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ABSTRACT 

Towards an Efficient Artificial Neural Network Pruning and Feature Ranking Tool 

Mona Alshahrani 

 

Artificial Neural Networks (ANNs) are known to be among the most effective and expressive 

machine learning models. Their impressive abilities to learn have been reflected in many broad 

application domains such as image recognition, medical diagnosis, online banking, robotics, 

dynamic systems, and many others. ANNs with multiple layers of complex non-linear 

transformations (a.k.a Deep ANNs) have shown recently successful results in the area of 

computer vision and speech recognition. ANNs are parametric models that approximate 

unknown functions in which parameter values (weights) are adapted during training. ANN’s 

weights can be large in number and thus render the trained model more complex with chances 

for “overfitting” training data. In this study, we explore the effects of network pruning on 

performance of ANNs and ranking of features that describe the data. Simplified ANN model 

results in fewer parameters, less computation and faster training. We investigate the use of 

Hessian-based pruning algorithms as well as simpler ones (i.e. non Hessian-based) on nine 

datasets with varying number of input features and ANN parameters. The Hessian-based 

Optimal Brain Surgeon algorithm (OBS) is robust but slow. Therefore a faster parallel Hessian-

approximation is provided. An additional speedup is provided using a variant we name ‘Simple 

n Optimal Brain Surgeon’ (SNOBS), which represents a good compromise between robustness 

and time efficiency. For some of the datasets, the ANN pruning experiments show on average 

91% reduction in the number of ANN parameters and about 60% - 90% in the number of ANN 
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input features, while maintaining comparable or better accuracy to the case when no pruning is 

applied. Finally, we show through a comprehensive comparison with seven state-of-the art 

feature filtering methods that the feature selection and ranking obtained as a byproduct of the 

ANN pruning is comparable in accuracy to these methods.  
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Chapter 1 

Introduction  

Artificial Neural Networks (ANNs) are very robust and powerful Machine Learning (ML) 

models. They have been proven successful in many application domains such as image 

recognition [1], medical diagnosis [2], online banking [3], robotics [4], bioinformatics [5] and 

many others. This is due to their excellent capabilities to model complex, non-linear 

distribution of groups or classes of data. ANNs can approximate real-valued, discrete valued 

and vector-valued target functions, which made them very expressive and accurate learners [6]. 

For this reason, they are known to be universal approximators given sufficient number of 

parameters of the ANN model [7].  The “multilayer” ANN representation can be complex due 

to the large number of parameters to be optimized. This complexity can easily lead to 

overfitting the training data while generalizing poorly over the unseen future data samples [8]. 

Overfitting is common in such complex ML models and there are various techniques to tackle 

this issue. Our focus in this study is on simplifying the ANN structure through ANN pruning 

methods, which can aid in reducing the overfitting problem. ANN pruning aims at simplifying 

the ANN structure, while maintaining similar or better accuracy compared to cases when no 

pruning is made. This simplification may produce as a byproduct the reduced number of input 

features. In this chapter, we state our work motivation, problem definition and contributions.  
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1.1 Problem Motivation 

“If a sign is not necessary then it is meaningless. That is the meaning of Occam’s Razor” 

Wittgenstein said [9]. According to Occam’s Razor principle (a.k.a principle of parsimony), a 

simple model that can fit the data is preferred over a complex one [8]. If there is another 

competing model that is equally precise with fewer assumptions, then, there is no need to use a 

model with additional assumptions about the data. For example, if two parameters are needed 

to produce a linear fit, then there is no need to increase complexity since the performance 

achieved is sufficient with the use of these two parameters. Optimizing more terms may violate 

this principle by overfitting parts of data that perhaps represent noise, while ignoring the actual 

underlying cases. For example, using excessive degree polynomial can add irrelevant 

parameters to the model [8]. Figure 1 shows a graphical illustration of overfitting, where model 

A underfits the data, model C overfits the data by capturing and separating every point of the 

Figure 1: Overfitting Illustration 



15 
 

two  datasets. Model B, on the other hand, appears to be smoother and generally separate the 

data into two groups (though not perfectly).  Model B is the model most ML algorithms strive 

to achieve, as it tends to represent most of the data with relatively simple model.  

1.2 Problem Definition 

The output of a well-known multilayer perceptron (MLP) (3-layer in this case: input, hidden 

and output layers) ANN’s function [6] can be defined as follows: 

! = !! !! ∗ ℎ !! ∗ ! !!!!!!!!!!!!!!!!!           (1.1) 

where: 

! is a network output function, non-linear activation function in case of classification 
and the identity function in the case of regression 

h is hidden units non-linear activation function 

!! is weight matrix between first and second layer  

!! is weight matrix between second and last layer 

! is input feature vector 

!  is output variable representing the class label 

 

In other words, ANN model can be viewed as a class of parametric nonlinear functions that 

map from a vector ! of input variables to a vector ! of output variables. The model describes 

two stages of information processing such that each stage applies an activation function to the 

linear combination of its inputs. The parameters called weights, and their values are tuned 

during the ANN training [6]. Throughout the text, the term network “weights” and 

“parameters” will be used interchangeably. 
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Pruning starts once ANN has been trained to minimum error where the weights are optimized 

to achieve this. The process of pruning can be viewed as multiplying the weights matrix ! by 

matrix!!, where ! is a matrix of the same size as !, whose elements take discrete values of 

zeros and ones.   

! = !! !! ∘!! ∗ ℎ !! ∘!!) ∗ ! !!!!     (1.2) 

The product!! ∘!!represents an element-wise multiplication of two matrices. In matrix ! zero 

values reflect that the corresponding network weights will be eliminated. The pruning 

algorithms such as the one we investigate in this study rely on using these modified weight 

matrices in every pruning iteration. Given this successive pruning procedure, we will 

eventually get a simplified ANN structure, which represents the data in more compact, 

meaningful manner and with less chance for overfitting. In pruning, selecting the optimal 

simplified structure leads to a combinatorial optimization problem that can be shown to be NP-

complete [10].  This requires exploring efficient ways to perform the ANN pruning. 

1.3: Thesis Contributions: 

Given the above problem definition, our contributions in this thesis are as follows: 

1. Proposing faster and more efficient Hessian-based ANN pruning and show speedups 

over the non-parallel Hessian-based pruning. 

2. Extending Optimal Brain Surgeon to simple n OBS (SNOBS). SNOBS offers better 

solution for pruning through a good compromise between accuracy and parameters 

reduction tradeoff. We show also achieved time efficiency using SNOBS.  
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3. Developing an online tool for ANN pruning and feature ranking. The tool is useful for 

applications where ANN pruning is required. 

1.4 Thesis Outline 

The thesis will be organized as follows. Chapter 2 is an overview of ANNs and ANNs pruning 

literature. Chapter 3 describes different pruning algorithms. Chapter 4 presents the 

experimental results of the ANN pruning, a complete comparison with feature filtering methods 

and the speedup results. Chapter 5 presents the conclusion of this work.   
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Chapter 2: 

Background and Related Work 

The complexity of ANNs is measured by the number of weights. In a typical ANN, this number 

includes weights of input, hidden and output units. Selecting a minimum number of parameters 

that still produces acceptable performance leads to a simple model that: a) may generalize very 

well, b) results in fewer computation and storage requirements, and c) can be used to infer 

useful features that describe input data. In this chapter, we will give a brief introduction of 

ANNs, discuss the related literature on ANN pruning, and show how pruning can be a very 

effective tool for ANN structure simplification to minimize overfitting and increase model 

generalization ability.  

2.1 Artificial Neural Networks  

ANNs are powerful modeling tools that have remarkable applications where parallel 

computations for data processing and knowledge representation can be utilized. The true 

usefulness of ANNs comes from their unique characteristics of modeling nonlinear 

relationships between data objects. ANNs offer high parallelism, robustness, fault and failure 

tolerance, learning ability to handle imprecise and fuzzy information, and ability to generalize 

to unseen data [11]. 
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2.1.1 Biological Intuition of ANNs 

The analogy is sometimes drawn between the biological neuron and the artificial neuron. This 

is due to the fact that an artificial neuron has a structure that consists of nodes (biological 

neurons) and connections (synapses), which trigger signals upon reaching a particular 

threshold. These connections carry weights (synapses strengths). ANNs learn by adjusting the 

magnitudes of the weights (synapses strengths) [12]. Biological neurons work by processing 

information; they receive and provide information in the form of spikes. The brain is composed 

of neurons like these. They have cell body and input ‘wires’ called dendrites through which 

they receive input signals from other neurons. A neuron has also an output ‘wire’ called axons 

that sends signals to other neurons. Figure 2 shows a graphical representation of a biological 

neuron.  

