
Data Assimilation for Management of Industrial

Groundwater Contamination at a Regional Scale

Thesis by

Mohamad El Gharamti

In Partial Fulfillment of the Requirements

For the Degree of

Doctor of Philosophy Earth Sciences and Engineering

King Abdullah University of Science and Technology, Thuwal,

Kingdom of Saudi Arabia

December, 2014



2

The thesis of Mohamad El Gharamti is approved by the examination committee

Committee Chairperson: Assoc. Prof. Ibrahim Hoteit

Committee Member: Dr. Johan Valstar

Committee Member: Assoc. Prof. Shuyu Sun

Committee Member: Prof. Omar Knio

Committee Member: Assoc. Prof. Youssef Marzouk



3

Copyright © 2014

Mohamad El Gharamti

All Rights Reserved



4

ABSTRACT

Data Assimilation for Management of Industrial Groundwater

Contamination at a Regional Scale

Mohamad El Gharamti

Groundwater is one of the main sources for drinking water and agricultural activi-

ties. Various activities of both humans and nature may lead to groundwater pollution.

Very often, pollution, or contamination, of groundwater goes undetected for long pe-

riods of time until it begins to affect human health and/or the environment. Cleanup

technologies used to remediate pollution can be costly and remediation processes are

often protracted. A more practical and feasible way to manage groundwater contam-

ination is to monitor and predict contamination and act as soon as there is risk to

the population and the environment. Predicting groundwater contamination requires

advanced numerical models of groundwater flow and solute transport. Such numerical

modeling is increasingly becoming a reference criterion for water resources assessment

and environmental protection.

Subsurface numerical models are, however, subject to many sources of uncertain-

ties from unknown parameters and approximate dynamics. This dissertation considers

the sequential data assimilation approach and tackles the groundwater contamination

problem at the port of Rotterdam in the Netherlands. Industrial concentration data

are used to monitor and predict the fate of organic contaminants using a three-

dimensional coupled flow and reactive transport model. We propose a number of
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novel assimilation techniques that address different challenges, including prohibitive

computational burden, the nonlinearity and coupling of the subsurface dynamics,

and the structural and parametric uncertainties. We also investigate the problem of

optimal observational designs to optimize the location and the number of wells.

The proposed new methods are based on the ensemble Kalman Filter (EnKF),

which provides an efficient numerical solution to the Bayesian filtering problem. The

dissertation first investigates in depth the popular joint and dual filtering formula-

tions of the state-parameters estimation problem. New methodologies, algorithmically

similar, but more efficient numerically, are then proposed based on a more consistent

derivation with the Bayesian filtering approach. To reduce computational cost, I

further extend the formulation of the hybrid EnKF-variational approach to the state-

parameter estimation problem and propose an adaptive scheme for the specification

of the weights of the flow-dependent and static background covariance matrices. The

new adaptive hybrid scheme is shown to provide much better results than the EnKF

while using a fraction of the ensemble size. The new methods are implemented and

successfully tested with a realistic coupled subsurface and transport-reaction model

of the port of Rotterdam by assimilating industrial data on biodegradable chlorinated

hydrocarbons. The observational design problem for placing hydrologic wells is sub-

sequently considered and a new efficient solution is proposed that combines concepts

from both information theory and data assimilation.
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Chapter 1

Introduction

1.1 Problem Description

Around two billion people of the world’s population in urban and rural areas use

groundwater on daily basis for drinking, bathing, and other household needs. Ground-

water is also an important resource for irrigation and the industry. Essentially,

groundwater is rain water or water from land bodies such as lakes or streams, that

soaks into the soil and subsurface bedrock and gets stored in the pore spaces of the

aquifer rocks. Fresh drinking water makes up only 6% of the total water on Earth,

including icecaps and glaciers. Out of the total available fresh water, only 0.3% of it

is useable for drinking, and the majority of that is groundwater [2].

Unfortunately, like many other natural resources, groundwater is susceptible to

contaminants or pollutants [3]. Groundwater contamination is nearly always caused

by improper human activity. In general, contamination is expected to happen in areas

with high population density in addition to intensive use of the land. Groundwater

contamination occurs when man-made hazardous products, mostly agricultural and

industrial based, such as gasoline, road salts, chemicals, and fertilizers penetrate

through the soil and reach the groundwater (Figure 1.1). This may contaminate

the groundwater, making it unsafe for human use [4]. As schematized in Figure

1.1, the size and speed of the contaminant plume usually depends on many factors
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such as the amount and type of the contaminant, its density and solubility in water,

biodegradation activity, and the velocity of the flowing groundwater [5]. In fractured

rocks, the contaminants are expected to move faster through the fractures.

Figure 1.1: Sketch showing seepage of different pollutants to the subsurface. Once the
contaminant plume reaches the water table (surface of the saturated zone), it moves
in the direction of the groundwater flow. Source – http://www.idahogeology.org/

services/hydrogeology

Groundwater can become contaminated from natural resources or numerous types

of human activities. Natural sources of contamination are substances that are found

in dissolved form in subsurface rocks such as iron, manganese, arsenic, chlorides,

fluorides, sulfates, and radionuclides [6]. Groundwater that contains unacceptable

concentrations of these substances is not used for drinking and domestic needs unless

it is treated and remediated. A case study in Bangladesh showed that groundwater

is contaminated with high levels of naturally occurring arsenic. The study reported

that a full one fifth of the population there drinks water containing five times the ar-

senic level recommended by the World Health Organization [7, 8]. Municipal sources

of groundwater contamination include open dumpsites, landfills, surface impound-

ments, latrines and other waste sites. Industrial pollution of groundwater can come

http://www.idahogeology.org/services/hydrogeology
http://www.idahogeology.org/services/hydrogeology
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from improper disposal of hazardous waste, releases and spills from stored chemicals

and petroleum products, mining activities, septic systems, improperly constructed

and abandoned wells, sewers and other pipelines. Agricultural contamination comes

primarily from overuse of pesticides and fertilizers [9]. Individuals can also cause

groundwater contamination by improper disposing of waste such as motor oil, deter-

gents and cleaners.

Drinking contaminated groundwater can have series health effects depending on

the type of the pollutants. Many diseases such as parkinson, cholera, hepatitis, and

dysentery may be caused by contamination from septic tank wastes. Severe poison-

ing may be caused by toxins that could be leached into well water supplies. Methe-

moglobinemia (a.k.a. blue baby syndrome) an illness affecting infants, can be caused

by drinking water that is high in nitrates. High concentrations of lead have se-

ries health effects such as learning disabilities in children, nerve, kidney, and liver

problems. Accumulation of heavy metals and organic pollutants such as chlorinated

hydrocarbons can lead to cancer and reproductive abnormalities [5, 7, 10, 11].

1.2 Motivation and Objectives

Subsurface contamination has received significant attention in the last few decades in

all sectors of economy, high profile contaminated sites, human health issues, litigation,

etc. Further, consequent cleanup costs have increased the awareness of environmental

issues related to contaminated fields [26, 56]. Historically, it was believed that sub-

surface contamination could be remediated to natural background levels by digging

in the soil and pumping out the contaminated groundwater. Different technologies

have been tested including source removal, plume containment, and even stimulating

biodegradation by injecting additional nutrients to the groundwater. However, it was

not too long before it was discovered that there were simply too many contaminated
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areas to completely remediate them. Furthermore, all available cleaning technologies

are economically not feasible to fully resolve the problem. In general, groundwater is

very difficult to remediate, except in very small defined areas [12, 13].

Governmental authorities are now considering another approach to remediation

based on the management of industrial groundwater contamination on a regional

scale. The idea is simply to prevent groundwater contamination from causing nega-

tive effects as direct risks on humans or ecology, by controlling any undesired spread-

ing outside the boundary of the industrial site where the contamination occurred

[14, 15]. This means that a number of planes of compliance should be defined around

the boundaries of the contaminated areas beyond which the contaminant is not al-

lowed to cross at a certain concentration or mass flux. The challenge is then to predict

in a cost effective way what type and when contaminants may cause a risk, so remedi-

ation may be undertaken to prevent any unacceptable spreading beyond the plane of

compliance. One efficient framework to implement a monitoring/prediction system at

a regional scale is to use prediction models with monitoring data and combine them

using advanced data assimilation approaches.

The aim of data assimilation is to use measured observations in combination with

a dynamical system in order to derive accurate estimates of the past, current and

future states of the system, together with estimates of the associated uncertainties

[66]. The use of data assimilation is important in order to address the uncertainties

associated with the mathematical models describing the dynamics of the subsurface

and its inputs and parameters. This problem is being tackled in many scientific fields

(e.g. atmosphere, ocean, ecology, reservoir, hydrology) using two main approaches as

schematized in Figure 1.2 [16, 17, 18, 19, 20, 21]:

• Variational Approach: also known as “direct observer”; in this approach an

optimal (feasible) state trajectory that best fits observational data over a time

window is found. The estimated state at the end of the window is then used



27

Figure 1.2: Schematic explanation of the difference between variational data assimi-
lation techniques (top) and sequential data assimilation (bottom).

to compute the forecast. This procedure is referred to as four-dimensional data

assimilation (4D-VAR).

• Sequential Approach: also known as “dynamic observer”; in this approach the

observations are fed-back to the model every time they become available and a

best estimate is produced. The current estimate is then used to obtain a future

prediction. This procedure is widely known as sequential data assimilation.

In this dissertation, we will consider the sequential approach in a full Bayesian

framework and tackle the assimilation problem in subsurface contaminant transport

problems. Sequential methods are usually non-intrusive, and therefore more straight-

forward to implement with complex nonlinear systems than variational methods which

are often based on the adjoint of the dynamical model (Figure 1.2). Throughout the

Chapters of this dissertation, we will use of the state-of-the-art ensemble Kalman

filter (EnKF) [22, 23, 24] to assimilate different subsurface observations into nonlin-
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ear contaminant transport models. We focus on addressing the following important

modeling and assimilation challenges:

1. Coupling of the flow and transport: Understanding the coupling between the

subsurface flow and transport processes is important to obtain accurate subsur-

face predictions. Ignoring the coupling would result in flow and contaminant

estimates that are incorrect. Standard coupling procedures perform poorly with

sparse observational networks and large modeling uncertainties. Moreover, in

large dimensional systems the estimation problem of both the flow and trans-

port states and parameters might become intractable due to the large degrees

of freedom.

2. Nonlinearities and uncertainties: Flow and transport models can be very non-

linear due to the complex nature of the subsurface processes. To this end, the

use of standard linear estimation techniques such as the Kalman filter (KF) [25]

is not always possible. Other sequential estimation techniques that are suited

for nonlinear dynamical systems such as the ensemble Kalman filter are utilized.

However, the EnKF is not optimal and has few drawbacks such as the limited

ensemble size. In addition, numerical simulators of subsurface groundwater and

transport systems are generally limited by the lack of a detailed description of

various subsurface parameters such as the spatial variation (heterogeneity) in

permeability, porosity, and sorption fields, initial location of source contami-

nant plume, recharge and infiltration degrees, the rate at which biodegradation

is taking place, etc. Numerical errors due to the finite discretization of the

modeling equations might also be pronounced especially in fractured media.

3. High dimensions and computationally complexity: Three-dimensional subsur-

face models are usually discretized using Eulerian approaches such as finite

elements and finite differences. The discretization often leads to large number
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of domain cells on which static parameters and dynamic state variables are re-

quired to be estimated. This results in systems of around 109 − 1010 variables,

making the computational requirements prohibitive. This also limits the num-

ber of ensemble members that are used to approximate the state and parameters

distributions, resulting in poor estimates of the system.

5. Monitoring strategies and observational networks: Monitoring data are used to

reduce the uncertainties in the estimates of the states and parameters. However,

these observations are often: (a) limited due to budget constraints; (b) taken

at suboptimal locations because of lack of an efficient observation strategy and

accessibility issues as industrial activity often continues at the site, and (c)

measured at suboptimal scale as for instance the groundwater is mixed when it

is taken from a monitoring well with a certain length of the well screen.

1.3 Summary of the Thesis

The body of this dissertation is organized into five chapters (2 – 6). Each individ-

ual chapter is a journal article that tackles one or more of the challenges mentioned

in the previous section. We first investigate the one-way coupling problem between

the flow and the transport. Following a Bayesian framework, we propose an efficient

dual estimation algorithm to consistently update the states of both models using the

ensemble Kalman filter. Further, we study the state-parameters estimation problem

in subsurface hydrology and we compare the performance and the complexity of two

popular estimation approaches namely, joint and dual techniques. Given the limited

accuracy of these algorithms, we propose a novel iterative joint algorithm to further

improve the state and parameters estimates of the subsurface system. Moreover, we

consider the rank deficiency problem of the EnKF and propose an adaptive hybrid

ensemble-variational formulation to improve the updating skill of the EnKF for both
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states and parameters. We test this hybrid formulation for the groundwater contam-

ination problem at the megasite port of Rotterdam in the Netherlands. Lastly, we

look into the observational design problem for wells placement and propose a greedy

EnKF-based algorithm that selects the most informative wells for contaminant esti-

mation ahead of time. Below is a summary of the problems tackled by each paper:

Chapter 2 “Dual States Estimation of a Subsurface Flow-Transport Coupled Model

Using Ensemble Kalman Filtering” Article published in Advances in Water

Resources (doi:10.1016/j.advwatres.2013.07.011).

In this Chapter, we introduce a dual estimation procedure to better handle the

assimilation problem of one-way coupled subsurface contaminant models. The

procedure is based on separating the joint probability density function of the

flow and the transport into two parts before applying two interacting ensemble

Kalman filters on the coupled models. We prove with experimental results

that the proposed state-state dual estimation scheme, although computationally

more expensive yet consistent, is more robust and outperforms the standard

joint estimation scheme.

Chapter 3 “A Joint Iterative Ensemble Kalman Filter with One-Step-Ahead Smooth-

ing for State-Parameters Estimation of Contaminant Transport Models” Article

submitted to Journal of Hydrology.

In this Chapter, we introduce a new iterative joint EnKF scheme for state-

parameters estimation. The filter uses a one-step-ahead smoothing of the state

before updating the parameters in a consistent Bayesian formulation. In ad-

dition, an efficient iterative algorithm is applied on the parameters to further

improve the estimates. We test the new scheme using a two-dimensional syn-

thetic subsurface contaminant transport model under imperfect modeling and

observational scenarios. The proposed scheme is shown to enhance the perfor-

http://dx.doi.org/10.1016/j.advwatres.2013.07.011
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mance of the standard joint filtering approach without requiring any significant

increase in the computational cost.

Chapter 4 “An Adaptive Hybrid EnKF-OI Scheme for Efficient State-Parameter

Estimation of Reactive Contaminant Transport Models” Article published in

Advances in Water Resources (doi:10.1016/j.advwatres.2014.05.001).

In this Chapter, we develop an adaptive hybrid ensemble Kalman filter in which

the state and parameters ensembles, which are generally rank-deficient, are sup-

ported with static background statistics. The adaptivity of this hybrid scheme

is based on minimizing the variance of the error resulting from the uncertain

subsurface forecasting step. We test the scheme with a reactive transport model

where we try to estimate the contaminant state and the distribution coefficients

that determine the sorption rate in the aquifer. The estimation is performed in

a dual fashion using the algorithm derived in Chapter 2. We show that the new

scheme is accurate and efficient leading up to 60-70% saving in computational

cost compared to a regular EnKF.

Chapter 5 “Monitoring and Predicting Subsurface Organic Contaminants in the

Port of Rotterdam using a Hybrid Ensemble Kalman Filter” Article submit-

ted to Advances in Water Resources.

In this Chapter, we consider the contamination problem at the port of Rot-

terdam in the Netherlands. We use industrial concentration data to simulate

the migration of different contaminants at the port site for 50 years. We use

the hybrid ensemble Kalman filter developed in Chapter 4 to estimate the con-

centrations and degradation rates of four chlorinated hydrocarbon components.

We compare the performance of the hybrid scheme and its adaptive variant

to the standard EnKF. Qualitative and quantitative assessment of the results

show that the hybrid scheme is robust and highly accurate as compared to the

http://dx.doi.org/10.1016/j.advwatres.2014.05.001
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standard EnKF. Furthermore, it is computationally less intensive.

Chapter 6 “A Greedy Approach for Placement of Subsurface Aquifer Wells in an

Ensemble Filtering Framework” Article accepted for publication in Lecture

Notes in Computer Science.

In this Chapter, we tackle the observational design problem in subsurface hy-

drology. We propose a greedy EnKF-based algorithm to optimally select hy-

draulic wells during assimilation. The scheme follows the formulation of infor-

mation theory and maximizes the fisher’s information gain when updating the

prior estimates with the EnKF. The proposed filter selects the most informa-

tive well locations ahead of time, thus making rapid placement decisions and

maximizing the economic benefit. Experiments are conducted using a synthetic

contaminant transport system. The results show that the proposed scheme is

very efficient yielding significant uncertainty reduction as compared to random

selection techniques.
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Chapter 2

Dual States Estimation of a

Subsurface Flow-Transport

Coupled Model using Ensemble

Kalman Filtering

2.1 Introduction

Given the large number of poorly understood parameters in addition to the presence

of model uncertainties, the output of subsurface numerical models is not always ac-

curate. To improve these models, efforts have been directed toward calibrating their

parameters using optimization-based techniques [28, 29, 30, 31, 32, 33]. These cali-

bration and inverse methodologies, which generally rely on adjoint-based or statistical

Monte Carlo type approaches, aim at minimizing long-term prediction errors using

historical batches of hydraulic head data, phase saturations, contaminant concen-

trations, etc. The limitations associated with these methods include their extensive

computational burden and data storage, lack of an efficient approach to update the

estimated parameters with new observations, and the inability to take into account
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different sources of uncertainty in the system [27, 34].

As an attempt to go beyond the calibration methods, sequential data assimilation

techniques were successfully introduced as efficient solutions to improve hydrological

models [35]. Data assimilation schemes have the advantage of accounting for model

errors that are not only present in the uncertain parameters but also in the model

structure and inputs, such as external forcings (recharge, river-aquifer interactions,

etc) [34]. Sequential data assimilation also does not require storage of all past infor-

mation about the states and parameters by allowing online updating of the system

variables using incoming observations.

There are different assimilation techniques that vary in structure depending on

the nonlinearity, complexity and dimensions of the systems. From these, we men-

tion the particle filter (PF) [36], which has been recently used in different hydrologic

studies for tackling state-parameter estimation problems. PF can handle any type

of statistical distribution (not necessarily Gaussian) and is well suited for strongly

nonlinear dynamics [37, 38, 39, 40, 41, 42, 43, 44]. It is based on forming a large

set of particles that sample the state and parameter space according to a given prior

distribution. The particles are propagated in time with the dynamical model and

then weighted with available measurements according to the data-prediction misfit.

Because of the high computational requirements of the PF, the more popular assim-

ilation tool known as the Ensemble Kalman Filter (EnKF) [22, 23, 24], which is also

based on Monte Carlo sampling, is much often used. The EnKF and its variants,

which feature a Gaussian Kalman update [39, 40], are widely used in hydrology, e.g.,

[27, 31, 33, 34, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55]. The EnKF has been shown

to be efficient in handling nonlinear models with Gaussian uncertainties. It is fur-

ther easy to implement and includes a general framework for state and parameter

estimation.

Various hydrogeological studies have been conducted to tackle the state-parameter
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estimation problem with the EnKF. Two approaches were mainly considered: joint

and the dual state-parameter approaches. The standard joint approach concurrently

estimates the state and the parameters in a single augmented vector and has been

extensively applied to hydrological problems, e.g., [34, 47, 49, 56, 57]. Advocates of the

dual approach argue that the joint approach introduces important inconsistencies that

could lead to unstable estimation, particularly with large dimensions and in highly

nonlinear systems [27, 58, 59, 60, 61]. In the dual formulation, two filters are run in

parallel; one for the parameters and the other for the states [62]. The parameters

could be set to take some random walk while waiting to be updated indirectly by

the state variables data [27, 59]. It is worth mentioning that the dual estimation has

been also applied in the variational assimilation framework, e.g., [63, 64].

In this Chapter, we investigate and tackle an essential estimation problem that is

similar in concept to the state-parameter one. This problem arises in coupled models

where at least two models, such as subsurface flow and contaminant transport, are

dynamically coupled. In this one-way coupled system, reliable simulations require

accurate flow and transport simulators. However, these models, especially the one for

flow, are often far from being perfect because of many sources of uncertainties. If the

flow model is uncertain, this would affect the solution of the transport model because

uncertain flow outputs, such as hydraulic heads and Darcy velocities, are used as

inputs to the transport model, which simply sees these outputs as “time-varying”

parameters. If the EnKF is to be employed in such a framework at every assimilation

cycle, estimates of the flow and transport states could be handled using either a joint

or, as we will introduce here, a dual approach. The key point is that observations

from both models are available, unlike in the state-parameter case in which only data

from state variables are used to update the static parameters. Previous estimation

studies with similar coupled hydrological systems have been conducted following the

joint EnKF approach only, e.g., [48, 49]. In this Chapter, we introduce a dual-EnKF
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framework for efficient sequential data assimilation into one-way coupled models. This

method can be seen as an extension of the dual state-parameter estimation method

to a dual state-state estimation method for one-way coupled models. We formulate

the dual states estimation procedure from a Bayesian perspective and present its

EnKF-based solution. We then implement and evaluate the joint and dual estimation

strategies with a coupled flow and transport system in a confined aquifer using the

standard (stochastic) EnKF [22, 23].

The remainder of this Chapter is organized as follows. Section 2.2 presents the

general ensemble data assimilation framework. Section 2.3 discusses the joint states

estimation method before introducing the dual estimation strategy for one-way cou-

pled models. In section 2.4, a synthetic example of a coupled subsurface transport

model with results from assimilation experiments is presented. Final conclusions are

given in section 2.5.

2.2 Ensemble Data Assimilation

Sequential data assimilation aims at optimally estimating the state of a dynamical

system using all available observations up to the estimation time. Modeling the sys-

tem’s uncertainties as random variables, this procedure is often implemented following

the standard recursive Bayesian estimation framework [24]:

• Start from the probability distribution function (pdf) of the state xk−1 at time

tk−1 given all available observations up to tk−1 denoted as yo1:k−1. This is referred

to as the analysis pdf at tk−1 and denoted as p
(
xk−1|yo1:k−1

)
.

• For the forecast, propagate the analysis pdf to the time of the next available

observation tk. Assuming Markovian processes, this is done using the Chapman-

Kolmogorov equation [65]. The resulting forecast pdf at time tk is p
(
xk|yo1:k−1

)
.
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• Update the forecast distribution with incoming observations, yok, to obtain the

new analysis distribution, p (xk|yo1:k), using the Bayes rule.

• Once the update step is done, start a new forecast step.

The optimal estimate of the state x given observation y, p(x|y) can be understood

as the value that best describes a realization of x according to the given observation,

y. From a statistical point of view, different optimal estimators can be formulated

[66, 65] and the most common ones are the minimum variance estimator (MV), the

maximum a posteriori estimator (MAP) and the maximum likelihood estimator (ML).

These estimators differ in terms of their objective functions. For instance, the MV

estimator minimizes the spread around the state, x, whereas the MAP estimator looks

for x that maximizes the conditional pdf, p(x|y).

Consider now the generic discrete space-time dynamical system

xk =Mk (xk−1, uk) + ηk, (2.1)

whereMk is a nonlinear dynamical operator integrating the state forward from time

tk−1 to tk, uk is an input forcing to the system, and ηk is a random variable assumed

to be uncorrelated in time describing the system noise (or model error) with a normal

distribution, N (0, Qk). The observation equation is written as

yk = Hk (xk) + εk, (2.2)

where Hk is the observational operator mapping the state variables to the measured

ones and εk is a random observational error that is assumed to be uncorrelated in time

and also uncorrelated with the model noise, with a Gaussian distribution, N (0, Rk).

Denote by Nx and Ny the dimensions of the system state x and the observation vector

y, respectively.
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Ensemble Kalman filtering (EnKF) is based on a Monte Carlo implementation of

the recursive Bayesian algorithm, dealing with samples (or ensemble members) rather

than full distributions. The EnKF propagates an ensemble of states to estimate the

forecast distribution and, once new data are available, it applies a Gaussian-based

Kalman correction to each member of the forecasted ensemble [22, 23, 39]. The use

of ensembles avoids manipulation of the state’s covariance matrix, P = cov(x), of

size Nx × Nx, required for the Kalman correction, which can be prohibitive in large

dimensional problems. At every forecast step, all ensemble members are integrated

forward in time with the dynamical model in (2.1) as xf,ik =Mk

(
xa,ik−1, uk

)
. The state

and the associated covariance matrix are then estimated as

xfk =
1

Ne

Ne∑
i=1

xf,ik , (2.3)

P̂ f
k =

1

Ne − 1

Ne∑
i=1

(
xf,ik − x

f
k

)(
xf,ik − x

f
k

)T
, (2.4)

where Ne denotes the number of ensemble members. The superscripts (f ) and (a)

refer to the forecast and the analysis, respectively. The sample covariance can be

further written in a simplified form that is useful for computation:

P̂ f
k = Xf

k

(
Xf
k

)T
, (2.5)

where the ithcolumn of Xf
k is (Ne − 1)−1/2

(
xf,ik − xk

)
. In the analysis step, every

ensemble member is updated using the linear Kalman Filter (KF) update equation:

xa,ik = xf,i + K̂k

[
yo,ik −Hkx

f,i
k

]
, (2.6)
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where K̂k is the ensemble-based approximate Kalman gain at tk computed as

K̂k = P̂ f
kH

T
k

[
HkP̂

f
kH

T
k +Rk

]−1

. (2.7)

The analysis mean state and its associated covariance are then

xak =
1

Ne

Ne∑
i=1

xa,ik , (2.8)

P̂ a
k =

1

Ne − 1

Ne∑
i=1

(
xa,ik − x

a
k

) (
xa,ik − x

a
k

)T
. (2.9)

One important feature of the EnKF is the treatment of the observations as random

variables [22, 23, 24] with their mean equal to the actual observation and a covariance,

Rk, i.e., in equation (2.6), the observation ensemble is as follows:

yo,ik = yok + εik, (2.10)

with εik ∼ N (0, Rk). Other ensemble-based Kalman filters that do not require per-

turbing the observations are referred to as ensemble square root filters [67]. In this

Chapter, we use the standard EnKF with perturbed observations, but the proposed

dual strategy can be implemented with any Kalman filter.

