĪsjCx

p
j
υpj + psĪsj + 1

))
. (3.20)
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Similarly, one can prove that the exponential term in (3.20) is convex in υpj and

obtain the following upper bound of the PUs outage probability

Pout,pi (ps, Cx) ≤ 1− exp

(
−
p
j
ῡpj + psĪsj + 1

γ̄pi

Ψpi

(
psĪsjCx

p
j
ῡpj + psĪsj + 1

))
, PUB

out,pi (ps, Cx) . (3.21)

IGS provides an extra dimension of optimization which is the degree of asymmetry

represented in Cx. Hence, it provides sort of control of the interference signal dimen-

sion, i.e., IA capability [7]. Moreover, at a fixed ps, by increasing Cx, there exists

a trade-off as the SU outage probability increases while the PUs outage probability

improves, which allow the SU to boost its transmit power. This trade-off can be

optimized to enhance the SU outage while preserving the PUs QoS.

3.4 Design Based on Instantaneous CSI

In this section, we optimize the SU signal parameters, i.e, transmit power ps and cir-

cularity coefficient Cx, in order to maximize the SU achievable rate while maintaining

a predetermined PU achievable rate constraint for each PU link under the availability

of instantaneous CSI at the SU transmitter.

3.4.1 Primary Users rates Constraint Based Criterion

The ith PU node design criterion is to achieve a minimum fixed target rate R0,pi ,

i.e., Rpi ≥ R0,pi . The PU is assumed to transmit with its maximum power budget

pi to mitigate interference sources such as the RSI, and ensure its QoS requirements.

According to the PU perspective, its achievable rate is

Rpi = log2

(
1 +

piγpi

1 + Iagg,pi

)
, (3.22)
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where Iagg,pi is the aggregate interference-to-noise ratio at the ith PU receiver. As

a result, the maximum allowable margin interference-to-noise ratio, Imax,pi , at the

receiver of the ith PU node can be found from (3.22) at Rpi = R0,pi as

Imax,pi =

[
piγpi

Γpi (1)
− 1

]+

, (3.23)

where [z]+ = max(0, z) and Γ
i
(x) =

(
2xR0,pi − 1

)
represents the required signal-to-

interference-plus-noise ratio (SINR) to achieve a rate of xR0,pi . Hence, according to

the instantaneous direct CNR of the PU and its parameters, the PU may be in outage

if it cannot attain its required minimum target rate R0,pi . The outage happens if the

RSI surpasses the maximum allowable interference.

3.4.2 Proper Gaussian Signaling Design

For the PGS design, the SU allocates its transmit power in order to maximize its

achievable rate subject to its own power budget ps,max and PU QoS. As such, we

formulate the following optimization problem,

max
ps

Rs (ps, 0)

s. t. Rpi (ps, 0) ≥ R0,pi ,

0 < ps ≤ ps,max. (3.24)

The PU rate constraints in (3.24) reduce to ps ≤ p
(i)
s , where p

(i)
s is the feasible upper

bound of the SU power that satisfies the ith PU rate constraint and is found to be,

p(i)
s =

[
βj
Isj

Ψi (1, 1)

]+

, (3.25)
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where βj = pjυpj + 1, Ψi (x, y) = ϕi(x)
Γi (y)

− 1 and ϕi (x) = 2xRpi (0,0) − 1 represents the

required signal-to-interference-plus-noise ratio (SINR) to achieve a rate of xRpi (0, 0)

in the absence of the SU. Hence, (3.24) can be rewritten as

max
ps

Rs (ps, 0)

s. t. ps ≤ min
(
p(1)

s , p(2)
s , ps,max

)
. (3.26)

Moreover, one can show that Rs (ps, 0) is monotonically increasing in ps, hence the

optimal SU transmitted can be found from

ps = min
(
p(1)

s , p(2)
s , ps,max

)
. (3.27)

Furthermore, one can deduce easily from (3.25) that the SU transmits when the

maximum allowable margin interference exceeds the RSI, i.e.,

Imax,pi > p
j
υpj . (3.28)

Otherwise, the SU stays idle.

3.4.3 Improper Gaussian Signaling Design

Different from the previous subsection, IGS based-system has here an additional

parameter, i.e, Cx, which needs to be jointly optimized with ps in order to maximize

the SU achievable rate under the PU rate constraints. To this end, we formulate the
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following optimization problem

max
ps,Cx

Rs (ps, Cx)

s. t. Rpi (ps, Cx) ≥ R0,pi
,

0 < ps ≤ ps,max,

0 ≤ Cx ≤ 1. (3.29)

Unfortunately, this is a non-linear and non-convex optimization problem which makes

it hard to obtain its optimal solution. However, thanks to some monotonicity prop-

erties of the objective function and the constraints, we get the optimal solution of

(3.29) as will be explained in the following.

First, after some manipulations, the PU rate constraints in (3.29) reduce to

I2
sj

(
1− C2

x

)
p2

s − 2psβjIsjΨi (1, 2)− β2
jΨi (2, 2) ≤ 0. (3.30)

After solving the quadratic inequality in (3.30), we obtain the feasible upper bound

of the SU power from

p(i)
s (Cx)=

[
βj

√
Ψ2
i (1, 2) + (1− C2

x) Ψi (2, 2) + Ψi (1, 2)

Isj (1− C2
x)

]+

. (3.31)

Similar to the PGS design case, one can show easily that if (3.28) is valid, then

p
(i)
s (Cx) > 0 and the SU may transmit improper signals, otherwise, it remains silent.

Hence, (3.29) can be equivalently reformulated as

max
ps,Cx

Rs (ps, Cx)

s. t. ps ≤ min
{
p(1)

s (Cx) , p(2)
s (Cx) , ps,max

}
,

0 ≤ Cx ≤ 1. (3.32)
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From (3.6), it is clear that Rs (ps, Cx) is monotonically increasing in ps for a fixed Cx,

thus ps is assigned the upper bound of the SU power constraint in (3.32) as

ps = min
(
p(1)

s (Cx) , p(2)
s (Cx) , ps,max

)
. (3.33)

To solve (3.32), we obtain the distinct intersection points of the three functions of

the SU power constraint in 0 < Cx < 1. First, we can show that p
(i)
s (Cx) is strictly2

increasing in Cx over the interested interval. Thus, the power constraint in (3.32) can

be described as a piecewise function with a maximum of four intervals (three breaking

points) and a minimum of one interval (zero breaking points). We can calculate the

intersection point, r(i), between p
(i)
s and ps,max from

r(i) =

√
1−

β2
jΨi (2, 2) + 2ps,maxβjIsjΨi (1, 2)(

ps,maxIsj

)2 , (3.34)

which exists if p
(i)
s (0) < ps,max and p

(i)
s (1) > ps,max. Moreover, the intersection be-

tween p
(1)
s (Cx) and p

(2)
s (Cx) in the interval of interest, if they are not identical, is

computed from (3.35), which exists if p
(i)
s (0) < p

(j)
s (0) and p

(i)
s (1) > p

(j)
s (1).

r(3) =

√
1−

4β1β2Is1Is2 (β1Is2Ψ2 (1, 2)− β2Is1Ψ1 (1, 2)) (β2Is1Ψ2 (1, 2) Ψ1 (2, 2)− β1Is2Ψ1 (1, 2) Ψ2 (2, 2))(
β2

2I2
s1

Ψ1 (2, 2)− β2
1I2

s2
Ψ2 (2, 2)

)2 ,

(3.35)

After that, we define the interval boundaries points as C(z)
x , where z is an integer

number in [1, k+1], k is the number of distinct intersection points, i.e. k ∈ {0, 1, 2, 3},

C(0)
x = 0, C(k+1)

x = 1 and C(1)
x , C(2)

x and C(3)
x are the ordered distinct intersection points

(if exist).

Hence, we can divide the optimization problem in (3.32) into (k+1) subproblems,

where each subproblem is defined in a specific range C(z−1)
x ≤ Cx ≤ C(z)

x . Then, we

compute the optimal solution that achieves the maximum SU rate. After obtain-

2See Appendix A for the proof
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ing the minimum of the three functions in (3.33) in the interested interval, the zth

subproblem is formulated as

Pz : max
Cx

Rs (Cx)

s. t. C(z−1)
x ≤ Cx ≤ C(z)

x . (3.36)

In order to solve Pz, there are two cases, either ps = p
(i)
s (Cx) or ps = ps,max. If

ps = p
(i)
s (Cx) in (3.6), then Rs (Cx) is strictly increasing in Cx if and only if3

βjγsΨi (1, 2)

Isj

(∑2
i=1 piIpi + 1

) > −1. (3.37)

Hence, the optimal solution pair in this case is (p
(z)
o , C(z)

o ) = (p
(i)
s (C(z)

x ), C(z)
x ). Other-

wise, it is a strictly decreasing function and hence, (p
(z)
o , C(z)

o ) = (p
(i)
s (C(z−1)

x ), C(z−1)
x ).

Moreover, if ps = ps,max in (3.33), it is clear that Rs (Cx) is strictly decreasing in Cx,

hence, the optimal solution pair is (p
(z)
o , C(z)

o ) = (ps,max, C(z−1)
x ). At the end, we pick

the optimal pair (p
(z)
o , C(z)

o ) that has the maximum cost value. Based on the afore-

mentioned analysis, we design Algorithm I to find the optimal solution pair (p∗s , C∗x)

that solves IGS optimization problem.

3.4.4 Simulation Results

In this section, we conduct some numerical examples which investigate the benefits of

adopting IGS in improving the opportunities of the SU to share the spectrum with FD

PU. The simulations are done over 105 independent channel realizations except for

hij and hji which are generated with a correlation coefficient of 0.95. Throughout the

simulations, we use the following simulation parameters, unless otherwise specified.

For the PU nodes, we assume R0,pi = 1 b/s/Hz with a maximum power budget

3See Appendix B for the proof.
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Algorithm I

1: Input pi, γpi
, Ipi , υpi , R0,pi , Isi , p

(0)
s = ps,max, γs, C(z)

x , and C(z−1)
x

2: Compute Imax,pi from (3.23).
3: if

(
Imax,pi

> p
j
υpj

)
then

4: for z = 1 : k + 1 do

5: Compute m = arg min
l∈{0,1,2}

p
(l)
s

(
C(z−1)
x +C(z)

x

2

)
6: if m = 0 then

7: p
(z)
o ← ps,max, C(z)

o ← C(z−1)
x

8: else if

(
βjγsΨm(1,2)

Isj(
∑2
i=1 piIpi+1)

> −1

)
, j 6= m then

9: p
(z)
o ← p

(m)
s

(
C(z)
x

)
, C(z)

o ← C(z)
x

10: else
11: p

(z)
o ← p

(m)
s

(
C(z−1)
x

)
, C(z)

o ← C(z−1)
x

12: Output (p∗s , C∗x) = arg max
p

(z)
o , C(z)

o

Rs

(
p

(z)
o , C(z)

o

)
13: else
14: Output (p∗s , C∗x) = (0, 0)

pi = 1 W. The communications channels are characterized as, γ̄pi
= γ̄p = 15 dB,(

Īp1 , Īp2

)
= (5, 8) dB, ῡpi = ῡp = 10 dB. The SU is assumed to have a maximum

power budget ps,max = 1 W. The SU channels parameters are
(
Īs1 , Īs2

)
= (20, 10) dB

and γ̄s = 15 dB. The PGS design is based on (3.25). For the IGS design, we first get

the distinct intersection points, if exist, using (3.34) and (3.35) and sort them in Czx,

then we apply Algorithm I to obtain the optimal pair (p∗s , C∗x).

Example 1: This example investigates the benefits of deploying IGS over the

conventional PGS for spectrum sharing with FD PU and inspect the effects of the

direct PU and SU channels on the performance of such systems. Fig. 3.2 plots the

achievable rate of the SU versus γ̄s for different values of γ̄p. Interestingly, the IGS

scheme can boost the rate performance at small γ̄s achieving a 1−4 dB improvement

over PGS.

At lower values of γ̄p, the PU cannot afford more interference from the SU. Hence,

PGS uses less power while IGS increases its transmitted power and compensates for
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Figure 3.2: SU achievable rate versus γ̄s for different γ̄p values.

its interference impact on the PU by increasing the circularity coefficient Cx. On

the other hand, at higher values of γ̄p, the PU has a bigger room for interference and

hence, PGS can use the maximum budget and still satisfy the PU QoS. Thus IGS and

PGS reduce to approximately the same solution. IGS can achieve better performance

if the SU have more power budget as it is discussed in simulation example 3.

Example 2: In this example, the effect of the SU interference channel to the

PU and the minimum PU target rates are studied. For this purpose, we plot the

SU achievable rate versus Īs for different PU rates R0,p in Fig. 3.3, assuming that

Īsi = Īs and R0,pi = R0,p. At lower values of Īs, there are no significant benefits

of employing the IGS scheme when compared with the PGS scheme. This is due to

the weak interference channel, which permits increasing the SU power, thus, the IGS

solution reduces to the PGS one. On the other hand, when Īs become stronger, PGS

tends to use less power to meet the PU QoS while IGS uses more power to improve

its performance and relieve its interference impact on the PU through increasing the

circularity coefficient.

At very low PU rates R0,p, both IGS and PGS use approximately the maximum

power budget as the PU QoS requirements are relaxed. As R0,p increases, the allow-
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Figure 3.3: SU achievable rate versus Īs for different PU rates R0,p.

able interference room in the PU network decreases, which forces the PGS to reduce

the transmitted power. On the other hand, IGS has the ability to use more power

to increase the SU rate performance. At high PU rates, the PU nodes cannot afford

more interference from the SU and thus both IGS and PGS use less power to meet the

PU QoS requirements. Therefore, the performance gain of deploying the IGS scheme

decreases till a certain value for R0,p at which both PGS and IGS schemes converges

almost to the same solution.