Figure 2: Graphical representation of a neuron (taken from 

http://www.webpages.ttu.edu/dleverin/neural_network/neural_networks.html) 
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2.1.2 ANN Representation 

An example of a Multilayer Perceptron (MLP) ANN is represented as in Figure 3, 

 

Figure 3: Typical MLP ANN structure 

 

which shows the typical structure of an ANN that consists of layers. Each layer consists of 

neurons (computing units). The first layer is known as the input layer. The final layer is known 

as the output layer. The layers in between are called hidden layers. The layers are 

interconnected by directed edges, which carry the weights values. Therefore, the first layer of 

an ANN represents the input features of a data in the ANN training.   

In the feedforward pass, the weighted sum from the incoming weights of the previous layer is 

computed as follows (in this case the incoming weights are from the input layer): 

!!! = ! !!"(!)!!!
!

!!!
+ !!!!(!) 

!!!!  

!!"!  

Layer&3 

+

+

+

+

+

+

Layer&1!+
1 

Layer&2&(hidden) 
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!!!!  

!!"!  

!!"!  
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where !! is the input feature, !!"(!) is the weight from ith input features to the jth hidden unit. 

!!!(!)!is the bias term; superscript (1) represents the layer number. ! represents the number of 

input features. This can be generalized to other layers in which the !! will be replaced by the 

output of the jth unit. 

The activation of each unit !!! is computed on the weighed sum !! !as follows: 

!! = ℎ(!!) 

where ℎ(!!) is the activation function which could be for example a sigmoid function or a tanh 

function. The sigmoid function is defined as follows: 

ℎ !! = ! 1
1+ !−!! 

 

For training a multilayer ANN model, backpropagation algorithm has been widely used [13]. 

This algorithm employs gradient descent to minimize the ANN squared error between the ANN 

output value and the target value with respect to the network weights.  

2.2 ANN Pruning 

In some ML and statistical models, structure simplification can be attained through some priors 

or heuristic information that dictates the order in which the parameters are to be removed [6]. 

For example, in regression models in which a family of polynomial functions is used, 

smoothness can be achieved by allowing higher order terms to be removed first. In the decision 

tree model, for example, pruning order can start at the leaves, where nodes are eliminated based 

on some rules that preserve most information to ensure minimum sacrifice of accuracy [14]. In 

ANNs, it is not obvious in which order parameters should be eliminated [15]. Pruning can be 
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described as removing the redundant (or least important) weights [16] which starts with large 

networks and subsequently prune nodes and weight that are redundant. 

ANN pruning algorithms can be classified into three categories. First, there is simple pruning of 

network parameters in which the weights with lowest magnitude are removed. The second 

category measures the sensitivity of the error function to the removal of a parameter (Hessian 

and non-Hessian), and the parameter with least effect is removed [17-19]. The third category 

adds penalty term to the objective function; these methods are known as regularization 

methods, which are well known and useful in preventing overfitting [6, 20] . 

In other words, the sensitivity-based methods modify the network by removing parameters that 

contribute to some extent to the network output based on some sensitivity measures. On the 

other hand, penalty-term modify the objective function so that through backpropagation 

algorithm, some parameters converge to zero [21].  Other methods, which depend on the 

derivative-free global optimizing methods [22] such as Genetic Algorithms (GA), will be 

briefly discussed. Dropout and DropConnect are two recent techniques used to avoid 

overfitting and they integrate specific kinds of pruning through the ANN training [23, 24] 

2.2.1 Magnitude-based Pruning (MP) 

Pruning can be achieved by deleting the parameters with small magnitude values and then 

retrain the network after each deletion. Although it works on some of the cases, smallest 

weights value do not necessarily result in the smallest effect on the error function [18]. In this 

study, we will show in Chapter 4 that this observation comes from using MP. This method 

although simple and fast, does not produce accurate weight pruning i.e. it does not eliminate 
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weights in an optimized manner [15]. It also requires full retraining after each step, which may 

cause a computational overhead if the size of the training samples is very large.  

A different intuitive idea of pruning is just to set the weight to zero and evaluate the change in 

error by running forward pass. If the change is too low, the weight is removed or it is restored, 

otherwise. This is obviously very inefficient since for each parameter, a forward pass takes 

! !  operations, where ! is the total number of network parameters, and this in total would 

require !(!!!) operations where m is the number of training samples. Another more 

exhaustive approach would evaluate all of the network parameters by performing forward pass 

for each weight and then choose to eliminate the one with smallest network error; this however, 

requires ! !!! !operations. 

2.2.2 Sensitivity-based Pruning 

Several measures have been used to evaluate the sensitivity of removing a parameter from the 

network. One method [17] measures the relevance !! of the unit !!; the importance of the unit 

is then approximated by using the training feedback of the ANN provided by the 

backpropagation algorithm. If !! falls below a certain threshold, the unit can be deleted.  

The previous technique tries to quantify the unit role in the network and remove the unit if it is 

not significant. Another sensitivity measure introduced in [19] calculates the sensitivity !!" of 

the network parameter !!" !!by monitoring the sum of all changes Δ!!" experienced by the 

weight !!" !during training as given by the following:  

!!" = − ! !"
!!!"!

!Δ!!" ! !
!!"!

!!"! − !!!"!
!!!

!!!
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where !!"! is the final value of the weight after training and !!!"!  is the initial value of the weight 

and ! is the training epoch. After the training, each weight has an estimated sensitivity and the 

lowest sensitivity weight can be removed. 

The above mentioned method considers the sensitivity measure evaluations based somehow on 

the first-order information of the error function (gradients). Other sensitivity measures estimate 

the error saliency by making use of the second derivative information of the ANN error 

function (Hessian). These methods, such as Optimal Brain Surgeon (OBS) and Optimal Brain 

Damage (OBD), will be discussed in details in Chapter 3. OBS and its variants are the focus of 

this study. They have several advantages that will be elaborated through computational 

experimental results in the subsequent chapters. 

2.2.3 Penalty-term based Pruning 

The penalty-term methods e.g. L1 and L2 regularizations, have been widely used to penalize 

large weights and limit the magnitude growth of the parameters. Regularization essentially 

modifies the objective function by adding a penalty term. L1 regularization uses a penalty term 

that causes the sum of the absolute values of the parameters to be small [25]. For example, the 

value of the L1-regularized ANN objective function j* is calculated as follows: 

!∗ w  = ! w  + λ !!!
!!!  

             

where: 
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! is Neural Network error function, e.g: mean squared error or entropy error  

!!!
!!!  is L1 penalty term, which is the absolute sum of the ANN parameters  

λ is a parameter that determines the tradeoff between fitting the data accurately, and obtaining 

small parameters. 

 

L1 produces sparse vectors and makes the less relevant model coefficients (features) to become 

very close to zero. We can think of this quality as a possibility to select important input features 

[26]. 

L2 regularization uses the least squares penalty term, which causes the sum of the squares of 

the parameter values to be small. Therefore, the value of the L2-regularized ANN objective 

function j* is calculated as follows: 

!∗ w  = ! w  + λ !!!!
!!!  

 

where: 

! w  is Neural Network error function, i.e : mean squared error or entropy error  

!!!!
!!!  is  L2 penalty term, which is the sum of the squares of NN parameters 

λ is a parameter that determines the tradeoff between fitting the data accurately, and obtaining 

small parameters. 

 

These penalty terms proved to be very efficient in avoiding overfitting by discouraging the 

effect of the large parameters values on the overall objective function. However, they do not 

actually zero them out. On the other hand, the kind of pruning introduced in Chapter 3 (where 
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weights are explicitly eliminated) gives us more insight about the final optimal simplified 

structure.   

The Bayesian regularization is another technique in which the optimal regularization 

parameters can be determined in an automated manner by using Automatic relevance 

determination [27, 28]. This method minimizes the effects of irrelevant input features.  

In addition to regularization, overfitting can be mitigated by early stopping [29, 30] in which 

ANNs training stops when the validation set error starts to increase.  For very small datasets, 

there is a difficulty to maintain a separate validation set for evaluating the performance. 