The ensemble analysis covariance, P̂ a
k usually underestimates P a

k because in most

applications the ensemble size, Ne, is much smaller than the system dimension, Nx

[22, 24]. As an effective remediation, we apply inflation to the ensemble forecasts

deviation from the mean before assimilating the data as follows [67, 68]:

xf,ik = γ
(
xf,ik − x

f
k

)
+ xfk , (2.11)

where γ ≥ 1 is the inflation factor. This is useful for increasing the ensemble spread,

partially accounting for omitted errors and improving filter robustness [67].
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2.3 Recursive States Estimation for One-Way Cou-

pled Models

In this section, we consider the state estimation problem in coupled models. In such

a framework, a new set of discrete space-time dynamical and observation processes

has to be defined similar in form to equations (2.1) and (2.2):

x̆k = M̆k (x̆k−1, ŭk, xk) + η̆k, η̆k ∼ N
(

0, Q̆k

)
, (2.12)

y̆k = H̆kx̆k + ε̆k, ε̆k ∼ N
(

0, R̆k

)
, (2.13)

where now every variable and operator with the (̆·) symbol corresponds to the second

model that is forced with the output of the first model. In this Chapter, we consider

only one-way coupled models, i.e., only first model (independent) states are fed to the

second model (dependent), but the reverse does not occur. Because we are working

in a discrete time domain, the first model state is integrated with equation (2.12)

from time tk−1 to tk before it is fed to the second model together with x̆k−1 to obtain

x̆k. This means that the first model could be integrated using smaller time steps for

which more than one model integration is needed before it can be fed to equation

(2.12) as illustrated in Figure 2.1.

If the maximum a posteriori (MAP) estimate was to be selected, the objective

of the sequential Bayesian filtering approach described here is to maximize the joint

density of both model states at a given time conditioned on their joint observations:

p (xk, x̆k|y1:k, y̆1:k) . (2.14)
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Figure 2.1: A simple illustration of different time stepping in one-way coupled models.
Independent model states are represented by circles and dependent model states are
represented by triangles.

2.3.1 Joint States Estimation

One way to tackle the above problem in a recursive Bayesian setting is to use the

standard joint states estimation approach with an EnKF [34, 48, 49, 54, 55]. This

approach is straightforward and is based on defining new joint state-space and obser-

vation vectors of the two coupled models as

Zk =

 xk

x̆k

 , Yk =

 yk

y̆k

 . (2.15)

The size of the joint state and observation vectors are [Nx +Nx̆]×1 and [Ny +Ny̆]×1,

respectively, where Nx̆ and Ny̆ are the size of the state and the observation vectors

of model-2, respectively. Following these newly defined augmented states and ob-

servation vectors, the desired maximization problem is performed on the following

conditional pdf,

p (Zk|Y1:k) . (2.16)

Forecast and analysis steps of the EnKF are then applied on an ensemble of joint

states, Z ik. Updating the ensemble members is carried out using the joint observation
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ensemble, Y ik, in contrast with the state-parameter estimation case where only state

observations are available for the update. To illustrate, assume data from both models

are available at time tk, a full joint states assimilation cycle practically consists of one

forecast step and one analysis step. First, the analysis joint ensemble is propagated

from tk−1 to tk as

Zf,ik =

 xf,ik

x̆f,ik

 =

 Mk

(
xa,ik−1, uk

)
M̆
(
x̆a,ik−1, ŭk, x

f,i
k

)
 . (2.17)

The corresponding joint forecast error covariance matrix Pfk is

P̂fk =

 P̂ f
xkxk

P̂ f
xkx̆k

P̂ f
x̆kxk

P̂ f
x̆kx̆k


︸ ︷︷ ︸

[Nx+Nx̆]×[Nx+Nx̆]

≡

 Xf
k

(
Xf
k

)T
Xf
k

(
X̆f
k

)T
X̆f
k

(
Xf
k

)T
X̆f
k

(
X̆f
k

)T
 . (2.18)

In equation (2.17), the forecast of the model-1 ensemble is computed first and then,

using its members, xf,ik , the ensemble of model-2 is propagated to tk. The update step

is then jointly performed on both states as

Za,ik = Zf,ik + K̂k
[
Y ik −HkZf,ik

]
, (2.19)

= Zf,ik + P̂fkH
T
k

(
HkP̂fkH

T
k +Rk

)−1 [
Y ik −HkZf,ik

]
, (2.20)

with

Hk =

 Hk O

O H̆k


︸ ︷︷ ︸

[Ny+Ny̆]×[Nx+Nx̆]

, Rk =

 Rk O

O R̆k


︸ ︷︷ ︸

[Ny+Ny̆]×[Ny+Ny̆]

, (2.21)

and O is a zeros matrix. The analysis covariance matrix can then be approximated

using the new updated members, Za,ik .

Sequentially, this joint formulation with the EnKF would provide the MAP esti-
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mates of xk and x̆k when the system is linear and the errors are Gaussian. In some

cases, however, this technique might be subject to issues that have to do with stability

and tractability [27, 34, 58, 60, 61, 69]. With highly nonlinear models, for instance,

the estimation approach may produce non-Gaussian pdfs. This could result in some

ensemble members far from being consistent with the model’s laws and dynamics

[61], and may cause divergence [27, 58, 59]. Wang et al. [69] proposed to constrain

the EnKF solution so that it does not violate the model dynamics in a joint state-

parameter estimation. Zhou et al. [54, 55] used a normal score EnKF (NS-EnKF) to

transform non-multiGaussian parameters and state variables in the analysis scheme

in order improve the robustness of the EnKF. The iterative formulations of the EnKF

were also found to be efficient for online updating of the joint states and parameters

in [34, 61]. The large degrees of freedom of the joint state estimation problem could

also lead to intractable solutions because of the difficulty of fitting a relatively large

number of observations with such rank-deficient ensemble systems [27, 60, 61]. Some

studies, such as [60], argued that jointly updating the states and the parameters in

subsurface models might introduce significant inconsistencies, especially in strongly

heterogenous formations. To mitigate this possibility, a “re-run” EnKF was proposed.

The time-updating inconsistency could be also a concern in the joint framework if,

for instance, model-1 is integrated in time using a smaller time step than model-2

(assuming that model-2 is stable enough to run with larger time steps). Then model-2

state, which is still in the “past”, is going to be improperly updated with “future”

data from model-1. Additionally, the application of localization and inflation, which

is becoming very common in EnKF settings for enhancing the performance of the

filter, is not straightforward because the joint states estimation cannot easily handle

different degrees of localization and inflation.

Hereafter we propose a dual estimation strategy in which two separate EnKFs are

implemented, one for each model.
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2.3.2 Dual States Estimation

In the dual approach, the conditional joint density in (2.14) is decomposed into two

terms for which the derivation of the MAP estimate is performed separately on xk

and x̆k, i.e.,

p (xk, x̆k|y1:k, y̆1:k) = p (x̆k|xk, y1:k, y̆1:k) · p (xk|y1:k, y̆1:k) , (2.22)

such that,

xMAP
k = arg max

xk
p (xk|y1:k, y̆1:k) , x̆MAP

k = arg max
x̆k

p (x̆k|xk, y1:k, y̆1:k) .

(2.23)

This separation of the density is referred to as marginal estimation. In state-parameter

estimation problems, the marginal estimation of the parameters distribution given the

observations of the state variables is thought to be the relevant quantity to maximize,

rather than the full joint density [59]. The same idea could be applied to the coupled

models framework, with the sole difference that the parameters in this case evolve

according to some given dynamics and are further observed. Note that under the

assumption of one-way coupled models, the following condition holds:

p (xk|x̆k−1) = p (xk) . (2.24)

This condition implies that model-1 (with state xk) is the independent model, whereas

model-2 (with state x̆k) is dependent. Based on this, we can derive a filtering scheme

in which a pair of distinct EnKFs is employed to estimate the joint conditional den-

sities of both model states on the right hand side (RHS) of equation (2.22). In a

sequential forecast-analysis scheme, the first model state is propagated in time and

then updated with available data. This information from model-1 data is carried as

input to model-2 through the forecast step. Thus, the first term on the RHS of (2.22)
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reduces to p (x̆k|xk, y̆1:k) and the marginal decomposition is simplified to

p (xk, x̆k|y1:k, y̆1:k) = p (xk|y1:k, y̆1:k) · p (x̆k|xk, y̆1:k) . (2.25)

At time tk, the dual states estimation is recursively applied as follows.

I. State -1 Filter:

– Forecast step: Starting from xa,ik−1, the ensemble is integrated in time using

model-1 to obtain the transition pdf, p (xk|xk−1, y1:k−1), with the following

statistics:

xf,ik = Mk

(
xa,ik−1, uk

)
, (2.26)

P̂ f
xk

=
1√

Ne − 1

(
xf,ik − x

f,i
k

)T (
xf,ik − x

f,i
k

)
. (2.27)

– Analysis step: When data from model-1 are available, a Kalman update is

applied to calculate the first two moments of p (xk|y1:k) as

xa,ik = xf,ik + P̂ f
xk
HT
k

(
HkP̂

f
xk
HT
k +Rk

)−1 [
yo,ik −Hkx

f,i
k

]
, (2.28)

P̂ a
xk

=
1√

Ne − 1

(
xa,ik − x

a,i
k

)T (
xa,ik − x

a,i
k

)
. (2.29)

If no data yk are available, then the ensemble is not updated, i.e., xa,ik =

xf,ik .

– If state-2 data are also available at this time, another update is also applied

to the state-1 ensemble. To this end, the model-2 state ensemble is first

integrated to the current time:

x̆f,ik = M̆k

(
x̆a,ik−1, ŭk, x

a,i
k

)
. (2.30)
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the state-1 ensemble is updated again as

xa,ik ← xa,ik + P̂ f
xkx̆k

H̆T
k

(
H̆kP̂

f
x̆kx̆k

H̆T
k + R̆k

)−1 [
y̆o,ik − H̆kx̆

f,i
k

]
, (2.31)

where the operation ← indicates an update of the previous value of xa,ik .

At this point, the estimation of the density, p (xk|y1:k, y̆1:k) (the first term

in equation (2.25)), is achieved.

II. State -2 Filter:

– Forecast step: Using the ensemble x̆a,ik−1 plus the updated ensemble from

the first model (as parameters) xa,ik , the system is propagated to tk as

x̆f,ik = M̆k

(
x̆a,ik−1, ŭk, x

a,i
k

)
(2.32)

to estimate p (x̆k|x̆k−1, xk, y̆1:k−1).

– Analysis step: When model-2 data are available, the state-2 ensemble is

updated as a final step,

x̆a,ik = x̆f,ik + P̂ f
x̆k
H̆T
k

(
H̆kP̂

f
x̆k
H̆T
k + R̆k

)−1 [
y̆o,ik − H̆kx̆

f,i
k

]
, (2.33)

to obtain p (x̆k|xk, y̆1:k). If no data are available at this time, then set

x̆a,ik = x̆f,ik .

Following this algorithm, the dual states estimation is efficiently implemented using

two interactive EnKFs. It is important to mention that in the dual state-parameter

estimation problem [27], a stochastic random forecast step is often required for the

static parameters (as they are dynamically invariant), whereas the first model state

is integrated here with a full dynamical model. In addition, data from the second

model are used to update the model-2 state ensemble and also to adjust the forecast
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ensemble of model-1 before it is fed as input to model-2. This algorithm also features

time-consistent EnKF updates of both model forecasts. The procedural flow of this

dual states estimation is summarized in the flow chart in Figure 2.2.

Figure 2.2: A flow chart of the dual states estimation algorithm using EnKF. The
square region in gray corresponds to the assimilation part of model-1.
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2.3.3 Computational Requirements of Both Methods with

the EnKF

In terms of computational cost, running the assimilation system using the dual ap-

proach described here requires more CPU time than running the joint approach as an

additional propagation step of model-2 is included in (2.30). For one EnKF assim-

ilation cycle, the joint method requires Ne runs of model-1 and another Ne runs of

model-2. In contrast, the dual method requires Ne runs of model-1 and 2Ne runs of

model-2. With continuous upgrading of computing resources, this should not be a ma-

jor concern given that the dual strategy provides accurate and consistent estimates,

as will be shown in the numerical experiments presented hereafter. Additionally, the

dual procedure offers flexibility in implementation as it employs small ensemble ar-

rays of size Nx×Ne (and Nx̆×Ne), whereas the joint approach requires manipulating

larger arrays of size [Nx +Nx̆]×Ne, which could be demanding in high dimensional

systems.

2.4 Application to a Synthetic Coupled Flow and

Transport System

We consider a 2D flow and transport modeling system in a confined aquifer to test

the dual approach. This system consists of two coupled partial differential equations,

one for the flow and the other for the reactive solute transport equation.
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2.4.1 Mathematical Formulation

The transient saturated groundwater flow equation is obtained from the conservation

of total fluid volume and Darcy’s law [26, 34]:

∇. (K∇h) = So
∂h

∂t
+ qh, (2.34)

U = −K∇h, (2.35)

where K is the hydraulic conductivity tensor describing the ease for which water

can pass through rock pores and fractures, h is the hydraulic head, U is the Darcy

velocity, t is time, So represents the volumetric storativity of the aquifer, and qh

denotes the fluid sinks (abstractions) or sources (recharge). We assume a rectangular

space domain, Ω, with boundary ∂Ω = ΓD ∪ ΓN , where ΓD is the Dirichlet boundary

and ΓN is the Neumann boundary, i.e.,

h = hB, ∈ ΓD, (2.36)

U · n = UB, ∈ ΓN , (2.37)

where hB is the prescribed water head on ΓD and UB is the prescribed normal velocity

component on ΓN . The reactive transport equation results from the mass conservation

of contaminant species. The concentration of the contaminant in the fluid and in the

solid is modelled by [26, 48]:

∂ (φC)

∂t
+∇ · (UC −D(U)∇C) = r (C,Cs) + qC , (2.38)

∂ (ρCs)

∂t
+ r (C,Cs) = 0, (2.39)

Cs = KdC. (2.40)
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Here, φ is the porosity, C is the contaminant concentration within the fluid and

Cs is the concentration in the solid. D(U) is the diffusion term, r(C,Cs) is the

reaction term describing chemical sorption in solid rock, qC is the strength of the

contaminant source, ρ is the density of the solids, and Kd is the distribution coefficient

or the ratio of the equilibrium-sorbed contaminant to the solution contaminant. The

concentration equations can be summed as follows:

∂ (φ∗C)

∂t
+∇ · (UC −D(U)∇C) = qC , (2.41)

where φ∗ = φ+ρKd is called the effective porosity. The following boundary conditions

are imposed on the transport model:

(UC −D(U)∇C) · n = CBU · n, ∈ Γinflow, (2.42)

−D(U)∇C · n = 0, ∈ Γoutflow, (2.43)

where CB is the contaminant concentration on the boundary. Γinflow and Γoutflow

denote the inflow and outflow boundaries, respectively.

2.4.2 Model Configuration

The transient groundwater flow equation is discretized in space using the cell-centered

finite differences (CCFD) scheme into 60 × 60 grid cells of 20 m × 30 m. The

longitudinal and transverse lengths of the domain are 1.2 km and 1.8 km, respectively.

The western boundary is assigned a prescribed linear water head distribution varying

from 300 m at the southern corner to 500 m towards the northern corner of the model

domain. The eastern boundary has a 10 m-water prescribed head. Other boundaries

are considered impermeable, i.e., the Darcy velocity across the northern and southern

boundaries vanishes. The specific storativity is assumed to be constant and equal to
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0.05 m−1. A backward Euler scheme is applied to discretize the transient groundwater

flow differential equation.

The reactive transport equation is discretized on the same space domain using the

upwind scheme of the CCFD to ensure a stable solution with no oscillations. Diffusion

is assumed to be uniform throughout the whole domain and equal to 5× 10−6 m2/s.

The effective porosity is 0.22. The flowing water from the western side of the domain

has a concentration of 5 mg/L. A forward Euler scheme is used to discretize the

transport equation in time. The total modeling duration for this one-way coupled

system is 17 years. A sketch diagram of the aquifer domain with the prescribed

boundary conditions is presented in Figure 2.3.

Figure 2.3: A sketch of the flow and transport simulation with boundary conditions.
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2.4.3 Assimilation Experiments Setup

Joint and dual states estimation of both the hydraulic water head and contaminant

concentration are tested following a twin experiments setup. A reference run is first

performed and considered as the “truth”. Some perturbations are next imposed on

the models and the goal is then to estimate the models’ states using the perturbed

models for forecasting and data extracted from the reference run for correcting the

forecasts. Following this twin experimental framework, all quantities are known by

design, allowing for full evaluation of the assimilation schemes.

Figure 2.4: The heterogenous reference log conductivity field.

A reference log-conductivity field is first generated with sequential Gaussian sim-

ulation using the GCOSIM3D code [1] with a mean of −15 log(m/s), a variance of

0.54 log(m2/s2) and a spherical anisotropical variogram with a range equal to 100 m

in the x-direction and 1000 m in the y-direction (Figure 2.4). Reference realizations

of the spatiotemporally variable recharge, qh, and contaminant, qC , source rates are

generated using Gaussian variograms with a range of 100 m in the x-direction and

400 m in the y-direction (Figure 2.5). The log-recharge rate has a mean equal to −20

log(s−1) and a variance of 0.3 log(s−2). The log-contaminant source has a mean equal

to −23 log(mg L−1 s−1) and a variance of 0.29 log(mg2 L−2 s−2). The initial state
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for the flow reference run is obtained after a long run of the flow model (∼ 10 years)

starting from a constant zero water head distribution over the entire domain. To

initialize the reference run of the contaminant model, we sample one realization from

a Gaussian anistropical variogram with mean of 5 mg/L and variance of 0.3 mg2/L2

using the GCOSIM3D code.

Figure 2.5: (a) The recharge rate in the domain after 10 months. (b) The contaminant
source rate in the domain after 20 months.

In this Chapter, we assume that the generated conductivity field is perfectly known

and is thus not included in the estimation process in order to test the efficiency of the

dual approach for state-state estimation as compared to that of the joint approach.

The main concern of the present study is the coupled assimilation problem; in other

words, we aim at only estimating only the hydraulic head, h and contaminant concen-

tration, C. Nevertheless, the proposed approach could be employed to accommodate

a three-way filtering scheme to estimate the states and parameters of the system,

which we plan to consider in future work.

Four different assimilation experiments with various observation frequencies (β),

observation noise (α) and time stepping (∆t) strategies are performed using the EnKF

with joint and dual approaches as summarized in Table 2.1. In the experiments,

water head and contaminant concentration observations are collected from 50 evenly

distributed wells in the model domain as shown in Figure 2.6. These observations
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Figure 2.6: (a) The initial head distribution used in the flow free run from which
ensemble members were sampled. (b) the initial concentration distribution used in
the transport free run from which ensemble members were sampled. The white circles
show the location of fifty observation wells.

are perturbed with Gaussian noise of mean zero and a standard deviation equal to

a fraction, α, of the total variability (i.e., for every observation point, we calculate

its variance over the whole simulation period and take a fraction of it, say 10%, as

the variance of added noise). In every experiment, three perturbation scenarios are

considered:

Table 2.1: Experimental design.

Flow Model Transport Model

∆t β α ∆t β α

Experiment I 1 month 1 month 10% 1 month 1 month 10%

Experiment II 1 month 1 month 30% 1 month 1 month 30%

Experiment III 1 month 5 months 10% 1 month 5 months 10%

Experiment IV 10 days 10 days 10% 1 month 1 month 10%

(i) Hydraulic head ensemble members at time t0 are sampled from a free uncondi-

tional run (just a model prediction) that is initialized with the mean hydraulic

head of the reference run. A similar procedure is applied to compute the initial

contaminant ensemble members. The initial mean hydraulic head and contam-
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inant concentration are plotted in Figure 2.6.

(ii) Same perturbation as in (i) plus an additional perturbation of the log conduc-

tivity field. The field is generated with the same mean and variogram as the

reference one but with a variance equal to 1.02 log(m2/s2).

(iii) Same perturbations as in (i) and (ii) plus additional uncertainty in the spa-

tiotemporal recharge rate. At every prediction cycle, the recharge rate is per-

turbed by Gaussian noise with zero mean and a standard deviation equal to

30% of the mean recharge rate.

We choose these scenarios to assess the performance of the joint and dual strategies

in an increasingly complex fashion. In all experiments and scenarios, the updated

contaminant concentration values are checked to make sure they are non-negative

and, thus, physically meaningful. At locations where negative concentrations are

encountered (very rarely), the values are reset to zero as in [48, 70]. The filters

estimates are evaluated based on their average absolute errors (AAE) [45]:

AAE(tk) = N−1
x N−1

e

Ne∑
j=1

Nx∑
i=1

∣∣∣∣xRi,tk − xEj,i,tk∣∣∣∣ or
= N−1

x̆ N−1
e

Ne∑
j=1

Nx̆∑
i=1

∣∣∣∣x̆Ri,tk − x̆Ej,i,tk∣∣∣∣, (2.44)

where xRi,tk is the reference value of the state variable at cell i and time tk, and xEj,i,tk

is the ensemble value of the state variable.

The initial ensemble used in each of the three scenarios is obtained by randomly

selecting a set of snapshots from the perturbed flow and transport runs. To set the

size of the filters ensemble, we use the setup of the first experiment (Scenario I) to

run the EnKF with the flow model and the contaminant model separately using six

ensemble sizes, Ne =
{

5, 10, 20, 40, 100, 200
}

. As can be seen in Figure 2.7, the AAE

of the estimated hydraulic head decreases as the ensemble size increases. There is a

clear improvement in the accuracy of the EnKF estimate using 20 and 40 members
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Figure 2.7: The time evolution of the average absolute errors of the hydraulic head
(Exp.I - Sc.I) during the assimilation period with different ensemble sizes.

compared to the results obtained with 5 and 10 members. The EnKF performance

seems to stagnate at Ne = 100, with little improvement obtained using Ne = 200.

Similar results (not shown) are obtained with the contaminant model. We therefore

set the size of the ensembles to 100 in all experiments presented below as this is found

to be enough to obtain good performance in reasonable computational time.

2.4.4 Results and Discussion

Joint and Dual Estimation

In all experiments, the final output of the coupled system, i.e., the contaminant

concentration (the state of model-2), is examined: (1) when no data are assimilated

into the flow model (i.e., EnKF is run only on the transport model), (2) when no data

are assimilated into the transport model (i.e., EnKF is run only on the flow model),

(3) with the coupled joint approach assimilating data into both models, (4) and

with the proposed coupled dual technique assimilating both models. We analyze the

assimilation results for the three perturbation scenarios. We apply, in all experiments,
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a 2% inflation (i.e., γ = 1.02) to the ensemble forecasts of the flow and the transport

models.

Figure 2.8: Average absolute errors of the recovered contaminant concentration from
Exp.I.

In Exp.I, the time step is one month for both the flow and contaminant transport

models. Hydraulic head and contaminant concentration data are assimilated after

every prediction cycle with 10% error, for a total of 204 cycles (17 years). Aver-

age absolute error (AAE) plots from the three perturbation scenarios of Exp.I are

presented in Figure 2.8. We note that with increasing level of uncertainty, the predic-

tion of the flow model becomes more accurate and this may sound counterintuitive.

Because we are taking the initial condition (of the filters runs) as the mean of the

reference simulation, we have checked the outputs and we found out that increasing

the variance of the log conductivity field and the additional imposed uncertainty on

the recharge source term have slowed down the speed of the water. This has helped

catching up with the reference solution. The AAE of the contaminant concentration

at the end of the assimilation window is the lowest in the first perturbation scenario.

This is expected because, under this scenario, the flow model is subjected to fewer

uncertainties. Applying an EnKF to the transport model only is not sufficient to

recover a good estimate of the contaminant concentration because the forecast of the
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Figure 2.9: The reference contaminant concentration field after 17 years.

flow state in the three scenarios carries uncertainties resulting from perturbing the

flow’s initial condition, parameters and forcings. On the other hand, when an EnKF

is applied to the flow model, the results are significantly improved, demonstrating the

importance of accurately estimating the flow in such a coupled system. Clearly, the

dual formulation provides the most accurate estimates of the final contaminant state

over the 17-year assimilation window. The joint formulation also decreases the AAE

of the system’s output over time but obviously at a slower pace. As more modeling

errors are imposed on the flow, the performance of the joint approach degrades faster

than that of the dual approach. This can be explained by the fact that the dual

approach uses contaminant data to adjust the flow ensemble members and to move

them closer to the true trajectory before using them as input to the transport model.

On the other hand, the estimates of the joint approach are affected by the model

errors that cause the forecast of the flow model to deviate, which is then used directly

as input to the transport model before getting updated. The true final contaminant

state is plotted in Figure 2.9 and the estimated fields from the three scenarios after
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Figure 2.10: Recovered states as compared with the reference solution from Exp.I -
scenarios 1, 2, and 3.

17 years are shown in Figure 2.10. Obviously, the recovered contaminant fields by

the dual states estimation are the closest to the true state. We further investigated

the evolution of the ensemble variance of both model states over time. The spatial

variance distribution of the estimated hydraulic head and the contaminant concentra-

tion are plotted at different times in Figures 2.11 and 2.12, respectively. We see that

the dual approach tends to maintain a larger ensemble spread than does the joint

approach, which in turn imposes more weight on the observation in the correction
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Figure 2.11: Ensemble hydraulic head variance fields estimated with the joint and
dual algorithms at different times in Exp.I.

step.