Example 3: This example investigates the impact of RSI in limiting the underlay

CR operation and compares between its effect on both IGS and PGS based systems.

To this end, we plot Rs versus ῡp for different ps,max in Fig. 3.4. We notice that

IGS achieves better performance than PGS until a certain value of the RSI CNR at

which the PU is overwhelmed by the RSI and both signaling schemes fail to operate

properly.

Furthermore, PGS system cannot get more benefits from increasing the power

budget while IGS uses the total budget efficiently and relieve the interference effect

by increasing Cx, which reduces the interference impact as can be seen from (3.3).



43

υp(dB)
0 5 10 15 20 25 30

R
s
(b
/
s/
H
z)

0

0.5

1

1.5

2

2.5
Proper

Improperps,max = 1, 3, 5 W

ps,max = 1, 3, 5 W

Figure 3.4: SU achievable rate versus ῡp for different maximum power budget ps,max.

3.5 Design Based on Average CSI

In this section, we optimize the SU signal parameters to minimize the SU outage

probability while maintaining a predetermined PU outage probability for each pri-

mary link. We assume the availability of the primary network information the SU

side, such as QoS required performance, SIC capability and other system parameters.

First, we state a unified PUs design criterion in order to be satisfied by the SU

during the operation with either PGS or IGS. Assume the PU nodes transmit with

a fixed rate R0,pi and a target maximum outage probability threshold of Opi while

allowing an interference power margin Pint,pi . Although the licensed band is dedicated

locally only to the PU, the interference protection does not only mitigate the RSI.

It can also mitigate other interference that can come from other sources such as

frequency reuse users in cellular networks [34]. The interference margin is used to

ensure certain link budget that is suitable for the transmission QoS. The PUs are

assumed to use the maximum power budget pi. Thus, the PUs outage probability,
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from its perspective, is expressed as

Opi = Pr

{
log2

(
1 +

pi|hij|2

σ2 + Pint,pi

)
< R0,pi

}
= 1− exp

(
−1 + Imax,pi

piγ̄pi

(
2R0,pi − 1

))
,

(3.38)

where Imax,pi = Pint,pi/σ
2 is the maximum allowable margin interference-to-noise

ratio (INR) at the receiver of PU node i. By considering a maximum PUs outage

probability threshold Opi , Imax,pi can be found from (3.38) as

Imax,pi =

[
µi√

1 + Γpi − 1
− 1

]+

, (3.39)

where µi = piγ̄pi log
(

1
1−Opi

)
and log (.) is the natural logarithm. In the following

subsections, we design proper and improper signals for the SU to improve its per-

formance, measured by the outage probability, considering a predetermined Opi and

other system parameters such as pi and R0,pi .

3.5.1 Proper Gaussian Signaling Design

In the case of PGS, the SU allocates its power in order to minimize its outage prob-

ability subject to its own power budget ps,max and PUs QoS by solving the following

optimization problem,

min
ps

Pout,s (ps, 0)

s. t. Pout,pi (ps, 0) ≤ Opi , 0 < ps ≤ ps,max. (3.40)

The predetermined PUs outage probability constraints in (3.40) reduce to ps ≤ p
(i)
s,p,

where p
(i)
s,p is the maximum allowable power that satisfies the PUs required outage

probability threshold, which is expressed as
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p(i)
s,p =

exp
(
−2

R0,pi−1
piγ̄pi

)
− (1−Opi)

(
p
j
ῡpj

2
R0,pi−1
piγ̄pi

+ 1
)

Īsj (1−Opi)
2
R0,pi−1
piγ̄pi

(
p
j
ῡpj

2
R0,pi−1
piγ̄pi

+ 1
)

+

. (3.41)

Thus, we can rewrite the optimization problem in (3.40) as

min
ps

Pout,s (ps, 0)

s. t. ps ≤ min
(
p(1)

s , p(2)
s , ps,max

)
. (3.42)

One can prove that Pout,s (ps, 0) is monotonically decreasing in ps, thus the upper

bound of the constraint achieves the optimal minimum SU outage probability and is

expressed as

ps = min
(
p(1)

s,p, p
(2)
s,p, ps,max

)
. (3.43)

From (3.41) and (3.43), the SU operates if exp
(
− 2

R0,pi−1
piγ̄pi

)
>
(
1−Op〉

) (
p
j
ῡpj

2
R0,pi−1
piγ̄pi

+ 1
)
,

which reduces to the following spectrum sharing condition for the maximum allowable

margin INR as

Imax,pi >
piγ̄pi

2R0,pi − 1
log

(
1 + pj ῡpj

2R0,pi − 1

piγ̄pi

)
. (3.44)

Otherwise, the SU should remain silent. Therefore, we develop Algorithm II to allo-

cate the optimal power for the SU transmission.

Algorithm II

1: Input pi, γ̄pi
, Īsi , ῡpi , R0,pi , Opi , p

(0)
s = ps,max

2: if Imax,pi >
piγ̄pi

2
R0,pi−1

log
(

1 + pj ῡpj
2
R0,pi−1
piγ̄pi

)
then

3: Compute m = arg min
l∈{0,1,2}

p
(l)
s,p

4: Output p∗s = p
(m)
s,p

5: else
6: Output p∗s = 0
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3.5.2 Improper Gaussian Signaling Design

The IGS design aims to tune ps and Cx to minimize the SU outage while holding a

required PUs QoS based on the upper bound derived in (3.21) achieving the worst

case system design. To this end, we formulate the design optimization problem as,

min
ps,Cx

Pout,s (ps, Cx)

s. t. PUB
out,pi

(ps, Cx) ≤ Opi , 0 < ps ≤ ps,max, 0 ≤ Cx ≤ 1. (3.45)

Unfortunately, this optimization problem turns to be non-linear and non-convex which

makes it hard in general to find its optimal global solution. However, similar to what

we did in the PGS design, we exploit some monotonicity properties of the objective

function and the constraints that lead us to the optimal global solution of (3.45).

First, based on (3.21), we express the outage probability constraints in (3.45) by

the following equivalent quadratic inequality in terms of ps as

Γpi

(
1− C2

x

)
Ī2

sj
p2

s + 2ΛiĪsjps −Υi ≤ 0, (3.46)

where Υi =
(
µ2
i + 2βjµi − Γpiβ

2
j

)
, Λi = (βjΓpi − µi), βj =

(
pj ῡpj + 1

)
. Based on

(3.46), the outage probability constraints are equivalent to ps ≤ p
(i)
s (Cx), where

p
(i)
s (Cx) is found by equating the left-hand-side of (3.46) to zero and then compute

the feasible root(s). One can show that if Υi ≤ 0, then, Λi > 0, which results in two

negative roots. On the other hand, if Υi > 0, then, there is exactly one positive root

and one negative root. As a result, the feasible power bound is given by

p(i)
s (Cx) =

[√
Λ2
i + Γpi (1− C2

x) Υi − Λi

Γpi Īsj (1− C2
x)

]+

. (3.47)
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Thus, the first three constraints in (3.45) can be equivalently rewritten as

ps (Cx) ≤ min
{
p(1)

s (Cx) , p(2)
s (Cx) , ps,max

}
. (3.48)

From (3.47) and (3.48), the SU is allowed to transmit if Υi > 0, which is always

valid as long as Imax,pi > pj ῡpj . To obtain the distinct intersection points of the

aforementioned piece-wise function in 0 < Cx < 1, first, we can show that p
(i)
s is

strictly increasing in Cx over the interval of interest (See Appendix C for the proof).

Hence, (3.48) can be described with a maximum of four intervals (three breaking

points) and a minimum of one interval (zero breaking points). The intersection point,

r(i), between p
(i)
s and ps,max is found from

r(i) =

√√√√1 +
2
(
ps,maxĪsj

)
Λi −Υi

Γpi

(
ps,maxĪsj

)2 , (3.49)

which exists if p
(i)
s (0) < ps,max and p

(i)
s (1) > ps,max. Furthermore, the intersection

between p
(1)
s and p

(2)
s in the interested interval, if they are not identical, is r(3) =√

(1− κ), where κ is computed from

κ =
4Γp1Γp2 Īs1 Īs2

(
Γp1Λ2Īs2 − Γp2Λ1Īs1

) (
Λ2Υ1Īs1 − Λ1Υ2Īs2

)(
Γp2Υ1Ī2

s1
− Γp1Υ2Ī2

s2

)2 . (3.50)

which exists if p
(i)
s (0) < p

(j)
s (0) and p

(i)
s (1) > p

(j)
s (1). The identical case i.e., p

(1)
s =

p
(2)
s occurs if the links’ received CNR at the receiver of PU node i are equal. In such

scenario, we have at most two intervals (one breaking point) that can be obtained

from (3.49) if exists.

Define the interval boundaries points as C(z)
x , where z is an integer number in

[1, k+ 1], k is the number of distinct intersection points, i.e. k ∈ {0, 1, 2, 3}, C(0)
x = 0,

C(k+1)
x = 1 and C(1)

x , C(2)
x and C(3)

x are the ordered distinct intersection points (if exist).
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Thereafter, we divide the optimization problem in (3.45) into (k+1) sub-problems,

where each sub-problem is defined in a specific range C(z−1)
x ≤ Cx ≤ C(z)

x . We can show

that Pout,s (ps, Cx) is monotonically decreasing in ps for a fixed Cx. Hence, ps is assigned

the upper bound of (3.48) to minimize the outage probability. Then, we check the

minimum of the three functions in (3.48) in each interval and substitute the value of

ps in Pout,s (ps, Cx) obtaining k+1 sub-problems, where the zth sub-problem is written

as

Pz : min
Cx

Pout,s (Cx)

s. t. C(z−1)
x < Cx ≤ C(z)

x . (3.51)

To solve the Pz problem, we have two cases, either ps = ps,max or ps = p
(m)
s (Cx),

where m denotes the index of the minimum of the two functions p
(i)
s in the interested

interval. Firstly, if ps = p
(m)
s in (3.48), Pout,s (Cx) reduces to

Pout,s (Cx) = 1−
Y2G2

m (γ̄s) exp
(
− 1
YGm(γ̄s)

)
2∏
j=1

(
pjĪpj + YGm (γ̄s)

) , (3.52)

where Y =
√

1− C2
x/
(√

1 + (1− C2
x) Γs − 1

)
and Gm (z) = p

(m)
s z

√
1− C2

x. Thus,

Pout,s in (3.52) is monotonically decreasing in Cx if (See Appendix D for the proof.)

R0,s ≤ log2

(
µm
√

1 + Γpm

βjΓpm − µm

)
, j 6= m. (3.53)

Therefore, the optimal solution pair in this case is (p
(z)
o , C(z)

o ) = (p
(m)
s (C(z)

x ), C(z)
x ). Oth-

erwise, it is monotonically increasing and hence, (p
(z)
o , C(z)

o ) = (p
(m)
s (C(z−1)

x ), C(z−1)
x ).

Remark 3.1. Given that the maximum INR for PU node i exceeds pj ῡpj , the in-

equality in (3.53) gives the condition for improper signals to be beneficial for the SU

transmission.
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Secondly, if ps = ps,max in (3.48), then by substituting its value in the SU outage

probability, we obtain Pout,s (Cx) = Pout,s (ps,max, Cx) that is monotonically increasing

in Cx and can be easily shown in a similar way to the proof in Appendix B. Hence,

the optimal solution pair is (p
(z)
o , C(z)

o ) = (ps,max, C(z−1)
x ). At the end, we pick the

global optimal pair (p
(z)
o , C(z)

o ) that minimizes the objective function Pout,s (ps, Cx).

Based on the aforementioned analysis, we develop Algorithms III to find the distinct

intersection points and the optimal solution pairs in z regions, then find the pair,

(p∗s , C∗x), with minimum SU outage probability from

(p∗s , C∗x) = arg min pout,s

(
p(z)

o , C(z)
o

)
. (3.54)

The proposed algorithms are non-iterative and they have a fixed complexity where

Algorithm III

1: Input pi, γ̄pi
, Īpi , Īsi , ῡpi , R0,pi , Opi , γ̄s, R0,s, C(z)

x , p
(0)
s = ps,max, f (ps, Cx) =

pout,s (ps, Cx)
2: if Imax,pi > pj ῡpj then
3: for z = 1 : k + 1 do
4: Construct interval (C(z−1)

x , C(z)
x )

5: Compute m = arg min
l∈{0,1,2}

p
(l)
s

(
C(z−1)
x +C(z)

x

2

)
6: if m = 0 then
7: p

(z)
o ← ps,max, C(z)

o ← C(z−1)
x

8: else if R0,s < log2

(
µm
√

1+Γpm

βjΓpm−µm

)
is true then

9: p
(z)
o ← p

(m)
s

(
C(z)
x

)
, C(z)

o ← C(z)
x

10: else
11: p

(z)
o ← p

(m)
s

(
C(z−1)
x

)
, C(z)

o ← C(z−1)
x

12: Output (p∗s , C∗x) = arg min
p

(z)
o , C(z)

o

f
(
p

(z)
o , C(z)

o

)
13: else
14: Output (p∗s , C∗x) = (0, 0)

they perform fixed number of comparisons to evaluate the optimal solution.
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3.6 Design Based on Partial CSI

In this section, we analyze the performance of the underlay spectrum sharing sys-

tem using IGS with the availability of the SU direct link instantaneous CSI. Such

an assumption meets the lack of coordination feature between the SU and the PUs

in underlay CR systems, where the PUs are unaware of the underlay cognitive ra-

dio operation. First, we present analysis of the the SU outage probability with the

knowledge of its direct link CSI. Then, we design the SU improper signal based on

the CSI knowledge to improve the SU outage probability performance. After that, we

investigate the benefits of the instantaneous direct link CSI (IDL-CSI) based design

versus the average CSI (A-CSI) based design on both SU and PUs.