Therefore, early stopping based on a validation set might not be practical in all cases. 

2.2.4 Other Pruning Methods 

Genetic Algorithms (GA) can also be used as discussed in [22] to optimize the ANN weights 

and its structure. In this method, each individual in the population of GA encodes a pruned 

version of the original network. Binary encoding is used to represent an existing or pruned 

weight. After mutation, networks have different pruned structures. Networks with more 

parameters removed are given additional retraining as reward over lightly pruned network. The 

retraining step is used to compensate for degradation of performance they might have after 

pruning. The GA fitness value is based on the training error for each pruned network as well as 

the number of reduced parameters. A careful fine-tuning of GA parameters is very important 

for pruning ANNs. Although the performance might improve through generations during GA, it 

is still not clear how a specific setup of GA parameters may enhance pruning of ANN. In 

addition to that, this approach relies on extremely large search space [22]. 
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Dropout and DropConnect are recent and interesting techniques to prevent overfitting [23] [24], 

in which randomly selected units (in case if Dropout) and weights (in case of DropConnect) are 

set to zero during training with some probability 1− !!! , where !! is the probability of 

retaining the unit !! or the weight !!. However, after sampling of an exponential number of 

pruned networks, the network final evaluation is done by averaging the prediction of all pruned 

networks. Therefore, at test time the scaled down version of the unpruned or “unmasked” net is 

used.   
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Chapter 3 

Hessian-based Approach to ANN’s Pruning 

The Hessian-based approach to ANN pruning is sensitivity-based (error-based) and provides 

possibility to generate simpler structure with the least sacrifice in accuracy. In this chapter, we 

describe several OBS variants as an efficient approach to ANN pruning. We first explain the 

OBS formulation, then the Hessian inverse approximation and the work done to make its 

execution faster.  

3.1 Hessian-based Pruning Methods 

3.1.1 Hessian-based Pruning Formulation 

The algorithms presented here [18] [15] utilize the second-order information of the error 

function and measure “saliency” of the ANN parameters. The algorithms evaluate saliency by 

the effect on the objective function when the weights vector w is perturbed.  The algorithms 

basically try to find the parameters (weights) that cause the least increase in the error function. 

The error function can be approximated by a Taylor series as follows [18] : 

! ! ! ≅ !(! + Δ!) = ! ! + !! ! !Δw+ !
! !!

!! ! !Δ!! +⋯              

Δ! = !!!! ! + Δ!! − ! !    = !!! ! !Δw+ !
! !!

!! ! !Δ!! +⋯ 

Δ! = !!! ! !Δw+ !
!Δ!

! . !!. !Δ! +⋯!!!             (3.1) 

 
where !! ! !! is the first-order derivative of E with respect to w (the gradients vector), and 

! = !!!!/!!! is the Hessian second-order derivatives of E with respect to w. 
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For a network trained to a minimum error, the first term !! ! !Δw vanishes. The third and 

higher-order terms can be discarded as the quadratic approximation of the function is assumed 

[13]. The main algorithms in this category are Optimal Brain Surgeon (OBS) and Optimal 

Brain Damage (OBD).  

Optimal Brain Damage (OBD) [15]  uses the second-order derivative of the objective function 

with respect to the networks’ parameters (weights w). OBD tries to avoid the complexity of 

computing the Hessian by assuming that the Hessian matrix is diagonal, which is not always 

the case and may lead to OBD removing the wrong weights as it is argued in [18]. Furthermore, 

it is not sufficient for achieving high accuracy to make such an assumption.  

 

3.1.2 Optimal Brain Surgeon (OBS) 

This method relies on a Hessian-based pruning that utilizes the second-order derivative of the 

objective function [18]. In contrast to OBD, it does not assume diagonal Hessian and does not 

require retraining unless the error increases by large amount. OBS can update the weights to 

reflect the network new changes after each weight removal. Additionally, OBS provides 

Hessian inverse approximation. OBS claims superiority over MP and OBD as it is likely to 

prune the right weights, which yields least increase in the networks error E. The OBS 

formulation [31] of the change in E obtained from the second term of Taylor series of 

approximation is given by  

∆! = ! !! !!∆!
! .!.∆!!!!!!!!!!!!!!!!!!!  (3.2) 
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The goal is to eliminate the ith weight !! to minimize the increase in error given by (3.2). 

Eliminating  !! can be achieved by adding a constraint!!!! + !∆!! = 0, which is the same as 

(! + !∆!)!!! = 0, where  e is the unit vector in the weights space.  

 

!"# !
! !!∆!

! .!.∆!             (3.3) 

!"#$%&'!!"!!!!!(!! + !∆!)!!! = 0         (3.4) 

Solving this problem by Lagrange’s method, the change in error is given by  

∆!! = ! !!
!!!

[!!!]!!
                      (3.5) 

And the optimal weight change is given by 

∆! = − !!
[!!!]!!

!!!!!. !!       (3.6) 

Formula (3.6) is used to update the weights without the need for ANN retraining unless the 

error grows by large amount. This is one of the attractive features of OBS. In summary, OBS 

finds the weight that causes the least increase in the error function, removes it and updates the 

remaining weights by (3.6).  Algorithm 1 below describes in more details the OBS algorithm. 

Algorithm 1: Optimal Brain Surgeon  

1.  Train ANN to minimum error. 
2.  While error below a certain threshold 
3.       Compute !!! by approximation, refer to Algorithm 2 
4.       Eliminate the weight with least error by (3.5)  
5.       Update the ANN remaining weights by (3.6) 
6.       If error exceeds a certain threshold then  
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7.                  Retrain  
8.                  If error is still large then 
9.                              Stop pruning  
10.                              Return eliminated weight from last step 
11.                              Break out of while loop 
12.                   Else go to step 3 
13.       Else go to step 3        
14.  End While 

Algorithm 1: Optimal Brain Surgeon 

3.1.3 Approximation of Inverse Hessian in OBS  

As shown by (3.5) and (3.6), the !!!!is needed and an approximation to calculate it is 

introduced by [18] which we will briefly discussed in the following section. This 

approximation of the inverse of Hessian is an iterative procedure as indicated by the recursive 

formula below: 

(!!!!)!! = (!!)!! − ! (!
!)!!.!!!"!!!!.!!"

[!!!]! .(!!)!!

!!!!"
[!!!]! .(!!)!!.!!"

[!!!] !!!!!!!!!!!!! (3.7) 

 

where !!
!! = !!!!!!! and α is a small value; !!!"!!!!is the gradient vector from the 

backpropagation calculations in iteration ! + 1 where ! denotes the iteration number; ! is a 

scalar that represents the number of training samples. The complete explanation of the 

approximation of the Hessian inverse matrix can be found in the original OBS paper [18]. The 

time complexity to calculate !!!!by this approximation is O(pkw2) operations where p is the 

number of samples, k is the number of output units and w is the total number of network 

parameters.   

As the procedure is iterative and depends on the number of training samples, outputs units, the 

parallelism can be exploited at the matrix operations level.  The profiling showed that 95% - 
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98% of the run time was spent the matrix operations calling routines such as matrix 

multiplications, division and subtraction. Most of the time is consumed by the calculation of 

Hessian matrix inverse. Thus, we parallelized the calculation of Hessian inverse. At the time, 

we did not have installed parallelization libraries for AMD processors we had in our cluster, so 

the parallelization has been made without use of the optimized parallelization routines for 

matrix operations. Moreover, here we only parallelized the calculation of the Hessian inverse 

and not other matrix operations and we used OpenMP approach. The parallelization and results 

are discussed in the following section. 

3.1.4 Proposed Parallel Approach: Hessian Inverse Approximation 

The approximation by (3.7): 

(!!!!)!! = (!!)!! − ! (!
!)!!. !!!"!!!!.!!"!!!

! . (!!)!!
! + !!"!!!

! . (!!)!!.!!"!!!
 

Consists of mainly matrix operations as follows:  

1. !!! ∗ ! is a matrix–vector multiplication, repeated in the numerator and 

denominator and requires !(2!!) operations, where ! is the total number of 

network parameters. 

2.  !! ∗ !!!!  is the same as (!!! ∗ !!!)! =! !! * !!!    because (!!)!!is 

symmetric. 