Exp.II has the same properties as Exp.I except that hydraulic head and contam-

inant concentration observations are perturbed with larger errors; i.e., 30% of the

total variability in the flow and transport model is added as noise. As can be seen

in Figure 2.13, the AAE results obtained using both approaches are similar to the

results from Exp.I, albeit the estimates are less accurate. The use of the dual method

results in AAE reductions of around 9%, 20% and 15% after 17 years in the first,

second and third scenarios, respectively, as compared with the performance of the
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Figure 2.12: Ensemble contaminant concentration variance fields estimated with the
joint and dual algorithms at different times in Exp.I.

joint approach.

In Exp.III, fewer observations are assimilated (a total of 41 as compared to 204

in Exps.I and II) in both models. The added observation noise is 10% and the time

stepping is 1 month for both models. It appears from Figure 2.14 that assimilating

less data over time could provide slightly better results than assimilating more but

noisy data as in Exp.II. This can be clearly observed in the estimates of the highly

perturbed third scenario where the dual approach led to a 23% reduction of the AAE
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Figure 2.13: Average absolute errors of the recovered contaminant concentration from
Exp.II.

values compared with the joint approach. The retained AAE values using the dual

approach in the first and second scenarios were 0.04 mg/L and 0.10 mg/L, respectively.

The joint approach, on the other hand, resulted in 0.075 mg/L and 0.185 mg/L in

these respective scenarios.

In the last experiment, the time step in the flow model is shortened to ten days

and the transport model is still integrated with one month time steps. This could

be the case in systems in which running the independent model with large time

steps would make the system to be numerically unstable. On the other hand, if the

dynamics of the dependent model are stable and can afford large time steps, then this

could save significant computational cost than running both models using the smaller

time step. In this experiment, observations are assimilated after every modeling step

with 10% noise; i.e., every ten days for the flow model and every one month for the

contaminant model. The AAE results shown in Figure 2.15 suggest that the dual

approach is better suited for such system settings based on the good estimates it

provides. Contaminant estimates obtained with the joint approach are less accurate

because of the inconsistent updating of the joint ensemble at times when the flow is

ahead of the transport in modeling time. The dual approach performs better than
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Figure 2.14: Average absolute errors of the recovered contaminant concentration from
Exp.III.

the joint approach especially in the first two scenarios, demonstrating its robustness

and flexibility for dealing with one-way coupled systems.

Computational Efficiency

As discussed in section 2.3, implementing the dual approach is computationally more

intensive than implementing the joint one. This is because the transport model

(model-2) is run twice every time contaminant observations become available. To

some extent, this should not be a big hurdle considering the high estimation accuracy

provided by the dual approach. To elaborate on this, we use the setup of Exp.III

(second scenario) and compare both approaches in terms of their required CPU time

and estimation accuracy. We run the assimilation system with the dual method using

20 ensemble members and the joint method using 20, 60, 100, 150 and 200 members

(Figure 2.16). The idea is to estimate the required ensemble size for which the joint

method performs as well as the dual method. We evaluate the state retrieval gain

by taking the average difference between the AAE values of the joint and the dual
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Figure 2.15: Average absolute errors of the recovered contaminant concentration from
Exp.IV.

estimation cases over the whole period as follows:

AD(tk) =
1

T

T∑
k=1

(
AAEJoint

tk
− AAEDual

tk

)
, (2.45)

where T is the total number of assimilation steps (i.e., equal to 204). Our compu-

tational results were obtained using a 2.66 GHz MAC workstation and 10 cores for

parallel looping while integrating the ensemble members. For Ne = 20, the CPU time

required by the dual and joint methods was 6.4 and 5.8 minutes, respectively. The

average difference (AD) or, in other words, the gain in retrieving the contaminant

concentration using the dual method was around 0.055. By increasing the size of the

ensemble in the joint method, the AD decreases until it reaches 0.024 for Ne = 200.

Beyond this, the improvement using the joint approach is not significant. This means

that with only 20 members, the dual approach performs better than the joint ap-

proach, which runs for almost an hour with 200 members. This suggests that the

increase in computational time for the dual states estimation is more beneficial in

terms of AAE than using joint assimilation with larger ensemble sizes.
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Figure 2.16: Gain of contaminant state retrieval by the dual method over the joint
technique and the required CPU time.

2.5 Conclusion

In this Chapter, we introduced a dual state-state estimation strategy with the en-

semble Kalman filter for one-way coupled models. Unlike the standard joint states

estimation technique, the dual approach employs two distinct EnKFs to provide esti-

mates of the coupled states and their corresponding uncertainties. We demonstrated

this in a Bayesian framework in which the maximum a posteriori estimates of both

models are efficiently evaluated. In the dual algorithm, the independent state of

model-1 is updated twice using data from both models before it becomes input to the

dependent model-2. The standard joint and the proposed dual assimilation strategies

were then tested using a one-way coupled flow and transport aquifer system. Four

different experiments with three perturbation scenarios were carried out using the

EnKF. Results from the assimilation experiments suggest that with perfect forecast

flow and transport models, the joint algorithm performs equally well as the dual algo-

rithm. Adding modeling errors to the coupled forecast models degrades the accuracy
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of the joint estimates. When large observational errors are imposed on the data, the

dual approach provides more accurate results than the joint technique even when

fewer observations are assimilated over time. The computational cost of using the

dual technique, although higher than that of the joint approach, was shown here to

be more gainful and beneficial than utilizing the joint algorithm with large ensemble

sizes.

Given the importance of having good estimates of the subsurface parameters such

as porosity and permeability, the proposed dual algorithm can be also extended to

address the three way coupled “parameter-state-state” estimation problem. This dual

framework will be considered in future studies. In terms of practical implementation,

the dual approach could also provide a flexible framework by separating the assimila-

tion system of the two models, allowing for easier implementation and fast debugging.

This framework could be also beneficial to future research in which the filters can be

implemented using different settings, e.g., ensemble sizes and inflation. This could be

used, for example, if one wants to use larger ensemble size in the flow model than the

contaminant model. Furthermore, by using this dual framework, it is possible that

different type of filters could be employed for each model depending on the complexity

and the nonlinearity of each model [67].
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Chapter 3

A Joint Iterative Ensemble

Kalman Filter with

One-Step-Ahead Smoothing for

State-Parameters Estimation of

Contaminant Transport Models

3.1 Introduction

In recent years, uncertainty quantification studies have focused on field applications,

including surface and subsurface water flow, contaminant transport, and reservoir en-

gineering. Surface rainfall-runoff models for instance, are function of many uncertain

parameters such as tension water storage content, water depletion rates, and melting

threshold temperatures [76]. Groundwater flow models, on the other hand, highly

depend on spatially variable aquifer properties, such as hydraulic permeability and

porosity, which are often poorly known [34, 47]. In addition, contaminant transport

models that are used to simulate the migration of hazardous pollutants in subsurface
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aquifers are quite sensitive to reaction parameters, such as sorption rates, radioactive

decay, and biodegradation [77, 78]. To this end, it is important to study the vari-

ability of hydrological parameters and reduce their associated uncertainties in order

to obtain reliable modeling results. To achieve this goal, different inverse and Monte

Carlo-based statistical techniques have been proposed with the standard procedure of

pinpointing parameter values that, when integrated with the simulation models, allow

some system-response variables to fit a given observed field [31, 79, 80, 81, 82, 83].

Recently, sequential data assimilation techniques, such as the ensemble Kalman fil-

ter (EnKF), have become very popular because of their non-intrusive formulation,

robustness, efficiency, and reasonable computational requirements [55, 84, 85, 86].

The EnKF is a Monte Carlo implementation of the Kalman filter [25, 87]. It uses

an ensemble of state vector realizations to represent the first two moments (mean

and covariance) of the state distribution [23]. The algorithm operates with cycles

of forecast and update steps. The forecast step integrates the ensemble forward in

time with the model. A Kalman update, derived from the Bayes rule under Gaussian

assumptions, is then applied to update the forecast ensemble with incoming observa-

tions. The EnKF is relatively easy to implement, requiring only forward integrations

of the dynamical and observational models [88]. Another important feature of the

EnKF is that it can account for model errors that are not only present in the uncer-

tain parameters but also in the model structure and inputs, such as external forcings

[34, 89].

The EnKF is widely used for surface and subsurface hydrological state-parameters

estimation problems, generally following two strategies; joint and dual filtering [27,

48, 90]. The standard joint approach concurrently estimates the state and the param-

eters using the EnKF by augmenting the state with the unknown parameters. Chen

et al. [47] considered a conceptual subsurface flow system and used the EnKF to

estimate the transient pressure field alongside the hydraulic conductivity. The work
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of Nævdal et al. [57] considered a two-dimensional North Sea field model and inves-

tigated the estimation of the dynamic pressure and saturation along with the static

permeability field using the Joint-EnKF. The same filtering scheme was also used in

groundwater contamination problems [48, 77] to estimate hydraulic heads, contami-

nant concentrations and spatially variable permeability and porosity parameters. In

contrast to the joint approach, the dual approach employs two interactive EnKFs;

one for the parameters and another for the state. As outlined by Wan et al. [91],

the dual estimation is motivated by the fact that the marginal posterior probability

distribution of the parameters, and not the joint posterior probability distribution

of the combined state and parameters, is the relevant criterion to optimize. The

Dual-EnKF has been applied to streamflow forecasting problems [27, 76], subsurface

contaminant transport [78] and compositional flow models [90].

In this Chapter, we introduce a new EnKF-based state-parameters estimation

scheme, the One-Step-Ahead Joint-EnKF (hereafter, Joint-EnKFOSA). The scheme

is derived following a one-step-ahead smoothing formulation of the Bayesian filtering

problem. This reverses the order of the measurement-update step that usually follows

the model forecast step. The proposed Joint-EnKFOSA algorithm exploits the obser-

vations twice, once for state smoothing and another for parameters updating. Unlike

the Dual-EnKF, which updates the state after propagating the dynamical model, the

proposed scheme uses available data for smoothing the state before integrating the

model forward in time.

Introducing iterations to the update of the state and parameters was shown to be

beneficial for estimation problems with highly nonlinear observational and dynami-

cal models [92, 93]. This is more pronounced for the parameters estimation problem

as these are usually indirectly related to the observations through a strongly non-

linear relation [94]. The ensemble randomized maximum likelihood (EnRML) [95]

and its variants [93, 96, 97] are examples of IEnKFs that iterate on the parameters
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using quasi-Newton optimization techniques. Another formulation of the IEnKF was

proposed by Lorentzen et al. [94] in which iterations are performed on the entire

augmented state vector and a stopping criterion is used to avoid over-fitting the data.

The aforementioned techniques are, however, computationally intensive because they

require integrating the forward model using the updated state and parameters after

each iteration. In a recent study, Song et al. [98] developed an efficient iterative

EnKF algorithm in which forward model integrations at each iteration are only ap-

plied on the mean of the ensemble instead of all realizations. Here we also propose

here an efficient iterative procedure to further enhance the Joint-EnKFOSA update

step of the parameters. The iterations introduce a damping factor to limit the size of

the correction term, which avoids the need to integrate the model with all ensemble

members at each iteration.

Numerical experiments are conducted to evaluate the performance of the proposed

Joint-EnKFOSA scheme using a two-dimensional contaminant transport model. The

model simulates the migration of a contaminant plume with a steady groundwater

flow in a shallow aquifer system for 50 years. The contaminant state of the system and

the hydraulic conductivity parameters are estimated at every cell of the domain based

on observations of solute concentration. Different assimilation scenarios are tested by

changing the ensemble size, the spatial and temporal density of the observations, and

also the level of the measurement noise.

The remaining of the Chapter is organized as follows. Section 3.2 reviews the

standard Joint- and Dual-EnKF strategies. The Joint-EnKFOSA is derived in Section

3.3 and its relation with other state-parameter estimation techniques is discussed.

Section 3.4 presents a conceptual contaminant model and outlines the experimental

setup. Numerical results are presented and discussed in Section 3.5. Conclusions of

the Chapter are given in Section 3.6.
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3.2 Joint and dual ensemble Kalman filtering

3.2.1 Problem formulation

We consider the state-parameters estimation problem of subsurface flow models fol-

lowing a discrete-time dynamical system formulation:


xn+1 = Mn (xn,θ) + ηn,

yn = Hnxn + εn,

(3.1)

in which xn ∈ RNx and yn ∈ RNy denote the system state and the observation at

time tn, respectively, and θ ∈ RNθ is the parameters vector. Mn is a nonlinear

operator integrating the system from time tn to tn+1, and Hn denotes a linear ob-

servational operator at time tn. The model process noise, η = {ηn}n∈N, and the

observation process noise, ε = {εn}n∈N, are assumed to be statistically independent,

jointly independent and independent of x0 and θ, which, in turn, are assumed inde-

pendent. Let also ηn ∼ N (0,Qn) and εn ∼ N (0,Rn). Throughout this Chapter,

y0:n
def
= {y0,y1, · · · ,yn}, and p(xn) and p(xn|y0:l) stand for the probability density

function (pdf) of xn and the pdf of xn given y0:l.

We focus on the state-parameter filtering problem, i.e. the estimation, at each

time tn, of the state xn and the parameters θ from the historic of the observations

y0:n. One solution of this problem is given by the a posteriori mean (AM) estimates:

Ep(xn|y0:n)[xn] =

∫
xnp(xn,θ|y0:n)dxndθ, (3.2)

Ep(θ|y0:n)[θ] =

∫
θp(xn,θ|y0:n)dxndθ, (3.3)

which minimize the a posteriori mean squared error. Analytical computation of (3.2)

and (3.3) is often not feasible in practice because of the nonlinear character of the
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model operator,Mn(xn,θ), in addition to the very large dimensions of the subsurface

flow systems. The Joint-EnKF, and later the Dual-EnKF, were proposed as efficient

algorithms enabling good approximations of (3.2) and (3.3) at reasonable computa-

tional requirements. Before reviewing these algorithms in the following subsection,

we recall two classical results of stochastic sampling based on which we will derive

the filtering algorithms discussed in this Chapter.

Property 1 – Hierarchical sampling [99]: Assuming that one can sample from p(x1)

and p(x2|x1), then a sample, x∗2, from p(x2) can be drawn as follows:

1. x∗1 ∼ p(x1);

2. x∗2 ∼ p(x2|x∗1).

Property 2 – Conditional sampling [100]: Consider a Gaussian pdf, p(x,y), with Py

and Pxy denoting the covariance of y and the cross-covariance of x and y, respectively.

Then a sample, x∗, from p(x|y), can be drawn as follows:

1. (x̃, ỹ) ∼ p(x,y);

2. x∗ = x̃ + PxyP
−1
y [y − ỹ].

3.2.2 The Joint- and Dual- EnKFs

The Joint-EnKF

The idea behind the Joint-EnKF is to transform the state-parameters estimation

problem into a classical state-space estimation problem with an augmented state,

zn = [xTn θ
T ]T , on which the conventional EnKF can be directly applied. The new

augmented state-space system is given by:


zn+1 = M̃n (zn) + η̃n,

yn = H̃nzn + εn,

(3.4)
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where, M̃n (zn) =

 Mn(zn)

[0 I] zn

, η̃n = [ηTn 0]T , H̃n = [Hn 0]. The matrices 0

and I respectively denote the zero and identity matrices with appropriate dimen-

sions. Starting at time tn−1 from an analysis ensemble {xa,(m)
n−1 ,θ

(m)
|n−1}

Ne

m=1
representing

p(zn−1|y0:n−1), the EnKF uses the augmented state model (1st Eq. of (3.4)) to obtain

the forecast ensemble {xf,(m)
n ,θ

(m)
|n−1}

Ne

m=1
as a discrete approximation of p(zn|y0:n−1).

The incoming measurements from the observation model (2nd Eq. of (3.4)) are then

used to update the analysis ensemble {xa,(m)
n ,θ

(m)
|n }

Ne

m=1
at time tn. Before we briefly

describe these two steps, let, for an ensemble {r(m)}Nem=1, r̂ denotes its empirical mean,

and Sr denotes the ensemble analysis with the mth column defined as
(
r(m) − r̂

)
.

- Forecast step: The parameters members θ
(m)
|n−1 are kept constant in time. The

state members x
a,(m)
n−1 are integrated forward with the dynamical model as:

xf,(m)
n =Mn−1(x

a,(m)
n−1 ,θ

(m)
|n−1) + u

(m)
n−1; u

(m)
n−1 ∼ N (0,Qn−1). (3.5)

The forecast estimate, x̂n|n−1, is approximated by the empirical mean x̂fn of

the members x
f,(m)
n and the associated error covariance matrix is computed as

Pxfn
=

1

Ne − 1
Sxfn

ST
xfn

.

- Analysis step: Once a new observation yn is available, the forecast members,

x
f,(m)
n and θ

(m)
|n−1, are corrected using the KF update procedure as:

yf,(m)
n = Hnx

f,(m)
n + v(m)

n ; v(m)
n ∼ N (0,Rn), (3.6)

xa,(m)
n = xf,(m)

n + Pxfn
HT
n [HnPxfn

HT
n + Rn]−1(yn − yf,(m)

n )︸ ︷︷ ︸
µ

(m)
n

, (3.7)

θ
(m)
|n = θ

(m)
|n−1 + Pθ|n−1,y

f
n
× µ(m)

n , (3.8)
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with Pθ|n−1,y
f
n

=
1

Ne − 1
Sθ|n−1

ST
yfn

. The analysis estimates (3.2) and (3.3) are

then approximated by the empirical means x̂an and θ̂|n, respectively.

The Dual-EnKF

In contrast with the Joint-EnKF in which the state and parameters are concatenated

into a single joint state vector, the Dual-EnKF is designed following a conditional

strategy in which the state members are computed conditionally on the parameters

members, and vice versa. The Dual-EnKF operates as a succession of two EnKFs,

one operating on the parameters and one on the state. Starting from an analysis

ensemble, {xa,(m)
n−1 }

Ne

m=1
and {θ(m)

|n−1}
Ne

m=1
, at time tn−1, the steps of the Dual-EnKF can

be summarized as follows:

1. Parameters filter: The computation of the parameters ensemble {θ(m)
|n }

Ne

m=1
, is

based on two steps.

- Forecast step: The parameters ensemble {θ(m)
|n−1}

Ne

m=1
remains constant. The

state samples are integrated in time as in (3.5) to obtain the forecast

ensemble {xf,(m)
n }

Ne

m=1.

- Analysis step: {xf,(m)
n }

Ne

m=1 is used to compute the observation forecast en-

semble, {yf,(m)
n }

Ne

m=1, as in (3.6). This is in turn used to update the param-

eters ensemble {θ(m)
|n }

Ne

m=1
following (3.8).

2. State filter: The updated parameters ensemble {θ(m)
|n }

Ne

m=1
is used to compute

{xa,(m)
n }

Ne

m=1 from {xa,(m)
n−1 }

Ne

m=1
, again in two steps.

- Forecast step: Each member, x
a,(m)
n−1 , is updated in time through the dy-

namical model as:

xf,(m)
n =Mn−1(x

a,(m)
n−1 ,θ

(m)
|n ). (3.9)
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- Analysis step: As in the parameters filter, {xf,(m)
n }

Ne

m=1 is used to compute

{yf,(m)
n }

Ne

m=1 following (3.6), which finally yields {xa,(m)
n }

Ne

m=1 following (3.7).

Probabilistic Formulation

Following a probabilistic formulation, the augmented state system (3.4), can be

viewed as a continuous state Hidden Markov Chain (HMC) with transition density,

p(zn|zn−1) = p(xn|xn−1,θ)p(θ|θ) = Nxn (Mn−1(xn−1,θ),Qn−1) , (3.10)

and likelihood,

p(yn|zn) = p(yn|xn) = Nyn (Hnxn,Rn) , (3.11)

where Nv(m,C) denotes the Gaussian density of argument v and parameters (m,C).

In this HMC framework, one can verify that the Joint-EnKF algorithm can be derived

from a simple application of Properties 1 and 2 to the following classical generic

formulas,

p(xn|y0:n−1) =

∫
p(xn|xn−1,θ)p(xn−1,θ|y0:n−1)dxn−1dθ, (3.12)

p(yn|y0:n−1) =

∫
p(yn|xn)p(xn|y0:n−1)dxn, (3.13)

p(zn|y0:n) =
p(zn,yn|y0:n−1)

p(yn|y0:n−1)
. (3.14)

More specifically, in the Joint-EnKF, Property 1 and (3.12) lead to the state forecast

ensemble (3.5), Property 1 and (3.13) lead to the observation forecast ensemble (3.6),

then Property 2 and (3.14) lead to analysis ensemble of the state (3.7) and parameters

(3.8).

The forecast ensemble of the state and observation in the parameter filter of the

Dual-EnKF can be obtained following a similar procedure. This is followed by the
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computation of the analysis ensemble of the parameters using Property 2 in:

p(θ|y0:n) =
p(θ,yn|y0:n−1)

p(yn|y0:n−1)
. (3.15)

However in the state filter, the ensemble {xf,(m)
n }

Ne

m=1 obtained via (3.9) in the forecast

step does not really represent the forecast pdf p(xn|y0:n−1), since (3.9) involves θ
(m)
|n

rather than θ
(m)
|n−1. Accordingly, the Dual-EnKF is still a heuristic algorithm in spite

of its proven performance compared to the Joint-EnKF [27, 76, 78, 90]. In the next

section, we follow the same probabilistic framework to derive a new Joint-EnKF algo-

rithm that is more consistent with the Bayesian formulation of the state-parameters

estimation problem than the standard Joint- and Dual-EnKFs. In this new scheme,

the observations are used at both measurement-update and time-update steps of the

state, and this is shown to improve performances compared to the standard Joint-

and Dual-EnKFs.

3.3 One-step-ahead smoothing-based Joint-EnKF

(Joint-EnKFOSA)

The classical path that involves the forecast pdf p(zn|y0:n−1) when moving from the

analysis pdf p(zn−1|y0:n−1) to the analysis pdf at the next time p(zn|y0:n) is not

the only efficient one. We resort here to an alternative algorithm that involves a

one-step-ahead smoothing pdf, p(zn−1|y0:n), between two successive analysis pdfs,

p(zn−1|y0:n−1) and p(zn|y0:n). The idea of using the one-step-ahead smoothing pdf

in the filtering algorithm is not entirely new, and was already used to derive several

particle and Kalman filters in low-dimensional systems (see for example [101] and

[102] and references therein).
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3.3.1 The generic algorithm

The analysis pdf, p(xn,θ|y0:n), can be computed from p(xn−1,θ|y0:n−1) in two steps.

- Smoothing step: The pdf p(xn−1,θ|y0:n) is first computed using the likelihood

p(yn|xn−1,θ) as:

p(xn−1,θ|y0:n) ∝ p(yn|xn−1,θ)p(xn−1,θ|y0:n−1), (3.16)

with

p(yn|xn−1,θ) =

∫
p(yn|xn)p(xn|xn−1,θ)dxn. (3.17)

- Analysis step: Only the analysis pdf of xn, p(xn|y0:n), needs to be computed

from p(xn−1,θ|y0:n) since the analysis pdf of θ has already been computed in the

smoothing step. Indeed, using the a posteriori transition pdf, p(xn|xn−1,θ,yn),

we obtain:

p(xn|y0:n) =

∫
p(xn|xn−1,θ,yn)p(xn−1,θ|y0:n)dxn−1dθ, (3.18)

with

p(xn|xn−1,θ,yn) ∝ p(yn|xn)p(xn|xn−1,θ). (3.19)

Unlike the conventional generic algorithm described in (3.12)-(3.14), which starts

from a time-update step (without using the observations) followed by a measurement-

update step, the smoothing-based algorithm described in (3.16)-(3.19) alternates the

order of these steps.

3.3.2 Practical implementation

We resort to an EnKF-like approximation based on the assumption of Gaussian

p(xn−1,θ|y0:n) and p(xn,θ|y0:n).
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Smoothing step

Starting at time tn−1 from an analysis ensemble {xa,(m)
n−1 ,θ

(m)
|n−1
}
Ne

m=1
, one can use Prop-

erty 1 in (3.17) to obtain the observation forecasting ensemble {yf,(m)
n }

Ne

m=1 as:

yf,(m)
n = Hn

(
Mn−1(x

a,(m)
n−1 ,θ

(m)
|n−1) + u

(m)
n−1

)
+ v(m)

n , (3.20)

with u
(m)
n−1 ∼ N (0,Qn−1) and v

(m)
n ∼ N (0,Rn). Property 2 is then used in (3.16) to

obtain the smoothing ensemble {xs,(m)
n−1 ,θ

(m)
|n }

Ne

m=1
as:

x
s,(m)
n−1 = x

a,(m)
n−1 + Pxan−1,y

f
n

P−1

yfn
(yn − yf,(m)

n )︸ ︷︷ ︸
ν

(m)
n

, (3.21)

θ
(m)
|n = θ

(m)
|n−1 + Pθ|n−1,y

f
n
× ν(m)

n . (3.22)

with Pxan−1,y
f
n

= 1
Ne−1

Sxan−1
ST

yfn
, Pyfn

= 1
Ne−1

Syfn
ST

yfn
and Pθ|n−1,y

f
n

= 1
Ne−1

Sθ|n−1
ST

yfn
.

Analysis step

The analysis ensemble {xa,(m)
n }

Ne

m=1 is obtained from {xs,(m)
n−1 ,θ

(m)
|n }

Ne

m=1
using Property

1 in (3.18) after computing the a posteriori transition pdf p(xn|xn−1,θ,yn) via (3.19).