3.6.1 Secondary User Outage Probability with Direct Link

CSI

In this subsection, we derive the SU outage probability with instantaneous SU direct

link CSI4. First, We can rewrite (3.8) as

PDL
out,s (ps, Cx) = Pr

{
Γs(Ξ + 1)2 − 2psγs (Ξ + 1)− p2

sγ
2
s

(
1− C2

x

)
≥ 0
}
, (3.55)

where Ξ =
∑2

i=1 piIpi . By solving the quadratic inequality in (3.55) with respect to

Ξ and after some manipulations, we obtain

PDL
out,s (ps, Cx) = Pr {Ξ ≥ ζ (ps, Cx)} =

∫ ∞
ζ(ps,Cx)

fΞ (z) dz, (3.56)

where ζ (ps, Cx) is defined as

ζ (ps, Cx) =
γs (1− C2

x)

Ψs (ps, Cx)
− 1. (3.57)

4Instantaneous CSI assumption is used to provide a performance limit of the proposed system.
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and fΞ (z) is the probability density function (PDF) of the random variable Ξ. Since

p1Ip1 and p2Ip2 are independent exponential random variables with mean p1Īp1 and

p2Īp2 , respectively, then Ξ is a hypoexponential random variable with two rate pa-

rameters 1/p1Īp1 and 1/p2Īp2 . Hence, according to [35], its PDF, assuming that

p1Īp1 6= p2Īp2 , is found to be

fΞ

(
z
∣∣p1Īp1 6= p2Īp2

)
=

2∑
i=1
j 6=i

exp
(
− z
piĪpi

)
piĪpi − pjĪpj

1[0,∞) (z) . (3.58)

For p1Īp1 = p2Īp2 , the PDF of Ξ reduces to

fΞ

(
z
∣∣p1Īp1 = p2Īp2

)
=
z exp

(
− z
p1Īp1

)
(
p1Īp1

)2 1[0,∞) (z) , (3.59)

which represents the Erlang distribution with parameters, shape k = 2 and rate

λ = 1/p1Īp1 [36].

From (3.56), we note that PDL
out,s (ps, Cx) attains its maximum value of unity if

ζ (ps, Cx) ≤ 0. Thus, the SU outage probability in this scenario can be rewritten as

PDL
out,s (ps, Cx) =


1, γs ≤ Ψs(ps,Cx)

1−C2
x

PDL−T
out,s (ps, Cx), γs >

Ψs(ps,Cx)
1−C2

x

, (3.60)

where we obtain 100% outage of the SU transmission for highly faded SU direct

link channel regardless of the PUs interference level on the SU, thus no-transmission

should be adopted at the SU side. On the other hand, when the SU has a good direct

link channel, it transmits. The transmission condition is defined according to (3.60)

γs >
Ψs (ps, Cx)

1− C2
x

. (3.61)
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Then, we obtain the corresponding outage probability under instantaneous knowledge

of γs as

PDL−T
out,s (ps, Cx) =



2∑
i=1
j 6=i

piĪpi
exp

(
− ζ(ps,Cx)

piĪpi

)
piĪpi

−pj Īpj

, p1Īp1
6= p2Īp2

(
1 + ζ(ps,Cx)

p1Īp1

)
exp

(
− ζ(ps,Cx)

p1Īp1

)
, p1Īp1 = p2Īp2

. (3.62)

According to the availability of SU CSI, the SU will not be allowed to access the

spectrum if (3.61) is not valid. On the other hand, if the transmission condition is

valid, i.e., (3.61), then SU outage is governed not only by γs, but also by the PU

interference links on the SU.

For the proper case, i.e., Cx = 0, the SU outage probability, when transmitting,

reduces to

PDL−T
out,s (ps, 0) =



2∑
i=1
j 6=i

piĪpi
exp

(
−

psγs

2
R0,s−1

−1

piĪpi

)
piĪpi

−pj Īpj

, p1Īp1
6= p2Īp2

(
1 +

psγs

2
R0,s−1

−1

p1Īp1

)
exp

(
−

psγs

2
R0,s−1

−1

p1Īp1

)
, p1Īp1

= p2Īp2

. (3.63)

while for maximally improper case, i.e., Cx = 1, it yields

lim
Cx→1

PDL−T
out,s (ps, Cx) =



2∑
i=1
j 6=i

piĪpi
exp

(
−

2psγs
Γs
−1

piĪpi

)
piĪpi

−pj Īpj

, p1Īp1 6= p2Īp2

(
1 +

2psγs
Γs
−1

p1Īp1

)
exp

(
−

2psγs
Γs
−1

p1Īp1

)
, p1Īp1 = p2Īp2

. (3.64)

3.6.2 Secondary User Signal Design

In this subsection, we aim to design the SU signal parameters, i.e., ps and Cx, in the

IGS case, and merely ps, in the proper case, in order to satisfy the PUs QoS and the

boundary values for these parameters. Therefore, we solve the optimization problem

for the proper case
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min
ps

PDL
out,s (ps, 0)

s. t. Pout,pi (ps, 0) ≤ Opi , 0 < ps ≤ ps,max, (3.65)

and the following optimization problem for the improper case,

min
ps,Cx

PDL
out,s (ps, Cx)

s. t. PUB
out,pi

(ps, Cx) ≤ Opi , 0 ≤ ps ≤ ps,max, 0 ≤ Cx ≤ 1. (3.66)

First, for the PGS case, one can show that PDL
out,s (ps, 0) is monotonically decreasing

in ps. Thus the optimal minimum SU outage probability is achieved by allocating the

SU power to the minimum of the three functions in (3.43) as long as the transmission

condition is valid, i.e., (3.61). Otherwise the SU should stay silent because a unity

SU outage probability is expected to be achieved. Therefore, as a modification of

the previous section, the SU needs to check the validity of transmission condition in

(3.61) at Cx = 0, to stay silent or to transmit with a power that is computed from

Algorithm II.

For the improper case, if ps = p
(m)
s ,m = {1, 2} in (3.48), then the SU outage

probability in the transmission scenario, i.e., (3.61) is valid, can be written in terms

of Cx as

PDL−T
out,s (Cx) =



2∑
i=1
j 6=i

Ki,j exp
(
−YGm(γs)−1

piĪpi

)
, p1Īp1

6= p2Īp2

(
1 + YGm(γs)−1

p1Īp1

)
exp

(
−YGm(γs)−1

p1Īp1

)
, p1Īp1

= p2Īp2

, (3.67)

where Ki,j = piĪpi/
(
piĪpi − pjĪpj

)
. Thus, Pout,s (Cx) is monotonically decreasing in

Cx, when the condition in (3.53) is true (See Appendix E for the proof). Moreover,

if ps = ps,max in (3.48), Pout,s (Cx) is monotonically increasing in Cx which can be

proven similar to the proof in Appendix C. Thus, same steps are applied to obtain
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the optimal (p
(z)
o , C(z)

o ) pairs in each of the intervals defined by the boundary points

C(z)
x , i.e., steps 6 to 12 in Algorithm III. At the end, we calculate the global optimal

pair (p∗s , C∗x) from

(p∗s , C∗x) = arg min pDL−T
out,s

(
p(z)

o , C(z)
o

)
, (3.68)

which can be further simplified and formulated as (See Appendix F for the proof):

(p∗s , C∗x) = arg min
1−

(
C(z)
o

)2

Ψs

(
p

(z)
o , C(z)

o

) . (3.69)

It is clear from (3.69) that the optimal parameters are independent of γs. Thus, the

availability of the direct link CSI information determines only whether the SU can

transmit or not as can be seen from (3.60) and (3.61). As a result, by knowing the

direct link CSI, the SU is able to save some of its transmit power and hence boost its

average EE as will be discussed in the following subsections.

3.6.3 Benefits of SU Direct Link CSI

In this subsection, we investigate the benefits obtained by the SU through instanta-

neous CSI knowledge of the SU direct link.

SU power saving

In the improper design of the spectrum sharing system based on the average statistics

of the channel coefficients in Section IV, it is clear that the SU always transmits if

the maximum INR for user i exceeds pj ῡpj . On the contrary, based on instantaneous

CSI of the SU direct link, the SU stays silent if the transmission condition (3.61) is

not satisfied because it yields a unity SU outage probability. Thus, the probability of
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the power saving event is expressed as

Psaving = Pr

{
γs ≤

Ψs (ps, Cx)
(1− C2

x)

}
= 1− exp

(
−Ψs (ps, Cx)
γ̄s (1− C2

x)

)
, (3.70)

which represents also the portion of time that the SU does not consume energy and

and stays idle.

Improving the SU average energy efficiency

The IGS design tends to use more power to improve the SU design and relieve its

impact on the PUs by increasing the circularity coefficient. This can be concluded

from the monotonically decreasing characteristics of the Pout,s in Cx discussed in Sec-

tions (IV-B and V-B). Since the SU CSI offers some power saving advantages, then

the average EE of the SU system is expected to improve in this scenario. In the

following, we analyze the average EE of the SU system when using the SU direct link

CSI comparing to the design case based on the average statistics of CSI.

The EE of the SU system is defined as the ratio between the data that is suc-

cessfully delivered to the receiver and the corresponding total energy consumption

[37]. Firstly, for the average statistics based design, the SU always transmits and the

average EE of the SU is expressed as

η̄Avg
EE =

R0,s (1− pout,s (ps, Cx))
κps + pc

, (3.71)

where κ is the reciprocal power amplifier efficiency and pc is the circuits power con-

sumption.

Secondly, for the case of known direct link CSI, the average EE is defined when

the SU is allowed to transmit, i.e., γs ≥ Ψs (ps, Cx)/(1− C2
x), as

η̄DL
EE = Eγs

{
ηEE

(
γs |γs >

Ψs (ps, Cx)
1− C2

x

)}
, (3.72)
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where ηEE represents the EE of the SU at a specific direct link CSI, which is defined

as

ηEE (γs) =
R0,s

(
1− pDL

out,s (ps, Cx)
)

PT (γs)
, (3.73)

where PT (γs) is the total power used to deliver the data and defined as

PT (γs) = (κps + pc)1[Ψs(ps,Cx)

(1−C2x)
,∞
) (γs) . (3.74)

Here, we have assumed that the SU transmitter consumes negligible power in the

idle/sleep mode. From (3.72), the SU average EE can be written as

η̄DL
EE =

∞∫
Ψs(ps,Cx)

1−C2x

ηEE (γs) exp
(
− x
γ̄s

)
dx

γ̄s (1− Psaving)
. (3.75)

After evaluating the integral in (3.75), we obtain

η̄DL
EE =

R0,s

(κps + pc)
2∏
j=1

(
pjIpj

Ψs(ps,Cx)
γ̄s(1−C2

x)
+ 1
) . (3.76)

From (3.71) and (3.76), we compute the improvement in the average EE, E , after

simplification as

E =
η̄DL

EE

η̄Avg
EE

=
1

1− Psaving

. (3.77)

PUs Outage Probability Enhancement

As discussed in the previous 2 points, the SU can make use of the CSI of direct link in

order to save its transmit power and enhance the average EE performance. Moreover,

when the SU detects such outage events and decides to abandon its transmission, the
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interference impact on the PUs will be significantly alleviated and hence, the outage

performance of the PUs will be improved as follows

PDL
out,pi

(ps, Cx) = PsavingPout,pi (0, 0) + (1− Psaving)Pout,pi (ps, Cx)

= Pout,pi (ps, Cx)− Psaving (Pout,pi (ps, Cx)− Pout,pi (0, 0))︸ ︷︷ ︸
(a)

≥ 0

≤ Pout,pi (ps, Cx) , (3.78)

where (a) follows from the fact that interference free system performance is better

than systems subjected to any type of interference. Thus, SU direct link channel

knowledge provides a protection for the PUs performance. This merit may be used by

other cognitive users in the same system to access the spectrum without deteriorating

the PUs QoS.

3.7 Simulation results for Average and Partial CSI

Design

In this section, we present some numerical examples and simulations that validate the

introduced analysis and investigate the benefits of employing IGS in spectrum sharing

with FD PUs. First, we compare the proposed PUs outage probability upper bound

with the exact expression that is computed numerically. Thereafter, we exploit these

bounds to design the SU signal parameters. The design is based on minimizing the

SU outage probability while maintaining certain QoS requirements for the PUs based

on the average CSI. We also examine the effect of RSI channel of the employment

of IGS at the SU. Moreover, we investigate the proposed system design in case of

the perfect knowledge of the direct link CSI and verify the benefits that the SU can

attain in terms of power saving and hence average EE improvement. Furthermore,

we provide numerical simulations of the benefit that is achieved at the PUs side.
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Figure 3.5: A comparison between the exact PUs outage probability and the upper
bound versus γ̄p for Īs = 4, 8, 13 dB.

Throughout this Section, we use the following general system parameters for all

examples, unless otherwise specified. For the PU nodes, we assume R0,pi = 0.5

b/s/Hz with a maximum power budget pi = 1 W. The communications channels are

characterized as, γ̄pi
= 25 dB, Īpi = 3 dB, ῡpi = 5 dB. We assume that the required

PUs outage probability threshold Opi = 0.01. The SU is assumed to target R0,s = 0.5

b/s/Hz using ps,max = 1 W. The SU channels’ parameters are assumed to be Īsi = 13

dB and γ̄s = 20 dB. For the IDL-CSI based design, we used 106 independent channel

realizations for the direct link of the SU in the simulation.

Example 4: This example compares the upper bound computed from (3.21) with

the exact value computed by evaluating the expectations in (3.17) numerically. We

assume γ̄pi
= γ̄p, Cx = 0.5 and Īsi = Īs = 4, 8, 13 dB. As shown in Fig. 3.5, the

upper bound is tight to the exact outage probability for different Īs. Similar results

are observed for different R0,pi .

