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Fractional-Order Adaptive Fault Estimation for a Class of Nonlinear
Fractional-Order Systems

Ibrahima N’Doye and Taous-Meriem Laleg-Kirati

Abstract— This paper studies the problem of fractional-order
adaptive fault estimation for a class of fractional-order Lip-
schitz nonlinear systems using fractional-order adaptive fault
observer. Sufficient conditions for the asymptotical convergence
of the fractional-order state estimation error, the conventional
integer-order and the fractional-order faults estimation error
are derived in terms of linear matrix inequalities (LMIs)
formulation by introducing a continuous frequency distributed
equivalent model and using an indirect Lyapunov approach
where the fractional-order α belongs to 0 < α < 1. A numerical
example is given to demonstrate the validity of the proposed
approach.

Index Terms— Fractional-order nonlinear system, fractional-
order adaptive fault estimation, actuator fault, observer design,
indirect Lyapunov approach, linear matrix inequality (LMI).

I. INTRODUCTION

Over the past couple of decades, fractional calculus has
gained significant attention as one of the topics that can be
applied to a variety of fields in engineering. Many systems
can be described with the help of fractional derivatives. These
systems are known to display fractional-order dynamics :
electromagnetic systems [1], dielectric polarization [2], vis-
coelastic systems [3]. In biology, it has been shown that the
cell membranes of biological organisms have a fractional-
order electrical conductance [4]. In economics, it is known
that some financial systems can display fractional order
dynamics [5]. The advantage of using fractional differential
equations in these and other applications is their non-local
property, fractional-order derivatives provide a more appro-
priate tool for modeling different phenomena.

Using the frequency distributed fractional integrator equiv-
alent model, an indirect Lyapunov method to fractional
nonlinear differential equations was addressed in [6]. The
design of state estimators is one of the essential points in
control theory whose solution, in the linear case, is the
well known Luenberger observer. Many contributions to the
extension of the Luenberger observer for nonlinear systems
have been proposed in the literature (see [7], [8], [9], [10]
and references therein). The observer-based control is usually
applied when we do not have access to all the states of a
system. The notion of detectability which has been extended
to nonlinear systems in [11], [12] allows to design nonlin-
ear observer-based controls using the separation principle.
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Recently, there were much research on observer design for
nonlinear systems in both integral-order and fractional-order
cases. Using indirect Lyapunov method and LMI techniques,
Boroujeni et al. [13] and Lan et al. [14] investigated the
observer design for fractional-order nonlinear systems.

The advantage of an adaptive fault diagnosis observer is
that the state vector estimation and actuator fault estimation
can be obtained simultaneously [15]. The main problems
in the use of the conventional adaptive observer-based fault
estimation are first to achieve the performance requirements
of fault estimation, i.e, rapidity and accuracy, and second to
fulfill the stringent equation and solve them to obtain the
design parameters. Recently, adaptive parameter estimation
problems for some classes of linear fractional-order pro-
cesses have been discussed in [16]. In [17], the design of a
fractional-order differentiator for a class of signals satisfying
a linear differential equation with unknown parameters has
been proposed using a set of modulating functions.

The aim of this paper is to develop a strategy for conven-
tional integer-order and fast fractional-order faults estimation
of fractional-order nonlinear systems locally involving Lip-
schitz by using an indirect Lyapunov approach. To our best
knowledge, the fractional-order adaptive fault estimation for
a class of fractional-order Lipschitz nonlinear systems using
adaptive fractional-order fault observer is still open problem.

This paper is organized as follows. In section II, some
basic definitions and properties on the fractional integral and
derivative, and problem formulation are presented. In section
III, the main results are derived, and then sufficient condi-
tions for the convergence of the conventional integer-order
and the fractional-order faults estimation error dynamics are
derived in terms of linear matrix inequalities (LMIs). In
section IV, an example is presented to illustrate our proposed
results. Finally, some conclusions and future perspectives are
drawn in section V.
Notations. MT is the transpose of M , ∗ denotes convolution
operator and Dα represents initialized αth order differintegra-
tion. In symmetric block matrices, the operator • represents
a term induced by symmetry.