Furthermore, (3.19) leads to a Gaussian pdf:

p(xn|xn−1,θ,yn) = Nxn

(
Mn−1(xn−1,θ) + K̃n (yn −HnMn−1(xn−1,θ)) , Q̃n−1

)
, (3.23)

with K̃n = Qn−1H
T
n

[
HnQn−1H

T
n + Rn

]−1
and Q̃n−1 = Qn−1−K̃nHnQn−1. However,

the computation of K̃n and Q̃n−1 (which may still be an off-diagonal matrix even when

Qn−1 is diagonal) can be prohibitive in large dimensions. One way to avoid (3.19)

is to follow [103, 104] and assume that xn and yn are independent conditionally on

(xn−1,θ), i.e.

p(xn|xn−1,θ,yn) = p(xn|xn−1,θ). (3.24)
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In our Gaussian case, this emphasizes the fact that the “gain” K̃n in (3.23), associated

with yn, vanishes (= 0). In this case, one can see that the parameters of the Gaussian

a posteriori transition pdf (3.23) reduce to those of the Gaussian (a priori) transition

pdf p(xn|xn−1,θ) (3.10). Finally, under the assumption (3.24), one can use Property

1 in (3.18) to obtain the analysis ensemble, {xa,(m)
n }

Ne

m=1, from {xs,(m)
n−1 ,θ

(m)
|n }

Ne

m=1
, as:

xa,(m)
n =Mn−1(x

s,(m)
n−1 ,θ

(m)
|n ) + u

(m)
n−1, (3.25)

with u
(m)
n−1 ∼ N (0,Qn−1). The algorithm is summarized in the following section.

The Joint-EnKFOSA algorithm

Starting from an analysis ensemble, {xa,(m)
n−1 ,θ

(m)
|n−1}

Ne

m=1
at time tn−1, the updated

ensemble at time tn is obtained in two steps:

- Smoothing step: The observation forecast ensemble {yf,(m)
n }

Ne

m=1 is first com-

puted using (3.20), followed by the smoothing state ensemble {xs,(m)
n−1 }

Ne

m=1
, and

parameters {θ(m)
|n }

Ne

m=1
, using (3.21) and (3.22), respectively.

- Analysis step: The analysis state ensemble {xa,(m)
n }

Ne

m=1 is then obtained by in-

tegrating the members {xs,(m)
n−1 θ

(m)
|n }

Ne

m=1
forward in time following (3.25).

In the analysis step of the proposed Joint-EnKFOSA algorithm, both the updated state

ensemble members x
s,(m)
n−1 , and the parameters ensemble members θ

(m)
|n , are integrated

with the model forward in time to obtain the analysis members of the state x
a,(m)
n

at time tn. Compared with the standard Joint-EnKF, the proposed Joint-EnKFOSA

involves x
s,(m)
n−1 instead of x

a,(m)
n−1 in the computation of x

a,(m)
n .

To see how the proposed Joint-EnKFOSA differs from the Dual-EnKF, we focus

on how the analysis members at time tn, say x
a(m)
n and θ

(m)
|n , are computed. The

parameters members, θ
(m)
|n , are computed from x

a,(m)
n−1 and θ

(m)
|n−1, using exactly the
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same process. However, for the state members x
a,(m)
n , and according to (3.7)-(3.9)

and (3.21)-(3.25), we have:

xa,(m)
n

Dual−EnKF
= Mn−1

(
x
a,(m)
n−1 ,θ

(m)
|n

)
+

correction term︷ ︸︸ ︷
Pxfn

HT
n × µ(m)

n , (3.26)

xa,(m)
n

Joint−EnKFOSA= Mn−1

x
a,(m)
n−1 +

correction term︷ ︸︸ ︷
Pxan−1,y

f
n
× ν(m)

n︸ ︷︷ ︸
x
s,(m)
n−1

, θ
(m)
|n

 . (3.27)

Therefore, given the parameters members θ
(m)
|n , both algorithms compute x

a,(m)
n from

x
a,(m)
n−1 using the model and a correction term based on yn. They nevertheless dif-

fer in how the correction term and the model are used. Indeed, in the Dual-EnKF

the members (x
a,(m)
n−1 ,θ

(m)
|n ) are integrated with the model then corrected by the ob-

servations. In the Joint-EnKFOSA, however, the members x
a,(m)
n−1 are corrected first,

providing the smoothing samples, x
s,(m)
n−1 , before they are integrated with the model

using the members θ
(m)
|n .

3.3.3 An iterative Joint-EnKFOSA algorithm (Joint-IEnKFOSA)

Iterating on the parameters was shown to improve the accuracy of the estimates [94].

This is particularly important for strongly nonlinear estimation problems [95, 93]. In

this section, we will exploit the separation of the state and parameters estimation

process in the Joint-EnKFOSA to derive an iterative version of the joint EnKFOSA

acting only on the parameters, and not on the state. This is motivated by the ob-

servation that the EnKF works well for the state estimation of subsurface flow and

transport models, which usually evolve in quasi-linear regimes, especially when linear

observation systems are considered [105]. This is generally not true for parameters es-

timation, as these are often related to the observed state through a strongly nonlinear
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relation [106]. Here, the iterations are performed as follows:

θ
`,(m)
|n = θ

`−1,(m)
|n + ω ·Pθ`−1

|n ,yfn
× ν(m)

n , (3.28)

where ` is the iteration number and ω is a damping factor. The above equation

resembles the iterative procedure of [94], except that we assume here that the change

in the innovation term after each iteration is small and thus no model integrations

are longer required. Under this reasonable assumption, the computational burden is

highly reduced. Moreover, in order to avoid putting large emphasis on the data, we

introduce a damping factor taking values between 0 and 1 (0 < ω < 1) to limit the

size of the correction term after each iteration as proposed by [34]. We choose the

following stopping criterion:

1

Nx

Nx∑
i=1

Ne∑
m=1

∣∣θ`,(m)
i,|n − θ

`−1,(m)
i,|n

∣∣
︸ ︷︷ ︸

ρi

< κ, (3.29)

where κ is a predefined tolerance value based on which the parameters iterations

were shown to converge after few iterations in our experiments. The average of the

residuals ρi gives information about the change of the ensemble members at each

point in space through iterations.

3.3.4 Complexity

The computational complexity of each of the discussed state-parameters EnKF esti-

mation schemes can be split according to their time-update and measurement-update

steps. The Joint-EnKF, for instance, requires Ne runs of the forecast model and

Ne Kalman-type update steps for each joint state-parameters ensemble member. In

most geoscience applications, the computational complexity for updating the ensem-

ble members is generally small compared to integrating the forecast model. The dual
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Table 3.1: Approximate computational complexities of the Joint-EnKF, the Dual-
EnKF, the Joint-EnKFOSA, and the Joint-IEnKFOSA algorithms. Notations are as
follows. Nx: number of state variables, Nθ: number of parameter variables, Ny: num-
ber of observations, Ni: number of iterations, Ne: number of ensemble realizations,
N : number of assimilation cycles, Cx: state model cost (= N2

x is the linear KF),
Cθ: parameter model cost (usually free ≡ identity), Cy: observation operator cost
(= NyNx in the linear KF).

Algorithm Time-update Measurement-update

Joint-EnKF NNe (Cx + Cθ) NNe (Cy +NyNθ) +NN2
e (Nx +Nθ)

Dual-EnKF NNe (2Cx + Cθ) NNeCy +NN2
e (Nx +Nθ)

Joint-EnKFOSA NNe (2Cx + Cθ) NNeCy +NN2
e (Nx +Nθ)

Joint-IEnKFOSA NNe (2Cx + Cθ) NNeCy +NN2
e (Nx +NiNθ)

algorithm, on the other hand, is computationally more intensive, requiring 2Ne model

runs for forecasting, and 2Ne Kalman corrections for updating both the forecast state

and parameters ensembles, which is practically double the computational effort of

the joint scheme. As for the proposed Joint-EnKFOSA scheme, it requires 2Ne model

runs for forecasting the state, Ne smoothing steps for the state and Ne updates to

the parameters ensemble. Accordingly, the total complexity of the Joint-EnKFOSA is

equivalent to that of the Dual-EnKF, except that the order of the update equations is

reversed. For the iterative version of the proposed scheme, only few additional update

steps are required while iterating on the parameters. Since no additional model runs

are required, iterations generally only incur a marginal increase in the computational

cost. The approximate computational complexity is summarized for each algorithm in

Table 3.1. The tabulated complexities are based on the assumption that the number

of observations Ny is much less than the dimension of the state Nx.
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3.4 Numerical experiments with a contaminant trans-

port subsurface system

3.4.1 Contaminant transport model

We consider a steady-state groundwater flow system inside a rectangular domain of

total aquifer area 0.1125 km2. North and south boundaries are assumed impermeable,

whereas the east and west boundaries are assigned constant hydraulic heads equal

to 18 and 12 m-water, respectively. The following two-dimensional (2D) saturated

Darcy groundwater flow system is solved [107]:

∂

∂x

(
Kx

∂h

∂x

)
+

∂

∂y

(
Ky

∂h

∂y

)
= q, (3.30)

where K is hydraulic conductivity [LT−1] , h is the hydraulic head [L], t is time [T],

and q denotes the sources and sinks [T−1]. The groundwater flow equation (4.20) is

discretized in space into 60×20 grid cells of 12.5 m × 7.5 m using a cell-centered finite

difference (CCFD) scheme. A sketch of the aquifer domain with boundary conditions

is shown in Figure 3.1. We ignore precipitation and infiltration sources, so that q = 0.

Figure 3.1: Plan view of the conceptual model for the 2D groundwater flow system.
East and west boundaries are Dirichlet with a given prescribed hydraulic heads. North
and south boundaries are impermeable (no flow boundaries). Contour lines show the
spatial change in the hydraulic head throughout the domain area.

Pure water conditions are assumed initially in the aquifer, except for an elongated
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137Cs plume of concentration 10 mg/l located near the west boundary. 137Cs is a

radioactive isotope of Caesium and a fission product with a half-life of 30.17 years.

It is generally used for industrial purposes in gauges to measure liquid flows and

thickness of materials. It possesses a unique combination of physical properties and

historical notoriety, and is chemically reactive and highly soluble [108]. Its half-life is

long enough that contaminated objects and regions may remain dangerous to humans

for generations [109].

Figure 3.2: The reference log-conductivity field obtained using the sequential Gaus-
sian simulation code [1]. We use a Gaussian variogram with a mean of -11.06 log(m/s),
variance of 1.05 log(m2/s2), and range equal to 100 m and 50 m in the x and y di-
rections, respectively. The black crosses on the map correspond to hard data points
used to condition the sampled conductivity realizations for assimilation. Shown in
the bottom panel is the porosity field (×100) obtained using a spherical variogram.

We simulate the migration of the radioactive plume across the domain towards the

eastern boundary for a 50-years period using the following reactive transport model
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[107, 78]:

R
[
∂ (φC)

∂t
+ λφC

]
= φ∇ ·

[ (
κl
∣∣Ux

∣∣+ κt
∣∣Uy

∣∣+ δm
)
∇C

]
−∇ · (UC) , (3.31)

where C is the dissolved solute concentration [ML−3], φ is the porosity of the subsur-

face media, and λ is first-order radioactive decay rate [T−1]. κl and κt are, respectively,

the longitudinal and transverse pore-scale dispersivity, both constants equal to 0.5 m.

Ux and Uy are the Darcy velocity components in the xy plane and δm is the effective

molecular diffusion considered here equal to 3× 10−9 m2/s. R is a retardation factor

assuming linear sorption conditions in a medium textured soil.

Table 3.2: Parameters of the random functions for modeling the spatial distributions
of logK and φ. τ denotes the rotation angle of one clockwise rotation around the
positive y-axis.

Mean Variance Variogram Range -x Range -y Angle (τ)

logK -11.06 1.05 Gaussian 100 (m) 50 (m) 45◦

φ 0.23 0.004 Spherical 100 (m) 50 (m) 45◦

The reference log-conductivity and porosity fields are generated independently

using sequential Gaussian simulation GCOSIM3D [1]. The variogram components

of each random function are listed in Table 3.2. The parameters of these aquifer

properties are commonly observed field values and similar to those adopted in many

other hydrological studies [55, 48, 90]. The spatial maps of the two heterogeneous

fields are shown in Figure 3.2. Higher conductivity zones located close to the western

boundary suggest faster migration at the early simulation stages. The transport

is then expected to happen at a slower pace because of small conductivity regions

towards the eastern boundary. We discretize the temporal contaminant evolution

using an Euler scheme with a time step of two months. We run the simulation and

plot four different snapshots of the contaminant state in Figure 3.3. As seen from

the maps, the 137Cs plume tends to expand towards the eastern boundary, which is
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mostly due to dispersion and diffusion. The maximum concentration after 50 years

is depleted to almost 0.15 mg/l because of radioactivity.

3.4.2 Experimental Setup

To imitate a realistic setting, we impose some perturbations on the reference model

run and set our goal to estimate the solute concentration and the hydraulic conduc-

tivity field using the perturbed forecast model and data extracted from the reference

(true) run. Thus, in the forecast model we impose 15%, 20%, and 10% Gaussian noise

on the sorption coefficient, diffusion rate, and radioactive decay, respectively. In ad-

dition, we also perturb the porosity of the aquifer medium using the same variogram

parameters for φ (as shown in Table 3.2) but with mean and variance equal to 0.30

and 0.008, respectively.

Figure 3.3: Reference contaminant maps at the initial time (top-left panel), after
12 years (top-right panel), after 38 years (bottom-left panel), and after 50 years of
simulation (bottom-right panel). The well locations from which concentration data
are extracted are shown by brown stars. Four different observation networks are
shown.

To demonstrate the efficiency of the proposed Joint-EnKFOSA compared to the

standard Joint- and Dual-EnKFs, we evaluate the filter’s performance and robustness

under different experimental scenarios. We conduct a number of sensitivity experi-
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ments while changing: (1) the ensemble size, (2) the temporal frequency of observa-

tions, (3) the number of observation wells in the domain, and (4) the measurement

error. For the frequency of the observations, we consider 5 scenarios in which concen-

trations measurements are extracted from the reference run every 2, 6, 12, 24, and

48 months. We consider four different observational scenarios assuming networks of

3, 10, 15, and 33 wells uniformly distributed throughout the aquifer domain (Figure

3.3). We further evaluate the performance of the filters under nine different scenarios

in which observations are perturbed with Gaussian noise of zero mean and a standard

deviation varying between 14% and 30% with 2% increments of the total variability.

We select these scenarios to study the performances of the different algorithms under

challenging and imperfect modeling and observational conditions. This is typical in

real-world hydrology applications, where wells data are sparse and can be subject to

various sources of uncertainty, such as reading errors, instrumental errors, etc.

Figure 3.4: Average bias and spread of the conductivity estimates as function of the
ensemble size. Results are shown for a scenario in which assimilation of concentration
data is obtained from 15 wells every year. The ensemble size varies between 50 and 300
and the measurement noise standard deviation is set to 15% of the total contaminant
variance.

To initialize the filters, we follow [90] and perform a long simulation run using the

perturbed forecast model. Then, we randomly select a set of Ne contaminant snap-

shots to form the state ensemble. By doing so, the concentration changes that may

occur in the aquifer are well represented by the initial ensemble. The corresponding
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parameters’ realizations are sampled with the geostatistical software, GCOSIM3D,

using the same variogram parameters of the reference conductivity field but condi-

tioned on five hard measurements as shown by black crosses in Figure 3.2. The filter

estimates of the different assimilation schemes are evaluated based on their average

absolute errors (AAE) and their average ensemble spread (AES):

AAE = N−1
x N−1

e

Ne∑
j=1

Nx∑
i=1

∣∣∣∣xej,i − xti

∣∣∣∣, (3.32)

AES = N−1
x N−1

e

Ne∑
j=1

Nx∑
i=1

∣∣∣∣xej,i − x̂ei

∣∣∣∣, (3.33)

where xti is the reference (true) value of the variable at cell i, xej,i is the ensemble

value of the variable, and x̂ei is the ensemble mean at location i. AAE measures the

estimate-truth misfit and AES measures the ensemble spread, or the confidence in

the estimated values [34]. Spatially, the estimated fields are assessed based on their

correlation factors with the reference solution. Linear regression is also applied to

statistically evaluate the conductivity estimates as:

1

Ne

Ne∑
i=1

log (Ke
i ) = α + β · log (Kr) , (3.34)

where Ke
i is the ith conductivity ensemble realization, Kr is the reference conductivity,

and α and β are regression coefficients.

3.5 Results and Discussion

In this section, we present and analyze the results of the Joint-EnKF, Dual-EnKF

and the proposed Joint-EnKFOSA schemes. The computational cost of the algorithms

is also discussed. We further asses the benefit of the proposed iterative procedure for

improving the update of the conductivity field in the Joint-EnKFOSA as presented in
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section 3.3.

Figure 3.5: Average bias and spread of the contaminant state estimates as function
of the ensemble size. Results are shown for a scenario in which assimilation of con-
centration data is obtained from 15 wells every six months. The ensemble size varies
between 50 and 300 and the measurement noise is set to 15% of the total contaminant
variance.

3.5.1 Sensitivity to the ensemble size

We first study the sensitivity of the three filtering schemes to the ensemble size, Ne. In

realistic and large-scale contaminant transport applications, one would be restricted

to using small ensembles due to various computational limitations. Obtaining ac-

curate state and parameter estimates with small ensembles is thus desirable. We

conduct the experiments using 11 ensemble sizes, Ne = {50:25:300}. We consider 15

wells (Figure 3.3, bottom-left observation network) and set the standard deviation of

the measurement error to 15%. We plot the resulting conductivity and state estimates

in Figures 3.4 and 3.5, respectively. As shown in Figure 3.4, the accuracy of the con-

ductivity estimate resulting from the Joint-EnKF, Dual-EnKF and Joint-EnKFOSA

improves as the ensemble size increases, reaching a mean AAE of 0.4359, 0.4354,

and 0.4131 m/s for Ne = 300, respectively. The Joint- and the Dual-EnKFs provide

similar conductivity estimates though the dual algorithm is twice more expensive.

The Dual-EnKF was shown to outperform the standard Joint-EnKF only when very

large ensembles are used [90]. The proposed Joint-EnKFOSA clearly provides the best
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estimates for all tested ensemble sizes. With respect to the average ensemble spread

of the conductivity estimates, the Joint-EnKFOSA seems to better retain the spread,

which may suggest more efficient handling of the filter-inbreeding problem, and thus

larger updates to the conductivity ensemble. Concerning the contaminant state es-

timates, the mean AAE values in Figure 3.5 exhibits similar results to those of the

conductivity estimates (Figure 3.4). As the ensemble size increases, the contaminant

characterization in the aquifer improves. The Joint-EnKFOSA is the most accurate,

and is seen to outperform the Joint- and Dual-EnKFs for all selected ensemble sizes.

The average spread of the contaminant ensemble resulting from the proposed scheme

is the lowest in accordance with the AAE values, reflecting a larger confidence in the

contaminant estimates.

Figure 3.6: Mean average absolute errors (AAE) of contaminant concentration, C,
obtained using three different filtering schemes. Results are shown for five different
scenarios in which assimilation of solute concentration data are obtained from 15
wells every “No” steps. Here, No refers to a modeling step which is equal to 2 months
in real time. All five experimental scenarios use 100 ensemble members and 15% as
standard deviation for the Gaussian measurement errors.

Regarding the computational cost, the Joint-EnKF is the least intensive, requir-

ing 170 sec to perform a 50-year assimilation run using 50 members. The Dual-

and Joint-EnKFOSA, on the other hand, require 192 and 191 sec, respectively. The

Dual-EnKF is more intensive than the Joint-EnKF because it includes an additional

propagation step to the ensemble members. Likewise, the proposed Joint-EnKFOSA
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requires an additional model integration step before smoothing the state members.

Its computational cost is therefore equivalent to the Dual-EnKF scheme, which is

consistent with the reported time and the complexity of the measurement update

step in Table 3.1. In our testing setup, the cost of integrating the transport model is

fairly low as compared to the cost of the update step. This, however, will often not

be the case in more realistic applications.

3.5.2 Sensitivity to the frequency of observations

In the second set of experiments, we change only the temporal frequency of available

observations, i.e., the times at which the concentration observations are assimilated.

We set the ensemble size to 100 and implement the Joint-, Dual- and Joint-EnKFOSA

schemes assimilating data from 15 observation wells perturbed with a Gaussian noise

set to 15% of the total variability.

Figure 3.6 plots the mean AAE of the contaminant concentration as it results from

the three filtering schemes for five different observation frequency scenarios every 2,

6, 12, 24, and 48 months. Overall, the Dual- and Joint-EnKF schemes lead to similar

results, although the Dual-EnKF performs better when data are assimilated more

frequently, i.e., every two and six months. The performance of the Joint-EnKFOSA is

slighter better. The most pronounced improvements are obtained when assimilating

data every six months. This becomes less important as the time-frequency of avail-

able observations decreases. This could be related to the nature of the Joint-EnKFOSA

algorithm, which is based on a one-step-ahead smoothing step to the analyzed concen-

tration ensemble members before updating the forecast parameters and propagating

the state samples. In Figure 3.7, we plot the ensemble mean for the concentration

as estimated by the three filters after 50 years of simulation and for three differ-

ent observation frequency scenarios. Spatially, the maps are close to the reference

concentration (shown in the bottom-left panel of Figure 3.3). All three filters are
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able to capture the major contamination patterns concentrated close to the eastern

boundary.

Figure 3.7: Spatial maps of the recovered ensemble means of contaminant concentra-
tion (after 50 years) using the Joint-, Dual-, and Joint-EnKFOSA schemes. Results
are shown for three scenarios in which assimilation of concentration data is obtained
from 15 wells every 3, 6, and 12 months. This experiment uses 100 ensemble members
and 15% as standard deviation for the Gaussian measurement errors. Here, No refers
to a modeling step which is equal to 2 months in real time.

Regarding the estimates of the hydraulic conductivity, we compare the results of

the three filters by analyzing the time series of AAE (Figure 3.8) for two observation

frequency cases. When concentration observations are assimilated every two years

(i.e., a total of 25 updates), the Joint-EnKFOSA performs better than the other two

schemes over the entire assimilation period. By the end of the 50th year, conductiv-

ity estimates of the proposed scheme are respectively 12% and 11% more accurate

than those of the standard Joint- and Dual-EnKFs. Similarly, the proposed scheme

outperforms the other two schemes when assimilating concentration data every four

years, yielding 18% more accurate conductivity estimates by the end of the simula-

tion window. These results demonstrate the effectiveness and the robustness of the

proposed scheme with respect to the temporal sparsity of the observations, compared

with the dual and joint filtering strategies.

To spatially examine the conductivity estimates, we plot in Figure 3.9 the recov-
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Figure 3.8: Time series of AAE of the hydraulic conductivity using the Joint-, Dual-
and Joint-EnKFOSA schemes. Results are shown for two scenarios in which assimi-
lation of concentration head data are obtained from 15 wells (uniformly distributed
throughout the aquifer domain) every 2 and 4 years. The two experimental sce-
narios use 100 ensemble members and 15% as standard deviation for the Gaussian
measurement errors. No denotes a modeling step which is equal to 2 months in real
time.

ered fields from the Joint-EnKF and the Joint-EnKFOSA at three different times. We

show results from one case where observations are assimilated every 6 months. We

also report the correlation coefficient values resulting from each scheme. The maps of

the Dual-EnKF are not shown here as they are very close to those of the Joint-EnKF.

After 25 years, the major spatial patterns of the hydraulic conductivity are better

represented by the two algorithms. Yet, the proposed scheme leads to larger correla-

tions with the reference field especially over the low conductivity region towards the

eastern boundary. By the end of the assimilation period, the high conductivity region

located near the western boundary (Figure 3.2) is very well recovered by the Joint-

EnKFOSA. The Joint-EnKF clearly underestimates the conductivity in this region. In

general, the benefits from the proposed scheme are more pronounced for the estima-

tion of the parameters. The smoothing step seems to be beneficial for the update of

the parameters, mainly because it provides better state-parameter cross-correlation

terms, which eventually leads to more accurate parameters ensembles.
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Table 3.3: Parameters of regression lines: α, β and correlation coefficient: γ (after 50
years) for logK cross plots using four different observation networks. These results
are obtained using 200 ensemble members, 12 months as observations frequency, and
10% of total variance as measurement noise.

Obs. Wells Algorithm α β γ

Joint-EnKF 0.61 -4.41 0.80

Ny = 3 Dual-EnKF 0.61 -4.41 0.80

Joint-EnKFOSA 0.60 -4.54 0.79

Joint-EnKF 0.72 -3.07 0.82

Ny = 10 Dual-EnKF 0.73 -3.06 0.82

Joint-EnKFOSA 0.82 -2.03 0.90

Joint-EnKF 0.78 -2.46 0.81

Ny = 15 Dual-EnKF 0.78 -2.49 0.81

Joint-EnKFOSA 0.87 -1.50 0.90

Joint-EnKF 0.89 -1.11 0.90

Ny = 33 Dual-EnKF 0.89 -1.15 0.90

Joint-EnKFOSA 0.95 -0.59 0.93

3.5.3 Sensitivity to the number of observations and measure-

ment errors

We further study the robustness of the proposed Joint-EnKFOSA to the number of

observation wells as compared to the Joint- and Dual-EnKFs. We use four different

observation networks in which concentration measurements are obtained from 3, 10,

15, and 33 wells. We perform a statistical regression analysis, using 200 ensemble

members, to evaluate the resulting conductivity estimates. We establish a linear

relation between the reference log-conductivity field and the ensemble mean from

each algorithm at the end of the assimilation window. We interpret the filtering

results for all scenarios using 2D cross-plots (Figure 3.10), regression parameters and
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correlation coefficients (Table 3.3). When observations are assimilated from 3 wells

only, the scatter plots for all three algorithms exhibit poor correlations (λ ≈ 0.80)

between the estimated and the reference field. The orientation of the fitting line is far

from the best fit. Ideally, a good fit should have α close to 0 and β close to 1. As more

observations become available, the orientation of the fitting line and the correlation

with the reference field improves for all schemes. For instance, using 15 observation

wells increases the correlation coefficient, γ, to 0.81, 0.81, and 0.90 for the Joint-

EnKF, Dual-EnKF, and Joint-EnKFOSA, respectively. Assimilating concentration

observations from 33 wells further reduces the misfit and provides a good distribution

of the scattered conductivity points for all schemes. The Joint-EnKFOSA performs

best, yielding a correlation of 0.93 and regression parameters very close to the ideal

ones (α = 0.95 and β = −0.59). As in the previous experiments, the Joint and Dual-

EnKFs provide close, but less accurate, results. The analysis of the estimates of the

contaminant concentrations lead to similar conclusions.