3.   !!! ∗ !  results in a vector !"!"! and!!!! * !!!  is just (!"!"!)!.  Therefore 

the numerator is an outer product as follows: 

!"!"! !⊗ !(!"!"!)! !!                     (3.8)      
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Formula (3.8) takes !(!!)  operations.  

Algorithm 2 below shows the Hessian inverse approximation steps and the parallelization 

added.  

Algorithm 2: Hessian Inverse Approximation  

1. Compute !!! by approximation  
2.         Initiate !!

!! = !!!!!!!  
3.         For each training sample ! 
4.               For each output unit k 
5.                     Update !!! by (3.7) 
6.                             Compute !"!"! = !!!! ∗ ! once 
7.                             Computing the denominator scalar   ! = !! + !! ∗!"!"! 
8.                             Computing the numerator and the update in parallel threads 
                                !!!!

!!  = !!!!−!(!"!"! !⊗ !(!"!"!)!/!) 
9.            End For 
10.      End For                      

Algorithm 2: Hessian Inverse Approximation 

The implementation of step 8 can be done through dependence-free for-loops, in the sense that 

each element of !!!!
!!  can be computed independently.  

Therefore each thread takes portions of the elements and performs the update along with 

multiplication operation separately !!!!−!(!"!"! !⊗ !(!"!"!)!/!). This results in a speedup 

dependent on the data and the total number of parameters of the Hessian inverse approximation 

portion of the OBS algorithm. The size of this matrix can be very large (about 20k x 20k as in 

the Prostate Cancer dataset) and computing it sequentially is inefficient. Thus computing it 

through parallel threads produces speedup over the sequential operations as shown in Chapter 

4. 
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  3.2 Extended Variant: Simple n OBS (SNOBS) 

As it was shown in the standard OBS, the time complexity to remove only one parameter is 

!! !!! !operations in the case of binary output unit where k = 1. In this variant we explore and 

implement the possibility of removing multiple weights instead of one with same complexity of 

removing one weight. Therefore, a general formulation [31] can be introduced in which n 

weights that cause the minimal increase in the error can be removed in one step.  As in the 

standard OBS algorithm, the increase in error is given by ∆! = ! !! !∆!
! .!.∆!. However, the 

elimination constraint (! + !∆!)!!! = 0 should be replaced by a general one to reflect the 

multiple weight removal as follows: 

 

(! + !∆!)!! = 0       with     ! = (!!!!!!!… . . !!")                     (3.9) 

where M is the selection matrix and consists of unit vectors, which correspond to the n weights 

to be removed. Therefore, solving this problem with Lagrange method and this general 

constraint result in the (3.5) and (3.6) expanded to account for the matrix M and can be written 

as the follows: 

∆! = !
! !!

! !!! !! !!!!!!! !!!!! !!         (3.10) 

∆! = −!!!!!!(!! !!!!!!!)!!!!! !!       (3.11)  

The time complexity to calculate ∆! in (3.10) is ! !! .  The challenge in this formulation is 

that it is not clear which weights to choose to remove. Therefore!∆! has to be calculated for all 

possible combinations, which is the complexity of choosing n weights from the total number of 
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weights ! !
! . Therefore the total complexity would be! !! ! !! !!  to find the set of weights 

with minimum error increase. The total run time of this generalized version of OBS is the 

following: 

!"#"$%&'(")!!"# = !"#$!!"!!""#$%.! + !"#$!!"!!"#$%"!!!!"#$ℎ!" 

    ! − !"# = !(!!! + !
! ! !!

!!!)             

This time complexity is extremely high.  

A simple heuristic that we can use would be to evaluate the error increase using OBS formula 

(3.5)!and choose the ! weights that resulted in the least increase, not necessarily the optimal 

ones. This simplifying assumption would not be as accurate as evaluating every combination of 

weights, but it takes advantage of the OBS error formula to evaluate individual weights, sort 

them and then choose the minimum n weights. Removing n weights requires computing the 

Hessian approximation once for n weights instead of one for each weight as in the standard 

OBS. 

Here, we experiment with 1% of the total number of weights existing in an iteration step to be 

removed at once, which would take at maximum 100 Hessian inverse evaluations. This resulted 

in a good compromise between accuracy and robustness of the original OBS, and time 

efficiency of SNOBS. Any percentage can be used but it will definitely influence the 

performance accuracy. We have used the parallel Hessian inverse approximation described in 

section 3.1.4 with SNOBS. 
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This algorithm can be summarized as follows: 

Algorithm 3: Simple n OBS (SNOBS) 

1.  Train ANN to minimum error. 
2.  While error below a certain threshold 
3.       Compute !!! by approximation, refer to Algorithm 2  
4.       Eliminate n weight with least error by (3.5) 
5.       Set the selection Matrix ! to the indices of the weights of to be removed 
6.       Update the ANN remaining weights by (3.11) 
7.       If error exceeds a certain threshold then  
8.                  Retrain  
9.                  If error is still large then 
10.                              Stop pruning  
11.                              Return eliminated weights from last step 
12.                              Break out of while loop 
13.                   Else go to step 3 
14.       Else go to step 3  
15.  End While       

Algorithm 3: Simple n OBS (SNOBS) 

The time complexity of SNOBS is given as: 

!"#$! = !(!!! + !!!!) 

3.3:  Unit-Optimal Brain Surgeon (UOBS) 

This variant [31] also utilizes the Generalized OBS and defines a heuristic of the  “good” 

combinations to remove the set of outgoing weights of particular unit, which reduces the 

number of combinations to be equal the number of units. This algorithm can be summarized as 

stated in the unit-OBS paper [31] as the following : 

Algorithm 4: Unit OBS (UOBS) 

1.  Train ANN to minimum error. 
2.  While error below a certain tolerance threshold 



37 
 

3.      Compute !!! by approximation  
4.            For each unit !! 
5.                  Find the indices !!,!!,!, , , ,, !!(!)  
                       which corresponds to the outgoing weights of unit !!. 
6.                  Evaluate ∆!!as in (3.10) 
7.            End For 
8.       Set the selection matrix ! to the indices of the weights to be removed 
9.       Eliminate unit with least error 
10.     Update the ANN remaining weights by (3.11) 
11.     If error exceeds a certain threshold then  
12.                  Retrain  
13.                  If error is still large then 
14.                              Stop pruning  
15.                              Return eliminated weights from last step 
16.                              Break out of while loop 
17.                   Else go to step 3 
18.        Else go to step 3  
19.  End While       

Algorithm 4: Unit OBS (UOBS) 

The time complexity of UOBS can be given by: 

!"#$ = !(!!! + !"!!) 

where u is the number of units in the network and n is the number of outgoing weights of unit 

ui. We have used the parallel Hessian inverse approximation described in section 3.1.4 with 

UOBS. 

3.4 Computational Complexity of OBS, UOBS and SNOBS 

OBS variants exhibit limitations related to the Hessian inverse approximation and can be 

summarized as follows:  
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• OBS needs more iteration as it removes a single weight in each iteration requiring more 

Hessian inverse computations. OBS uses (3.5) to evaluate !". 

• UOBS eliminates weights by units, which means in every pruning iteration step, it 

requires evaluating ∆! for every unit in the network including the input units, which 

can be very large. UOBS uses (3.10) to evaluate !". 

• SNOBS eliminates multiple weights by the specified percentage. SNOBS uses (3.5) to 

evaluate !". 

Table 1 summarizes all of the methods used in this study and illustrates their differences 

Algorithm  Advantages Disadvantages 

Optimal Brain 
Surgeon (OBS) 

! Robust as it offers 
maximum reduction 
while maintaining best 
accuracy. 

! Works well with small 
datasets in terms of 
feature size. 

 

" Requires more iterations. 
" Very inefficient due to large 

number of Hessian 
approximations. 

" Slow in large datasets in terms of 
feature size. 

Unit-based Optimal 
Brain Surgeon 
(UOBS) 

! Requires fewer iterations 
than OBS.  

! The number of weights 
to be removed is 
bounded by the number 
of outgoing connections 
for each unit. 
 

" Requires more iterations if the 
number of input units is large. 

" Inefficient as error evaluation 
must be done for all units in 
every pruning iteration. 

SNOBS ! Good compromise 
between OBS robustness 
and time efficiency  

! Requires few Hessian 

" May not scale very well in large 
datasets in terms of sample size.  
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Approximation at 
maximum 100 if 1% is 
of the present weights is 
removed in each 
iteration.  