II. BASIC DEFINITION AND PRELIMINARY RESULTS

In this section, we present some basic definitions and
properties on the fractional integration and derivation.

A. Fractional integration and derivation

Fractional-order integration and differentiation are the
generalization of their integer-order counterparts. Efforts to



extend the specific definitions of the traditional integer order
to the more general arbitrary order context led to different
definitions for fractional derivatives [18]. One of the basic
functions of fractional calculus is Euler’s Gamma function
which is defined by the integral

Γ(z) =

∫ ∞
0

e−ttz−1 d t, (1)

which converges in the right half of the complex plane, i.e
Re(z)>0.

Definition 1: [19] The definition of fractional integral of
continuous function f(t) with respect to t and the terminal
value t0 is given by

t0D
−α
t f(t) =

1

Γ(α)

∫ t

t0

(t− τ)α−1f(τ) d τ, α > 0, (2)

where Γ(.) is the well-known Gamma function which is
defined in (1). �

Definition 2: [19] The Riemann-Liouville derivative is
defined by

RL
t0 Dα

t f(t) = Dn
t0D

α−n
t f(t), n− 1 < α < n, (3)

where n ∈ ZZ+ and Dn is the classical n-th order deriva-
tive. �

Definition 3: [6] Let h(t) be the impulse response of a
linear system. The diffusive representation (or frequency
weighting function) of h(t) is called µ(ω) with the following
relation

h(t) =

∫ ∞
0

µ(ω)eωt dω. (4)

where ω is the elementary frequency. �
Remark 1: [6] The fractional order integral operator

t0D
−α
t f(t) can be written as

t0D
−α
t f(t) = h(t)∗ f(t), (5)

where ∗ denotes the convolution operator and h(t) =
tα−1

Γ(α)
,

while the diffusive representation of h(t) is defined as

µ(ω) =
sin(απ)

π
ω−α. (6)

�
Lemma 1: [6] The fractional-order nonlinear differential

equation

t0D
α
t x(t) = f(x(t)), (7)

due to the continuous frequency distributed model of the
fractional integrator, can be written as

∂z(ω, t)

∂t
= −ωz(ω, t) + f(x(t))

x(t) =

∫ ∞
0

µ(ω)z(ω, t) dω
(8)

where z(ω, t) is the infinite dimension distributed state
variable and µ(ω) is defined in (6). �
In the following, Dα is used to denote the Rieman-Liouville
fractional derivative of order α.

The following lemma proved in [20] will be used in the
next section.

Lemma 2: [20] For any matrices X and Y with appropri-
ate dimensions, we have

XTY + Y TX 6 δXTX + δ−1Y TY (9)

for any δ > 0. �
Consider the following fractional-order systems with ac-

tuator fault{
Dαx(t)= Ax(t)+Φ(x(t), u(t))+Gf(t)

y(t) = Cx(t)
0<α<1 (10)

where x(t) ∈ IRn is the state vector, u(t) ∈ IRm is the
control input and y(t) ∈ IRp is the measurable output. A ∈
IRn×n, C ∈ IRm×n and G ∈ IRn×r are constant matrices.
f(t) ∈ IRr is the process or actuator fault and ‖Dαf(t)‖ 6
f0. The number of output channels is greater than or equal
to the number of fault inputs, i.e p > r. Φ(x(t), u(t))
is a continuous nonlinear vector function, assumed to be
Lipschitz, with a Lipschitz constant λ, i.e

‖Φ(x1, u
∗)− Φ(x2, u

∗)‖ 6 λ ‖x1 − x2‖ . (11)
Here, it is assumed that the matrix pair (C,A) is ob-

servable and the matrices C and G are of full rank, i.e
rankC = p and rankG = r. The necessary and sufficient
conditions for stability of fractional-order observer can be
formulated for the above conditions [21], [22]

i) rank(CG) = rank(G) = r,
ii) The triplet (A,G,C) is minimum phase i.e.

rank

[
σIn −A G

C 0

]
=n+ rank(G),

∀σ ∈ C, |arg(σ)|6απ
2
.