Figure 3.9: Spatial maps of the recovered ensemble means of hydraulic conductivity
after 1, 25, and 50 years using the Joint-, Dual-, and Joint-EnKFOSA schemes. Results
are shown for an assimilation scenario in which concentration data is obtained from
15 wells every 6 months. This experiment uses 100 ensemble members and 15%
as standard deviation for the Gaussian measurement errors. Here, γ refers to the
correlation coefficient with the reference field.

In the last set of sensitivity experiments, we fix the number of wells to 15, the

observation frequency to 1 year, and we perturb the observations with different mea-

surement errors. We plot the results for nine different observation noise scenarios in

Figure 3.11 and compare the bias and spread of the conductivity as estimated by the
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Joint-EnKF, Dual-EnKF and the Joint-EnKFOSA with 300 members. In general, the

performance of all three filters is seen to degrade as the noise level in the observations

increases. For instance, when a Gaussian noise with standard deviation equal to 14%

of the total variability is imposed, the mean AAE of conductivity resulting from the

Joint-EnKF and the Joint-EnKFOSA is 0.398 and 0.378 m/s, respectively. As the

Gaussian noise level increases to 30%, the mean AAE increases in the Dual-EnKF

and the Joint-EnKFOSA to 0.479 and 0.455 m/s, respectively. The accuracy of the

proposed scheme is still better than the other two filters suggesting more robustness

to observation noise. The mean AES also increases with the increase of the observa-

tion noise levels. Similar to the behavior seen in Figure 3.4, the ensemble spread of

the proposed scheme is better retained than in the Joint- and the Dual-EnKFs.

3.5.4 Effect of iterations in the new scheme

To assess the benefit of the proposed iterative scheme in the Joint-EnKFOSA, we set

the tolerance criterion of equation (3.29) to 0.1 and the damping factor for the in-

novation term of the parameters to 0.05. We follow the same experimental setup as

the one used in the study of the sensitivity to the ensemble size. We plot the esti-

mated conductivity and contaminant concentration for the Joint-EnKFOSA with and

without iterations in Figure 3.12. One can see that the filter’s performance improves

with iterations for all tested ensemble sizes. Clearly, the benefits of the iterations are

more pronounced in the estimates of the hydraulic conductivity. For instance, for an

ensemble of 300 members, the mean AAE is 0.413 and 0.386 for the Joint-EnKFOSA

and its iterative version, the Joint-IEnKFOSA, respectively. Although no iterations

were applied to the state members, yet the final contaminant estimates of the Joint-

IEnKFOSA are also more accurate. This is of course due to the improved parameters

estimates, which are used as inputs to the forecast model. For both state and pa-

rameters, the Joint-IEnKFOSA exhibits smaller ensemble spreads, suggesting larger
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confidence in the estimated variables, especially for the cases with large ensemble

sizes.

Figure 3.10: Cross plots of hydraulic conductivity for different observation networks
using the Joint-EnKF, Dual-EnKF and Joint-EnKFOSA schemes. Red lines indicate
the regression fitting lines and dashed blue lines indicate the best fit. The displayed
hydraulic conductivity values are in log m/s. The experiments use 200 ensemble
members and 10% as standard deviation for the Gaussian measurement errors. Ny

denotes the number of observation wells.

With ω = 0.05, convergence occurs on average after only 3 to 4 iterations for all

assimilation steps. We also tested different values for the damping factor (Figure 3.13)

and found that smaller values of ω lead to more accurate estimates. Figure 3.13 plots

the mean AAE of hydraulic conductivity for different values of ω on top of the results

of the Joint-EnKFOSA. Assimilation tests with 4 different ensemble sizes show that

the iterative scheme is always beneficial when 3
100
≤ ω ≤ 1

10
. Choosing larger values

of the damping factor (i.e. ω > 2
10

) degrades the performance of the Joint-IEnKFOSA

in this setup. Compared to the Joint- and Dual-EnKFs, the Joint-IEnKFOSA using

200 members and ω = 0.04 provides about 13% more accurate conductivity estimates.
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Increasing the ensemble size to 300 and using ω = 0.08, further highlights the benefits

of the iterations, yielding 15% more accurate hydraulic conductivity than the Joint-

and the Dual-EnKFs.

Figure 3.11: Average bias and spread of the conductivity estimates as function of
the measurement error. Assimilation of concentration data is obtained from 15 wells
every year. The ensemble size is set to 300 and the measurement noise level varies
between 14% to 30% of the total contaminant variance.

Regarding the computational burden, the iterations only require a marginal in-

crease in computational cost since only a few number of iterations is needed. Using

50 members, the Joint-IEnKFOSA requires 201, sec which is very close to the cost of

running the Joint-EnKFOSA, as discussed before.

3.6 Conclusion

We presented a smoothing-based joint ensemble Kalman filter (Joint-EnKFOSA) for

state-parameters estimation of subsurface contaminant transport models. While shar-

ing with the standard Joint-EnKF the idea of concatenating the state and parameters

in one single vector, the new filter reverses the order of the time-update step (forecast

by the model) and the measurement-update step (correction with incoming observa-

tions). This imposes one more update step to the state without violating the general
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Figure 3.12: Average bias and spread of the conductivity and contaminant estimates
as function of the ensemble size. Results are shown for the Joint-EnKFOSA and
its iterated version (Joint-IEnKFOSA) in which assimilation of concentration data is
obtained from 15 wells every year. The ensemble size varies between 50 and 300 and
the measurement noise is set to 15% of the total contaminant variance.

Bayesian estimation framework, and was shown to provide improved estimates in our

numerical experiments without any significant increase in the computational cost.

We also proposed an iterative version of the Joint-EnKFOSA scheme (a.k.a. Joint-

IEnKFOSA) to further improve the performances. The iterations are applied on the

parameters only and make use of a damping factor to avoid the need of integrating

the model for each ensemble member at each iteration, which significantly reduces

the computational requirements of the iterative procedure.

We tested the proposed Joint-EnKFOSA scheme on a conceptual contaminant

transport state-parameters estimation problem in which we estimated the contam-

inant concentration and spatially variable conductivity parameters. We conducted

a number of sensitivity experiments to evaluate the accuracy and the robustness of
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Figure 3.13: Mean AAE using the Joint-IEnKFOSA for different values of the damping
factor, ω. Also shown, with dashed lines, are the mean AAE of conductivity using
the the non-iterative Joint-EnKFOSA scheme. Results are displayed using 4 ensemble
sizes (Ne = 150, 200, 250, 300).

the proposed scheme and to compare its performance against the standard Joint- and

Dual-EnKF approaches. The experimental results suggest that the Joint-EnKFOSA is

more robust with respect to different assimilation setups and was successfully able to

estimate the contaminant concentration and the conductivity field. Sensitivity analy-

ses suggest that for different temporal frequencies of observations, the Joint-EnKFOSA

is more effective and outperforms the standard Joint- and Dual-EnKF schemes. In ad-

dition when changing the spatial density of observations in the domain, the accuracy

of the Joint-EnKFOSA estimates is better preserved. The Joint-EnKFOSA results are

also found to be less sensitive to the observations noise. The iterative Joint-EnKFOSA

further improves performances at a marginal increase in computational cost.

The proposed Joint-EnKFOSA scheme and its iterative version are easy to im-

plement and only require minimal modifications to a standard EnKF code. These

schemes should therefore be beneficial to the hydrology community given their accu-
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racy, and robustness to changing modeling and assimilation conditions. Both could

serve as efficient estimation tools for real-world applications, such as groundwater,

contaminant transport and reservoir monitoring, in which the available data are of-

ten sparse and noisy. Potential future research includes testing the Joint-EnKFOSA

in realistic large-scale groundwater, contaminant transport and reservoir monitoring

problems. Furthermore, combining the proposed state-parameters estimation scheme

with other square-root and hybrid ensemble approaches may be a promising direction

for further improvements.
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Chapter 4

An Adaptive Hybrid EnKF-OI

Scheme for Efficient

State-Parameters Estimation of

Reactive Contaminant Transport

Models

4.1 Introduction

Contaminant transport through soils and aquifers is a critical physicochemical process

influencing the quality and continued beneficial use of subsurface waters. Contami-

nated groundwater could potentially carry carcinogens and other hazardous materials

that affect the nervous system and the immune response. The mass transfer in subsur-

face porous media is generally controlled by diffusion, sorption and biodegradation.

In contaminant hydrology, the term sorption is widely understood to mean a physical

retardation process in which light non-aqueous phase liquids (LNAPL) such as gaso-

line, benzene, toluene, xylene, and other hydrocarbons, get attached to the surface of
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permeable rocks. Sorption rates tend to slow the average travel time of a solute and

also influence its mass transfer by increasing the capacity of the immobile zone, such

as rocks, to retain the solute [110]. Several studies have recently focused on building

numerical transport models to identify heterogeneous rates of mass transfer that are

due to local scale variability in the diffusion and sorption properties of the permeable

media; e.g., [111, 112, 113, 114]. The majority of these studies have confirmed that

the variability in sorption strength increases the variation in mass transfer time scales

[115]. Using accurate sorption rates is thus essential to identifying the response of

the subsurface.

An important limitation of these numerical models is the lack of a practical frame-

work to determine accurate subsurface parameters, such as permeability and sorption

rates. Moreover, these models are mostly deterministic in nature and built on the

basis of various physical assumptions such as the insertion of Darcy’s law (a simpli-

fied form of the general Navier-Stokes equation) into groundwater flow systems [26].

Such modeling obstacles aggravate the level of uncertainty in transport simulations,

limiting the benefits of these models.

As a means to reduce uncertainty in the models and the parameters, numerous

estimation methodologies have been proposed, with the standard procedure of pin-

pointing parameter values that, when integrated in simulation models, they allow

the system-response variable (e.g., hydraulic head, solute concentration) to fit the

observed field response [28, 29, 31, 46, 81]. These optimization methods, such as the

pilot-point method (PPM) and the self-calibrated method (SCM), are inverse meth-

ods and generally adjoint-based and/or Monte Carlo (MC)-type approaches. Despite

their wide use, these inverse methods have some limitations and may suffer from slow

convergence rates [31]. Primary limitations are the required computational burden

and data storage. For instance, the representer method (RM) requires an intensive

iterative procedure that is equivalent to two model runs for each data point [80].
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Additionally, these inverse methodologies can not easily take into account different

sources of uncertainty, other than the uncertainty associated with inverted parameters

[34].

Another inverse alternative is statistical conditioning that, unlike optimization

methods, relies on the correlation between system parameters and dynamic variables,

such as hydraulic head and groundwater solute concentration, to adjust the parame-

ter values. This stochastic inverse approach, also known as data assimilation, has the

advantage of including a framework that accounts for model errors that are present

not only in the uncertain parameters but also in the model structure and inputs,

such as external forcings and initial conditions [34]. Data assimilation methods are

generally derived from Bayesian estimation frameworks in which prior information

about a dynamical system is combined with available observations to produce an up-

dated posterior estimate of the parameters and state variables [39]. Data assimilation

methods can be classified into two main categories: variational and sequential meth-

ods. Variational methods, such as three-dimensional (3DVar) and four-dimensional

(4DVar) schemes, seek the model trajectory that best fits the observations over a

given period of time. The 4DVar technique is computationally intensive, requiring

multiple integrations of the tangent-linear model of the forecast model and its ad-

joint [116]. Sequential methods assimilate the data as they become available and

are numerical (simplified) solutions of the Bayesian filtering problem. Among the

sequential methods, the particle filter (PF) recently became popular for its ability to

handle any type of statistical distribution, Gaussian or not, making it well suited to

strongly nonlinear systems [37, 117, 118]. The PF may require, however, a prohibitive

set of particles (and thus model runs) to accurately sample the distribution of the

state and parameters accurately, making this scheme computationally intensive for

large-scale hydrological applications [41, 42, 43]. A more common assimilation tech-

nique for such applications is the ensemble Kalman filter (EnKF). As reported by
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evensen2003ensemble [23], the EnKF operates following two main steps: a forecast

step and an analysis step. In the forecast step, an ensemble of state vectors is inte-

grated forward in time with the model. Once a new data become available, a Gaussian

Kalman filter (KF) update [87, 25] is applied based on the ensemble statistics [86].

The ensemble smoother (ES) has been emerging lately as an efficient tool for state

and parameters estimation in hydrology [45, 119]. The ES uses past, current, and

future observations and applies a Kalman-based update to the parameters and state

variables.

The EnKF and its variants [120, 121] have been successfully implemented in many

hydrology and reservoir applications for state and parameters estimation. Vugrin et

al. [110] compared a particle-based Markov model with the EnKF for estimating sorp-

tion rates in a subsurface contaminant model. The authors found that the EnKF can

significantly improve the estimation of relatively large sorption rates by two orders of

magnitude, relative to the Markov model approach. In another study, Bailey and Baú

[122] estimated first-order reaction rates using the EnKF in a synthetic reactive trans-

port system. They found that the filter was successful in conditioning biodegradation

rates, and showed different sensitivity analyses based on the number of observations

and their locations in addition to the error assigned to the measured concentration

values. In a more realistic application, Bailey et al. [119] applied an ES to esti-

mate spatially-variable rate constants in irrigated agricultural groundwater systems.

Other research studies, e.g., Chen and Zhang [47], Zhou et al. [55], Schoniger et al.

[51], Li et al. [48] and Gharamti and Hoteit [77], have implemented different EnKF

methodologies for estimating hydraulic conductivity and porosity in groundwater flow

and transport systems. Recently, Gharamti et al. [90] successfully implemented the

EnKF in a subsurface compositional flow model using chemical composite data and

compared the standard joint updating scheme of the state and parameters to a more

robust dual approach. The authors concluded that the dual estimation scheme may
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provide more accurate state and parameter estimates than the joint scheme when im-

plemented with the same ensemble size, but at the cost of twice more forward model

integrations.

It is now recognized that the EnKF is capable of providing reliable background er-

ror covariances for large ensemble sizes, provided that the error growth is linear and

the observation and forecast errors are independent [22]. For many realistic large-

scale applications, however, the use of large ensembles may be prohibitive. With

small ensembles, the EnKF is rank deficient, the background variances are under-

estimated, and the background covariances are over-estimated and poorly approxi-

mated [34, 47, 123]. To overcome this limitation, some studies proposed to inflate the

ensemble around its mean to account for the under-sampling of the background en-

semble [67, 124, 125]. Others suggested to exclude the effects of observations greatly

separated from the analysis location. This procedure, termed as localization, was

introduced to deal with spurious correlations over long distances caused by small en-

sembles and to address the associated rank deficiency issues [121, 125, 126]. In recent

applications in meteorology and oceanography, a hybrid EnKF-3DVar (or -OI and the

term OI refers to Optimal Interpolation, which is essentially a Kalman filter based

on a prescribed invariant background covariance matrix [127]) assimilation scheme

has been introduced as a way to mitigate the background limitations of the EnKF

[123, 128, 129]. The scheme, as introduced by Hamill and Snyder [123], uses a back-

ground covariance in the EnKF that is an “average” of a flow-dependent background

error covariance estimated from an ensemble and a predefined static covariance from

a 3DVar or an OI system. It is not uncommon to find applications using some of

these different rank mitigation methods simultaneously.

In this Chapter, we present an efficient state-parameters estimation framework for

subsurface contaminant models based on an adaptive hybrid EnKF-OI assimilation

scheme. To the best of our knowledge, this is the first application of a hybrid scheme
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to subsurface hydrology. We extend the formulation of the hybrid approach to ac-

commodate parameter estimation through a dual filtering technique [27, 76, 86]. In

addition, we propose an efficient procedure to parametrize the static background co-

variance and state-parameters cross-correlation matrices. We also introduce an adap-

tive method to optimize the weightings of the ensemble-based flow-dependent and

OI-static background covariance matrices. The methodology is applied and tested

on a synthetic reactive contaminant transport problem. Solute concentration data

are efficiently assimilated using the hybrid scheme, to estimate the spatially variable

sorption rate coefficients and contaminant concentrations. We also carry out sensitiv-

ity experiments and compare the performance of the adaptive hybrid EnKF-OI and

the standard EnKF under the same experimental conditions and different setups.

The remainder of this Chapter is organized as follows. Section 4.2 presents the

general dual ensemble data assimilation framework. Section 4.3 introduces the adap-

tive hybrid EnKF-OI scheme for state and parameters estimation. In Section 4.4,

a synthetic example of a coupled subsurface reactive transport model is presented.

Results from assimilation experiments are presented in Section 4.5. Conclusions are

given in Section 4.6.

4.2 Dual state-parameter estimation using the EnKF

In Bayesian filtering, the goal is to compute the probability density function (pdf) of

the system state, x ∈ RNx , and the parameters, Θ ∈ RNΘ , given available observa-

tions, y ∈ RNy :

p
(
x0:N ,Θ0:N

∣∣y0:N

)
≡ p

(
x0,x1, ...,xN ,Θ0,Θ1, ...,ΘN

∣∣y0,y1, ...,yN
)
, (4.1)

= p
(
x0,Θ0

∣∣y0

)
· p
(
x1,Θ1

∣∣x0,y0:1

)
· · · p

(
xN ,ΘN

∣∣xN−1,y0:N

)
,
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where N is the final simulation time. Once the pdf is determined, one may compute

the maximum a posteriori (MAP) estimate of the system, which maximizes the density

in (4.2). Sequentially, the observations, y0:k, are fed back to the model every time they

become available and a new estimate is produced. The current estimate is then used

to compute a future prediction [86]. This is known as the joint estimation approach.

In a dual estimation framework [86, 27, 59, 58], the joint state-parameters density of

(4.2) at any time, tk, is separated into two terms for which the derivation of the MAP

estimate is performed individually on xk and Θk as follows:

p (xk,Θk|xk−1,y0:k) = p (Θk|xk−1,y0:k) · p (xk|Θk,xk−1,y0:k) . (4.2)

As argued by Nelson [59], the motivation behind this separation arises from the fact

that the marginal density of the parameters, p (Θk|xk−1,y0:k), rather than the joint

density p (xk,Θk|xk−1,y0:k), is the relevant quantity to estimate. Sequentially, the

solution of the system at time tk can be simultaneously written as:

Θ∗k = arg max
Θ

p (Θk|xk−1,y0:k) , (4.3)

x∗k = arg max
x

p (xk|Θ∗k,xk−1,y0:k) . (4.4)

This framework leads to two separate but dependent estimation problems in which

the parameters are first estimated and then the state is computed based on those

estimates. We use the ensemble Kalman filter to implement the dual estimation

problem.

4.2.1 Dual ensemble Kalman filtering

The ensemble Kalman filter (EnKF) is a sequential Monte Carlo method that was

introduced as an alternative to the KF for large dimensional and nonlinear data
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assimilation problems [22, 23]. The EnKF makes use of a set of samples (or an

ensemble of model realizations) to represent the state and parameters distributions in

Bayesian filtering. The dual estimation of the state and parameters can be efficiently

performed using two interactive parallel EnKFs, one for the parameters and the other

for the state. The steps of the dual algorithm are summarized below. The readers

may refer to [27, 86] for more details:

1. Parameter filter: The parameters are assumed to be governed by time-invariant

(constant) dynamics and are therefore updated only with state observations.

Suppose that an ensemble of parameters, Θf,i
k , is available at time tk by:

Θf,i
k = I ·Θa,i

k−1, (4.5)

where I is the identity matrix operator. Starting from a set of model states

at a previous step, xa,ik−1, every member (a total of Ne) is integrated forward in

time as follows:

xf,ik =Mk

(
xa,ik−1,Θ

f,i
k

)
, (4.6)

where Mk is the nonlinear dynamical operator that advances the system state

from tk−1 to tk. The superscripts a and f stand for the analysis and forecast steps

of the filter. The ensemble members are denoted by the superscript i. When

state observations, yk, become available, the parameters ensemble is updated

using a Kalman correction step:

Θa,i
k = Θf,i

k + Cf
kH

T
k

(
HkP

f
kH

T
k + Rk

)−1 (
yik −Hkx

f,i
k

)
, (4.7)

where Hk is the observational operator at time tk, Rk is the measurement er-

ror covariance matrix and yik is an ensemble of perturbed observations [22].

Pf
k is the sample covariance of the state and Cf

k is the cross-correlation ma-
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trix between the parameters and the state variables. Approximations of these

statistical moments are computed as:

Pf
k ≈

1

Ne − 1

Ne∑
i=1

(
xf,ik − x̂fk

)(
xf,ik − x̂fk

)T
= AkA

T
k , (4.8)

Cf
k ≈

1

Ne − 1

Ne∑
i=1

(
Θf,i
k − Θ̂f

k

)(
xf,ik − x̂fk

)T
= ZkA

T
k , (4.9)

where x̂fk and Θ̂f
k are the means of forecast state and parameters ensembles,

respectively. Constructing the covariance anomalies, Ak and Zk, is important

to avoid computing the full covariance and correlation matrices. The ith column

of the state anomaly, Ak is given by (Ne − 1)−
1
2

(
xf,ik − x̂k

)
. The parameter

anomaly, Zk, is computed in a similar way using the forecast parameters en-

semble. The resulting updated ensemble is a statistical approximation of the

first density term, p (Θk|xk−1,y0:k), in (4.2).

2. State filter: Once the parameters are updated, another integration step is per-

formed but this time using the analysis parameters ensemble as:

xf,ik =Mk

(
xa,ik−1,Θ

a,i
k

)
. (4.10)

Using incoming observations, the forecast state ensemble is updated according

to:

xa,ik = xf,ik + Pf
kH

T
k

(
HkP

f
kH

T
k + Rk

)−1 (
yik −Hkx

f,i
k

)
. (4.11)

The statistical moments of the state characterizing the second density term,

p (Θk|xk−1,y0:k), in (4.2) can be estimated from the analysis state ensemble

and a new assimilation cycle can begin.

The dual EnKF framework offers a procedure that is more consistent with the na-

ture of the state-parameters estimation problem than the joint framework. Given the
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dependency of the state variables on the parameters, the dual algorithm first assim-

ilates measurements of the state variables to improve the parameters estimate and

then uses these to forecast the state ensemble before updating it with the data.

4.2.2 Computational complexity

The dual EnKF algorithm offers a flexible framework as it separates the estimation of

the parameters and the state. It requires 2Ne model runs for model forecasting and

2Ne Kalman updating steps. Assuming that the model cost for integrating a state

in time is Σm, the total forecast computational complexity would thus be 2NNeΣm.

Likewise, if the observation operator cost is Σh, then the total update complexity

is approximately 2NNeΣh + NN2
e (Nx +NΘ). In general, the cost of performing an

EnKF update is much less than the cost required to integrate the system given that

Ny << Nx (see Gharamti et al. [90] for more details on the computational complex-

ity). In most hydrological applications, the number of measurements, collected from

wells, is much smaller than the dimension of the system. In terms of data storage,

the scheme roughly requires 2NNeSx + 2NNeSΘ of memory, such that the storage

volume needed for a single state and parameter vector is Sx and SΘ, respectively.

4.3 Hybrid EnKF-OI

Accounting for model deficiencies and small ensemble sizes is important for efficient

EnKF implementation, as both limit the accuracy of the estimated background covari-

ances. Neglecting model errors results in underestimates of the background covariance

matrices and ensemble spread, producing unrealistic confidence in the filter forecast

[130]. Moreover, the use of small ensembles generally means that a significant part

of the state space is not represented by the ensemble, which may limit the fit to ob-

servations [131]. The hybrid EnKF-OI approach was introduced by [123] to mitigate
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the impact of the ensemble sampling errors in the EnKF.

In the hybrid approach, the background covariance is obtained as a linear combi-

nation of the ensemble sample covariance and a stationary covariance matrix typically

used in a 3DVar or an OI assimilation system [123]:

PHybrid = (1− α)PEnKF + αPb, (4.12)

where PEnKF is the sample covariance matrix of the EnKF ensemble, Pb is an invari-

ant background covariance matrix, and α ∈ [0, 1] is a weighting factor between the

two covariance matrices. When α is set to 0, the analysis uses only flow-dependent

ensemble-based error covariances and the scheme simplifies to the standard EnKF.

On the other hand, when α is equal to 1, the analysis is based only on the time invari-

ant OI covariance. The idea behind the hybrid approach is to filter those background

structures that have large errors relative to more accurately known background fea-

tures and observations [21].

The static background covariance, Pb, is often formed from a large inventory of

historical forecast errors sampled over large windows [128]. Pb is then either assumed

to be invariant in time with separable horizontal and vertical structures with simple

vertical correlations [128, 129], or directly factorized into spectral modes using an

Empirical Orthogonal Function (EOF) analysis e.g., [87, 77, 67, 131]. EOF analysis

is a statistical technique of compressing information contained in a sample of states

by summarizing the correlations of their variables in a few vectors called EOFs. In

both cases, Pb can be written as:

Pb = SΩST = SΩ
1
2

(
SΩ

1
2

)T
= SbS

T
b , (4.13)

where S is a transformation matrix of spectral coefficients, Ω is a diagonal matrix of

associated spectral variances, and Ω
1
2 is the Cholesky decomposition of Ω.
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4.3.1 A dual state-parameter hybrid EnKF-OI

By applying the hybrid scheme to the dual EnKF, we redefine the background co-

variances, Pf and Cf , by a weighted sum of the sample ensemble covariance and the

background OI covariance. Thus, in the state filter of the dual algorithm, the new

approximate forecast covariance is taken as:

P̃f
k = (1− α)Pf

k + αPb,

= (1− α)AkA
T
k + αSbS

T
b ,

=

[
√

1− αAk

√
αSb

]
√

1− αAT
k

√
αSTb

 = ÃkÃ
T
k . (4.14)

In particular, the two hybrid covariance terms of equation (4.11) are efficiently han-

dled within the EnKF algorithm as follows:

P̃f
kH

T
k = Ãk

(
HkÃk

)T
, (4.15)

HkP̃
f
kH

T
k =

(
HkÃk

)(
HkÃk

)T
. (4.16)

Regarding the parameter filter, a similar hybrid scheme can be applied if static

cross-correlations between the state variables and the parameters are available. The

motivation for adding static cross-correlation terms comes from the need to use fairly

large ensemble sizes to obtain accurate approximations of the parameters’ statistics.