! Preforms very well 
compared to other 
Hessian-based methods 
and MP. 

! Maintains max accuracy-
reduction tradeoff 

Magnitude-based 
pruning(MP) 

! Fast  
! Simple  

Performs the worst in terms of 
maintaining accuracy-reduction 
tradeoff. 

Table 1: Comparison of Pruning Algorithms  
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Chapter 4 

Results and Discussions 

This section presents the experiments setup, the evaluation metrics and the datasets used to 

evaluate the performance and efficiency of the pruning algorithms. We provide a 

comprehensive comparison of the obtained ranked input features from ANN pruning with 

seven existing features filtering methods. We also present the parallelization of the Hessian 

approximation and the gained speedup for OBS and its variants. Finally, we present a 

comparison between the package NNSYSID [32], which implements the standard OBS and the 

version of FCNN [33] that we enhanced by expanding it to include UOBS, SNOBS and 

parallelized implementation of Hessian inverse calculation. 

4.1 Experimental Setup   

For the ANN training, FCNN (Fast Compressed Neural Network) is a 2014 modular and fast 

C++ implementation of neural networks. Resilient Backpropagation (Rprop) [34] was used as 

the main training algorithm. Rprop generally achieves faster convergence properties over 

regular backpropagation. OpenMP parallelization, which uses the shared memory model, we 

used as the parallelization scheme for Hessian inverse approximation part. The code was run on 

64-core AMD processors with 512 RAM. Please note that AMD processors use 2 cores for a 

single floating-point operation, so effectively this run tests corresponded to 32 floating-point 

cores.  

In this study, two main experimental setups have been conducted as follows: 
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! First: Pruning effects on hold-out data 

a. Pruning effects on input features 

b. Pruning effects on network parameters 

! Second: Pruning effects on cross-validation 

c. Accuracy and parameters reduction tradeoff 

d. Comparison of ANN pruning and feature filtering methods 

The hold-out experiments were conducted to examine the full pruning process, i.e. pruning 

until all ANN parameters have been eliminated.  In this setup, 70% of the data was used for 

training, 15% was used for validation and the remaining 15% was used for testing.  

For the cross-validation experimental setup, 10-fold cross validation was used with 5 small 

datasets, namely Breast Cancer [35], Heart disease [36], WDBC [37], Promoters [38] and 

Arrhythmia [39]. However, due to long run times, 3-fold cross validation was used with the 

remaining 4 datasets (Madelon [40], TFTF [41], Prostate Cancer [42], and AID886 [43]). 

Pruning proceeds as long as the training MSE is above 1% for each of the OBS variants, or if 

this cannot be achieved, then the training proceeds until the maximum number of iterations is 

reached. This approach gives 80%-99% reduction in the number of parameters pruned as 

indicated in the tables in the appendix.  

Due to the simplification of the ANN structure through the pruning, it is possible that some of 

the input data features are not used anymore, this amounts to the feature selection. 

Comprehensive experiments have been performed to investigate the pruning effects of SNOBS 

on the features and compare it with state-of-the-art feature filtering methods. The features 

selection comparison setup is similar to the one in [44]. A Naïve Bayes Classifier (NCB) is 
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used to report the test accuracy because of its attractive properties of being fast, highly scalable 

and insensitive to irrelevant feature. Using the cross-validation experimental setup, we 

performed over 500 experiments for all of the folds and the datasets for comparison.  

The total number of parameters correlates with the ANN complexity and is based on the 

following:  

!"#$%!!". !"!!"#"$% = 

!!!!!!! !". !"!!"#$%!!"#$%&"' ∗ !". !"!ℎ!""#$!!"#$% + 2 ∗ !". !"!ℎ!""#$!!"#$%  

Table 2 summarizes the datasets used. The datasets are selected to reflect varying number of 

input features and data samples. The data types are discrete or continuous.    

Datasets Number of 
features 

Number of samples Total number 
of Parameters 

Breast Cancer 
dataset 

9 682 87 

Heart disease 
Dataset 

13 297 226 

WDBC dataset 30 569 673 

Promoters dataset 57 106 2302 

Arrhythmia 277 442 2791 

Madelon 500 2000 5021 

Prostate Cancer 
dataset  

2135 102  21371 

TFTF dataset 1062 674 10641 

AID886 
(Chemical-
Proteins) dataset 

918 10471 9201 

Table 2: Datasets summary 
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4.2 Data Pre-processing 

In our case, data pre-processing consists of removing missing values and normalization. Min-

max normalization [34] was used for most of the datasets. However, some datasets result in 

better ANN accuracy using Z-score normalization [34]. Z-score normalization was applied to 

Arrhythmia and AID886 datasets whereas Min-max normalization was applied to the 

remaining datasets.  

Min-Max Normalization 

This normalization technique scales the values between [0, 1] as follows: 

!! = ! ! − !!"#
!!"# − !!!"#

 

where !!"#, !!"# refer to the minimum and maximum of attribute  !. 

Z-Score Normalization 

This technique uses the mean and the standard deviation of each feature and computes the new 

transformed features values as follows: 

!"#$%& = ! − !!!
!!

 

where !!and !! refer to mean  and standard deviation of feature !. 

4.3 Evaluation Metrics 

To evaluate the performance of each ANN pruning algorithm, accuracy measures such as 

Sensitivity, Specificity, False Positive Rate (FPR), and Mean Squared Error (MSE) were used 
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for datasets with balanced classes. The Geometric mean (GM) is used as an additional indicator 

of the accuracy and accounts for datasets with imbalanced classes. To evaluate the features 

obtained from the pruning, we compare the accuracy and the stability of the selected features 

with seven state-of-the-art feature filtering methods. 

The following metrics are common evaluation metrics to assess the classification accuracy of a 

model. 

• Accuracy Metrics 

The accuracy of the method is measured by sum of true positives (TP) and true negatives 

(TN) over the total number of samples. Sensitivity, Specificity and FPR are defined as 

follows.  

!""#$%"& = !" + !"
!" + !" + !"+ !" 

!"#$%&%'%&(! = ! !"
!" + !" 

!"#$%&%$%'( = ! !"
!" + !" 

!"# = 1− !"#$%&%$'( 

• Mean Squared Error 

Mean Squared Error (MSE) is one of the criteria to measure the discrepancy between the 

predicted value of the model and true target value. It is defined as the squared difference 

between the true target value and the predicted one as follow: 



45 
 

!"# = 1
! ! (!(!!,,!)− !!)!

!

!!!
 

where !(!!,,!) is the ANN output function parameterized by w, and !! ! is the target value 

[6].  

• Geometric Mean 

In some datasets where there is highly imbalanced numbers of classes positive or negative 

classes, GM [45] has been used to overcome the problems associated with MSE or 

Accuracy in datasets with imbalanced classes GM is defined as follows: 

!"! = ! !"#$"%&'&%( ∗ !"#$%&$%'( 

4.4 Pruning Effects on Input Features 

ANN pruning may greatly decrease the number of network parameters (weights). With this 

reduction, some input features lose their connecting edges, which carry the weights to the 

hidden units. Throughout the pruning process, some input features may survive the removal of 

certain edges as shown in Figure 4. This could help us infer the significance of these input 

features in a particular dataset. For evaluation, we use the hold-out experimental setup, and use 

only the remained inputs features, which preserved some or full connections to the hidden units 

as Figure 4 shows. The resulting pruned ANN model is chosen to correspond to the maximum 

number of pruned weights, as long as the validation MSE is not larger than 0.2. We use these 

fewer input features, repeat the ANN training, and report the GM in Table 3.   
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Figure 4: Illustration of pruned net 

 

Table 3 shows GM and the percentage of remained input features relative to the total number of 

input features. Reduction of about 98% of total number of features can be seen in the Prostate 

Cancer dataset. Other datasets except Breast Cancer and Heart disease exhibit large reduction 

of more than 40% from the original input features set. Same or improved GM is illustrated in 

bold. 