Example 5: In this example, we inspect the benefits of designing IGS for SU over

the conventional proper Gaussian signaling design. We assume the pair
(
Īs1 , Īs2

)
has has the following values, (0, 4) dB, (4, 8) dB and (13, 13) dB. The proper de-

sign is based on Algorithm I, while the improper design is based on Algorithm II.
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Table 3.1: Exact PUs outage probabilities for PGS and IGS for different pairs of Isi

Īs1 = 0 dB
Īs2 = 4 dB

Īs1 = 4 dB
Īs2 = 8 dB

Īs1 = 13 dB
Īs2 = 13 dB

Proper
Pout,p1

0.0087 0.0100 0.0100
Pout,p2

0.0067 0.0073 0.0100

Improper
Pout,p1

0.0087 0.0092 0.0088
Pout,p2

0.0067 0.0074 0.0088

Fig. 3.6 shows the SU outage probability versus γ̄s for different pairs of Īsi
. For(

Īs1 , Īs2

)
= (0, 4) dB, there is no gain from using improper signaling. In this case,

the interference channel is weak, which allow the SU with proper signaling to improve

its performance (minimize its outage probability) by increasing the transmitted power

and employing the maximum budget. As we observed from the improper design, ps

tends to increase with Cx as can be seen in (3.47), but since ps(0) ' ps,max, then the

improper solution reduces approximately to the proper design. As the SU interference

channels Īsi become stronger, proper signaling system uses less power to meet PUs

QoS requirement while improper signaling can use more power to improve its outage

probability performance while compensating for its interference impact on the PUs

by increasing the circularity coefficient. Fig. 3.6 shows a 1.5 − 3.5 dB improvement

resulting from adopting IGS.

As for the corresponding PUs outage performance, Table I lists the exact outage

probabilities for PGS and IGS schemes. At low interference values, i.e. the first pair

in Table 3.1, the impact of the SU on the PUs outage probability is tolerable where

the IGS solution reduces to proper one using the the maximum power budget. As Isi

increases, the power allocation of the proper signaling design is based on the worst

scenario, i.e., stronger SU link to the PUs, meeting the PUs outage constraint, i.e.,

0.01. On the other hand, the improper design allows using more transmit power

that reaches the total budget by relieving the interference impact by increasing the

circularity coefficient.

Example 6: Fig. 3.7 plots the SU outage probability versus different SU target
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Figure 3.6: SU outage probability for PGS and IGS versus γ̄s for
(
Īs1 , Īs2

)
=

(0, 4) , (4, 8) , (13, 13) dB pairs.
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Figure 3.7: SU outage probability for PGS and IGS versus R0,s for Īs = 4, 8, 13 dB.

rates R0,s. We assume that Īsi = Īs = 4, 8, 13 dB. Similar to the previous example, it

is clear that IGS system achieves superior performance that the proper one when the

SU interference channel to the PUs is strong. However, at high SU target rates, there

is no gain from employing improper signaling as can be deduced from the condition

in (3.53).

Example 7: This example investigates the impact of RSI-CNR in limiting the CR

operation and compares between its effect on both PGS and IGS based systems. We
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Figure 3.8: SU outage probability for PGS and IGS versus ῡp for ps,max = 1, 2, 3, 4 W.

assume ῡpi = ῡp. For this purpose, we plot the SU outage probability versus ῡp for

different values of ps,max in Fig. 3.8. We observe that IGS achieves better performance

than the proper Gaussian signaling system at low values of ῡp. Although the proper

Gaussian signaling system cannot get benefits from increasing the power budget, IGS

tends to use the total budget efficiently. It relieves the interference effect on PUs

by increasing Cx, which compensates for the interference impact as can be seen in

(3.3). On the other hand, at high RSI-CNR values, both proper and improper fail to

operate properly.

Example 8: In this example, we compare the design of the PGS/IGS design based

on both A-CSI and IDL-CSI. To this end, we plot SU outage probability versus γ̄s

for different Īsi in Fig. 3.9. The simulation result shows a perfect match between

the A-CSI and IDL-CSI based designs for both the PGS and IGS schemes. For low

γ̄s, the SU outage occurs mainly because of its direct link and the IDL-CSI based

design saves the SU power and stay silent. As a result, no data is delivered to the

SU receiver and outage is reported. On the other hand, for large γ̄s, the SU outage

is mainly controlled by the PUs interference link and the optimal signal parameters

of IDL-CSI based system does not depend on γ̄s as can seen from (3.69).
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Figure 3.9: SU outage probability for A-CSI and IDL-CSI based designs versus γ̄s for(
Īs1 , Īs2

)
= (4, 8) , (13, 13) dB pairs.

Example 9: This example studies first the benefit of knowledge of γs represented

in the power saving. Fig. 3.10 shows the SU power saving percentage versus γ̄s for

different SU target rates of R0,s. It can be seen that at lower values of γ̄s, the SU

can save more power instead of transmitting and an outage event occurs. At higher

values of γ̄s, the SU channel conditions are good enough to achieve its target rate.

Moreover, if the SU target rate increases, the probability of having an outage event

increases and hence, the SU preferably stays idle and saves its transmit power.

Example 10: To investigate the average EE improvement benefit as a result of

perfect knowledge of γs, Fig. 3.11 plots the SU average EE for the SU IGS design

based A-CSI and IDL-CSI using simulations and derived analytical expression (3.76).

We assume κ = 5 and pc = 1 W. First, we observe that the simulation curve

has a perfect match with the analytical expression. At lower SU target rates, the

requirements for the SU are flexible and hence, both designs use less power and thus

the average EE improves with increasing γ̄s. On the other hand, as the SU rate

increases, the requirements become more stringent, which force the SU to increase

its transmit power and therefore, deteriorating the average EE performance. As R0,s
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Figure 3.10: Percentage of SU power saving of IDL-CSI improper based design versus
γ̄s for R0,s = 0.5, 1, 1.5, 2 b/s/Hz.

increases, the IDL-CSI based design uses less power to achieve the same target rate.

The gap between the two designs increases as γ̄s decreases. Hence, the IDL-CSI based

design can make use of the perfect knowledge of the CSI in order to save the transmit

power and therefore boost the average EE of the SU system. We observe also from

Fig. 3.11 that as R0,s increases, it reaches specific values at which the average EE

behavior shows abrupt improvement. As we know from the improper condition (3.53)

that there is a specific value of R0,s, at which improper signaling can not be used,

thus the solution switches to proper signaling at larger values R0,s. Since the proper

signaling scheme uses less power, it achieves better average EE which interprets this

sudden improvement of the average EE performance.

Example 11: This example illustrates the benefits that can be reaped at the PUs

side by the design based on perfect knowledge of γs. For this purpose, we plot the

PUs outage probability A-CSI and IDL-CSI based designs versus γ̄s for different R0,s

in Fig. 3.12. The A-CSI based design PUs outage probability is fixed and does not

change with γ̄s or R0,s as expected. On the other hand, the IDL-CSI based design

has different performance. Specifically, at low γ̄s, Psaving has more value than higher

values of γ̄s as can be shown in Fig. 3.10. Thus, PUs outage probability is expected
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to get more benefit as γ̄s decreases. Furthermore, As the SU target rate increases,

the requirements for the SU become rigid and and the chances for the SU to stay idle

become higher, which improves the PUs outage probability.
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Chapter 4

Improper Gaussian Signaling in

Full-Duplex Relay Systems

In this chapter, we investigate the potential gains of IGS in DF FDR with RSI. This

work is the first to study IGS in FDR settings with imperfect SI cancellation to

the best of the authors’ knowledge. First, we assume the relay transmits with IGS

and derive a closed-form upper bound on the end-to-end outage probability using

Jensen’s inequality. We compare the derived outage upper bound of IGS to the

exact outage probability of PGS from the literature. Also, we show that depending

on the channel parameters and transmission rate, the derived upper bound is either

monotonic or unimodal in the relay’s circularity coefficient, which allows for locating

the global optimal value using simple known numerical methods. Through numerical

optimization, we show that the use of IGS can yield an outage upper bound that

is less than the exact outage probability of PGS. We also numerically validate the

derived upper bound by comparing it to the well-matching numerically computed

exact outage probability.
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Figure 4.1: A full-duplex cooperative setting in coverage extension scenarios.

4.1 System Model

We consider the communication setting depicted in Fig. 4.1, where a source (S)

intends to communicate with a distant destination (D). The direct S−D link is

assumed of a relatively weak gain due to path loss and shadowing effects. Accordingly,

a full-duplex relay (R) is utilized to assist the end-to-end communication and extend

the coverage. FDR can offer higher spectral efficiency when compared to its half-

duplex counterpart. However, FDR in practice suffers from a RSI level which imposes

an additional communication challenge. In addition, the received signal component

via the S−D link is assumed to be weak and hence, it is considered as interference

at the destination. Thus, the FDR system under consideration suffers from two

interference sources; the RSI at the relay, and the direct S−D link signal received at

the destination. This model has been widely studied for PGS in the literature, and

the end-to-end outage probability is derived in closed-form in [28].

4.1.1 Channel Model

The fading coefficient of the i− j link is denoted by hij, for i ∈ {s, r} and j ∈ {r, d},

where s, r and d refer to the source, relay, and destination nodes, respectively. More-

over, the i− j link gain is denoted by gij = |hij|2, where |.| is the absolute value. All

channels are assumed to follow a block fading model, where hij remains constant over

one block, and varies independently from one block to another following a Rayleigh
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fading model with average gain E {|hij|2} = πij, with E{.} denoting the expectation

operator. Accordingly, the channel gain, gij, is an exponential random variable with

mean parameter πij. All channel fading gains are assumed to be mutually indepen-

dent.

The relay operates in a full-duplex mode where simultaneous listening/forwarding

is allowed with an introduced level of loopback interference. The link coefficient hrr is

assumed to represent the RSI after undergoing all possible isolation and cancellation

techniques [28, 38, 39]. The source and the relay powers are denoted by Ps and Pr,

respectively, where both are restricted to a maximum allowable value of Pmax. Also,

nr and nd denote the circularly-symmetric complex additive white Gaussian noise

components at the relay and the destination, with variance σ2
r and σ2

d, respectively.

Without loss of generality, we assume that σ2
r = σ2

d = 1.

4.1.2 Signal Model

For ease of exposition, we assume a PGS at the source, xs[t], at time t. On the other

hand, the relay uses a zero-mean IGS, xr[t], to mitigate the non-negligible RSI at the

receiver of the relay.

The received signals at the relay and the destination at time t are given, respec-

tively, by

yr[t] =
√
Pshsrxs[t] +

√
Prhrrxr[t] + nr[t], (4.1)

yd[t] =
√
Prhrdxr[t] +

√
Pshsdxs[t] + nd[t]. (4.2)

The relay is assumed to adopt a decode-and-forward relaying strategy, where it does

not transmit any message of its own, but forwards the regenerated source message

after decoding. Due to the source and relay asynchronous transmissions, the signal

transmitted by the relay (source) is considered as an additional noise term at the
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relay (destination) in the decoding stage as commonly treated in the related literature

[28,38].

4.1.3 Achievable Rates

From the adopted signal model in (4.1) and (4.2), each transmit signal, i.e., from

the source and the relay transmitter, is considered as a desired signal at one receiver

while treated as interference at the other. Hence, the rate expressions for the first

and second hops have the same form of those of a two-user interference channel. As a

result of using IGS, the achievable rate supported by the S− R link can be expressed

as [9]:

Rsr(Pr, Cx) = log2

(
1 +

Psgsr

Prgrr + 1

)
+

1

2
log2

(
1− C2

yr

1− C2
Ir

)
, (4.3)

where Cyr and CIr are the circularity coefficients of the received and interference-plus-

noise signals at the relay, respectively, which are given by

Cyr =
PrgrrCx

Psgsr + Prgrr + 1
, CIr =

PrgrCx
Prgrr + 1

. (4.4)

Hence, (4.3) can be simplified as

Rsr(Pr, Cx)=
1

2
log2

(
(Psgsr + Prgrr + 1)2−(PrgrrCx)2

(Prgrr + 1)2−(PrgrrCx)2

)
. (4.5)

Similarly, the achievable rate supported by the R−D link is given by

Rrd(Pr, Cx)=
1

2
log2

(
(Prgrd+Psgsd + 1)2−(PrgrdCx)2

(Psgsd + 1)2

)
. (4.6)

One can observe that if Cx = 0, we obtain the well known expressions of the achievable

rates of PGS.
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4.2 Outage Performance Analysis

In this section, we analyze the outage performance of the canonical cooperative set-

ting depicted in Fig. 4.1 when IGS is allowed at the relay. The end-to-end outage

probability is given by

Pout = 1− Psr Prd, (4.7)

where Psr and Prd denote the outage probability in the S− R and the R−D links,

respectively, while P ij = 1 − Pij. In what follows, we derive the outage probability

expressions in the individual links, i.e., Psr and Prd.

4.2.1 Outage Probability of S− R Link

Let R denote the target rate of the S− R link, then its outage probability is defined

as

Psr (Pr, Cx) = P {Rsr (Pr, Cx) < R} , (4.8)

where P {A} denotes the probability of occurence of the event A. To this end, the S

- R link outage probability can be obtained from Lemma 4.1.