Since the parameters are dynamically constant properties of the physical system, it

has been reported that small ensembles would poorly approximate the parameters

distributions because of severe under-sampling [34, 48, 55, 77, 86].

Assuming that the cross-correlation matrix, Cb, is stationary, we then compute



114

the second moment of the parameter filter from:

C̃f
k = (1− β)Cf

k + βCb, (4.17)

where β is another weighting factor taking values between 0 and 1. Spectral de-

composition (or singular value decomposition) can be applied on Cb to reduce the

computational burden as in equation (4.14). The weighting factors, α and β, do not

have to be the same in this dual framework, in contrast to a joint state-parameters

hybrid formulation. This provides a more efficient framework for implementing the

state-parameters hybrid EnKF-OI scheme. In other words, the weighting factors may

be adequately adjusted depending on the relevance of the covariance terms in the

parameters and state filters. As discussed by Wang et al. [132], a rescaling factor,

γ, may be used to rescale the static covariance matrix, i.e., Pb = γPb, such that the

total variance of the rescaled covariance matrix is almost equal to the total forecast

error variance in the observation space. The static cross-correlation coefficients in Cb

can also be rescaled in a similar way, if needed.

4.3.2 Parameterization of static covariance and cross-correlation

matrices

Early attempts to parameterize the static background covariances were initiated by

the meteorologists in various numerical weather prediction applications. For instance,

Parrish and Derber [133] proposed the so-called NMC (national meteorological cen-

ter) method for estimating climatological background error covariances. This popular

method approximates the background covariance coefficients as averaged forecast dif-

ference statistics [133]:

Pb = (xf − xt) (xf − xt)T = εfεf T , (4.18)
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where xt is the true state of the system and εf is the background error. The over-bar

denotes an average over time and/or space. At present, 3DVar and OI assimilation

systems compute background errors for a variety of resolutions by adding the seasonal

dependence to the averaged forecast statistics to make them valid for different times

of the year (e.g., winter, summer) [128, 132].

In a recent oceanography study, Skachko et al. [134] proposed a systematic proce-

dure to parametrize the background error covariance for the augmented ocean state

and bulk parameters. This technique, which we adopt in this Chapter, is based on

building an ensemble of ocean models, each characterized with different parameters

that are normally distributed. Starting from a series of initial conditions, the ensem-

ble of models is used to perform a set of forecasts over a pre-defined time interval.

The authors choose the duration of the intervals (10 days) such that it matches the

frequency of the observational updates in the assimilation experiments. Next, an

ensemble of augmented anomalies is obtained by subtracting from each forecast the

forecast obtained using nominal parameter values. Empirical orthogonal function

(EOF) analysis, e.g., [67, 87] is then performed on the resulting ensemble and the

augmented background error covariance matrix is parametrized using the first few

leading EOFs. This parameterization guarantees that the augmented background

covariance would consist of both multivariate correlations between the state variables

and cross-correlations between parameter and state variables.

4.3.3 Optimizing the weighting factors

Most assimilation studies that are based on the hybrid EnKF-OI scheme resorted

to trial and errors techniques to select the weighting factors of each EnKF update

[123, 128, 129, 132]. Such techniques have two main disadvantages, accuracy and

computational efficiency, as they consist of systematically enumerating all possible

candidates for α (or β in the parameters case) and checking which candidate provides
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the better update, i.e., which is closer to the observations.

Here, we propose an adaptive hybrid EnKF-OI scheme to optimize the weighting

factors, α and β, between the ensemble-based and static covariances. Following [135],

an optimization can be performed, at every assimilation cycle, to maximize the gain

between the forecast and the analysis statistics. In other words, we look for α and

β that will ensure a reasonable reduction of the forecast error variance, i.e., less

uncertainty in the updated state and parameters solution. In equation form, at every

analysis step of the state filter, the following cost function is maximized:

J(α) = tr
[
P̃f
k − P̃a

k

]
,

= tr
[
P̃f
k − (I−KkHk) P̃f

k

]
,

= tr

[
Kk(α)

(
HkÃk(α)

)
ÃT
k (α)

]
. (4.19)

The notation tr[·] refers to the trace of a matrix, P̃a
k is the analysis error covariance,

and Kk is the Kalman gain matrix. The objective function, J(α), represents the

sum of the difference between the forecast and the analysis variances, and the α

values leading to the largest cost of J are selected. Optimization can be effectively

performed using quasi-Newton techniques such as the well-known Broyden-Fletcher-

Goldfarb-Shanno (BFGS) algorithm. The weighting factor, β, in the parameter filter

can be also optimized as in (4.19) using similar cost but with the full augmented

covariance matrices instead. By doing so, the choice of β is consistent with the

update of both the parameters and the state variables, in agreement with the dual

estimation framework.
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4.4 Application to the transport of reactive con-

taminants

We consider a 2D flow and transport modeling system in a confined aquifer. This

system consists of two coupled partial differential equations, one for the flow and the

other for the reactive solute transport equation.

4.4.1 Mathematical Formulation

A steady-state groundwater flow equation is obtained from the conservation of the

total fluid volume and Darcy’s law [26]:

∇ · (−K∇ψ)︸ ︷︷ ︸
U

= Qw, (4.20)

where K is the hydraulic conductivity tensor [LT−1], ψ is the hydraulic head [L], U

is the Darcy velocity [LT−1] and Qw is the volumetric water source or sink [T−1].

The reactive transport equation results from the mass conservation of contaminant

species. Assuming that there are only two basic types of chemical reactions, i.e., the

aqueous-solid surface reaction (sorption) and the first-order rate reaction, the general

transport system can be modeled by [26, 48]:

∂ (φξ + ρbζ)

∂t
= ∇ · (φD∇ξ)−∇ · (Uξ)− λ1φξ − λ2ρbζ, (4.21)

where ξ is the dissolved solute concentration [ML−3] and ζ is the sorbed concentration

to subsurface solids [MM−1]. The porosity of the porous media is denoted by φ and

the bulk density of the immobile zone [ML−1] is denoted by ρb. λ1 and λ2 are first-

order irreversible reaction rates representing mass loss of the dissolved and the solid

phase [T−1], respectively. The hydrodynamic dispersion coefficient tensor, D, for an
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isotropic porous medium can be represented as follows [26]:

D = κl
∣∣Ux

∣∣+ κt
∣∣Uy

∣∣+ δm, (4.22)

where κl and κt are, respectively, the longitudinal and transverse pore-scale dispersiv-

ity constants [L]. Ux and Uy are the Darcy velocity components in the xy plane and

δm is the effective molecular diffusion [L2T−1]. The contaminant transport equation

in (4.21) can be rewritten in terms of the dissolved phase concentration, ξ, i.e.,

R
[
∂ (φξ)

∂t
+ λφξ

]
= ∇ · (φD∇ξ)−∇ · (Uξ) , (4.23)

by assuming a linear sorption isotherm and equal radioactive decay rates in both

phases (i.e., λ1 = λ2 = λ). The retardation factor, R, and the radioactive decay rate,

λ, are expressed as:

R = 1 +
ρbKd

φ
, (4.24)

λ =
log(2)

t 1
2

, (4.25)

where t 1
2

is the half-life of the radioactive material [T ] and Kd is the sorption dis-

tribution (partition) coefficient [L3M−1] describing the ratio between the sorbed and

dissolved concentrations at equilibrium [26].

4.4.2 Model Configuration

Consider a 2D heterogeneous clayey sandstone aquifer zone with medium textured

soil in a rectangular domain. The steady-state groundwater flow equation (4.20) is

discretized in space into 50× 50 grid cells of 10 m × 20 m using a cell-centered finite

difference (CCFD) scheme. The aquifer is assumed to be initially fully contaminated

and water is injected at three different locations on the left Neumann-boundary as
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Figure 4.1: A sketch of the contaminant transport configuration with boundary and
initial conditions. The left boundary has three injection wells (red circles) and the
right boundary is open.

shown in the sketch in Figure 4.1. The injection rates from north to south are 450,

490, and 470 m3/day. The goal is to study a remediation scenario of the contaminated

aquifer by displacing the dissolved solute to locations where one can extract or treat

it. The eastern boundary is assigned a constant prescribed water head and the north

and south boundaries are assumed to be impermeable. We ignore any precipitation

or infiltration sources, so that Qw = 0. The reactive transport equation (4.23) is

discretized on the same space domain using the upwind scheme of the CCFD scheme

to ensure that the solution is stable with no oscillations [26]. All model parameters

and boundary conditions are given in Table 4.1. Dispersion along the vertical direction

is considered larger and more dominant than the one along the horizontal direction.

The radioactive contaminant we consider in this Chapter is cobalt-60 (60Co), which
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is used in many industrial applications. Recently, large sources of 60Co have been

used for sterilization of spices and certain kinds of food. 60Co has a typical half-life of

5.27 years (Table 4.1) and releases beta particles and strong gamma radiation when

decaying.

Table 4.1: Boundary condition values and parameters of the coupled flow-contaminant
transport model.

Parameter Definition Value (unit)

Uw,1 Velocity at injection well 1 450 (m3/day)

Uw,2 Velocity at injection well 2 490 (m3/day)

Uw,3 Velocity at injection well 3 470 (m3/day)

ψe Hydraulic head at east boundary 0 (m-water)

ρb Bulk density 1.22 (g/cm3)

κL Longitudinal dispersivity 0.5 (m)

κT Transverse dispersivity 1.0 (m)

δm Molecular diffusion 5× 10−7 (m2/s)

t 1
2

Half-life of radioactive solute 5.27 (years)

The reference log-conductivity, porosity, and sorption coefficient fields are gener-

ated independently with sequential Gaussian simulation GCOSIM3D, a C-code [1].

The variogram components of each random function are listed in Table 4.2. The pa-

rameters of these aquifer properties are commonly observed field values and similar

to those adopted by many other hydrology studies e.g., [34, 86, 47, 55, 48]. The mean

and variance of Kd are selected according to statistical distributions and reported

values by Allison and Allison [136] in their thorough literature review about partition

coefficients of metals in surface water, soil and waste systems. In general, the sorp-

tion capacity in subsurface media changes depending on a series of properties such as,

grain-size distribution, specific surface area, cation exchange capacity, PH, organic

matter or organic carbon content, and mineral constituents [137]. The spatial maps

of the three fields show heterogeneous patterns as a result of the anisotropy used in

the variogram models as shown in Figure 4.2. From the reference Kd field, one can
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Figure 4.2: The spatial maps of the reference log-conductivity: logK, porosity: φ, and
sorption distribution coefficients: Kd. (a) and (b) fields are obtained with spherical
variograms whereas (c) is found using a Gaussian variogram (details in table 4.2).

expect more retardation in solute transport around the middle part of the domain

and less retardation closer to the impermeable boundaries. Higher conductivity zones

at the northern boundary also suggest faster migration to the open eastern boundary.
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4.4.3 Assimilation Experiments Setup

Reference run

Prior to assimilation, a reference run is first conducted using the prescribed param-

eters (in the previous section) and considered as the ”truth”. In the reference run,

we disregard radioactive decay and assume that the chemical reactions are due only

to sorption. We simulate the coupled contaminant system over a three-year period

using Euler scheme with time steps of two days. Assuming a wide industrial spill of

chemicals, the initial concentration of the contaminant is uniform all over the domain

and equal to 1 mg/l. In Figure 4.3, the spatial distribution of the reference flow

and the dissolved contaminant concentration fields after three years are shown. The

streamlines of the flow field, originating at the injection wells, indicate the direction of

the transport of the contaminants. After three years, the central part of the domain

appears to be less purified than other zones because of the large sorption rates in that

area.

Table 4.2: Parameters of the random functions for modeling the spatial distributions
of logK, φ and Kd. τ denotes the rotation angle of one clockwise rotation around the
positive y-axis.

Mean Variance Variogram Range -x Range -y Angle (τ)

logK -11.34 0.76 Spherical 250 (m) 500 (m) 45◦

φ 0.21 0.004 Spherical 250 (m) 500 (m) 45◦

Kd 0.52 0.03 Gaussian 125 (m) 250 (m) 45◦

Observations and forecast model

To perform assimilation experiments in a realistic setting, we impose some pertur-

bations on the reference model run and we set our goal to estimate the system’s

unknowns using a perturbed forecast model and data extracted from the reference

(true) run. This experimental framework is widely known as “twin-experiments”.
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Figure 4.3: Reference flow and contaminant concentration maps after three years.
The flow field is stationary and shown in (a) with the associated streamlines. The
black crosses in (b) show the measurement locations of the contaminant.

The dynamic state (x) to be estimated is the contaminant concentration, ξ, and the

unknown parameters (Θ) are the sorption partition coefficients, Kd, at every grid cell.

In the forecast model, we impose 5% and 10% (of the mean as given in Table 4.2)

perturbations on the reference porosity and log-conductivity fields, respectively. In

addition, we assume that 60Co is the radioactive contaminant material being trans-

ported. Because of decay reactions, the contaminant concentration in the forecast

model is expected to drop to almost three-quarters of the initial value by the end of

the simulation period.

Solute concentration measurements are collected on a monthly basis (every 15 time

steps) from 30 hydraulic wells, distributed regularly in the domain as shown in Figure

4.3-(b). These measurements are perturbed with Gaussian noise of zero mean and a

standard deviation equal to 10% of the variance. During assimilation, the updated

concentration values are monitored to make sure that they are non-negative. Cell

values that fall out of this constraint are set to zero to obtain a physically meaningful
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solution [86, 48]. We use the geostatistical simulation toolbox [1] to condition three

measured sorption rate values as indicated by the cross symbols in Figure 4.2-(c).

Figure 4.4: A sketch illustrating the criterion followed to construct the background
statistics, Pb and Cb. 30-day forecasts are performed starting from different initial
conditions, x0,1,...,N , and different sorption parameters, Θ0,1,2...,N , where N = 35 steps
summing up to 3 years. The background state covariance, Pb, and state-parameters
cross-correlations, Cb, are then constructed using the leading modes of the system
obtained using EOF analysis.

Initial ensembles, background statistics, and evaluation

To initialize the standard dual EnKF and the adaptive dual EnKF-OI filters, we

perform a long simulation run (∼10 years) using the perturbed forecast model and
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we randomly select a set of Ne concentration snapshots to form the state ensemble.

The parameters realizations are sampled with the geostatistical software GCOSIM3D

using the same parameters of the reference sorption field (Table 4.2) but conditioned

on three measurements as discussed in the previous section.

Figure 4.5: Large- and small-scale patterns of the leading four EOFs used to param-
eterize the invariant state covariance: Pb (top) and the invariant state-parameters
cross-correlations: Cb (bottom).

The background error statistics required for the EnKF-OI state and parameters

filters are parameterized as described in Section 4.3. Specifically, a set of 36 sorption

realizations (sampled using GCOSIM3D code with Table 4.2 parameters) is used to

perform 30-day forecasts starting from a series of initial conditions distributed at 30-

day intervals over a three-year period as shown in Figure 4.4. In essence, starting from
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the perturbed initial condition of the forecast model, a sorption field Θ0 is used as an

input parameter to obtain a 30-day concentration forecast x1. Then, using x1 as initial

state and Θ1 as another parameter field, the transport model is integrated forward

to obtain the concentration distribution, x2, after 60 days (1-month forecast). The

process is performed until the end of the 3 years simulation period. The predicted

contaminant states are augmented together with the utilized parameter fields in a

joint matrix form. An EOF analysis is then conducted on the resulting augmented

concentration-sorption rate forecast anomalies to concentrate the correlation of the

variables in a small number of orthogonal spatial patterns [87, 67, 134]. Consequently,

the parameterization of the background covariance matrices, Pb and Cb, is achieved

using the leading 20 EOFs of this ensemble. In our experiments, we pick only the first

20 modes because they capture more than 95% of the explained variance, but this

is of course system-dependent. Most of the large-scale structures lie within the first

couple of modes as shown in Figure 4.5. Small-scale noisy patterns usually dominate

the last EOFs, which contribute very little to the total variance of the system.

The filter estimates of the standard and hybrid schemes are evaluated based on

their mean absolute errors (MAE) and average ensemble spread (AES):

MAE = N−1
x N−1

e

Ne∑
j=1

Nx∑
i=1

∣∣∣∣xej,i − xti

∣∣∣∣, (4.26)

AES = N−1
x N−1

e

Ne∑
j=1

Nx∑
i=1

∣∣∣∣xej,i − x̂ei

∣∣∣∣, (4.27)

where xti is the reference “true” value of the variable at cell i, xej,i is the ensemble

value of the variable and x̂ei is the ensemble mean at location i. MAE measures the

estimate-truth misfit and AES measures the ensemble spread or the confidence in the

estimated values [45, 34].
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4.5 Results and Discussion

In this section, we present and compare assimilation results with the contaminant

transport system using both the regular and the adaptive hybrid ensemble schemes.

Concentration and sorption rate estimates of the filters are compared in terms of

accuracy and computational cost. To do so, we run sensitivity experiments to evaluate

the filters performances as function of the number of forward model runs, i.e., the

ensemble size. Concentration data are fed back to the filter every 30 days making a

total of 36 updates in three years.

Figure 4.6: Sorption (left panel) and concentration (right panel) estimation errors
and ensemble spreads resulting from the EnKF with different ensemble sizes.

4.5.1 Performance of the filters with respect to the ensemble

size

We first perform a number of assimilation runs using the EnKF and ensembles that

vary in size from 100 to 500. We notice that when the ensemble size increases, the

accuracy of the estimates, as compared to the reference solution, increases. This

is expected because the distributions of the unknown concentration and sorption

coefficients are better represented with larger ensembles. As shown in Figure 4.6, the
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use of 500 sorption-rate ensemble members leads to about 23% reduction in the mean

estimation errors as compared to using only 100 members. Likewise, the average

MAEs obtained for solute concentrations are reduced by 11% when 500 members

are used instead of 100. The reduction in the average MAE is, however, small if

one observes the vertical scales in the error plots. The average ensemble spread, on

the other hand, increases with increasing ensemble size, allowing the filter to impose

larger corrections on the estimates. After three years of assimilation, the confidence in

the estimated sorption and concentration rates stabilizes for Ne > 200 at 0.0143 and

0.0034, respectively. Computationally, the forecast and analysis cost for running the

filter using 500 members is very demanding and requires much more storage compared

to configurations with only 100 members.

Figure 4.7: Average MAEs of sorption obtained using the hybrid EnKF-OI scheme
as a function of the weighting factors, α and β.
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Next, we use the hybrid EnKF-OI scheme under the same modeling conditions

to estimate the sorption coefficients and contaminant concentration. As mentioned

in Section 4.3, two weighting factors, α and β, have to be assigned to weight the

ensemble-based and static background statistics in the state and the parameter filters.

To assess the effects of these tuning parameters on the performance of the hybrid

EnKF-OI framework, we conduct 81 assimilation runs in which we choose different

candidates for α and β and use them over the entire three-year simulation period.

We plot the resulting estimation errors of the sorption distribution coefficients, Kd, in

Figure 4.7. Similar to the EnKF, the hybrid EnKF-OI performs better and recovers

more accurate results using larger ensembles. To illustrate, the smallest average

MAEs resulting from using 50 and 100 members are 0.093 and 0.089, respectively.

These estimation errors are quite comparable with the yields of standard EnKF using

400 and 500 members. The plot also shows that large α and β values amplify the

errors, implying that using only static background statistics is not appropriate given

the dynamics of this transport problem. The best sorption estimates are obtained for

α = 0.1 and β = 0.4, meaning that 40% of the parameter’s filter statistics are obtained

using stationary background cross-correlations. Furthermore, one can observe that

the average MAEs when α is fixed change vigorously for different β values. However,

fixing β and varying α has only a marginal impact on the estimation errors. For

instance, for β = 0.7 the average MAE is approximately 0.1 for all α values. This

suggests that choosing the background statistics for approximating the sorption rate is

more sensitive and has larger impact on the accuracy of the final estimates than does

the statistics of the contaminant concentration, which seems to be well represented

by a small ensemble size.

In summary, a large set of model realizations is needed for the EnKF to avoid

under-sampling errors and to obtain good state and particularly parameter estimates.

Yet, the computational cost for integrating large ensembles becomes problematic for
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realistic large-scale problems. The hybrid EnKF-OI scheme shows promising perfor-

mance, allowing the use of smaller ensembles while incorporating static prescribed

statistics in the filter’s estimates. The scheme however requires tuning the weighting

factors by defining the hybrid background error covariances.

4.5.2 EnKF vs. adaptive hybrid EnKF-OI

In the comparison of the filters, we now adjust the weighting of the statistics in the

EnKF-OI scheme every assimilation step, unlike the above experiments in which fixed

weighting factors were considered over the entire three years. To do so, we look for

the optimal parameters, α and β, that maximize the objective function (4.19) as

proposed in Section 4.3.

Figure 4.8: Optimal β values obtained every 30 days with different ensemble sizes
using the adaptive EnKF-OI scheme.

We conduct similar sensitivity experiments but with smaller ensemble sizes, in

which Ne varies between 5 and 100. The convergence rate of the optimization of the

weighting factors, performed with BFGS, is fast and occurs for all 36 analysis steps
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after a small number (4 to 5) of iterations. Optimal α values do not exhibit large

variations, with values changing within a specific range of 0.05 < α∗ < 0.15. This is

in agreement with earlier results and suggests that only a small portion of stationary

background statistics is needed at every assimilation step to complement the ensem-

ble flow-dependent covariance and obtain efficient estimation of the concentration

distribution function. On the other hand, optimal values for β are quite different and

changed more rigorously than those for α as shown in Figure 4.8. The change of β

between observation times exhibits similar behaviors for the majority of the selected

ensembles. More precisely, in the first year of assimilation, the filter relies more on OI

background statistics (β ≈ 1) to set the background covariance of the sorption coeffi-

cients. More weight is then assigned to the ensemble-based statistics for the remaining

two years. This suggests the importance of using OI background cross-correlations

especially during the early assimilation period to adjust the sorption ensembles and

give the filter enough time to adjust its internal statistics.

Figure 4.9: Sorption-rate estimation errors obtained using the EnKF and the adaptive
hybrid EnKF-OI (with optimal α and β values). The dashed oval shows the the
average errors obtained with the adaptive EnKF-OI for Ne ≥ 70.
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The resulting average MAEs for sorption using the adaptive hybrid EnKF-OI af-

ter optimizing α and β are plotted together with the EnKF results in Figure 4.9.

As shown in the error curves, the adaptive EnKF-OI scheme clearly outperforms the

EnKF and produces more accurate estimates of Kd. The adaptive hybrid scheme

further allows using much smaller ensembles; only 70 members are needed to outper-

form the standard EnKF estimates with 500 members. To make this clear, we plot

the estimated spatial Kd maps and their associated uncertainties in Figure 4.10. The

ensemble mean resulting from the adaptive EnKF-OI using only 100 members maps

the reference spatial patterns (Figure 4.2-(c)) more accurately than does the EnKF

with 500 members. The major low and high retardation zones are well captured by

the EnKF-OI scheme, whereas the EnKF poorly represents these structures, partic-

ularly the south-east corner of the domain. The ensemble variance after three years

is reduced in both filters with a slight advantage for the EnKF-OI scheme.

Contaminant concentrations are accurately estimated with the hybrid EnKF-OI

scheme as shown in Figure 4.11. Concentration estimates obtained with EnKF-OI

(Figure 4.11-(d)) at the end of the simulation period show larger correlations with the

reference solution in Figure 4.3-(b) than does the EnKF (Figure 4.11-(b)). The EnKF

although implemented with 500 members, predicts weaker concentrations because of

the imposed decay reactions. In contrast, with only 100 members, the EnKF-OI

scheme is able to recover accurate concentration values even in the presence of ra-

dioactive 60Co. Contaminant concentrations are also analyzed at one monitoring well

(x: 100 m, y: 200 m) denoted by the cross in Figure 4.11-(b,d). The ensemble spread

of the EnKF as seen in Figure 4.11-(a) shrinks shortly after the assimilation starts,

eventually resulting in a poorly estimated concentration after three years. The spread

in the EnKF-OI scheme is also reduced but the filter correctly recovers the reference

trajectory after the first couple of months. This shows the importance of using a back-

ground covariance, Pb, to enhance the spread of the estimated contaminant ensemble
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Figure 4.10: Ensemble mean and variance maps of the distribution coefficients ob-
tained with the EnKF (Ne = 100) and the adaptive EnKF-OI (Ne = 500) schemes.
The maps are shown at the initial and final times.
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although the obtained optimal weighting factor, α∗, was slightly small.

Figure 4.11: Contaminant concentration evolution over time (a,c) at the monitoring
well using EnKF with Ne = 500 and EnKF-OI with Ne = 100. The plots (b,d) show
the concentration ensemble mean after three years using EnKF with Ne = 500 and
adaptive EnKF-OI with Ne = 100.

To further study the behavior of the adaptive EnKF-OI scheme, we perform sen-

sitivity experiments with different assimilation parameters such as the the number of

measurement wells (i.e., Ny) and the temporal frequency of assimilation. To this end,

we first decrease the number of data wells in the aquifer domain to 9 only (distributed
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regularly through the domain area) and then consider assimilating observations less

frequently, i.e., every 3 months. Sorption estimates resulting from these two scenarios

are plotted together with those resulting from the main scenario parameters discussed

above (i.e., 30 data points assimilation every month) in Figure 4.12. The time series

curves show that even after decreasing the number of observation points inside the

domain, the EnKF-OI still provides accurate estimates with an average MAE of 0.09.