III. MAIN RESULTS

In this section, sufficient conditions for the convergence of
the conventional integer-order and the fractional-order faults
estimation error dynamics for nonlinear fractional-order sys-
tems are derived in terms of linear matrix inequalities (LMIs)
formulation. In order to estimate the fault, we construct
the following fractional-order fault estimation observer for
system (10){
Dαx̂(t)=Ax̂(t)+Φ(x̂(t), u(t))+Gf̂(t)−L(ŷ(t)− y(t))

ŷ(t) = Cx̂(t)
(12)

where 0 < α < 1, x̂(t) ∈ IRn is the observer state, ŷ(t) ∈
IRp is the observer output and f̂(t) ∈ IRr is an estimate of
f(t), and L ∈ IRn×p is the gain matrix to be designed.

Let
ex(t)= x̂(t)−x(t), ey(t)= ŷ(t)−y(t), ef (t)= f̂(t)−f(t),

(13)
then the fractional-order error dynamics is given by{

Dαex(t)=(A−LC)ex(t)+Gef (t)+Ψ

ey(t) = Cex(t)
0<α<1, (14)

where Ψ = Φ(x̂(t), u(t))− Φ(x(t), u(t)).

A. Fractional-order adaptive fault estimation

Generally speaking, constant fault, i.e ḟ(t) = 0 is only
considered based on the conventional integer-order algo-
rithm, the derivative of ef (t) with respect to time is

ėf (t) =
˙̂
f(t). (15)



The asymptotical convergence of the fractional-order state
estimation error and the fault estimation error are guaranteed
by the following theorem.

Theorem 1: If there exists matrices P = PT > 0 ∈
IRn×n, X ∈ IRm×n, F ∈ IRr×p and a real scalar δ1 > 0
such that the following conditions hold[

PA+ATP−XC−CTXT +δ1λ
2I P

• −δ1I

]
< 0, (16a)

GTP = FC. (16b)
Then the adaptive fault estimation algorithm

˙̂
f(t) = −ΣFey(t), (17)

results in the state estimation error ex(t) and the fault
estimation error ef (t) are asymptotically convergent where
Σ = ΣT > 0 ∈ IRr×r is the learning rate.

Moreover, the asymptotically stabilizing state-feedback
gain matrix L is given by

L = P−1X. (18)
�

Proof: It follows from lemma 1 that the fractional-order
observer error dynamic system (14) can be written as

∂Z1(ω, t)

∂t
=−ωZ1(ω, t)+Ãex(t)+Gef (t)+Ψ,

ex(t) =

∫ ∞
0

µ(ω)Z1(ω, t) dω,
(19)

where Ã = A − LC and the fault estimation error (17) is
given by

ef (t)= f̂(t)−f(t). (20)
Let us define two Lyapunov functions
• v(ω, t) is the monochromatic Lyapunov function corre-

sponding to the elementary frequency ω.
• V1(t) is the Lyapunov function summing all the

monochromatic v(ω, t) with the weighting function
µ(ω).

Thus, we can define our Lyapunov function as

V (t)=

∫ ∞
0

µ(ω)ZT1 (ω, t)PZ1(ω, t) dω+eTf (t)Σ−1ef (t).