Lemma 4.1. In an FDR cooperative system with IGS employed at the relay, the

outage probability of the S− R link with a target rate R is given by

Psr (Pr, Cx) = 1− 1

πrr

∞∫
0

e
−
(

x
πrr

+
(Prx+1)
Psπsr

Ψ( PrxCx
Prx+1)

)
dx, (4.9)

where

Ψ (x) =
√

1 + γ (1− x2)− 1, (4.10)

and γ = 22R − 1.
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Proof. By substituting (4.5) in (4.8), we get

Psr (Pr, Cx) =P
{
P 2

s g
2
sr + 2Psgsr (Prgrr + 1)−

γ
(
(Prgrr + 1)2 − P 2

r g
2
rrC2

x

)
< 0
}
, (4.11)

Hence, Psr, conditioned on grr, can be calculated as

Psr (Pr, Cx |grr ) =
1

πsr

g◦sr∫
0

e−
x
πsr dx = 1− e−

g◦sr
πsr , (4.12)

where g◦sr is the non-negative zero obtained by solving the inequality in (4.11) with

respect to gsr which can be written as

g◦sr =
(Prgrr + 1)

Ps

Ψ

(
PrgrrCx
Prgrr + 1

)
, (4.13)

Therefore, by averaging over the statistics of grr in (4.12), we obtain

Psr (Pr, Cx) = 1− Egrr

{
e−

(Prgrr+1)
Psπsr

Ψ( PrgrrCx
Prgrr+1)

}
, (4.14)

which directly yields (4.9).

Unfortunately, there is no closed-form expression for the integral in Lemma 4.1

except at Cx = 0, which gives the known PGS outage probability given in [28] as

Psr (Pr, 0) = 1− Psπsre
− η
Psπsr

Psπsr + Prπrrη
, (4.15)

where η = 2R − 1. Otherwise, we resort to obtain an upper bound on the outage

probability of the S− R link as follows.

Proposition 4.1. The exponential term inside the expectation operator in (4.14) is

a convex function in grr.
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Proof. The proof is similar to the proof in Subsection 3.3.2.

Therefore, the upper bound on the S− R link outage probability is given by the

following lemma.

Lemma 4.2. When the FDR is allowed to adopt IGS, the S− R link outage probabil-

ity in terms of the relay’s transmit power and circularity coefficient is upper-bounded

by

PUB
sr (Pr, Cx) = 1− e−

Prπrr+1
Psπsr

Ψ(PrπrrCxPrπrr+1 ). (4.16)

Proof. First, we follow Proposition 1, then by applying Jensen’s inequality to the

expectation in (4.14), we obtain the given outage probability upper bound.

4.2.2 Outage Probability of R−D Link

The outage probability of the R−D link at a target rate R b/sec/Hz is defined as

Prd (Pr, Cx) = P {Rrd (Pr, Cx) < R} . (4.17)

Then, the outage probability of the R−D link can be obtained from the following

result.

Lemma 4.3. In an FDR cooperative system with IGS employed at the relay, the

outage probability of the R−D link with a target rate of R b/s/Hz is expressed as a

function of the relay’s transmit power and circularity coefficient as

Prd (Pr, Cx) = 1− e
− Ψ(Cx)

Prπrd(1−C2x)

Psπsd
Ψ(Cx)

Prπrd(1−C2
x)

+ 1
. (4.18)

Proof. Similar to the first hop, after substituting (4.6) in (4.17), we obtain the fol-
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lowing inequality

Prd (Pr, Cx) =P
{
P 2

r g
2
rd

(
1− C2

x

)
+ 2Prgrd (Psgsd + 1)−

γ(Psgsd + 1)2 < 0
}
. (4.19)

Calculating the non-negative zero of the above inequality, we obtain

g◦rd =
(Psgsd + 1)

Pr

Ψ (Cx)
(1− C2

x)
. (4.20)

We can express Prd, conditioned on gsd, as

Prd (Pr, Cx |gsd ) = 1− e−
g◦rd
πrd . (4.21)

By averaging over the exponentially distributed gsd, we directly obtain (4.18).

From Lemma 4.3, it can be noticed that, for the PGS case, i.e., Cx = 0, Eq. (4.18)

yields the known expression for PGS in [28] as

Prd (Pr, 0) = 1− Prπrde
− η
Prπrd

Prπrd + Psπsdη
. (4.22)

Also, for the maximally improper case, i.e., Cx = 1, it yields

Prd (Pr, 1) = lim
Cx→1
Prd (Pr, Cx) = 1− e

− γ
2Prπrd

γPsπsd

2Prπrd
+ 1

. (4.23)

4.2.3 End-to-End Outage Performance

For the PGS case, from (4.15) and (4.22), we have the exact expression for the end-

to-end outage probability [28] as

Pout (Pr, 0) = 1− PsPrπsrπrde
−η
(

1
Psπsr

+ 1
Prπrd

)
(Psπsr + Prπrrη) (Prπrd + Psπsdη)

. (4.24)
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On the other hand, when IGS is used by the relay, the end-to-end upper bound of

the outage probability can be obtained from Theorem 4.1.

Theorem 4.1. In an FDR cooperative system to be used for coverage extension with

IGS adopted at the relay while considering the direct link as interference at the desti-

nation, the end-to-end outage probability as a function of the relay’s transmit power

and circularity coefficient can be upper bounded by

PUB
out (Pr, Cx)=1− e

−
(

Ψ(Cx)

Prπrd(1−C2x)
+Prπrr+1

Psπsr
Ψ( PrπrrCx

Prπrr+1)
)

Psπsd
Ψ(Cx)

Prπrd(1−C2
x)

+ 1
. (4.25)

Proof. Based on the derived upper bound and exact expressions of the outage prob-

ability for S− R and R−D links from Lemma 4.2 and Lemma 4.3, respectively, and

by direct substitution in (4.7), we obtain the result.

Asymptiotic Analysis: For maximally IGS, we obtain the upper bound of the

end-to-end outage probability from the following corollary.

Corollary 4.1. When the relay node in an FDR cooperative system uses maximally

IGS, the end-to-end outage probability can be upper-bounded by

lim
Cx→1
PUB

out = 1− 2Prπrde
−
(

γ
2Prπrd

+
(Prπrr+1)

πsr
Ψs( Prπrr

Prπrr+1)
)

2Prπrd + γPsπsd

. (4.26)

In order to evaluate the end-to-end outage probability upper bound performance

with respect to RSI when using maximally IGS at the relay transmitter, we state the

following theorem.

Theorem 4.2. In the limiting case where πrr →∞ with a fixed relay transmit power

Pr, the exact end-to-end outage probability for the PGS case Pout (Pr, 0) → 1, while

the upper bound for the end-to-end outage probability for the maximally IGS case

PUB
out (Pr, 1)→ K, where



74

K = 1− 2Prπrde
−
(

γ
Prπrd

+ γ
Psπsr

)
2Prπrd + γPsπsd

. (4.27)

Proof. The theorem is obtained from (4.24) and Corollary 4.1 by taking the limit at

πrr →∞.

Interestingly, different from the PGS case, the maximally IGS introduces immunity

against high RSI and achieves less outage probability with a constant upper bound

(4.27), which depends on the quality of both S− R and R−D links, in addition to

the target rate.

4.2.4 Improper Signaling Optimization

In this part, we optimize the parameters of the IGS transmit signal in order to min-

imize the end-to-end outage probability given some boundaries for the optimization

variables. We consider two scenarios. First, assuming a fixed relay’s transmit power,

we optimize the circularity coefficient. Second, we optimize the joint power and cir-

cularity coefficient.

Circularity Coefficient Optimization

In order to investigate the merits of IGS over conventional PGS in FDR channels, we

aim at finding the optimal circularity coefficient value that minimizes the end-to-end

outage probability. Specifically, we aim at solving the following optimization problem:

min
Cx

PUB
out (Pr, Cx) (4.28)

s.t. 0 ≤ Cx ≤ 1.

In order to solve the optimization problem, we analyze the convexity properties of the

objective function PUB
out (Pr, Cx). In general, the function is found to be non-convex



75

due to the indefinite sign of the second derivative. However, other desirable properties

that allow us to find the global optimal point are presented in the following theorem.

Theorem 4.3. When IGS is employed at the relay, the upper bound of the end-to-end

outage probability is either a monotonic or a unimodal function in Cx over the interior

of the region of interest, 0 ≤ Cx ≤ 1.

Proof. The proof is provided in Appendix G.

Since monotonicity and unimodality are special cases of quasi-convexity, such

a result allows for the use of quasi-convex optimization algorithms. For instance,

the optimal Cx can be numerically obtained using the well-known bisection method

operating on its derivative given in appendix B.

Joint Power and Circularity Coefficient Optimization

The power optimization problem in PGS is formulated as

min
Pr

Pout (Pr, 0) (4.29)

s.t. 0 < Pr ≤ Pmax.

Also, for the IGS case, the joint problem is given as follows:

min
Pr,Cx

PUB
out (Pr, Cx) (4.30)

s.t. 0 < Pr ≤ Pmax,

0 ≤ Cx ≤ 1.

It can be readily verified that the PGS end-to-end outage prabability function is a

non-convex function in the relay power. However, it can be shown that the interior of

the function is unimodal in the relay power following similar footsteps of the proof in

Theorem 4.3. Hence, the bisection method can be used to locate the global optimum.
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The second problem is a minimization of non-convex objective function with sim-

ple box constraints. Thus, one may try to solve it numerically by, for example, the

gradient projected method or the projected Newton’s method without any guarantee

to converge to an optimal solution [40]. For performance analysis purposes, we find

the optimal solution via a grid search. Moreover, in Theorem 4.3, we proved that the

objective function is either a monotonic or unimodal in the relay’s circularity coef-

ficient over the interior of the constraint set. Although it could not be analytically

shown, the objective function in (4.30) with a fixed circularity coefficient is observed

to exhibit similar properties in the relay power which, if true, makes it possible to be

solved by the bisection method to obtain optimal relay power for a given circularity

coefficient. This observation motivates us to use a coordinate descent method based

on a two-dimensional bisection algorithm as in [41]. Fortunately, as it will be no-

ticed in the numerical results section, it always converges numerically to the optimal

solution obtained by exhaustive grid search.

4.3 Numerical Results

We numerically evaluate the benefits that can be reaped by employing IGS FDR.

Throughout the following, we compare the performance of IGS to that of PGS as a

benchmark. For PGS, we show the unoptimized performance with maximum power

allocation (MPA), alongside that with optimized relay power using the bisection al-

gorithm (BA) in addition to a fine grid search (GS) for verification purposes. On the

other hand, the IGS outage performance is shown via two expressions, namely, a) the

derived upper bound (UB) in (4.25) and, b) the exact end-to-end expression involving

the numerical computation of the integral in (4.14). The IGS optimization involves

two variables; Pr and Cx. Hence, we consider two cases for IGS in the presented fig-

ures, namely, i) one-dimensional (1D) optimization over Cx while adopting maximum
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Figure 4.2: Outage probability performance vs. πrr for different πsr values.

power allocation for Pr, and ii) joint Pr/Cx two-dimensional (2D) optimization. The

optimization is done for the two aforementioned cases using both BA and GS, with

the prefixes 1D and 2D to distinguish between them. We use the following parameters

unless otherwise stated: πsr = πrd = 20 dB, πrr = 10 dB and πsd = 3 dB. The source

and relay maximum power budget Pmax = 1 W and the target rate is R = 1 b/s/Hz.

The source is assumed to use its maximum power budget.

Effect of RSI for different S− R link gains: In Fig. 4.2, we plot the end-to-end

outage probability versus πrr at different πsr values. As shown, one can observe that

at lower values of the RSI, the IGS solution reduces to PGS since the RSI is low and

the relay can use more power without deteriorating the S− R link quality-of-service.

As πrr increases, the outage performance of the PGS is significantly deteriorated. On

the other hand, the IGS design saturates at a fixed level as it can be seen from (4.27).

However, this constant value of the outage probability depends on the target rate and

the S− R and R−D link conditions which can be clearly noticed from the outage

performance at the two values of πsr. Similar outage performance is observed for

different πrd.

Effect of Allowable Relay Power Budget: In Fig. 4, we study the outage perfor-
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mance versus the available power budget at the relay. For FDR with PGS, and specif-

ically when the relay transmits with its maximum power, the outage performance is

known to be enhanced by increasing the allowable power only till a breakeven point

as shown. This point is where the increasing adverse effect of RSI on the first hop

due to higher relay power starts to exceed any performance returns due to the higher

reliability of the second hop. After such a point, any increase in the relay power

causes a steady increase in the end-to-end the outage probability. If relay power op-

timization is allowed in PGS, the performance can at best be kept constant after this

breakeven point by clipping the transmit power level, rendering any further increase

in the power budget unutilized. On the other hand, the performance trend is different

when IGS is adopted at the relay node. Indeed, by optimizing the relay’s circularity

coefficient, the outage probability continues its decreasing trend. It is also observed

that, unlike in PGS, the relay tends to use its maximum power in IGS when joint

power/circularity optimization is considered. For high power budgets, the optimal

circularity coefficient value approaches unity, denoting a maximally improper signal

that tends to allocate most of its power in only one dimension of the complex signal

space. This renders the worst case scenario to have the remaining orthogonal signal

space dimension as self-interference-free. The decreasing trend of the outage proba-

bility in IGS, however, still shows diminishing returns due to the outage performance

bottleneck in the first hop, which is primarily influenced by the first hop gain, πsr.

Effect of average S− R link gain: In Fig. 4.4, we plot the outage probability

versus πsr for different source target rates. First, communication fails at low πsr

values due to the first hop bottleneck, causing the outage probability of both PGS

and IGS to start close to unity. As πsr increases, using IGS enables the relay to

utilize more power relative to PGS to boost the performance. At the end, when πsr

reaches a significantly higher value than the RSI, the first hop no longer operates

in the interference-limited regime, and hence, the IGS merits become less significant
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Figure 4.3: Outage probability performance vs. relay power budget.
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relative to PGS. Finally, as shown, the merits of IGS over PGS are more clear as the

target rate decreases. In this case, the rate requirements in the first hop become less

stringent, allowing IGS to utilize higher transmit power relative to PGS and yielding

a better performance.