The EnKF estimates, on the other hand, degrade and eventually yield less accurate

sorption field as compared to the reference one. Moreover, when assimilating concen-

tration data on a 90-day basis, the EnKF-OI estimates are still better than the EnKF

estimates and lead to better aquifer characterizations during the 3 years period. This

high robustness of the EnKF-OI scheme reflects the usefulness of integrating back-

ground covariance components before computing posterior estimates of the system’s

state distribution.

In terms of computational cost, the adaptive EnKF-OI is clearly more efficient

given that it can be implemented with much smaller ensemble sizes than the EnKF.

On a 6-Core Intel Xeon 2.66 GHz machine, our experiments suggest that imple-

menting the EnKF with 500 members would require almost four times the cost of

implementing the adaptive EnKF-OI scheme with 100 members (Figure 4.13). For

the same ensemble size, the cost of running the EnKF-OI scheme is larger because the

framework includes additional steps for optimization and integrating of background

OI statistics in the Kalman update step. It is important to mention here that in

our synthetic setting, and for the sake of testing our new adaptive procedure, data

are considered available every month resulting in 36 analysis steps, which is quite a

lot for a 3-year period. In real life contaminant transport applications, due to cost

limitations, well concentration data are collected roughly on a yearly basis and thus

for our assimilation framework less optimization problems are solved and therefore

the proposed technique is less demanding.
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Figure 4.12: MAE time series of sorption rates using the EnKF and the EnKF-OI
schemes. In the assimilation runs, 500 and 100 ensemble members are used in the
EnKF and the EnKF-OI, respectively. Results from 3 different experiments are shown
where p stands for the number of observation points in the domain (i.e., Ny) and o
stands for the frequency of assimilation times in months.

4.6 Conclusion

We presented an adaptive hybrid ensemble Kalman filter-optimal interpolation (EnKF-

OI) scheme for state and parameters estimation in a subsurface reactive transport

model. The hybrid scheme complements the sample ensemble covariance of the EnKF

with a prescribed background covariance from an OI framework to limit the well-

known EnKF limitations of under-sampled ensembles and neglected model errors. We

described the implementation of this scheme in the context of dual state-parameters

estimation in which two filters, one for the state and another for the parameters, are

simultaneously run. We have also proposed a new adaptive algorithm to optimize the

weighting factors that determine the individual importance of the flow dependent and
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Figure 4.13: The computational cost (as a function of the ensemble size) of the
adaptive EnKF-OI and the standard EnKF schemes. The filter runs are conducted
by assimilating concentration data every 30 days. The implementation time for the
adaptive EnKF-OI is plotted for 5 ≤ Ne ≤ 100, whereas the implementation time for
the standard EnKF is plotted for 100 ≤ Ne ≤ 500.

the static background covariances in the hybrid scheme. The optimization is based on

selecting the weighting factors that lead to the largest reduction in the total forecast

error variance.

The adaptive EnKF-OI was successful in providing accurate estimates of the solute

concentrations and sorption coefficients. Sensitivity analyses demonstrated that with

increasing ensemble size, both the EnKF and the EnKF-OI schemes provide more

accurate estimation of the subsurface. The adaptive EnKF-OI, however, was found to

be more efficient, providing more accurate estimates of contaminant concentration and

sorption coefficients with much smaller ensembles. Our experimental results suggest

that the weighting between the ensemble-based and the invariant OI statistics can

be properly calibrated through a one-dimensional (1D) optimization step, and thus

around 80% smaller ensembles might be enough to obtain accurate estimates of the

system’s unknowns as compared to the EnKF. Given this significant reduction in the
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ensemble size, the computational complexity of running the adaptive hybrid scheme

is almost four times less than the standard EnKF.

The main advantage of the EnKF-OI scheme is its efficiency in providing accurate

subsurface state and parameters estimates using small ensembles. This is very im-

portant for large-scale realistic hydrological and reservoir problems in which the use

of large ensembles is computationally very demanding. Another feature of the hybrid

scheme is the ease of implementation and the simplicity of its algorithm, requiring

minimal change to the standard EnKF code. Since, the difference between the EnKF

and the proposed adaptive hybrid scheme is associated only with the way the ensem-

bles are updated, thus during the forecast step, the ensemble members can be still run

in parallel if needed. Potential further research includes using the EnKF-OI scheme in

reservoir problems to condition pressure, saturation, porosity and permeability fields,

and applications to real-world problems.
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Chapter 5

Monitoring and Predicting

Subsurface Organic Contaminants

in the Port of Rotterdam using a

Hybrid Ensemble Kalman Filter

5.1 Introduction

Various numerical groundwater contaminant models have been developed in subsur-

face hydrology [26, 49, 138, 139, 140, 141]. The idea behind forming such models is to

simulate and predict the dynamic fluxes and energies, defined as state variables (e.g.

groundwater pressure, contaminant concentration), as accurately as possible based

on some selected time-invariant parameters (porosity, permeability, sorption) that

describe the subsurface geometry, fluid and rock properties and surface-subsurface

interactions [27]. These groundwater contaminant models, however, might be sub-

ject to several sources of uncertainties due to poorly known parameters, inputs, and

boundary conditions of groundwater flow and reactive transport models. For instance,

we often do not know when did the contamination start? How much contaminant
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mass is present in a pure phase source zone? Where exactly is the pure phase and

what is the rate at which biodegradation takes place? [31, 86]. Other uncertain

aspects are the heterogeneity of the parameters such as the hydraulic conductivity,

groundwater recharge and the redox state of the groundwater. Therefore, model pre-

dictions of where and when a contamination crosses a plane of compliance, with what

concentration and how long it takes before a pure phase source zone dries up, can

be quite uncertain. Monitoring data can be of course used to reduce these uncer-

tainties. However, the data that provides information about these processes is often

“indirect” such as dissolved concentrations of the contaminant, degradation products

in monitoring wells or pumping wells, etc.

One way to reduce uncertainty in the models and the parameters is to assimilate

data into the model. The usual procedure is to pinpoint parameter values in order

to fit the system-response variable (e.g., hydraulic head, solute concentration) to the

observed field [28, 31, 46, 81]. These optimization methods are inverse methods and

generally adjoint-based and/or Monte Carlo (MC)-type approaches. Despite their

wide use, these techniques have some limitations and may suffer from slow conver-

gence rates [31]. Primary limitations are the required computational burden and data

storage. For instance, the representer method (RM) requires an intensive iterative

procedure that is equivalent to two model runs for each data point [80]. Addition-

ally, these inverse methodologies can not easily take into account different sources

of uncertainty, other than the uncertainty associated with the inverted parameters

[34]. Another inverse alternative is data assimilation (DA) that, unlike optimization

methods, relies on the correlation between system parameters and dynamic variables

to adjust the parameter values. Data assimilation methods are generally derived

from a Bayesian perspective in which prior information about a dynamical system

is combined with available observations to produce an updated posterior estimate

of the state and parameters [39]. Sequential DA techniques, such as the ensemble
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Kalman filter (EnKF), assimilate the data as they become available. The Ensemble

Kalman filter (EnKF) [22, 23] is a popular DA tool for hydrological applications,

which operates following two steps: a forecast step and an analysis step. In the fore-

cast step, an ensemble of state vectors is integrated forward in time with the model.

Once a new data become available, a Gaussian Kalman filter (KF) update [87, 25] is

applied based on the ensemble statistics [90]. The EnKF is relatively easy to imple-

ment, requiring only forward integrations of the dynamical and observational models

[88]. One important feature of the EnKF is that it may account for model errors

that are not only present in the uncertain parameters but also in the model struc-

ture and inputs, such as external forcings [34, 89]. The EnKF has been successfully

implemented in many subsurface hydrology applications for state and parameters es-

timation [27, 34, 47, 48, 54, 55, 78, 86]. As reported in these studies, the performance

of the EnKF highly depends on the ensemble size, such that using small ensembles

might degrade the accuracy of the estimates and this is due to under-sampling of

the background covariances. To overcome this limitation, [78] recently introduced

an efficient hybrid ensemble-variational DA scheme (EnKF-OI) in which the EnKF

state and parameters statistics are assisted during the update step with predefined

background “static” covariances and cross-correlations in order to mitigate for filter

inbreeding and distributions under-sampling [123]. The hybrid filter was applied in a

reactive transport model and was found to be computationally very efficient providing

reliable estimates using fairly small ensembles.

In this Chapter, we will consider the industrial groundwater contamination prob-

lem at the port of Rotterdam in the Netherlands. Many areas at the port site are

contaminated due to various industrial activities. Contamination started presumably

after the startup of these activities. Chlorinated Hydrocarbons (CH) contaminations

are found on many locations in the port of Rotterdam. Reductive dechlorination pro-

cess of four CH components; namely Tetrachloroethen (PCE), Trichloroethene (TCE),
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1,2-Dichloroethene (DCE), and Vinyl Chloride (VC), is observed at the port site.

We simulate this process using a coupled three-dimensional Flow-Transport-Reaction

model (3D-FTRM) for a single plume. Contaminant migration to the surface and to

deep aquifer layers (≈ 50 m below sea level) is investigated over a 50-years period.

Using yearly concentration data of chlorinated hydrocarbons, contaminant concen-

tration and degradation rates of the components will be estimated using the EnKF

and the hybrid EnKF-OI schemes. Sensitivity analyses are performed to test the

efficiency and the accuracy of the assimilation schemes under different experimental

settings. Evaluation of the best monitoring/prediction DA system is based on statis-

tical analyses of the filtering results and computational complexity. The applicability

of the obtained biodegradation rates on the other plumes in the port of Rotterdam

is an important topic for the management of the groundwater contamination at the

regional scale but is beyond the scope of this Chapter.

The remainder of this Chapter is organized as follows. Section 5.2 presents the as-

similation scheme. Section 5.3 describes the 3D subsurface reactive transport model

and its implementation. Section 5.4 presents the assimilation setup of the experi-

ments. Results from assimilation experiments are presented and analyzed in Section

5.5. Conclusions are given in Section 5.6.

5.2 The Data Assimilation Framework

The aim of DA is to combine measured observations and a dynamical model in order

to derive the best possible estimates of the past, current and future states of the

system, together with estimates of the associated uncertainties [66]. Consider the

following discrete nonlinear dynamical system:

xk+1 =Mk (xk,Θk) + ηk+1, (5.1)
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where xk ∈ RNx denotes a state vector of Nx model variables at time tk, Θk ∈ RNΘ

is the vector of model parameters, Mk: RNx → RNx is the nonlinear dynamical

operator that integrates the model state from tk to tk+1. ηk+1 ∈ RNx is a model error

(system noise) accounting for model uncertainties. It is commonly assumed that ηk+1

follows a Gaussian distribution N (0,Qk+1). The observations of the state variables

are available through the following observational system:

yk+1 = Hk+1 (xk+1) + εk+1, (5.2)

where yk+1 ∈ RNy is a vector of Ny observations at time tk+1, Hk+1: RNy → RNx

is an observational map including grid interpolations, and could be nonlinear. The

observation errors εk+1 ∈ RNy consist of instrumental and representative errors having

a Gaussian distribution with zero mean and covariance Rk+1. Model and observation

errors are assumed to be independent.

In Bayesian filtering, the goal is to compute the joint probability density function

(pdf) of the system state xk and the parameters Θk given available observations yk,

as follows:

p
(
x0:N ,Θ0:N

∣∣y0:N

)
≡ p

(
x0,x1, ...,xN ,Θ0,Θ1, ...,ΘN

∣∣y0,y1, ...,yN
)
,

= p
(
x0,Θ0

∣∣y0

)
× p

(
x1,Θ1

∣∣x0,y0:1

)
· · · p

(
xN ,ΘN

∣∣xN−1,y0:N

)
,

= p
(
x0,Θ0

∣∣y0

)
×

N∏
k=1

p
(
xk,Θk

∣∣xk−1,y0:k

)
, (5.3)

where N is the final simulation time. Note that the separation of the densities is

possible because of the Markovian nature of the dynamic and observation processes.

Once the pdf is determined, the maximum a posteriori (MAP) estimate of the system

which maximizes the density in (5.3) can be computed [78, 90]. Sequentially, the

observations, y0:k, are fed back to the model every time they become available and
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a new estimate is obtained. The current estimate is then used to compute a future

prediction [86]. This procedure is referred to as “dynamic observer”. The solution of

(5.3) could be also computed using variational approaches that involve minimization

of a cost function [116, 142, 143, 144]. Variational DA techniques (such as 3DVar and

4DVar), which are widely used in geoscience applications, look for an optimal state

trajectory that best fits observational data over a time window, but have no efficient

framework for estimating uncertainties in the solution. In this Chapter, we will only

consider the sequential filtering Bayesian problem.

5.2.1 The Ensemble Kalman Filter for State-Parameters Es-

timation

The analytical computation of (5.3) is often not feasible in practice owing to the

nonlinear character of the model and observation operators in addition to the very

large dimension of the subsurface flow and transport system. The ensemble Kalman

filter (EnKF) is used as an efficient Monte Carlo method to compute a good approx-

imation of the joint pdf (5.3) at reasonable computational requirements. The idea is

to transform the state-parameters estimation problem in (5.1) and (5.2) to a classi-

cal state-space form with an augmented vector of unknowns, Zk =

[
xTk ,Θ

T
k

]T
, as

follows:

Zk+1 = M̃k (Zk) + η̃k+1,

=

 Mk (xk,Θk) + ηk+1

I ×Θk

 , (5.4)

where I is the identity operator meaning that the parameters are governed by time-

invariant (constant) dynamics. One may also assume an artificial model for parameter

evolution based on for example, some random walk [27]. The augmented form of the
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observational system can be written as follows:

yk+1 = H̃k+1Zk+1 + εk+1, (5.5)

where H̃k+1 =

[
Hk+1,O

]
is the augmented (linear) observational operator and O

is a zeros matrix as only dynamical model variables are observed.

The EnKF represents the distribution of the system (5.3) using a collection of

joint (state-parameters) vectors, called an ensemble, and then replaces the covariance

matrix of the Kalman filter (KF) by the sample covariance computed from the ensem-

ble. To illustrate, starting at time tk from an analysis ensemble,
{
x
a,(m)
k ,Θ

a,(m)
k

}Ne
m=1

,

which represents p(Zk
∣∣y0:k), the EnKF propagates the augmented state model (5.4)

in time to obtain the forecast ensemble. The incoming measurements are then used

to update the joint forecast ensemble. The recursive EnKF algorithm is summarized

below:

– Forecast Step: The analysis members are integrated forward in time as follows;

x
f,(m)
k+1 = Mk

(
x
a,(m)
k ,Θ

a,(m)
k

)
, (5.6)

Θ
f,(m)
k+1 = Θ

a,(m)
k . (5.7)

The forecast estimates x̂fk+1 and Θ̂f
k+1 are approximated by the empirical means

of the forecast ensembles (5.6) and (5.7), respectively. The associated sample

state covariance, Pf
xx, and state-parameters cross-correlation, Pf

θx, matrices are

computed based on the forecast ensembles;

Pf
xx = (Ne − 1)−1

Ne∑
m=1

[
x
f,(m)
k+1 − x̂fk+1

] [
x
f,(m)
k+1 − x̂fk+1

]T
, (5.8)

Pf
θx = (Ne − 1)−1

Ne∑
m=1

[
Θ
f,(m)
k+1 − Θ̂f

k+1

] [
x
f,(m)
k+1 − x̂fk+1

]T
. (5.9)
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– Analysis Step: Once a new observation yk+1 becomes available, the forecast

members, x
f,(m)
k+1 and Θ

f,(m)
k+1 , are corrected using a Kalman-based update proce-

dure as follows;

γ
(m)
k+1 = y

(m)
k+1 −Hk+1x

f,(m)
k+1 , (5.10)

K̇k+1 = Pf
xxH

T
k+1

(
HT
k+1P

f
xxH

T
k+1 + Rk+1

)−1
, (5.11)

K̈k+1 = Pf
θxH

T
k+1

(
HT
k+1P

f
xxH

T
k+1 + Rk+1

)−1
, (5.12)

x
a,(m)
k+1 = x

f,(m)
k+1 + K̇k+1γ

(m)
k+1, (5.13)

Θ
a,(m)
k+1 = Θ

f,(m)
k+1 + K̈k+1γ

(m)
k+1, (5.14)

where γk+1 is the residuals (or innovations) ensemble at time tk+1. The Kalman

gain matrices associated with the state and parameters analysis ensembles are

denoted by K̇k+1 and K̈k+1, respectively. The ensemble of observations y
(m)
k+1 is

obtained after perturbing the observations yk+1 with Gaussian noise of mean

0 and covariance Rk+1. This perturbation is required in the EnKF [22, 23], to

match the KF’s second moment of the joint pdf in (5.3). The analysis estimates

are then approximated by the empirical means of the updated ensembles.

In terms of computational requirements, this joint formulation of the EnKF requires

Ne model integrations in the forecast step and thus a complexity of NNeCM , in which

CM is the cost of running the dynamical model to the observation time. The update

step in hydrological applications is usually less demanding than the forecast step be-

cause of the nonlinear and complex nature of the subsurface model in addition to

the fact that the number of unknown variables, Nx, is much larger than the num-

ber of observations, Ny. To this end, the approximate cost for the update step is

NNeNyNx +NN2
e (Nx +NΘ).
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5.2.2 The Hybrid Ensemble Kalman Filter

The hybrid ensemble Kalman filter and optimal interpolation (EnKF-OI) was intro-

duced as a way to account for small ensemble sizes and model deficiencies in the EnKF

[78]. Using small ensembles is generally not enough to well represent the filter’s state

vector distribution and results in rank deficient forecast covariance matrices, that

strongly limit the fit to the observations [131]. Neglecting model errors might fur-

ther produce small ensemble spread, and consequently unrealistic confidence in the

forecast of the filter [130]. The common solution for rank deficiency or covariance un-

derestimation is to apply inflation and localization. Inflation artificially inflates the

spread of the ensemble around the mean state [67, 135]. It is a simple way to account

for neglected model errors. Covariance localization eliminates spurious correlations

by a Schur product multiplication of the under-sampled covariance matrix with a

function of local support [126, 145]. Inflation and localization, although efficient and

widely used (especially in atmosphere and ocean application), are generally model de-

pendent and require important tuning effort. They further do not introduce any new

directions to diversify the ensemble, limiting the filter update to a small-dimensional

ensemble subspace [130, 131]. Moreover, model parameters are not local quantities

and therefore localization techniques might not be as easy to apply unlike the case

of state estimation only [146]. In addition, since the parameters are dynamically

constant properties of the physical system, it has been reported in various hydrologi-

cal applications that large ensembles are needed to well approximate the parameters

distributions, which further amplifies the issues related to small ensembles [34, 54, 48]

The idea behind the hybrid approach is to estimate the EnKF forecast error covari-

ance by a linear combination of the ensemble covariance and a stationary covariance

matrix, typically used in a 3DVar or an OI assimilation system. Consequently, during
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the update of the EnKF algorithm, the background statistics are modified as follows:

P̃Hybrid
xx = (1− α)PEnKF

xx + αPb
xx, (5.15)

P̃Hybrid
θx = (1− β)PEnKF

θx + βPb
θx, (5.16)

where PEnKF
xx and PEnKF

θx are the sample covariance and cross-correlation matrices

of the EnKF ensemble, respectively. Flow-independent background covariance and

cross-correlation matrices are denoted by Pb
xx and Pb

θx, respectively. It was indeed

shown by [123] that this additional stationary background covariance can help recov-

ering part of the ensemble’s null space that is not represented by the limited ensemble.

This procedure is based on physically reliable statistics, although flow-independent,

unlike inflation and localization [128]. The weighting factors, 0 < α, β < 1, which

need not to be the same, are adjusted to the observational network and ensemble size.

Note that when α = β = 0, the hybrid scheme simplifies to the original EnKF. Wang

et al. [132] proposed to introduce a rescaling factor, µ, to rescale the static covari-

ance matrix, i.e., Pb
xx = µPb

xx, such that the total variance of the rescaled covariance

matrix is of the same order as the total forecast error variance in the observation

space. The static cross-correlation coefficients can be also rescaled in a similar way,

if needed.

Implementation of the Hybrid EnKF-OI scheme

The static background covariance, Pb
xx, is often formed from a large inventory of

historical forecast errors sampled over a long period of time [128]. It is usually as-

sumed to be of low-rank, rx, and can be factorized into spectral modes using Proper

Orthogonal Decomposition (POD) as follows;

Pb
xx = SΩST = SΩ

1
2

(
SΩ

1
2

)T
= ŜŜT , (5.17)
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where S is a transformation matrix of spectral coefficients, Ω is a diagonal matrix

of associated spectral variances, and Ω
1
2 is the Cholesky decomposition of Ω. The

background perturbation matrix, Ŝ, has rx columns, with rx often much smaller

than the dimension of the state, Nx. The background state and parameters cross-

correlations, Pb
θx, can be also approximated by a low-rank, rθ, matrix using singular

value decomposition (SVD) if the number of parameters is not equal to the number of

state variables (and thus the matrix Pb
θx is not square). This decomposition is useful

for implementation aspects in order to reduce the computational burden and memory

storage. Therefore following this decomposition, the complexity of the analysis step

(referred to as Oa) in the hybrid EnKF-OI scheme will be as follows:

OaEnKF-OI = NNeNyNx +NN2
e (Nx +NΘ) +NNe (Nxrx +NΘrθ) ,

= OaEnKF +NNe (Nxrx +NΘrθ) , (5.18)

Since rx and rθ can be usually very small for the case of subsurface flow and transport

problems [78], the complexity of the analysis step of the hybrid EnKF-OI is only

marginally higher than that of the EnKF. The complexity of the forecast step of the

EnKF and the EnKF-OI is of course the same when both are implemented with the

same ensemble size.

Constructing background error covariances is not a simple task. One can attempt

to disentangle information about the statistics of the background error from available

information (innovation statistics), or try to find a surrogate quantity whose error

statistics are similar to those of the unknown background errors [147]. The use

of innovation statistics is generally limited and strongly depends on a high quality

observation network with very good coverage. A more popular approach is to generate

fields on model grid-points for model variables, or for a surrogate quantity. For

example, the popular NMC (national meteorological center) method estimates the
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background covariance from an ensemble of forecast perturbations [133, 148].

5.2.3 Adaptive Weighting Factors

Two weighting factors, α and β are needed to define the linear combinations of the

ensemble covariance and the static background covariance in the hybrid approach as

in equations (5.15) and (5.16). Careful tuning of α and β is very important to well

represent the forecast statistics of the state and the parameters [123]. The simplest

way is to select them based on trial and error but this can be computationally very

intensive and not practical. A more efficient approach was introduced by [78] and

consists of optimizing a one-dimensional (1D) objective function at every update

step of the state and the parameters. Ideally, after assimilating the observations,

one would expect the uncertainties in the prior estimates to shrink. Thus, using

the Kullback-Leibler (KL) divergence [149], one can choose α and β that maximize

the information gains at any analysis time tk as follows (Detailed derivation of these

objective functions can be found in Appendix A):

arg max
α
F(α) = arg max

α
tr
[
P̃f
xx − P̃a

xx

]
,

= arg max
α

tr

[
P̃f
xxH

T
(
HkP̃

f
xxH

T
k + Rk

)−1

HkP̃
f
xx

]
, (5.19)

and

arg max
β
G(β) = arg max

β
tr
[
P̃f
θθ − P̃a

θθ

]
,

= arg max
β

tr

[
P̃f
θxH

T
(
HkP̃

f
xxH

T
k + Rk

)−1

HkP̃
f
xθ

]
, (5.20)

where tr [·] denotes the trace of a matrix. The hybrid EnKF-OI matrices, for P̃f
xx and

P̃f
θx are given by equations (5.15) and (5.16), respectively. This KL divergence pro-

vides an intuitive indicator of the information gain from the observations as it reflects
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the difference between the prior (forecast) and the posterior (analysis) distributions.

The maximization problems in (5.19) and (5.20) are 1D and bounded, yielding the

largest reduction in the forecast variance after the EnKF update. One should note

here that at any specific time tk, these maximization problems are also equivalent to

minimizing the trace of P̃a for both the state and the parameters, which was adopted

by [78]. Alternatively one could maximize, instead of the trace, the determinant or

the maximum eigenvalue of the KL divergence. We select the trace in this Chapter

because it is easier to compute. Other criteria for minimizing the variance have been

proposed by [150].

5.3 The Subsurface Model at the Port of Rotter-

dam

5.3.1 The Rotterdam Port and Geology of the Area

The Port of Rotterdam is located in the Netherlands between the city of Rotter-

dam and the North Sea. It is the largest port of Europe (and third largest of the

world) covering an area of 105 square kilometers and stretching over a distance of

40 kilometers. It consists of the city center’s historic harbor area and the reclaimed

Maasvlakte area, which projects into the North Sea. Of the present port area, the

oldest industrial activities are located in the east of the port, which started in 1895.

The port is a hub for international flow of goods, as well as a world-class industrial

complex.

The original geology of the area consists, as outlined in Figure 5.1, of a top

Holocene layer of approximately 20 m thick. It is composed of clay and peat with

local sandy channel deposits, but in the most western part, it becomes sandier. Under

the Holocene layer, there is a Pleistocene aquifer of coarse sand of approximately 10
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Figure 5.1: Schematic representation of the port of Rotterdam area with three main
geologic layers: (i) Holocene clay and peat layer with sandy deposits (≈ 20 m thick),
(ii) Pleistocene layer with coarse sand (≈ 10 m thick), and (iii) Pleistocene clay layer
(≈ 30 m thick).

m thick. Below lays a Pleistocene clay layer of approximately 30 m thick and a second

aquifer of approximately 140 m thick. The second aquifer is salt for most of the port

areas whereas the first aquifer is partly salt in the western part only. On top of the

Holocene sediments, an anthropogenic layer of fine sand was added up to a level of 4

m (eastern part) to 6 m (western part) above the mean sea level. Moreover, locally a

dense network of sand filled vertical drains was used in the upper part of the Holocene

clay in order to speed up the settling of the clay. A large part of the industrial area

of the port is surrounded by surface water, some of which almost continue to the

bottom of the Holocene layer. The areas north and south of the port are polders,

some of which are located several meters below mean sea level and where the local

surface water levels are maintained by pumping. Approximately 15 km north of the

port, a large industrial well is operated by the city of Delft.