Dataset& +
Input&features&

%&of&Remained&
Features& GM&

Breast&
Cancer& Full+ 9+ 89%+ 97.110+

++ Remained++ 8+ ++ 97.110+
Heart&
disease& Full+ 13+ 92%+ 87.011+

++ Remained++ 12+ ++ 82.472+
WDBC& Full+ 30+ 83%+ 93.541+

++ Remained+ 25+ ++ 92.655+
Promoters& Full+ 57+ 53%+ 54.772&
++ Remained+ 30+ ++ 54.772&
Arrhythmia& Full+ 277+ 27%+ 77.340+
++ Remained+ 76+ ++ 79.466&
Madelon& Full+ 500+ 47%+ 57.729+

+

+ +

+

+

++
!!"! +

!!!! +

!!"! +

!!!! +
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++ Remained+ 236+ ++ 47.661+
TFTF& Full+ 1062+ 61%+ 62.382+

++ Remained+ 648+ ++ 68.937&
Prostate& Full+ 2135+ 2%+ 93.541&

++ Remained+ 53+ ++ 93.541&
Aid886& Full+ 918+ 58%+ 70.908+

++ Remained+ 533+ ++ 70.864+
Table 3: Pruning effects on input features 

4.5 Pruning Effects on ANN Parameters 

In order to closely investigate the effect of ANN pruning, we evaluate training, validation and 

testing performance through pruning steps until all weights are removed. Figures 5 and 6 show 

pruning effects on ANN parameters. Tremendous reduction of up to 99% of the network 

parameters is being achieved while the MSE is stable as the pruning process continues.  In 

Figure 5, the x-axis represents the remained parameters as after each pruning iteration, while 

the y-axis shows the training MSE.  

 Figure 6 shows the validation MSE. The validation MSE is used to determine the best 

accuracy point and apply the resulting ANN parameters of that point on the unseen 15% of the 

test portion of the dataset.   

SNOBS is used when ANN has very large number of parameters in which case other OBS 

variants may be computationally prohibitive. As Figure 5 and Figure 6 show, SNOBS curve (in 

blue) actually outperforms the simple Magnitude-based pruning method (MP) curve (in red). In 

most of the datasets, MP curve grows very quickly compared to other methods. This is because 

MP method does not account for the effects of the removed weights on the network error and 

thus tends to remove the incorrect weights, which may increase the error significantly. 

Therefore, we can generally conclude by saying that in order to achieve most parameters 
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reduction while maintaining best accuracy, SNOBS appears to work better in most cases in all 

small datasets as well as for Madelon, TFTF and AID886 data sets. The tables in the appendix 

also support this conclusion.  
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Figure 5: Pruning effects on ANN parameters (Training MSE) 
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Figure 6: Pruning effects on ANN parameters (Validation MSE) 
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4.6 Accuracy and Parameters Reduction Tradeoff 

Tables 4 (Promoter dataset) and 5 (Arrhythmia dataset) show SNOBS performance that was 

characterized by the reduction of the number of parameters at the level of about 97% and 72% 

accompanied with an improved test accuracy of 81.82% and 70.82%, respectively. As 

compared to other methods, this shows an enhancement. Table 6 related to the Prostate Cancer 

dataset shows almost 99% reduction of the number of parameters with an accuracy of 91.18%, 

with only a minor loss of accuracy of 0.91% compared to the baseline. On the other hand, MP 

pruning performs poorly by decreasing the accuracy significantly by more than 10% in the 

Promoters and Prostate Cancer datasets. The results obtained on the remaining datasets are 

included in the appendix. 

The tables in the appendix summarize the cross-validation results over the nine datasets; 

accuracy and reduction of the number of parameters are illustrated in bold. The baseline 

represents the result with unpruned ANN. 

&& Accuracy&& Sensitivity& Specificity&& FP_Rate&
Remained&
Params&%&

Baseline&
79.91+
(±17.57)+

80.12+
(±22.48)+

81.62+
(±22.85)+

18.38+
(±22.85)+

+
OBS&

79.82+
(±14.52)+

80.95+
(±17.82)+

82.19+
(±18.44)+

17.81+
(±18.44)+ 0.67+(±0.13)+

OBSpar&
79.82+
(±14.52)+

80.95+
(±17.82)+

82.19+
(±18.44)+

17.81+
(±18.44)+ 0.67+(±0.13)+

SNOBS& 81.82&(±12.6)&
81.79+
(±18.97)+

85.62+
(±18.71)+

14.38+
(±18.71)+ 2.54&(±1.36)&

UOBS&
78.82+
(±15.58)+

80.95+
(±17.82)+

80.76+
(±20.97)+

19.24+
(±20.97)+ 0.7+(±0.22)+

Mag&
68.91+
(±16.75)+

71.67+
(±15.27)+

68.67+
(±27.07)+

31.33+
(±27.07)+ 8.32+(±2.55)+

Table 4: Performance results for Promoters dataset 
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&& Accuracy&& Sensitivity& Specificity&& FP_Rate&
Remained&
Params&%&

Baseline&
71.28+
(±3.9)+ 57.72+(±10.4)+ 82.99+(±6.51)+

17.01+
(±6.51)+

+
OBS&

70.14+
(±5.43)+

58.28+
(±10.44)+ 79.86+(±9.31)+

20.14+
(±9.31)+ 59.04+(±44.62)+

OBSpar&
70.14+
(±5.43)+

58.28+
(±10.44)+ 79.86+(±9.31)+

20.14+
(±9.31)+ 59.04+(±44.62)+

SNOBS&
70.82&
(±2.43)& 57.85+(±9.42)+ 82.38+(±8.41)+

17.62+
(±8.41)+ 27.27&(±28.11)&

UOBS&
70.13+
(±5.25)+ 54.14+(±9.26)+ 83.08+(±3.99)+

16.92+
(±3.99)+ 21.37&(±14.62)&

Mag&
68.78+
(±5.18)+

48.84+
(±19.17)+ 85.44+(±8.9)+ 14.56+(±8.9)+ 91.39+(±25.02)+

Table 5: Performance results for Arrhythmia dataset 

&& Accuracy&& Sensitivity& Specificity&& FP_Rate& Remained&Params&%&
Baseline& 92.09+(±7.87)+ 89.4+(±12.35)+ 95.5+(±9.56)+ 4.5+(±9.56)+

+SNOBS& 91.18&(±2.94)& 88.73+(±4.79)+ 93.97+(±0.57)+ 6.03+(±0.57)+ 0.93&(±0.01)&

Mag&
78.45+
(±15.69) 81.83+(±28.99) 68.67+(±27.07) 

28.86+
(±23.66) 18.39+(±27.94)+

Table 6: Performance results for Prostate Cancer dataset 

 

4.7 Comparison of Feature Selection by ANN Pruning and by Filtering Methods 

Comprehensive experiments have been performed to investigate the pruning effects on the 

input features of ANN pruning using SNOBS and compare it with state-of-the-art filtering 

methods. This comparison shall help in analyzing the ANN pruning as a method for feature 

selection. The cross-validation setup is used for this comparison.  

The following rule is used with the remained features: 

• If the training’s fold results in the elimination of some input features, then the 

remaining input features are ranked in descending order based on the sum of the 
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remaining outgoing connections (parameters) for each input feature. Figure 4 shows that 

input feature !! lost all of its connections. Thus it is not considered anymore. To rank 

the remained features, we sum parameters for each remaining input features and sort 

them in descending order. 

• If the fold result in all input features maintaining connections with hidden units, i.e. 

some connections of input feature remains, then the parameters of each input feature are 

summed and ranked in descending order.  

The following is a brief summary of the most widely used feature filtering methods that we 

used for comparison: 

1. Conditional Mutual Information Maximization (CMIM) 

This feature selection [46] is based on the conditional mutual information. It selects the 

features, which for the already selected input feature maximize the mutual information 

with the given class label.  The selected features should be individually informative and 

with less dependence on each other.  

2. Correlation-based Feature Selection 

This method [47] considers correlation criteria in which the features should be highly 

correlated with the class label and uncorrelated with each other. Pearson Correlation is 

usually used to express such correlation. It is defined as follows: 

!!! = !"# !!,!
!"# !! !"#(!)

++

where !!" !!, !  is the covariance between input variable !! and target !, !"# !!  is the 

variance of the input variable !! and !"#(!) is the variance of the target !. 
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3. Joint Mutual Information (JMI) 

This method [48] uses Joint Mutual Information to identify subsets of features with the 

highest JMI. This paper [49] recommends using JMI for its best overall trade-off for 

accuracy and stability. 