Effect of Relay Location: We study the relative relay location impact on the end-

to-end outage performance for πrr ∈ {0, 15} dB and R = 0.5 b/s/Hz. The relay

location in Fig. 4.5 is defined as the normalized distance of S− R link with respect

to the distance of S−D link. When the relay location is closer to the source, the
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Figure 4.5: Outage probability performance vs. normalized relay location.

S− R link gain is very strong relative to the RSI. In such a relatively self-interference-

free scenario, the IGS solution reduces as expected to the PGS solution. As the relay

moves towards the destination, the relative adverse effect of RSI increases, causing the

first hop to operate in the interference-limited regime. In such a regime, the benefits

of IGS start to show up in mitigating the adverse effect of the RSI by tuning the signal

impropriety. This gives the performance improvement in the second hop, due to the

higher R−D link gain, a better opportunity to enhance the end-to-end performance.

When the relay is too close to the destination, the RSI effect significantly decreases

due to the very low relay power required for successful communication, yielding similar

IGS/PGS performance. It is clear that the benefits of IGS are noticeable only when

the RSI link effect is non-negligible. When πrr = 0 dB, i.e., at the noise level, IGS

yields the PGS solution.
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Chapter 5

Improper Gaussian Signaling in

Alternate Relaying Systems

In this chapter, we employ the IGS combined with DF in the AR system to relieve the

interference impact on the achievable rate performance. Specifically, we investigate

mitigating the IRI by adopting IGS at both relays while using PGS at the source. To

this end, we tune the degree of impropriety, measured by the circularity coefficient,

in order to maximize the total end-to-end achievable rate of the AR system. Then,

we show that the benefits of adopting IGS can be reaped when the first hop is the

bottleneck of the system performance, which can result from weak source-relay chan-

nel gains and/or strong IRI. To the best of the authors’ knowledge, this is the first

work to employ IGS in AR systems.

5.1 System Model

Consider a two-hop relay network consisting of one source node; S, two half duplex

relay nodes; R1 and R2, and one destination node; D, as shown in Fig. 5.1. The

relays transmit and receive in turn, i.e., in one time slot one relay receives and the

other relay transmits, then, in the next time slot, the situation is reversed. Let hi and

gi, i ∈ {1, 2}, denote the channel of the S − Ri and Ri −D links, respectively. The
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Figure 5.1: A two-relay network based on the AR scheme. The blue solid lines
represent the signal links and the red dashed lines represent the IRI links.

inter-relay channel is reciprocal and is represented by f . We assume there is no direct

link between S and D and we use DF strategy for the relay operation. For simplicity

and tractability, we consider a basic yet illustrative scenario by assuming the use of

IGS at Ri with the same Cx for each relay while assuming PGS at S. Furthermore,

we assume that no CSI is available at S, and both S and Ri transmit with fixed equal

power p.

During time slot k, the received signal at Ri where i = 2 − mod (k, 2) is given

by1

yi[k] =
√
phi[k]s[k] +

√
pf [k]xj[k] + ni[k], (5.1)

where s[k] is the transmitted proper signal by S in time slot k and ni[k] is the additive

white Gaussian noise (AWGN) at Ri. xj[k] is the transmitted improper signal by Rj,

with circularity coefficient Cx. The received signal at D in time slot k is given by

r[k] =
√
pgi[k]xi[k] + n[k]. (5.2)

where n[k] is the AWGN at D. All channels are assumed to be quasi-static block flat

fading channels, and hence we drop the time index k for notational convenience. The

additive noise at the receivers is modeled as a white, zero-mean, circularly symmetric,

complex Gaussian with variance σ2
n.

1For the rest of the chapter, we assume j ∈ {1, 2}, j 6= i.
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5.2 Improper Gaussian Signaling Design for Alter-

nate Relaying

In this section, we investigate and analyze the AR system using IGS at Ri and PGS

at S. First, we derive the total achievable rate of the AR system, then, we optimize

the circularity coefficient in order to enhance the rate.

5.2.1 Achievable Rates of AR System with IGS

The AR system mimics a full duplex system by transferring the data through two

Z-interference channels, where two transmitters (S and Ri) are broadcasting messages

each intended for one of the two receivers (Rj and D) as shown in Fig. 5.1. Hence, as

a result of using IGS at Ri and PGS at S while treating the interference as Gaussian

noise, the achievable rate of the first hop of the ith path (S − Ri) can be expressed

after some simplification steps as [9]

Ri,1 (Cx)=
1

2
log2

(
1+

(
p|hi|2 + 2(p|f |2 + σ2

n)
)
p|hi|2

(1− C2
x) p

2|f |4 + 2p|f |2σ2
n + σ4

n

)
. (5.3)

Similarly, the achievable rate of the second hop of the ith path (Ri − D) can be

obtained as

Ri,2 (Cx) =
1

2
log2

(
1 +

2p|gi|2

σ2
n

+
p2|gi|4 (1− C2

x)

σ4
n

)
. (5.4)

Accordingly, the total achievable rate of the AR system, for sufficiently large number

of time slots, can be expressed as

RT (Cx) =
1

2

2∑
i=1

min
{
Ri,1 (Cx) ,Ri,2 (Cx)

}
. (5.5)

One can notice that if Cx = 0 in (5.5), we obtain the conventional expression for the

total achievable rate of PGS.
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Proposition 5.1. Ri,1 (Cx) and Ri,2 (Cx) are strictly increasing and decreasing in Cx

on the interval 0 < Cx < 1, respectively.

Proof. The proof can be readily verified.

From Proposition 1, if we increase Cx, the rate of the first hop improves, and the

rate of the second hop deteriorates, which creates a trade-off that can be optimized

to maximize the AR total rate. As a result, the IGS can improve the AR rate if the

first hop is the performance bottleneck, which occurs due to weak S−Ri gains and/or

strong IRI.

5.2.2 Circularity Coefficient Optimization

Here, we aim at optimizing the circularity coefficient Cx in order to maximize the

instantaneous total achievable rate of the AR system. For this purpose, we formulate

the following optimization problem

P1 : max
Cx

RT (Cx)

s.t. 0 ≤ Cx ≤ 1. (5.6)

This optimization problem is a non-convex optimization problem which makes it, in

general, hard to solve optimally. However, by exploiting the properties of RT (Cx),

we show that the solution of the P1 lies either on the boundaries, i.e., (0 or 1), or at

the intersection of Ri,1 (Cx) and Ri,2 (Cx), or at the stationary point of the function

Fi,j (Cx) = Ri,1 (Cx) + Rj,2 (Cx), over the interval 0 < Cx < 1. Next, the intersection

and stationary points, if exist, are computed from the following propositions.

Proposition 5.2. There exists at most one intersection point ofRi,1 (Cx) andRi,2 (Cx)
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on the interval 0 < Cx < 1. Moreover, this intersection point, if exists, is given by

Ci =
√

1− µi, (5.7)

where

µi =
σ4
n

2p2|gi|2|f |4
×

(√
Λ2
i + 4

|f |4

σ4
n

(
Ωi − 2p|gi|2

(
2p|f |2 + σ2

n

))
− Λi

)
, (5.8)

where Λi = 2p |f |
2

σ2
n

(
|gi|2 + |f |2

)
+ |gi|2 and Ωi = p2|hi|4 + 2p|hi|2

(
p|f |2 + σ2

n

)
.

Proof. The existence of at most one intersection point follows directly from Proposi-

tion 1. Moreover, we equate the functions Ri,1 (Cx) and Ri,2 (Cx) to form a quadratic

equation in terms of Cx which can be solved to obtain Ci.

Proposition 5.3. There exists at most one stationary point for Fi,j (Cx) on the in-

terval 0 < Cx < 1. Moreover, this stationary point, if exists, is given by

Csti
=
√

1− µsti , (5.9)

where

µsti =− p2|f |4Ψ
(
|f |2
)

+√
p2|f |8Ψ2

(
|f |2
)

(p2 − 1) +
Ωi|f |4Ψ

(
|gj|2

)
|gj|4

− ΩiΨ
(
|f |2
)
, (5.10)

and Ψ(z) =
σ2
n(2pz+σ2

n)
p2|f |8 .

Proof. We equate the derivative of Fi,j with respect to Cx to zero to form a quadratic

equation in Cx which can be easily verified, by solving the equation, that it has only

one positive root Csti .

For notational convenience, we give the following definition.
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Definition 5.1. Let π denote the permutation of {1, 2} that sorts the intersection

points Ci, if exist, in an increasing order such that Cπ1 ≤ Cπ2. Also, let ki(x) =

arg min
a∈{1,2}

Ri,a (x).

After calculating the intersection points from Proposition 2, the solution of P1

can be computed from the following theorem.

Theorem 5.1. In an AR system, where the two relays use IGS, the optimal impropri-

ety degree, measured by the circularity coefficient, that maximizes the total achievable

rate can be obtained as follows:

Case 1: no intersection points

C∗x =



0, if k1 (C) = k2 (C) = 2, 0 < C < 1

1, if k1 (C) = k2 (C) = 1, 0 < C < 1

arg max
Cx∈{0,Csti

,1}
Fi,j (Cx), if k1 (C) = i, k2 (C) = j, 0 < C < 1

. (5.11)

Case 2: one intersection point, Ci

C∗x =


arg max
Cx∈{Ci,Cstj ,1}

Fj,i (Cx), if kj (C) = 1, 0 < C < 1

arg max
Cx∈{0,Csti ,Ci}

Fi,j (Cx), if kj (C) = 2, 0 < C < 1

. (5.12)

Case 3: two intersection points, (Cπ1 , Cπ2)

C∗x = arg max
Cx∈{Cπ1 ,Cstπ2

,Cπ2}
Fπ2,π1 (Cx) . (5.13)

Proof. For the first case, we have three different orientations for the minimum pair of

rate functions for the two paths. The minimum pair is the two decreasing functions

Ri,2 (Cx) ,∀i and hence, their sum will also be decreasing and the optimal solution is

C∗x = 0. Similar argument applies if the minimum pair is the two increasing functions
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yielding C∗x = 1. If the minimum pair is of opposite monotonicity, we need to compute

the stationary point of their sum because if there is a maximum on 0 < Cx < 1, it

must occur at the stationary point calculated from Proposition 3.

In the second case, the intersection point, Ci, of the two hops rates of the ith

path, divides the Cx range into two intervals. In the first interval 0 < Cx ≤ Ci, the

minimum rate of the ith path is Ri,1 (Cx), and in the second interval Ci < Cx ≤ 1, the

minimum rate of the ith path is Ri,2 (Cx). For the jth path, we have two different

orientations on 0 < Cx < 1, either the minimum is the first or the second hop and

hence, by similar argument to Case 1, the result follows directly.

Finally, in the third case, we can write the total achievable rate as

RT (Cx) =
1

2
×



2∑
i=1

Ri,1 (Cx) , if 0 < Cx ≤ Cπ1

Rπ2,1 (Cx) +Rπ1,2 (Cx) , if Cπ1 < Cx ≤ Cπ2

2∑
i=1

Ri,2 (Cx) , if Cπ2 < Cx < 1

. (5.14)

By applying similar arguments as in the previous cases, the result follows directly

and this concludes the proof.

5.2.3 IGS-based schemes

In this work, we incorporate IGS to be implemented with different interference mit-

igation techniques proposing two schemes named as, IGS-SUD and IGS-[SD,SUD].

For IGS-SUD scheme, we treat the IRI as noise and design the circularity coefficient

using Theorem 1. Different from the PGS-based scheme in [24] that switches between

the SD and SUD techniques when the IRI is stronger than the desired signal, IGS-

[SD-SUD] scheme chooses the technique that achieves higher end-to-end rate. In our

combined scheme, SD technique uses PGS at both relays as it is the optimal in this

scenario.
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5.3 Numerical Results

In this section, we numerically evaluate the average rate performance of the AR

system using IGS. Throughout the simulation results, we compare our IGS-based

schemes with the following benchmark techniques, PGS-SUD, PGS-[SUD, SD] re-

ported in [24] but without the direct link, and the cut-set upper bound in [25], which

can be achieved by using DPC. As for the simulation parameters, unless otherwise

specified, we assume p = 1, σ2
n = 1 and statistically symmetric links with zero mean

complex Gaussian distribution channels and variances of σ2
h1

= σ2
h2

= σ2
h = 10 dB,

σ2
g1

= σ2
g2

= σ2
g = 15 dB and σ2

f = 15 dB. The nodes are assumed to be located in

a two-dimensional plane where L and LSR denote the distances of S −D and S − R

links. Both relays are located symmetrically on a vertical line between S and D. We

assume a shadowing of 5 dB and path loss exponent of 2. The results are averaged

over 105 independent channel realizations.

Firstly, we study the average rate performance of PGS and IGS with different

schemes versus the average IRI link gain σ2
f as shown in Fig 5.2. Furthermore, we

plot in the same figure the average optimal circularity coefficient. We observe that

all methods coincide with the upper bound at very weak IRI as it can be neglected.

In addition, only the schemes with IRI detection capability coincide with the upper

bound at very strong IRI as it can be decoded perfectly. For PGS with SUD, the

performance deteriorates significantly with increasing IRI, while PGS with combined

SUD and SD improves at high IRI due to the expected decoding gain. On the other

hand, IGS with SUD tolerates more IRI by increasing the signal impropriety and out-

performs PGS-[SUD, SD] till certain IRI. Moreover, IGS-[SUD, SD] scheme achieves

a significant performance improvement than its PGS counterpart. Furthermore, the

switching point between treating interference as noise and decoding it shifts to the

right as IGS provides higher rates than PGS. Hence, this significant advantage of IGS

enables the use of the the simple strategy of treating interference as noise for a wider



89

SNR of R1-R2 link (dB)
-10 -5 0 5 10 15 20 25 30

A
v
er
a
g
e
R
at
e
(b
it
s/
se
c/
H
z)

0

2

4

6

A
v
er
a
g
e
C
ir
cu

la
ri
ty

C
o
effi

ci
en
t

0.8

1

PGS-SUD
IGS-SUD
PGS-[SUD, SD]
IGS-[SUD, SD]
Upper Bound
Average C∗

x

Figure 5.2: The average achievable rates (blue curves) for PGS and IGS for different
schemes versus the average IRI link gain σ2

f along with the average optimal circularity
coefficient (red curve).

range of IRI values, while improving the rate gain.