(21)
The time derivative of V (t) taken along the solution trajec-
tories of (19) is
V̇ (t)=∫ ∞
0

µ(ω)
(
−ωZT1 (ω, t)+eTx (t)ÃT +eTf (t)GT+ΨT

)
PZ1(ω, t)dω

+

∫ ∞
0

µ(ω)ZT1 (ω, t)P
(
−ωZ1(ω, t) + Ãex(t) +Gef (t) + Ψ

)
dω

− 2eTf (t)FCex(t). (22)
Equation (22) can be written as

V̇ (t) = −2

∫ ∞
0

ωµ(ω)ZT1 (ω, t)PZ1(ω, t) dω

+

∫ ∞
0

µ(ω)eTx (t)ÃTPZ1(ω, t) dω+

∫ ∞
0

µ(ω)ZT1 (ω, t)PÃex(t) dω

+

∫ ∞
0

µ(ω)eTf (t)GTPZ1(ω, t) dω+

∫ ∞
0

µ(ω)ZT1 (ω, t)PGef (t) dω

+

∫ ∞
0

µ(ω)ΨTPZ1(ω, t) dω +

∫ ∞
0

µ(ω)ZT1 (ω, t)PΨ dω

− 2eTf (t)FCex(t).

= − 2

∫ ∞
0

µ(ω)ZT1 (ω, t)PZ1(ω, t) dω + eTx (t)(ÃTP+PÃ)ex(t)

+2eTx (t)PGef (t)−2eTf (t)FCex(t)+ΨTPex(t)+eTx (t)PΨ.
(23)

Using (16b), it is easy to show that
2eTx (t)PGef (t) = 2eTf (t)FCex(t). (24)

Then from (23), one can further obtain

V̇ (t)=−2

∫ ∞
0

ωµ(ω)ZT1 (ω, t)PZ1(ω, t) dω

+ eTx (t)(ÃTP+PÃ)ex(t) + ΨTPex(t) + eTx (t)PΨ. (25)
Clearly, if
eTx (t)(ÃTP+PÃ)ex(t) + ΨTPex(t) + eTx (t)PΨ < 0, (26)

then V̇ (t) < 0, which implies that the fractional-order state
estimation error (19) and the conventional integer-order fault
estimation error (20) are asymptotically stable.

By using lemma 2 and equation (11), we obtain the
following inequality
eTx (t)PΨ+ΨTPex(t) 6 δ−11 eTx (t)P 2ex(t)+δ1λ

2eTx (t)ex(t)
(27)

for any positive number δ1.
Substituting (27) into (26), we obtain the following suffi-

cient condition
ÃTP + PÃ+ δ−11 P 2 + δ1λ

2I < 0, (28)
which is equivalent to

(A− LC)TP + P (A− LC) + δ−11 P 2 + δ1λ
2I < 0. (29)

By setting PL = X , we have
PA+ATP −XC − CTXT + δ−11 P 2 + δ1λ

2I < 0. (30)
Inequality (30) is equivalent to (16a) by the Schur comple-
ment [23]. This ends the proof.

Remark 2: In particular, simply setting P = βI , X = βL
and Q = βA−XC, the stability condition (16a) is equivalent
to Q+QT

2
+
δ1
2
λ2I βI

• −2δ1I

 < 0. (31)

�
Remark 3: The inequality (16) in theorem 1 can be solved

by LMI toolbox, but solving difficulty is added because of
the equation GTP = FC. We can transform GTP = FC
into the following LMI optimization problem [24], [25], [26],

Minimize ρ such that :

[
ρIn GTP − FC
• ρIn

]
> 0 (32)

where ρ is a positive scalar. In order to make GTP ap-
proximate to FC with satisfactory precision, a sufficiently
small positive scalar ρ should be selected in advance to
meet (32). �

Remark 4: From (17), the on-line fault estimator is as
follows

f̂(t) = −ΣF

∫ t

tf

ey(τ) d τ, (33)

where tf denotes the instant when fault occurs.