4. Maximum Relevance Minimum Redundancy (mRMR) 

This algorithm [50] attempts to select features that maximize the relevance to the class 

value and minimize the redundancy among them. mRMR selects features greedily to 

overcome the exponential cost of considering all possible feature subsets. 

5. RELIEF 

RELIEF [51] algorithm utilizes instance–based learning to give importance and assigns 

weights to each feature, where a weight represents the ability of feature to distinguish 

between classes.  

6. T-test 

T-test [35] is another widely used metric that measures the statistical significance of the 

difference of class relevance of a particular feature between the two classes i and j 

(positive and negative), it is defined as follows: 

! − !"#! = |!! − !!!|

!!!
!! + !

!!!
!!

!! 

where !,σ,!! represent the mean, standard deviation and the sample size. 
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7. Receiver Operating Characteristic (ROC) 

The receiver operating characteristic (ROC) curve is used to measure the class 

discrimination by a feature using the area between the curve and the random classifier 

[36]. This can indicate the overlap between classes for a particular feature.  

Figures 7, 8 and 9 show the NBC test accuracy with the top [10%-50%] ranked input 

features. We notice that the SNOBS performs almost as good as, or sometimes even 

better, than other widely used features filtering methods. For example, for the TFTF 

dataset, SNOBS curve (in orange) shows higher test accuracy than state-of-the-art 

filtering methods such as Correlation, CMIM, RELIEF and JMI (Figure 9).  
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 Figure 7: ANN pruning and feature ranking accuracy (Cancer, Heart, WDBC)  
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 Figure 8: ANN pruning and feature ranking accuracy (datasets: Promoters, Prostate, Madelon)   
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 Figure 9: ANN pruning and feature ranking accuracy (datasets: Arrhythmia, TFTF, AID886)      

Figures 10, 11 and 12 show stability of the selected features. Stability is used to show the 

robustness of the selected features when data is slightly changed (in this case different folds of 

the data). Subset of features is said to be stable (or robust) if they remain the same between 

folds of data. The pairwise inconsistency score of different folds was computed as described in 

[52] and their average value is reported in the Figures 10, 11 and 12. The Inconsistency Score 

(I) of !!and!! subsets of k feature is defined as follows: 
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!! !,! = ! !" − !!
!

!(! − !)! 

where: 
r is the size of the common features ! ∩ ! = ! 
k is the size of the feature subsets ! = ! = !! 
n is total number of features. 

 

Therefore the average of pairwise consistency indices is computed as follows: 

! = ! 2
! ! − 1 ! !! !,!

!

!!!!!

!!!

!!!
 

where:  
k is the size of feature subset ! = ! = !! ,( i.e. k = [10-50] % ) 
! is the number of folds for each range. 
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 Figure 10: ANN pruning and feature ranking stability (datasets: Cancer, Heart, WDBC) 
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 Figure 11: ANN pruning and feature ranking stability (datasets: Promoters, Prostate, Madelon)   
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 Figure 12: ANN pruning and feature ranking stability (datasets: Arrhythmia, TFTF, AID886)    
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4.8 Speedup Results 

The speed up metric was used to quantify the speed up we are able to achieve by parallelizing 

the Hessian inverse approximation part of the code. The speed up is measured as follows: 

!"##$%" = ! !"#$%&!!"#$%&'()!!"#$!"#"$$%$!!"#$%&'()!!"#$! 

The performance gain obtained by the parallelization is dictated by Amdahl’s law, which states 

that the optimization of the part of the code is limited by the fraction of execution time of the 

code, which can be parallelized [37]. Since the Hessian inverse approximation portion 

consumes most of the execution time as shown by the profiling results (95% - 98%), it makes 

sense to parallelize this portion of the code. Table 7 shows the speedup improvements over the 

non-parallel OBS. SNOBS by definition uses less Hessian inverse evaluations and when 

coupled with a parallel Hessian inverse, tremendous speedup is achieved.  Figures 13 and 14 

show the effects of the parallelization as we increase the problem size (number of hidden units) 

for Breast Cancer and Heart Disease, WDBC, and Promoter datasets. 
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&

Cancer& Heart& WDBC& Promoters&

Hidden&
Units&

OBS/OBS
par&

OBS/SNOBS
Wpar&

OBS/OBSW
par&

OBS/SNO
BSWpar&

OBS/OBS
Wpar 

OBS/SNO
BSWpar&

OBS/OB
SWpar&

OBS/SNOBSW
par&

10+ 2.153+ 0.175+ 2.375+ 0.812+ 3.082+ 7.786+ 0.410+ 2.453+

15+ 2.955+ 0.903+ 3.379+ 1.204+ 4.144+ 17.281+ 0.994+ 8.604+

20+ 3.384+ 0.444+ 3.771+ 4.237+ 5.881+ 21.579+ 1.806+ 20.657+

25+ 3.627+ 1.058+ 4.009+ 6.018+ 5.332+ 25.961+ 2.464+ 34.378+

30+ 3.976+ 1.597+ ++++++4.009+ 9.515+ 4.937+ 37.667+ 2.806+ 42.513+

35+ 4.446+ 3.873+ 4.458+ 10.976+ 3.460+ 19.354+ 3.117+ 55.677+

40+ 4.498+ 1.963+ 4.251+ 7.821+ 5.079+ 36.080+ 3.773+ 62.649+

45+ 4.547+ 2.983+ 4.567+ 8.155+ 6.215+ 43.697+ 4.631+ 93.962+

50+ 4.127+ 5.071+ 4.620+ 13.817+ 6.419+ 45.156+ 4.035+ 109.054+

55+ 4.518+ 7.181+ 2.090+ 18.658+ 5.420+ 22.618+ 5.170+ 129.701+

60+ 4.639+ 10.338+ 2.507+ 17.500+ 8.036+ 47.712+ 5.336+ 141.237+

 

 

 

 

Table 7: Speedup Comparisons of OBS, OBS-parallel and SNOBS-parallel 



65 
 

 Figure 13: OBS and OBS-parallel time in (min)  
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Figure 14: OBS, OBS-parallel and SNOBS-parallel time in (min) 

4.9 Comparison with the MATLAB Toolbox NNSYSID 

NNSYSID is a MATLAB toolbox [32] for ANN-based identification systems. This toolbox 

implements the OBS algorithm for ANN pruning. To establish a fair comparison, the 

NNSYSID and FCNN [33] packages are run under the same conditions. These include: data 

partitioning, activation functions, hidden units, training algorithms, initial weights and 

tolerance level. Data was partitioned into 70% training, 15% validation and 15% testing. Figure 
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17 shows the training, validation curves and the testing point for the WDBC and Promoters 

datasets. Table 8 shows the time comparisons between the 4 datasets. For larger datasets such 

as Arrhythmia, the MATLAB crashed on 12-physical cores machine of 2.6 GHz/core and 99 

GB of memory.   

Figure 15: FCNN vs. NNSYSID  

 

 

Dataset& FCNN&(min)& NNSYSID&
(min)&

Cancer&& 0.011+ 0.166+
Heart&disease& 0.070+ 0.278+

WDBC& 7.563+ 16.038+
Promoters&& 19.577+ 284.413+
Arrhythmia&& 548.131+ NA+

Table 8: Time Comparison between FCNN and NNSYSID 
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Chapter 5 

Conclusion 

Through extensive experiments over nine publically available real datasets and with 4 ANN 

pruning methods (MP, OBS, UOBS, SNOBS), we investigated the use of ANN pruning 

algorithm. We did show that the pruned ANNs sometimes result in the higher accuracy than the 

non-pruned ANNs. We made a parallelized version (OBS-parallel) that has parallelized 

calculation of the Hessian inverse. This has been shown to run about 8 fold faster than the non-

parallelized version on a 32 core machines. As a side effect, the ANN pruning process can 

eliminate a number of input features and in this manner be used as a feature selection method. 