Secondly, Fig. 5.3 shows both the average rate performance and average circularity

coefficients versus the distance ratio LSR/L. When Ri is close to S, the optimal

signaling reduces to PGS and the Ri −D link becomes the performance bottleneck.

As Ri moves away from the S, the first hop quality deteriorates and the IGS boosts

Cx to relieve the IRI impact. The IGS gain increases with higher values of Cx until

maximally improper is reached, then the gain decreases. The performance of all

schemes deteriorates as the relays get closer to D because of the continuous decrease

of σ2
h.
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Figure 5.3: The average achievable rates (blue curves) for PGS and IGS different
schemes versus the distance ratio LSR/L along with the average optimal circularity
coefficient (red curve).
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Chapter 6

Concluding Remarks and Future

Work

In this chapter, we give some concluding points about the work done in this thesis

along with some future research lines.

6.1 Conclusion

In this thesis, we aim at mitigating the interference in several communications sys-

tems, which is considered to be the limiting factor in wireless communications, through

the use of Improper Gaussian Signaling (IGS). In the first part, we consider the chal-

lenging underlay spectrum sharing scenario when the primary users (PU) uses in-band

full-duplex (FD) paradigm. We employ IGS to enhance the opportunities of sharing

the resources of the proposed system. The secondary user (SU) signal parameters

are optimized to maximize the SU achievable rate or minimize its outage probability

subject to a PU quality-of-service (QoS) constraint and a maximum SU power bud-

get under instantaneous, average and partial channel state information (CSI). For

the instantaneous CSI case, we develop a simple algorithm that optimally computes

the SU power and circularity coefficient. The numerical results show that the SU

can achieve a significant performance gain through adopting IGS. The main advan-
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tages of the proposed scheme are for week PU direct channels and/or for strong SU

interference channels to PU. For the average and partial CSI cases, we use the out-

age probability as a performance metric, then derive a closed form for the SU and a

tight upper bound for the PU. Based on the average CSI, we optimize the SU sig-

nal parameters, i.e., transmit power and circularity coefficient, to minimize the SU

outage probability while maintaining a predetermined QoS requirements for the PU.

As a result, we derive a low complexity algorithm that tunes the signal parameters

to accomplish the design objectives. Moreover, we show that IGS is beneficial if the

maximum allowable interference-to-noise ratio (INR) at the PUs exceeds a predefined

threshold and the SU works under a maximum allowable target rate. Then, we study

the benefits of perfect knowledge of the instantaneous SU direct link and average

values for the other links. Specifically, the SU can save more power and improve its

average energy efficiency (EE), and the PUs can achieve more protection in terms of

its outage probability performance. The later merit may be used by other cognitive

users in the same system to access the spectrum without deteriorating the PUs QoS.

The main advantage of the proposed scheme is for strong SU interference channels to

PU, where proper signaling scheme tends to use less power, while SU with IGS uses

more power and compensates its interference impact through the increase of signal

impropriety.

In the second part, we study the potential merits of employing IGS in full-duplex

(FD) relay channels with non-negligible residual self-interference (RSI). To analyze

the benefits of IGS, we derive an upper bound for the end-to-end outage probabil-

ity. Interestingly, it is shown that IGS offers good immunity against RSI relative

to conventional proper Gaussian signaling (PGS). Moreover, we show that, at large

RSI values, IGS attains a fixed value that depends on the channel statistics and the

target rate. In order to minimize the end-to-end outage probability, we numerically

optimize the relay transmit power and circularity coefficient based only on the re-
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lay knowledge of the channel statistics. The work findings show that IGS yields a

promising performance over PGS. Specifically, for strong RSI, IGS tends to leverage

higher power budgets to enhance the performance, while alleviating the RSI impact

by tuning the relay’s circularity coefficient.

The third part proposes the use of the general IGS technique at the relays in alter-

nate relaying (AR) systems in order to mitigate the inter-relay interference (IRI). The

circularity coefficient is optimally tuned to balance the trade-off between enhancing

the first hop rate and deteriorating the second hop rate in order to maximize the total

instantaneous achievable rate. The IGS benefits are reaped when the first hop is the

bottleneck due to weak source-relay link gains or strong IRI. Moreover, these benefits

do not appear only with single-user detection (SUD) scheme but also with combined

successive decoding (SD) and SUD schemes.

6.2 Future Work

As future research lines, we can plug the FD relaying system into a spectrum sharing

scenario to assist either the PU or the SU. Moreover, we can consider the same

problem in the second part but with IGS at both the source and relay. Also, we

can employ IGS in multiple-input multiple-output (MIMO) FD relay channels with

non-negligible RSI. Furthermore, the same problem in [22] can be revisited while

considering non-negligible RSI1. Finally, for the AR part, we can use IGS at the

source and both relays in addition to considering different circularity coefficient for

each node.

1We conjecture that the main result of [22] of PGS optimality may be settled in the negative.



94

REFERENCES

[1] J. Mitola III and G. Q. Maguire Jr, “Cognitive radio: making software radios

more personal,” IEEE Personal Commun. Mag., vol. 6, no. 4, pp. 13–18, Aug.

1999.

[2] Q. Zhao and B. M. Sadler, “A survey of dynamic spectrum access,” IEEE Signal

Process. Mag., vol. 24, no. 3, pp. 79–89, May 2007.

[3] D. Kim, H. Lee, and D. Hong, “A survey of in-band full-duplex transmission:

From the perspective of PHY and MAC layers,” IEEE Commun. Surveys Tuts.,

vol. 17, no. 4, pp. 2017–2046, 2015.

[4] A. Sabharwal, P. Schniter, D. Guo, D. W. Bliss, S. Rangarajan, and R. Wichman,

“In-band full-duplex wireless: Challenges and opportunities,” IEEE J. Sel. Areas

Commun., vol. 32, no. 9, pp. 1637–1652, Sep. 2014.

[5] V. R. Cadambe and S. A. Jafar, “Interference alignment and spatial degrees of

freedom for the k user interference channel,” in Communications, 2008. ICC ’08.

IEEE International Conference on, Beijing, China, May 2008, pp. 971–975.

[6] E. Kurniawan and S. Sun, “Improper gaussian signaling scheme for the Z-

interference channel,” IEEE Trans. Wireless Commun., vol. 14, no. 7, pp. 3912–

3923, Jul. 2010.

[7] V. R. Cadambe, S. A. Jafar, and C. Wang, “Interference alignment with asym-

metric complex signaling: settling the høst-madsen-nosratinia conjecture,” IEEE

Trans. Inf. Theory, vol. 56, no. 9, pp. 4552–4565, Sep. 2010.

[8] Z. Ho and E. Jorswieck, “Improper Gaussian signaling on the two-user SISO

interference channel,” IEEE Trans. Wireless Commun., vol. 11, no. 9, pp. 3194–

3203, Sep. 2012.



95

[9] Y. Zeng, C. M. Yetis, E. Gunawan, Y. L. Guan, and R. Zhang, “Transmit op-

timization with improper Gaussian signaling for interference channels,” IEEE

Trans. Signal Process., vol. 61, no. 11, pp. 2899–2913, Jun. 2013.

[10] Y. Zeng, R. Zhang, E. Gunawan, and Y. Guan, “Optimized transmission with

improper Gaussian signaling in the K-user MISO interference channel,” IEEE

Trans. Wireless Commun., vol. 12, no. 12, pp. 6303–6313, Dec. 2013.

[11] C. Lameiro, I. Santamaria, and P. Schreier, “Benefits of improper signaling for

underlay cognitive radio,” IEE Wireless Commun. Lett., vol. 4, no. 1, pp. 22–25,

Feb. 2015.

[12] ——, “Analysis of maximally improper signaling schemes for underlay cognitive

radio networks,” in Proc. IEEE Int. Conf. Communications (ICC), London, UK.,

2015, pp. 1398–1403.

[13] O. Amin, W. Abediseid, and M.-S. Alouini, “Outage performance of cognitive

radio systems with improper Gaussian signaling,” in Proc. IEEE International

Symposium on Information Theory (ISIT), Hong Kong, 2015, pp. 1851–1855.

[14] H. D. Nguyen, R. Zhang, and S. Sun, “On design of improper signaling for ser

minimization in k-user interference channel,” in Global Communications Confer-

ence (GLOBECOM), 2014 IEEE, Austin, TX USA, Dec 2014, pp. 1679–1684.

[15] F. D. Neeser and J. L. Massey, “Proper complex random processes with ap-

plications to information theory,” IEEE Trans. Inf. Theory, vol. 39, no. 4, pp.

1293–1302, Jul. 1993.

[16] T. Adali, P. J. Schreier, and L. L. Scharf, “Complex-valued signal processing:

The proper way to deal with impropriety,” IEEE Transactions on Signal Pro-

cessing, vol. 59, no. 11, pp. 5101–5125, Nov 2011.

[17] P. J. Schreier and L. L. Scharf, Statistical signal processing of complex-valued

data: the theory of improper and noncircular signals. Cambridge University

Press, 2010.



96

[18] M. Jain, J. Choi, T. Kim, D. Bharadia, S. Seth, K. Srinivasan, P. Levis, S. Katti,

and P. Sinha, “Practical, real-time, full duplex wireless,” in Proc. ACM Mobi-

Com’11, Las Vegas, NV, Sep. 2011.

[19] M. Duarte, C. Dick, and A. Sabharwal, “Experiment-driven characterization of

full-duplex wireless systems,” IEEE Trans. Wireless Commun., vol. 11, no. 12,

pp. 4296–4307, Dec. 2012.

[20] A. Sabharwal, P. Schniter, D. Guo, D. W. Bliss, S. Rangarajan, and R. Wichman,

“In-band full-duplex wireless: Challenges and opportunities,” IEEE J. Sel. Areas

Commun., vol. 32, no. 9, pp. 1637–1652, Sep. 2014.

[21] S. Hong, J. Brand, J. Choi, M. Jain, J. Mehlman, S. Katti, and P. Levis, “Ap-

plications of self-interference cancellation in 5G and beyond,” IEEE Commun.

Mag., vol. 52, no. 2, pp. 114–121, Feb. 2014.

[22] C. Hellings, L. Gerdes, L. Weiland, and W. Utschick, “On optimal gaussian

signaling in mimo relay channels with partial decode-and-forward,” IEEE Trans.

Signal Process., vol. 62, no. 12, pp. 3153–3164, Jun. 2014.

[23] B. Rankov and A. Wittneben, “Spectral efficient protocols for half-duplex fading

relay channels,” IEEE J. Select. Areas Commun., vol. 25, no. 2, pp. 379–389,

Feb. 2007.

[24] Y. Fan, C. Wang, J. Thompson, and H. V. Poor, “Recovering multiplexing loss

through successive relaying using repetition coding,” IEEE Trans. Wireless Com-

mun., vol. 6, no. 12, pp. 4484–4493, Dec. 2007.

[25] R. Zhang, “On achievable rates of two-path successive relaying,” IEEE Trans.

Commun., vol. 57, no. 10, pp. 2914–2917, Oct. 2009.

[26] T. Ding, X. Yuan, and F. Gao, “Lattice-based cooperative communications for

two-path relay channels with direct link,” in Proc. IEEE Int. Conf. Communi-

cations (ICC), 2015, pp. 2338–2343.

[27] H. Wicaksana, S. H. Ting, C. K. Ho, W. H. Chin, and Y. L. Guan, “AF two-

path half duplex relaying with inter-relay self interference cancellation: diversity



97

analysis and its improvement,” IEEE Trans. Wireless Commun., vol. 8, no. 9,

pp. 4720–4729, Sep. 2009.

[28] T. Kwon, S. Lim, S. Choi, and D. Hong, “Optimal duplex mode for DF relay in

terms of the outage probability,” IEEE Trans. Veh. Technol., vol. 59, no. 7, pp.

3628–3634, Sep. 2010.

[29] H. Kim, S. Lim, H. Wang, and D. Hong, “Optimal power allocation and outage

analysis for cognitive full duplex relay systems,” IEEE Trans. Wireless Com-

mun., vol. 11, no. 10, pp. 3754–3765, Oct. 2012.

[30] B. P. Day, A. R. Margetts, D. W. Bliss, and P. Schniter, “Full-duplex MIMO

relaying: Achievable rates under limited dynamic range,” IEEE J. Sel. Areas

Commun., vol. 30, no. 8, pp. 1541–1553, Sep. 2012.

[31] E. Biglieri, R. Calderbank, A. Constantinides, A. Goldsmith, A. Paulraj, and

H. V. Poor, MIMO wireless communications. Cambridge University Press, 2007.

[32] S. P. Boyd and L. Vandenberghe, Convex Optimization. Cambridge University

Press, 2004.

[33] I. Gradstein and I. Ryszik, Tables of integrals, sums, and products. Academic

Press New York, 1980.

[34] H. Holma and A. Toskala, WCDMA for umts: hspa evolution and lte. John

Wiley & Sons, 2010.

[35] S. M. Ross, Introduction to probability models. Academic press, 2010.

[36] C. Forbes, M. Evans, N. Hastings, and B. Peacock, Statistical distributions. John

Wiley & Sons, 2011.