This conventional integer-order (IO) adaptive fault estima-
tor is only an integral term despite it can guarantee that the
estimate of constant fault is unbiased, it fails to deal with
time-varying faults. Therefore, we are motivated to improve
the conventional IO adaptive fault estimation algorithm so
that time-varying faults can be considered using FO adaptive
observer, which is one of focuses in this next section. �

B. Fast fractional-order adaptive fault estimation

Here, we consider time-varying faults, rather than constant
faults. Due to Dαf(t) 6= 0, the fractional-order derivative of
ef (t) with respect to time is

Dαef (t) = Dαf̂(t)−Dαf(t). (34)

The asymptotical convergence of the fast fractional-order
state estimation error and the fractional-order fault estimation
error are given by the following theorem.

Theorem 2: If there exists matrices P = PT > 0 ∈
IRn×n, X ∈ IRm×n, F ∈ IRr×p and three real scalars
δ1 > 0, δ2 > 0 and ρ > 0 such that the following conditions
hold 

Ξ11 0 Ξ13 P

• −δ2I −PG 0

• • Ξ33 0

• • • −δ1I

 < 0, (35a)

[
ρIn GTP − FC
• ρIn

]
> 0, (35b)

where
Ξ11 = ATP + PA−XC − CTXT + (δ1+δ2)λ2I

Ξ13 = −ATPG+ CTXTG

Ξ33 = −GTPG.
Then the fractional-order adaptive fault estimation algo-

rithm
Dαf̂(t) = −ΣF (Dαey(t) + ey(t)), (36)

can realize the state estimation error ex(t) and the fault
estimation error ef (t) uniformly bounded where Σ = ΣT >
0 ∈ IRr×r is the learning rate.

Moreover, the asymptotically stabilizing state-feedback
gain matrix L is given by

L = P−1X. (37)
�

Proof: It follows from lemma 1 that the fractional-order
observer error dynamic system (14) can be written as

∂Z1(ω, t)

∂t
=−ωZ1(ω, t) + Ãex(t) +Gef (t) + Ψ

ex(t) =

∫ ∞
0

µ(ω)Z1(ω, t) dω
(38)

and the fractional-order fault estimation error (36) is equiv-
alent to

∂Z2(ω, t)

∂t
=−ωZ2(ω, t)− ΣF (Dαey(t) + ey(t))

ef (t) =

∫ ∞
0

µ(ω)Z2(ω, t) dω
(39)

where Ã = A−LC and Ψ = Φ(x(t), u(t))−Φ(x̂(t), u(t)).
Let us define two Lyapunov functions
• v(ω, t) is the monochromatic Lyapunov function corre-

sponding to the elementary frequency ω.
• V (t) is the Lyapunov function summing all the

monochromatic v(ω, t) with the weighting function
µ(ω).

Thus, we can define our monochromatic Lyapunov function
as

V (t)=

∫ ∞
0

µ(ω)v(ω, t) dω=

∫ ∞
0

µ(ω)ZT1 (ω, t)PZ1(ω, t) dω

+

∫ ∞
0

µ(ω)ZT2 (ω, t)Σ−1Z2(ω, t) dω. (40)

The time derivative of V (t) taken along the solution trajec-
tories of (38) is
V̇ (t)=∫ ∞
0

µ(ω)
(
−ωZT1 (ω, t)+eTx (t)ÃT +eTf (t)GT +ΨT

)
PZ1(ω, t) dω

+

∫ ∞
0

µ(ω)ZT1 (ω, t)P
(
−ωZ1(ω, t) + Ãex(t) +Gef (t) + Ψ

)
dω

+

∫ ∞
0

µ(ω)
(
−ωZT2 (ω, t)−((Dαey)T (t) + eTy (t))

)
FTΣT

× Σ−1Z2(ω, t) dω

+

∫ ∞
0

µ(ω)ZT2 (ω, t)Σ−1 (−ωZ2(ω, t)−ΣF (Dαey(t)+ey(t))) dω.