In such a feature selection, input features could be ranked. Moreover, we provided a more 

efficient tool for ANN pruning.  The tool implements a parallelized calculation of Hessian 

inverse and contains the 4 ANN pruning options we studied here. Our study shows that SNOBS 

is both robust and efficient. Figure 16 shows the tool interface, which allows the user a number 

of possibilities such as upload the dataset, choose number of iterations or training tolerance, 

specify the pruning method, perform pruning, select the pruned structure, etc.  
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Figure 16: Web tool interface 
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APENDICES 

Table 1: Cancer Dataset 

+ Accuracy&& Sensitivity& Specificity&& FP_Rate& Remained&
Params&%&

Baseline+ 96.92+
(±2.45)+

97.43+
(±2.3)+

96.73+
(±3.32)+

3.27+
(±3.32)+

+

OBS+ 96.48+
(±2.22)+

97.56+
(±2.19)+

96.08+
(±3.61)+

3.92+
(±3.61)+

15.13+(±5.05)+

OBSpar+ 96.48+
(±2.22)+

97.56+
(±2.19)+

96.08+
(±3.61)+

3.92+
(±3.61)+

15.13+(±5.05)+

SNOBS+ 96.48&
(±2.22)+

97.56+
(±2.19)+

96.08+
(±3.61)+

3.92+
(±3.61)+

14.74&(±5.07)&

UOBS+ 96.33+
(±2.11)+

96.8+
(±3.13)+

96.31+
(±3.12)+

3.69+
(±3.12)+

16.54+(±8.14)+

Magnitude+ 97.21+
(±2.24)+

97.03+
(±3.49)+

97.38+
(±2.71)+

2.62+
(±2.71)+

89.49+(±9.3)+

 

Table 2: Heart Dataset 

&& Accuracy&& Sensitivity& Specificity&& FP_Rate&
Remained&Params&
%&

Baseline&
78.1+
(±4.01)+

81.32+
(±6.8)+

74.41+
(±5.02)+

25.59+
(±5.02)+

+
OBS&

75.75+
(±6.2)+

76.98+
(±9.4)+

75.29+
(±8.36)+

24.71+
(±8.36)+ 77.96+(±9.37)+

OBSpar&
75.75+
(±6.2)+

76.98+
(±9.4)+

75.29+
(±8.36)+

24.71+
(±8.36)+ 77.96+(±9.37)+

SNOBS&
77.77&
(±5.55)+

79.16+
(±8.2)+

75.67+
(±6.58)+

24.33+
(±6.58)+ 82.74+(±7.52)+

UOBS&
77.41+
(±4.04)+

80.67+
(±7.74)+

73.5+
(±7.64)+

26.5+
(±7.64)+ 95+(±5.49)+

Mag&
73.36+
(±5.85)+

76.39+
(±9.6)+

70.1+
(±12.71)+

29.9+
(±12.71)+ 99.25+(±1.12)+
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Table 3: WDBC Dataset 

&& Accuracy&& Sensitivity& Specificity&& FP_Rate&
Remained&Params&
%&

Baseline& 97.19+(±1.7)+
98.9+
(±1.96)+

94.64+
(±3.72)+

5.36+
(±3.72)+

+
OBS& 96.13+(±1.81)+

98.37+
(±1.4)+

92.8+
(±5.06)+ 7.2+(±5.06)+ 2.14+(±0.65)+

OBSpar& 96.13+(±1.81)+
98.37+
(±1.4)+

92.8+
(±5.06)+ 7.2+(±5.06)+ 2.14+(±0.65)+

SNOBS& 96.31&(±1.54)& 98.1+(±2.3)+
93.73+
(±4.53)+

6.27+
(±4.53)+ 2.81&(±1.8)&

UOBS& 96.84+(±1.81)+
98.31+
(±1.99)+

94.51+
(±3.54)+

5.49+
(±3.54)+ 3.27+(±2.12)+

Mag& 97.37+(±2.77)+
98.03+
(±2.4)+

96.43+
(±4.58)+

3.57+
(±4.58)+ 92.3+(±3.68)+

 

Table 4: Promoters Dataset 

&& Accuracy&& Sensitivity& Specificity&& FP_Rate&
Remained&
Params&%&

Baseline&
79.91+
(±17.57)+

80.12+
(±22.48)+

81.62+
(±22.85)+ 18.38+(±22.85)+

+
OBS&

79.82+
(±14.52)+

80.95+
(±17.82)+

82.19+
(±18.44)+ 17.81+(±18.44)+ 0.67+(±0.13)+

OBSpar&
79.82+
(±14.52)+

80.95+
(±17.82)+

82.19+
(±18.44)+ 17.81+(±18.44)+ 0.67+(±0.13)+

SNOBS&
81.82&
(±12.6)&

81.79+
(±18.97)+

85.62+
(±18.71)+ 14.38+(±18.71)+ 2.54&(±1.36)&

UOBS&
78.82+
(±15.58)+

80.95+
(±17.82)+

80.76+
(±20.97)+ 19.24+(±20.97)+ 0.7+(±0.22)+

Mag&
68.91+
(±16.75)+

71.67+
(±15.27)+

68.67+
(±27.07)+ 31.33+(±27.07)+ 8.32+(±2.55)+
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Table 5: Arrhythmia Dataset 

&& Accuracy&& Sensitivity& Specificity&& FP_Rate&
Remained&
Params&%&

Baseline&
71.28+
(±3.9)+

57.72+
(±10.4)+

82.99+
(±6.51)+

17.01+
(±6.51)+

+
OBS&

70.14+
(±5.43)+

58.28+
(±10.44)+

79.86+
(±9.31)+

20.14+
(±9.31)+ 59.04+(±44.62)+

OBSpar&
70.14+
(±5.43)+

58.28+
(±10.44)+

79.86+
(±9.31)+

20.14+
(±9.31)+ 59.04+(±44.62)+

SNOBS&
70.82&
(±2.43)&

57.85+
(±9.42)+

82.38+
(±8.41)+

17.62+
(±8.41)+ 27.27&(±28.11)&

UOBS&
70.13+
(±5.25)+

54.14+
(±9.26)+

83.08+
(±3.99)+

16.92+
(±3.99)+ 21.37+(±14.62)+

Mag&
68.78+
(±5.18)+

48.84+
(±19.17)+ 85.44+(±8.9)+

14.56+
(±8.9)+ 91.39+(±25.02)+

 

Table 6: Madelon Dataset 

&& Accuracy&& Sensitivity& Specificity&& FP_Rate& Remained&Params&%&
Baseline& 62.05+(±3.44)+ 62.09+(±5.72)+ 62.3+(±4.8)+ 37.7+(±4.8)+

+SNOBS& 58.75+(±0.96)+ 56.62+(±1.59)+ 60.91+(±2.35)+ 39.09+(±2.35)+ 63.19+(±16.26)+
Mag& 61.85+(±2.82) 59.81+(±4.75) 64.04+(±3.52) 35.96+(±3.52) 99.98+(±0.05)+

 

Table 7: TFTF Dataset 

&& Accuracy&& Sensitivity& Specificity&& FP_Rate&
Remained&Params&
%&

Baseline& 73.13+(±73.29)+ 64.52+(±69.31)+ 80.56+(±76.86)+ 19.44+(±23.14)+
+SNOBS& 68.99+(±4.54)+ 63.36+(±6.08)+ 74.2+(±6.03)+ 25.8+(±6.03)+ 87.96+(±0.05)+

Mag& 70.47+(±4.55) 65.45+(±7.53) 75.26+(±5.96) 24.74+(±5.96) 99.95+(±0.1)+
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Table 8: Prostate Cancer Dataset 

&& Accuracy&& Sensitivity& Specificity&& FP_rate& remained&params&%&
Baseline& 92.09+(±7.87)+ 89.4+(±12.35)+ 95.5+(±9.56)+ 4.5+(±9.56)+

+Snobs& 91.18&(±2.94)& 88.73+(±4.79)+ 93.97+(±0.57)+ 6.03+(±0.57)+ 0.93&(±0.01)&

Mag&
78.45+
(±15.69) 

81.83+
(±28.99) 

68.67+
(±27.07) 

28.86+
(±23.66) 18.39+(±27.94)+

 

Table 9: Drug Dataset 

&
GWmean& Sensitivity& Specificity&& FP_Rate& Remained&Params&%&

Baseline& 67.12+(±1.51)+ 78.27+(±3.42)+ 57.71+(±4.81)+ 42.29+(±4.81)+
+SNOBS& 67.23+(±1.99)+ 78.24+(±3.55)+ 57.98+(±6.08)+ 42.02+(±6.08)+ 94.95+(±5.35)+

Mag& 67.84+(±1.53)+ 76.67+(±1.88) 60.03+(±3.33) 39.97+(±3.33) 99.99+(±0.02)+
 

Figure 1: FCNN vs. NNSYSID 