[37] O. Amin, E. Bedeer, M. H. Ahmed, O. Dobre et al., “A novel energy efficient

scheme with a finite-rate feedback channel,” IEEE Wireless Commun. Lett.,

vol. 3, no. 5, pp. 497–500, Oct. 2014.



98

[38] T. Riihonen, S. Werner, and R. Wichman, “Hybrid full-duplex/half-duplex relay-

ing with transmit power adaptation,” IEEE Trans. Wireless Commun., vol. 10,

no. 9, pp. 3074–3085, Sep. 2011.

[39] M. Khafagy, A. Ismail, M.-S. Alouini, and S. Aissa, “On the outage perfor-

mance of full-duplex selective decode-and-forward relaying,” IEEE Commun.

Lett., vol. 17, no. 6, pp. 1180–1183, Jun. 2013.

[40] D. P. Bertsekas, Nonlinear Programming. Athena Scientific, 1999.

[41] M. Fadel, A. El-Keyi, and A. Sultan, “QOS-constrained multiuser peer-to-peer

amplify-and-forward relay beamforming,” IEEE Trans. Signal Process., vol. 60,

no. 3, pp. 1397–1408, Mar. 2012.

[42] V. V. Prasolov, Polynomials. Springer Science & Business Media, 2009.



99

APPENDICES

Appendix A

In this appendix, we prove that p
(i)
s (Cx) in is strictly increasing in (3.31) Cx over the

interval 0 < Cx < 1 by taking the first derivative as follows

dp
(i)
s (Cx)
dCx

=
Cxβj |Ψi (1, 2)|

Īsj(1− C2
x)

2√1 + Ωi

[
(Ωi + 2) + sgn {Ψi (1, 2)}

√
(Ωi + 2)2 − Ω2

i

]
,

(A.1)

where Ωi =
(1−C2

x)Ψi(2,2)

Ψ2
i (1,2)

> 0 and the sign function, sgn {x}, is defined as

sgn {x} =


−1 x < 0,

0 x = 0,

1 x > 0.

(A.2)

Hence, the first derivative is always positive and this concludes the proof.
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Appendix B

In this appendix, we derive the conditions in (3.37) over the interested interval 0 <

Cx < 1. From (3.46), we obtain

(
p(i)

s (Cx)
)2 ≤

(
β2
jΨi (2, 2) + 2p

(i)
s (Cx) βjIsjΨi (1, 2)

)
I2

sj
(1− C2

x)
. (B.1)

By substituting (B.1) in (3.6), we get

Rs (Cx) =
1

2
log2

(
2γsp

(i)
s (Cx)
∆

(
1 +

βjγsΨi (1, 2)

Isj∆

)
+
β2
jΨi (2, 2) γ2

s

I2
sj

∆2
+ 1

)
, (B.2)

where ∆ =
∑2

i=1 piIpi + 1 > 0. We show in Appendix A that p
(i)
s (Cx), is a strictly

increasing function in Cx over the interval 0 < Cx < 1. Moreover, p
(i)
s (Cx) represents

the only dependency on Cx in (B.2) and since the logarithmic function log2 (x) is

strictly increasing for x > 0, Rs (Cx) is strictly increasing in Cx when the slope of the

linear term inside the logarithm with respect to p
(i)
s (Cx) is positive, which results in

the following condition

1 +
βjγsΨi (1, 2)

Isj∆
> 0. (B.3)

This gives the conditions in (3.53) and concludes the proof.
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Appendix C

In this appendix, we prove that p(i)
s (Cx) in (3.47) is strictly increasing in Cx over the

interested interval 0 < Cx < 1. We assume here, that the SU is allowed to transmit,

i.e., Υi > 0. The first derivative of p(i)
s (Cx) can be written as

dp
(i)
s (Cx)

dCx
=
Cx
(

Φi − 2Λi

(
−Λi +

√
Λ2
i + Φi

))
Γpi Īsj (1− C2

x)
2
√

Λ2
i + Φi

, (C.1)

where Φi = Γpi

(
1− C2

x

)
Υi. Assuming that R0,pi

> 0, hence Φi > 0. From (C.1), if Λi ≤ 0,

it is always positive. On the other hand, if Λi > 0 we can rewrite (C.1) as

dp
(i)
s (Cx)

dCx
=

CxΛi

(
(Ωi + 2)−

√
(Ωi + 2)

2 − Ω2
i

)
Γpi Īsj (1− C2

x)
2√

1 + Ωi
, (C.2)

where Ωi = Φi/Λ
2
i . It is clear that (C.2) is always positive and this concludes the proof.
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Appendix D

In this appendix, we derive the conditions in (3.53) over the interested interval 0 <

Cx < 1 by using the chain rule of partial derivatives for Pout,s (Gm,Y), j 6= m, in (3.52)

with respect to Cx,

∂Pout,s (Gm,Y)

∂Cx
=
∂Pout,s

∂Gm
dGm
dCx

+
∂Pout,s

∂Y
dY
dCx

, (D.1)

which is simplified to be

∂Pout,s (Gm,Y)

∂Cx
=


TCxγ̄s

(
−Λm +

√
Λ2
m + Φm

)
Γpj Īsj

(√
1 + (1− C2

x) Γs − 1
)

(1− C2
x)︸ ︷︷ ︸

≥0


 Λm√

Λ2
m + Φm

− 1√
1 + (1− C2

x) Γs︸ ︷︷ ︸
a

 ,

(D.2)

where
T =

YGm (γ̄s)

(
2∏
j=1

pj Īpj + Θ− Y2G2
m (γ̄s)

)
+ Θ

Θ2
exp

(
− 1

YGm (γ̄s)

)
. (D.3)

and Θ =
2∏
j=1

(
pj Īpj + YGm (γ̄s)

)
. Here, we have two cases for Λm. If Λm ≤ 0, then a ≤ 0

and (D.2) is non-positive, hence, Pout,s (Cx) is monotonically decreasing in Cx. On

the other hand, if Λm > 0, then one can deduce easily that when Λm ≤
√

ΓpmΥm/Γs,

a ≤ 0 and hence, Pout,s (Cx) is monotonically decreasing in Cx. Otherwise, if Λm >√
ΓpmΥm/Γs, Pout,s (Cx) is monotonically increasing in Cx. It is clear that the condi-

tion Λm ≤
√

ΓpmΥm/Γs combines both cases of Λm for Pout,s (Cx) to be monotonically

decreasing in Cx. Furthermore, this condition can be rewritten as

R0,s ≤
1

2
log2

(
1 +

ΓpmΥm

Λ2
m

)
, (D.4)

which can be further simplified by inserting the expressions for Υm, Λm giving the

condition (3.53) and concludes the proof.
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Appendix E

In this appendix, we prove the monotonicity conditions of PDL−T
out,s (Gm,Y), j 6= m, in

(3.67) over the interested interval 0 < Cx < 1. We assume here that the transmission

condition in (3.61) is satisfied, i.e., the SU is allowed to transmit. By using the chain

rule of partial derivatives as in Appendix B, we get

∂PDL−T
out,s (Gm,Y)

∂Cx
= M ×

Cxγs

(
−Λm +

√
Λ2
m + Φm

)
Γpm Īsj

(√
1 + (1− C2

x) Γs − 1
)

(1− C2
x)︸ ︷︷ ︸

≥0

 Λm√
Λ2
m + Φm

−
1√

1 + (1− C2
x) Γs︸ ︷︷ ︸

a

 , (E.1)

where

M =



2∑
i=1
j 6=i

Ki,j
piĪpi

exp

(
−YGm(γs)−1

piĪpi

)
, if p1Īp1 6= p2Īp2

(
YGm(γs)−1

(p1Īp1 )2

)
exp

(
−YGm(γs)−1

p1Īp1

)
, if p1Īp1 = p2Īp2

. (E.2)

For instance, if M is non-negative and when the condition in (3.53) is valid, then,

a ≤ 0. As a result, (E.1) is non-positive and PDL−T
out,s is monotonically decreasing in Cx.

On the other hand, if the condition in (3.53) does not hold, then a > 0 and therefore,

PDL−T
out,s is monotonically increasing in Cx. To this point, we need now to show that M

is non-negative. For asymmetric PUs interference links, (E.2) can be expressed as

M =
1

p1Īp1 − p2Īp2

×
[

exp

(
−
YGm (γs)− 1

p1Īp1

)
− exp

(
−
YGm (γs)− 1

p2Īp2

)]
. (E.3)

Here, we have two cases, either p1Īp1 > p2Īp2 or p1Īp1 < p2Īp2 . For the first, it is clear

that M ≥ 0. For the second, the same argument applies by replacing every index 1 by

2 and vice versa in (E.3). For the other scenario, when p1Īp1
= p2Īp2

, we can write M

as

M =
ζ
(
p

(m)
s , Cx

)
(
p1Īp1

)2 exp

− ζ
(
p

(m)
s , Cx

)
(
p1Īp1

)2
 , (E.4)

which is found to be non-negative by following (3.61) and this concludes the proof.
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Appendix F

In this appendix, we aim at deriving the equivalent optimization problem in (3.69).

We assume here that the transmission condition in (3.61) is fulfilled, i.e., the SU is

allowed to transmit. First, we can write PDL−T
out,s

(
p

(z)
o , C(z)

o

)
in (3.68), when p1Īp1 6= p2Īp2 ,

as

PDL−T
out,s

(
p(z)
o , C(z)

o

)
=

1

p1Īp1
− p2Īp2

[
p1Īp1

exp

(
−γs∆− 1

p1Īp1

)
− p2Īp2

exp
(
− γs∆− 1

p2Īp2

)]
, (F.1)

where ∆ =

(
1−(C(z)

o )
2
)

Ψs

(
p

(z)
o ,C(z)

o

) . Similar to the proof in Appendix C, we assume, first, that

p1Īp1
> p2Īp2

. We calculate the first derivative of (F.1) with respect to ∆ as

dPDL−T
out,s

d∆
=

γs

p1Īp1
− p2Īp2

×

[
exp

(
−γs∆− 1

p2Īp2

)
− exp

(
−γs∆− 1

p1Īp1

)]
, (F.2)

which is always non-positive, independent of the value of γs, and hence, PDL−T
out,s

(
p

(z)
o , C(z)

o

)
is monotonically decreasing in ∆. Thus, we can replace the original optimization prob-

lem by maximizing ∆ over the optimal local solution pairs
(
p

(z)
o , C(z)

o

)
to obtain the

global solution pair (p∗s , C∗x) which yields (3.69). Also, For the other case in which

p1Īp1
< p2Īp2

, the same argument applies as illustrated in Appendix C. On the other

hand, when p1Īp1
= p2Īp2

, we can write the derivative as

dPDL−T
out,s

d∆
= − γs

p1Īp1

(
γs∆− 1

p1Īp1

)
exp

(
−γs∆− 1

p1Īp1

)
(F.3)

which, from the transmission condition in (3.61), it follows that the derivative is

non-positive hence, same illustrated arguments apply and this concludes the proof.
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Appendix G

In this appendix, we prove Theorem 4.3. The derived outage probability upper bound

as a function of the relay’s circularity coefficient is given on the form:

f(x) = 1− e
−a Ψ(x)

(1−x2)
−bΨ(cx)

d Ψ(x)
(1−x2)

+ 1
, (G.1)

where 0 ≤ x ≤ 1, a = 1
Prπrd

, b = Prπrr+1
Psπsr

, c = Prπrr

Prπrr+1
, and d = Psπsd

Prπrd
. We analyze the

stationary points of f(x) = 1− f(x). Its derivative is given by

df(x)

dx
= x

e
−a Ψ(x)

1−x2−bΨ(cx)(
d Ψ(x)

1−x2 + 1
)2 S(x), (G.2)

where

S(x)=

(
d

Ψ (x)

1− x2
+ 1

)(
a
(
2Ψ (x) + γ

(
x2 − 1

))
(Ψ (x) + 1) (1− x2)2 +

bγc2

Ψ (cx) + 1

)

+
γd

(Ψ (x) + 1) (1− x2)
− 2dΨ (x)

(1− x2)2 . (G.3)

From the given form, and in addition to the roots of S(x), it is clear that df(x)
dx

admits

only a zero at x = 0. Now, we investigate the roots for S(x), and use the change

of variables, z = Ψ (x) + 2. Hence, 1 − x2 = z(z−2)
γ

. After substitution and some

manipulations, S(z) is hence given for our region of interest, 2 ≤ z ≤ 1 +
√

1 + γ, by

S(z) =
(
d
γ

z
+ 1
)( −aγ2

z2(z − 1)
+

bγc2

Ψ (cx) + 1

)
− γ2d

z2(z − 1)
. (G.4)
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Since 0 < c < 1, we know that 1−c2x2 ≥ 1−x2. Hence, Ψ (cx)+1 ≥ Ψ (x)+1 = z−1.

Let Ψ (cx) + 1 = tz(z − 1), where tz ≥ 1. Therefore,

S(z) =
(dγ + z)(−aγ2tz + bγc2z2)− γ2dtzz

tzz3(z − 1)
. (G.5)

The numerator is a cubic polynomial in z which is given by

T (z) = bc2γz3 + bc2dγ2z2 − (a+ d)γ2tzz − adγ3tz. (G.6)

To find the number of positive roots for T (z), we use Descartes rule of signs [42].

Specifically, for the sequence formed by the descending order of the cubic equation

coefficients, i.e., the sequence {bc2γ, bc2dγ2,−(a + d)γ2tz,−adγ3tz}, the number of

sign changes is only one. For our real cubic polynomial, this determines the number

of positive roots to be exactly one root. Hence, in the positive region of interest,

2 ≤ z ≤ 1 +
√

1 + γ, either one or no feasible roots exist for T (z), and hence for

S(z). This shows that f(x) is either monotonic or unimodal due to the existence of

one root at maximum in its interior. If unimodal, the global optimal point can be

numerically obtained via the bisection method operating on the derivative function.
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