(41)
Equation (41) can be written as

V̇ (t) = −2

∫ ∞
0

ωµ(ω)ZT1 (ω, t)PZ1(ω, t) dω

+

∫ ∞
0

µ(ω)eTx (t)ÃTPZ1(ω, t) dω+

∫ ∞
0

µ(ω)ZT1 (ω, t)PÃex(t) dω

+

∫ ∞
0

µ(ω)eTf (t)GTPZ1(ω, t) dω+

∫ ∞
0

µ(ω)ZT1 (ω, t)PGef (t) dω

+

∫ ∞
0

µ(ω)ΨTPZ1(ω, t) dω +

∫ ∞
0

µ(ω)ZT1 (ω, t)PΨ dω

− 2

∫ ∞
0

ωµ(ω)ZT2 (ω, t)Σ−1Z2(ω, t) dω

−
∫ ∞
0

µ(ω)((Dαey)T (t) + eTy (t))FTZ2(ω, t) dω

−
∫ ∞
0

µ(ω)ZT2 (ω, t)F (Dαey(t) + ey(t)) dω.

=− 2

∫ ∞
0

ωµ(ω)ZT1 (ω, t)PZ1(ω, t) dω+eTx (t)(ÃTP+PÃ)ex(t)

− 2

∫ ∞
0

ωµ(ω)ZT2 (ω, t)Σ−1Z2(ω, t) dω + 2eTx (t)PGef (t)

− 2eTf (t)FC(Dαex(t)+ex(t))+ΨTPex(t) + eTx (t)PΨ. (42)

Using (16b), it is easy to show that
− 2eTf (t)FC(Dαex(t) + ex(t))

= −2eTf (t)GTP (Dαex(t) + ex(t)). (43)
Substituting (43) into (42) yields

V̇ (t)=−2

∫ ∞
0

ωµ(ω)ZT1 (ω, t)PZ1(ω, t) dω

− 2

∫ ∞
0

ωµ(ω)ZT2 (ω, t)Σ−1Z2(ω, t) dω

+ eTx (t)(ÃTP+PÃ)ex(t)− 2eTf (t)GTPDαex(t)



+ΨTPex(t) + eTx (t)PΨ. (44)

By using lemma 2 and equation (11), we obtain the
following inequality
eTx (t)PΨ+ΨTPex(t) 6 δ−11 eTx (t)P 2ex(t)+δ1λ

2eTx (t)ex(t)
(45)

for any positive number δ1.

Using (14) and substituting (45) into (44), we obtain the
following inequality

V̇ (t)6− 2

∫ ∞
0

ωµ(ω)ZT1 (ω, t)PZ1(ω, t) dω

− 2

∫ ∞
0

ωµ(ω)ZT2 (ω, t)Σ−1Z2(ω, t) dω

+ eTx (t)(ÃTP + PÃ+ δ−11 P 2 + δ1λ
2I)ex(t)

− 2eTf (t)GTPÃex(t)− 2eTf (t)GTPGef (t)

− 2eTf (t)GTPΨ. (46)
Since the nonlinear term Φ(x(t), u(t)) satisfies the Lipschitz
condition, so for a scalar δ2 > 0 we have

δ2λ
2eTx (t)ex(t)− δ2ΨTΨ > 0. (47)

From (46) and (47), one can further obtain that

V̇ (t)6− 2

∫ ∞
0

ωµ(ω)ZT1 (ω, t)PZ1(ω, t) dω

− 2

∫ ∞
0

ωµ(ω)ZT2 (ω, t)Σ−1Z2(ω, t) dω

+ eTx (t)(ÃTP + PÃ+ δ−11 P 2 + δ1λ
2I)ex(t)

− 2eTf (t)GTPÃex(t)− 2eTf (t)GTPGef (t)

− 2eTf (t)GTPΨ + δ2λ
2eTx (t)ex(t)− δ2ΨTΨ. (48)

By taking X = PL, we obtain

V̇ (t)6− 2

∫ ∞
0

ωµ(ω)ZT1 (ω, t)PZ1(ω, t) dω

− 2

∫ ∞
0

ωµ(ω)ZT2 (ω, t)Σ−1Z2(ω, t) dω

+ eTx (t)
(
ATP + PA−XC − CTXT

+δ−11 P 2 + (δ1+δ2)λ2I
)
ex(t)

− 2eTf (t)
(
GTPA−GTXC

)
ex(t)−2eTf (t)GTPΨ

− 2eTf (t)GTPGef (t)− δ2ΨTΨ. (49)
Equation (49) can be written as

V̇ (t)6− 2

∫ ∞
0

ωµ(ω)ZT1 (ω, t)PZ1(ω, t) dω

− 2

∫ ∞
0

ωµ(ω)ZT2 (ω, t)Σ−1Z2(ω, t) dω

+


ex(t)

Ψ

ef (t)


T 

Υ11 0 Υ13

• −δ2I −PG
• • Υ33



ex(t)

Ψ

ef (t)

 (50)

where
Υ11 = ATP+PA−XC−CTXT + δ−11 P 2 + (δ1+δ2)λ2I,

Υ13 = −ATPG+ CTXTG,

Υ33 = −GTPG.

Clearly, if 
Υ11 0 Υ13

• −δ2I −PG
• • Υ33

 < 0, (51)

then V̇ (t)< 0, which implies that the fractional-order state
estimation error (38) and the fractional-order fault estima-
tion error (39) are asymptotically stable. Inequality (51) is
equivalent to (35a) by the Schur complement [23]. This ends
the proof.

Remark 5: From (36), the on-line fractional-order fault
estimator is as follows

f̂(t)=−ΣF

(
ey(t) +

1

Γ(α)

∫ t

tf

(t− τ)α−1ey(τ) d τ

)
,

(52)
where tf denotes the instant when fault occurs.

The proposed fast fractional-order adaptive fault estima-
tion algorithm combines proportional term with integral one.
The introduction of the proportional term plays a major role
to improve the rapidity an accuracy of the fault estimation. �

IV. NUMERICAL EXAMPLE

Consider the fractional-order nonlinear systems (10) with
the fractional-order α = 0.9 and the following parameters

A =

[
1 1

−1 1

]
, Φ(x)=

[
0

0.05 sin(x2)

]
,

C =
[
1 0

]
, G =

[
1

1

]
.

(53)

It can be easily shown that the pair (C,A) is observable and
rank(CG) = 1. Choosing λ = 0.05 and ρ = 1.2 × 10−2,
then the solution of the LMIs (35a) and (35b) with respect
to P , X and F gives

P =

[
0.2577 −0.1405

−0.1405 0.0835

]
, X =

[
0.5712

−0.2879

]
,

F =
[
0.1173

]
, δ1 = 1.0467, δ2 = 1.512,

and the gain matrix L is given by

L = XP−1 =

[
4.0560

3.3741

]
.

We illustrate the results with time-varying faults which is
created as

f(t) =

{
0 0 6 t 6 2

0.4 sin(2t) 2 6 t 6 10.

The trajectories of the states and their estimates are shown
in Figs. 1 and 2. It can be seen that the proposed fast
fractional-order adaptive observer is asymptotically stable
and its states variables appear to be well estimated.

From Fig. 3, we can see that the fast fractional-order
adaptive fault estimator can achieve asymptotical estimation
for the time varying-fault.
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Fig. 1. State x1 and its estimated x̂1 where α = 0.9.
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Fig. 2. State x2 and its estimated x̂2 where α = 0.9.

V. CONCLUSION

In this paper, the fractional-order fault estimation observer
design for a class of nonlinear fractional-order systems has
been presented. Based on the continuous frequency dis-
tributed equivalent model and indirect Lyapunov approach,
sufficient conditions for the asymptotical convergence of
the fractional-order state estimation error, the conventional
integer-order and the fractional-order faults estimation error
have been derived in terms of linear matrix inequalities
(LMIs) formulation where the fractional-order α belongs to
0 < α < 1. A numerical example has been illustrated to
demonstrate the effectiveness of the proposed approach.
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