The groundwater flow at the port can be briefly described as follows. The port
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acts as an infiltration area with groundwater levels of 2 to 4 m above the mean sea

level. Part of the water is discharged by local drainage systems. The other part of

the water flows vertically through the Holocene layer towards the first main aquifer.

In the upper part of the Holocene, groundwater can flow to the surface water mainly

through the more sandy deposits of the Holocene. In the first aquifer a water divide

exists. Part of the water flows south and the other flows north. The water seeps up

in the polder areas or in the industrial well near Delft.

Figure 5.2: The port of Rotterdam, stretching out 40 km in length. The arrow
indicates the north direction. Contaminant data of chlorinated hydrocarbons are
collected from the port at a depth of 22.5 m.

At the port site, more than 600 companies performe various activities such as

trans-shipment of containers (coal, oil, gas, etc), storage of oils and chemicals, build-

ing/repairing ships and oil/gas rigs, distribution and transport inland, and dispos-

al/treatment of chemical wastes. As a result of the long-term presence of these in-

dustrial activities, the soil and groundwater have become contaminated. This con-

tamination is substantial, complex, and not limited to one particular site but affects

the groundwater systems at a regional scale [151, 152]. Part of the contaminants are

non-mobile such as heavy metals including arsene, cadmium, copper, mercury, lead,

and zinc. Other mobile contaminants are mineral oils, volatile aromatics, chlorinated
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solvents, and pesticides.

5.3.2 Coupled 3D Subsurface Model

Organic Contaminants

Groundwater contamination occurs at different locations of the port. Wells monitor-

ing and lab testing experiments have concluded that groundwater is contaminated,

at different depth, with varying levels of pollutants [152]. One of the major con-

taminants are chlorinated hydrocarbons that had entered the subsurface as Dense

Non-aqueous Phase Liquids (DNAPL) and often have source zones of stagnant pure

phases at considerable depth. In this Chapter, we simulate the degradation chain

of four CH components; namely Tetrachloroethene (PCE, a.k.a perchloroethene),

Trichloroethene (TCE), 1,2-Dichloroethene (DCE), and Vinyl Chloride (VC). Nu-

merous industrial companies at the port manufacture or work with these organic

molecules. In this Chapter, we have used data from a real site (Figure 5.2), but for

confidentiality reasons we do not show the exact location of the site. The horizontal

area of the domain is equal to 1.5 km2, extending 1 km in the longitudinal direc-

tion and 1.5 km in the transverse direction. The degradation process from PCE all

the way to VC is also known as reductive dechlorination. Degradation takes place

in groundwater as chlorine atoms are subsequently replaced by hydrogen atoms un-

der anaerobic environmental conditions [153, 154, 155]. Chlorinated hydrocarbons

can pose a threat to human and environmental health. Appendix B summarizes the

usage and health risks posed by each of these four components.

Flow-Transport-Reaction Model (FTRM)

The monitoring framework we consider in this Chapter is based on a coupled 3D-

FTRM. The model consists of three major components; namely flow, transport and

reactions. First, the groundwater flow (assumed steady) is solved on a rectangular
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domain using MODFLOW software package [156]. Next, MT3DMS is used to solve

the advection-dispersion based transport of the components [157]. The degradation

processes of the components are then modeled using the reactions copied from the

3D-multispecies reactive package RT3D [158]. The three softwares are coupled using

a sophisticated fortran-based package (with graphical interface) called iMOD [159].

In differential form, the fate and transport of the components is modeled based on

the following equation:

[
φ+ ρbk

j
](∂Cj

∂t

)
+ λφCj = ∇ ·

(
φD∇Cj

)
−∇ ·

(
νCj

)
+ qsC

j
s + rC, (5.21)

where φ is porosity, ρb is the bulk density of the soil, k is the distribution (sorption)

coefficient, C is the solute concentration, λ is first-order reaction rate, D consists of

hydrodynamic dispersion and molecular diffusion, ν denotes the Darcy velocity, qs

is the volumetric flow rate, Cs is the source/sink flux concentration, and rC refers

to the rate of reactions. The superscript j corresponds to the component number

taking values between 1 and 4 in this study. Along with the basic groundwater flow

and transport equations, and using the reaction operator-split strategy [160], the

biological reaction kinetics are assembled as a set of ordinary differential equations

as follows:

RP
d (CPCE)

dt
= −KP ·CPCE, (5.22)

RT
d (CTCE)

dt
= ST/P ·KP ·CPCE −KT ·CTCE, (5.23)

RD
d (CDCE)

dt
= SD/T ·KT ·CTCE −KD ·CDCE, (5.24)

RV
d (CV C)

dt
= SV/D ·KD ·CDCE −KV ·CV C , (5.25)

where CPCE, CTCE, CDCE, and CV C are the concentrations of the components, KP ,

KT , KD, and KV are first-order anaerobic degradation rate constants, ST/P , SD/T ,
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and SV/D are stoichiometric yield values, and RP , RT , RD, and RV are retardation

factors.

Figure 5.3: Initial configuration and geometry of the study area. The gray part is the
domain area (1.5 km2) of each layer and the blue region is the plume of chlorinated
hydrocarbon contaminants located in layer 60 at a depth of 22.5 m below the mean
sea level.

The model domain as indicated by the gray region of Figure 5.3 is discretized

horizontally into 20× 30 grid cells of 50× 50 m. In the vertical direction, we consider

120 layers each of 0.5 m thickness. The top layer starts at 7.5 m above sea level,

whereas the last layer is located at around 52.5 m below sea level. Based on different

simulations conducted as part of this study, the migration of the contaminants was

found to be limited to certain depth. We thus assume that only layers 21 − 100 are

active. Figure 5.3 also shows a contaminant plume (in blue color) consisting of four
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CH components with uniform concentration values. The plume data is based on recent

real monitoring data at a depth of 22.5 m below sea level (model layer 60), in which

CPCE = 1083.0, CTCE = 238.0, CDCE = 633.0, and CV C = 833.0 µg/l. This plume

of contaminants is considered as the initial conditions of the transport simulations in

this study. Furthermore, the plume is used as a continuous contamination source and

was included in the Source/Sink Mixing [SSM] package of the MT3DMS simulator.

For the ReaCTion [RCT] package, linear sorption conditions are assumed for all

components. Modeling parameters required for running the coupled FTRM, such as

porosity, distribution coefficients and others are defined as 3D heterogenous fields for

all layers. In Table 5.1, we report the mean value (averaged over all layers) for each

of these parameters.

Table 5.1: Different modeling parameters for the coupled flow-transport-reaction
model. The values given for 3D parametric fields such as bulk density and distri-
bution coefficients are the mean values of 121 layers.

Symbol Parameter Description Value (unit)

φ Porosity 0.30

ρb Bulk density 1167 (kg/m3)

kPCE Distribution coefficient of PCE 0.00012 (m3/kg)

kTCE Distribution coefficient of TCE 0.00015 (m3/kg)

kDCE Distribution coefficient of DCE 0.00014 (m3/kg)

kV C Distribution coefficient of VC 0.00010 (m3/kg)

κL Longitudinal dispersivity 5 (m)

κ̇T/κL
Ratio of horizontal transverse disper-
sivity to longitudinal dispersivity

0.1

κ̈T/κL
Ratio of vertical transverse dispersivity
to longitudinal dispersivity

0.1

δm Molecular diffusion 10−7 (m2/s)
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5.4 Experimental Setup

5.4.1 Reference Run and Pseudo-Observations

In this Chapter, we perform twin-experiments to test the performance of the as-

similation system for monitoring and predicting the contamination at the port of

Rotterdam. We first conduct a reference model run using some true parameters and

true initial condition. Next, we impose different uncertainties on the model and the

initial conditions, and we assimilate pseudo-observations collected from the reference

run to recover the “true” trajectory of the model. The goal is to estimate the con-

centration of the chlorinated hydrocarbons (state) and their associated degradation

rates (parameters); that is:

x =

[
CT
PCE, CT

TCE, CT
DCE, CT

V C

]T
, (5.26)

Θ =

[
KP , KT , KD, KV

]T
. (5.27)

Based on the model’s configuration, the dimension of the state is Nx = 288000 and the

parameters NΘ = 4. The reference values of the degradation rates are set as follows;

KP = 0.0284, KT = 0.0901, KD = 0.0628, and KV = 0.0430 per year. We perform

the reference run for a 50-years period using these rates along with the parameters

of Table 5.1 and the initial conditions, x0, as defined above. We plot the resulting

flow field from all layers in Figure 5.4. The 3D map clearly shows the flow direction

of the groundwater moving southward towards a port canal. The water-head grows

up to 1.5 m in the center of the domain and then drops to 0 m in the southern part.

Beyond the canal, particularly at y = 4 (local coordinate), there is a slight increase

in the water head to around 0.5 m. In Figure 5.5, we show a cross-section of the flow

from layers 21 − 70, starting from the north-east corner to the south-west corner of

the domain. The profile passes through two canals and this can be observed from the
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zero and negative water heads towards the end of the cross section. The top layers

obviously have larger hydraulic heads than the deeper layers. Overall, this indicates

that the contaminant plume would follow the behavior of the groundwater and moves

vertically downwards and laterally towards the canal.

Figure 5.4: 3D view of the groundwater flow configuration from all active layers. The
largest water head is located in the center of the domain and is equal to 1.5 m. The
water head deceases in the southern part of the domain towards a port canal. The
flow is computed using MODFLOW and plotted using iMOD’s graphical interface
utility.

Based on this steady flow, we then simulated the reference transport of PCE, TCE,

DCE, and VC. The time step of the transport-reaction simulator was about 11 days.

To visualize the migration of these components, we show in Figure 5.6 their evolution

in layer 80 after 10, 30, and 50 years. The contaminant plume after 10 years, which

was originally present in layer 60, has already moved into deeper Pleistocene layers

(here only layer 80 is shown). After 50 years, the maximum concentration of PCE,

TCE, DCE, and VC in layer 80 is 839.26, 214.79, 477.16, and 694.68 µg/l, respectively.

Careful assessment of the transport process shows that the four plumes have reached

the last active layer in the second aquifer; i.e. layer 100. This is mostly due to the
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continuous contamination source located in layer 60. Contaminant concentrations in

the top Holocene layers are much smaller. Laterally, the contaminant plume is seen

to expand from its initial location a distance of 1.3 km southwards, as expected.

Figure 5.5: A cross-section of the groundwater flow from layers 21−70 (not all layers
are shown in the legend). The profile starts at the north-east corner of the domain,
particularly at x = 18 and y = 28 and ends at the south-west corner, particularly at
x = 2 and y = 2 (local coordinates system).

From the reference run, we collect pseudo-observations to use them later for con-

straining the state and parameters ensembles. Observations are assumed available

for all components from layers 30, 50, 70, and 90. From each layer, we assume only

10 data points are collected and thus a total of Ny = (10 × 4) × 4 = 160. Note

that Ny is much smaller than the number of state variables, Nx. This is usually the

case in subsurface hydrology applications, given the significant and expensive cost

incurred for preparing, drilling, and completing wells. The coordinates of the (uni-

formly distributed) observation points are given in Table 5.2. We assume that these

160 measurements are available for assimilation on a yearly basis. We also place a

control well in layer 70 around the center of the domain, particularly at the local co-
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Table 5.2: Local coordinates of the observation points obtained from layers 30, 50,
70, and 90. The lower left corner of the model domain is located at (0, 0). For each
point, the concentration of the four chlorinated hydrocarbon components is available
on a yearly basis for assimilation. The total number of data point, Ny, is equal to
160.

Data Point Cell Number, x Cell Number, y

p1 6 9

p2 6 15

p3 6 21

p4 10 6

p5 10 12

p6 10 18

p7 10 24

p8 14 9

p9 14 15

p10 14 21

ordinates x = 9 and y = 12, to monitor the concentration in time. We further assume

that these observations are noisy and not perfect, in order to mimic realistic settings.

We thus add to these observations a Gaussian noise of mean 0 and variance equal to

15% of the total mean. During assimilation, the updated concentration values are

monitored to make sure that they are non-negative. Cell values that fall out of this

constraint are set to zero to obtain a physically meaningful solution [48, 78, 86].

5.4.2 Initial Ensemble, Background Statistics, and Optimiza-

tion

To initialize the ensemble-based filters, we perform a 50-years simulation run (referred

to as free run) starting from the mean concentration of the reference model run. Thus,

at time t = 0 the concentration of the four CH components is not only present in layer

60, but rather spread-out at different levels in all layers. In this free model run, we

use around 30% larger degradation rates than the reference ones. The concentration
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Figure 5.6: Contaminant plume evolution for PCE, TCE, DCE, and VC in layer
80 after 10, 30, and 50 years. Vertically, the contaminant plumes tend to move
downwards towards the Pleistocene clay layers and the second aquifer. In the lateral
direction, displacement of the plume happens southwards to the canal.

of the components was retained each 6 months. Next, we randomly select a set of

Ne concentration snapshots from the free run output to form the state ensemble. A

similar sampling procedure based on a free (unconditional) run has been implemented

in many other studies [86, 90]. To sample the initial parameters ensemble, we follow

[77] and perturb around the reference degradation rates using a normally distributed

noise of mean zero and variance equal to 40% of the reference rate values.

The background error statistics required for the EnKF-OI scheme are parameter-

ized as follows. We form a set of 200 degradation realizations, as described above, and

use these to perform 3-months forecasts starting from a series of initial concentrations

distributed at 3-months intervals over a 50-years period, as outlined in Figure 5.7. To

illustrate, starting from the mean concentration of the reference run, one realization
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Figure 5.7: A sketch illustrating the procedure followed to construct the background
statistics, Pb

xx and Pb
θx. 3-months forecasts are performed starting from different ini-

tial conditions, x0,1,...,N , and different degradations rate parameters, Θ0,1,2...,N , where
N = 200 steps summing up to 50 years. The background state covariance, Pb

xx, and
state-parameters cross-correlations, Pb

θx, are then constructed using the first leading
modes only.

of the degradation rates Θ0 is used as an input parameter to obtain a 3-months con-

centration forecast x1. Then, using x1 as initial state and Θ1 as another parameter

field, the 3D-FTRM is integrated forward to obtain the concentration distribution x2

after 6 months. We continue this process until the end of the 50 years period. Then,

we collect the predicted contaminant states for all components and augment them

with the utilized degradation rates in a joint matrix form. POD and SVD are then

conducted on the resulting augmented concentration-degradation forecast anomalies

to summarize the correlation of the variables by a small number of orthogonal spatial

patterns [78, 116, 67, 134]. Consequently, the parameterization of the background

covariance matrix, Pb
xx, is achieved using the leading 10 POD modes (i.e., rx = 10) of

this ensemble, which capture more than 98% of the explained variance. Concerning

the background cross-correlations, we use the first 10 singular vectors (thus, rθ = 10)

to parametrize Pb
θx matrix. To visualize these cross-correlations, we plot in Figure

5.8 their mean values (averaged over each layer) with respect to each component.

Clearly, concentrations in layer 60 exhibit the largest cross-correlation values because

of the continuous source term. Furthermore, since the flow is stronger in the down-



164

wards direction, and so is the contaminant migration, the cross-correlations in the

deeper layers are larger than those of the shallow layers. The background Pb
θx seem

to vanish in the upper parts of the Holocene clay and peat layer. One could also

observe a consistent behavior for all rates, in which the largest correlations are with

CPCE and smallest with CTCE. This is not surprising and consistent with the initial

concentrations, in the sense that CPCE > CV C > CDCE > CTCE.

Figure 5.8: Individual cross-correlation terms of the background matrix Pb
θx. The

values shown for each degradation rate, i.e., KPCE, KTCE, KDCE, and KV C , are aver-
aged over all active layers. Largest correlations are obtained for CPCE and smallest
correlations for CDCE. Biodegradation in shallow layers is not as strong as in deep
layers because of the downwards groundwater flow direction.

For the adaptive EnKF-OI scheme, optimizing the weighting factors over the inter-

val [0, 1] is performed using a combination of bracketing and interpolation algorithms

[161, 162]. These algorithms are in essence similar to root-finding schemes, in which

both golden-section searching and repeated (successive) parabolic interpolation are

applied. Convergence of the algorithm is never slower than that of a Fibonacci search

[161]. If the cost function has a continuous second derivative and positive at the min-

imum, which is the case for (5.19) and (5.20), then convergence is super-linear and
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usually of the order 1.324 [162]. The optimization routine and all other EnKF and

the EnKF-OI schemes have been coded in Fortran 77 using Microsoft Visual Studio

platform. Ensemble integration is efficiently implemented in parallel with OpenMP

using 8 cores on a 2.67GHz Intel(R)-Xeon(R) machine and 48.0 GB of RAM.

Figure 5.9: Time series of MAE and AES of the concentration (left panel) and
biodegradation rates (right panel) as they result from the EnKF with 100 members.
Estimation errors and ensemble spreads are evaluated for all four components. Shown
also in the left panel is the time series of the MAE of the concentration obtained using
the free-run.

5.4.3 Evaluation of the Estimates

State and parameters estimates of the EnKF and the hybrid EnKF-OI schemes are

evaluated based on their mean absolute errors (MAE) and average ensemble spreads

(AES):

MAE = N−1
x N−1

e

Ne∑
j=1

Nx∑
i=1

∣∣∣∣xej,i − xti

∣∣∣∣, (5.28)

AES = N−1
x N−1

e

Ne∑
j=1

Nx∑
i=1

∣∣∣∣xej,i − x̂ei

∣∣∣∣, (5.29)

where xti is the reference “true” value of the variable at cell i, xej,i is the ensemble

value of the variable and x̂ei is the ensemble mean at location i. MAE measures the

estimate-truth misfit and AES measures the ensemble spread or the confidence in
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the estimated values [86, 34]. We further use the Taylor diagram to compare the

concentration estimates at the control well. The Taylor diagram provides a concise

summary of how well the estimates of the concentrations match the reference solution

in terms of their correlation, their root-mean-square-difference, and the ratio of their

variances [163].

Figure 5.10: Analysis ensemble members of PCE, TCE, DCE, and VC concentrations
at the control well (i.e., x = 9 and y = 12). The evolution of these ensembles
(Ne = 100) is plotted for the entire 50 years. Shown also in dashed red curves are
the concentrations of the individual components resulting from the free-run. Dashed
black curves correspond to the time-evolution in the reference concentration of each
component.
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5.5 Results and Discussion

In this section, we present and compare assimilation results with the Rotterdam

port’s 3D-FTRM using both the EnKF and the EnKF-OI schemes. Concentration

and degradation rate estimates of the filters are compared in terms of accuracy, spread,

and computational cost. Concentration data are assimilated every year for a total of

50 assimilation cycles.

Figure 5.11: Evolution of the analysis ensemble members (Ne = 100) of PCE, TCE,
DCE, and VC degradation rates over the entire 50 years. Dashed black lines corre-
spond to the true rates used in the reference run.

5.5.1 EnKF Estimates

We first use the standard EnKF and set the ensemble size to 100. We compare

the estimates after 50 years with the reference solution as obtained in section 5.4.1.

In Figure 5.9, we plot the time series of MAE and AES for the concentration and

degradation rates for the four contamination components. We also plot the time-
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evolution of the MAE without data assimilation as simulated by the free run. The goal

is to demonstrate the relevance of assimilating concentration data to obtain accurate

state and parameters estimates. Using the EnKF, the MAE of the concentration

decreases over time, reaching 0.60 µg/l at the end of the assimilation window. When

no data are assimilated, the MAE also decreases over the simulation window but

obviously at a much slower pace. Overall, the average MAE for the concentration

obtained using the EnKF and the free run is 3.16 and 5.14 µg/l, respectively. This

clearly indicates the essential role of assimilating concentration data into the system.

Concerning the estimates of the degradation parameters, a slight increase in the MAE

is observed at the early assimilation stage. After around 10 years , the estimation

error starts decreasing to reach 0.0051 after 50 years. The AES for both state and

parameters show almost a monotonic decreasing behavior, yet when compared to the

MAE, it is almost one order of magnitude smaller and this could be a sign for a

collapse of the ensemble spread (a.k.a filter inbreeding). Typically one should expect

the MAE and the AES to be of the same order of magnitude and thus their ratio

should be around 1. The ratio (averaged over all update steps) for both state and

parameters is however far from the ideal value and is equal to 0.043.

Figure 5.12: Time series of MAE of the concentration (left panel) and biodegradation
rates (right panel) resulting from the EnKF and hybrid EnKF-OI using 100 members
in which α = 0.2, 0.4, 0.6, and 0.8.
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To confirm this, we plot in figures 5.10 and 5.11, the evolution of the analysis state

(at the control well) and parameters ensembles in time, respectively. In Figure 5.10,

we also display the change in the concentration of the four components at the control

well as it results from the free run. One could notice that the initial state ensembles

are far from the reference solution and this is due to the challenging sampling strategy

we follow, which is based on random selection of members from the perturbed free

run snapshots. As more data is assimilated into the system, the ensemble members

move closer to the reference concentrations. Because of the very small spread, the

ensemble members slowly converge toward a solution that is close to the reference

one. As shown in the subplots, this ensemble behavior is common for all components.

The parameters ensembles in Figure 5.11 also exhibit slow convergence towards the

reference rates. The spread of the parameters members shrinks as more data are

assimilated, eventually reaching very small values (≈ 10−4) at the end of the window.

Furthermore and in accordance with the time-evolution of the MAE of the parameters,

one could also notice a jump in the ensemble members of the degradation rates in

the first 10 years. This is indeed due to the perturbed and high initial concentrations

of the free run (thus, the initial ensemble). Consequently, biodegradation is stronger

at the start of the assimilation, but after successive updates of the concentration,

the estimates of the rates become more accurate and start converging towards the

reference rates.

In brief, state and parameters estimates of the EnKF become relevant only at the

final assimilation stages. This is because of the slow convergence rate given the large

uncertainties in the initial concentration and degradation ensembles. Moreover, the

spread of both state and parameters ensemble is quite small and seems to collapse

after 30 years.
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Figure 5.13: Analysis ensemble members of PCE, TCE, DCE, and VC concentrations
at the monitoring well. The evolution of these ensembles (Ne = 100) is shown for the
entire 50 years. Results are displayed for the EnKF and hybrid EnKF-OI implemented
with different values of weighting factor, α = 0.2, 0.4, 0.6, and 0.8. Dashed black
curves correspond to the change in the reference concentration of each component.

5.5.2 Hybrid EnKF-OI on the State Only

We first implement the EnKF-OI by adding a static background covariance to the

state ensemble covariance only; i.e. we only include Pb
xx, as in equation (5.15). We

test four different values of the weighting factor, namely α = {0.2, 0.4, 0.6, 0.8}. We

plot the resulting time series MAE curves for each value of α in Figure 5.12. For

the sake of comparison, we also include the MAE of the state and the parameters

as they result from the EnKF. Clearly, concentration estimates of the EnKF-OI for

all four α values are more accurate than that of the EnKF. The improved EnKF-OI

concentration estimates is more pronounced during the first 30 years of the assimi-

lation window. The estimates of the parameters (shown in the right panel) with the

EnKF-OI exhibit similar performance and outperform the estimates of the EnKF.
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Figure 5.14: Left panel – Time series curves of the estimates of VC concentration along
with the reference solution. Right panel – Taylor diagram for comparing statistics
of VC concentration using the EnKF and the hybrid EnKF-OI. The radial distance
from the origin is proportional to the standard deviation of the concentration. The
centered rms difference between the estimated and the reference solution is propor-
tional to their distance apart. The correlation between the two solutions is given by
the azimuthal position.

Like the state, the largest improvements occur initially within the first 30 years. This

could be an indication for a faster correction of the large uncertainties present in the

initial state ensemble. To have a better idea, we study the evolution of the members

in time similar to our analysis of the EnKF in the previous section.

Shown in Figure 5.13 are the concentration ensembles of the components as they

result from the EnKF-OI and the EnKF. Apparently, the members resulting from

the EnKF-OI nicely move towards the reference solution immediately after the first

correction. This is observed for all components and all tested values of α. This

explains the remarkable decrease in the estimation errors of the EnKF-OI, during

the early assimilation window, compared to the EnKF. After around 25 years, the

ensemble members seem to match the reference concentrations while preserving part

of the ensemble spread. The convergence of the EnKF-OI is undoubtedly faster

than that of the EnKF and this is essentially due to the integration of a low-rank

background covariance Pb
xx. Given the exceptionally low-rank, rx = 10 (compared
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Figure 5.15: Analysis ensemble members of PCE, TCE, DCE, and VC degradation
rates. The evolution of these ensembles (Ne = 100) is shown for the entire 50 years.
Results are displayed for the EnKF and hybrid EnKF-OI implemented with different
values of weighting factor, α = 0.2, 0.4, 0.6, and 0.8. Dashed black lines correspond
to the reference degradation rates of each component.

to Nx) of the background state covariance, the increase in the computational cost of

the EnKF’s update step is insignificant. Overall, the EnKF-OI suggests on average

about 46%, 57%, 61%, and 59% improvements compared to the EnKF concentration

estimates for α = 0.2, 0.4, 0.6, and 0.8, respectively.

Judging which α value gives the best performance from the results of Figures

5.12 and 5.13 is not possible. A better strategy is to build a Taylor diagram for the

recovered concentrations in time at the monitoring (control) well. To do so, we select

here the estimates of Vinyl Chloride obtained using the EnKF and the EnKF-OI.

Figure 5.14 shows in the left panel the time series for these VC estimates along with

the reference concentration and in the right panel the associated Taylor diagram. The

point representing the reference concentration is plotted along the abscissa and it has
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Figure 5.16: Time series of MAE of the concentration (left panel) and biodegradation
rates (right panel) resulting from the EnKF and the full hybrid EnKF-OI with 100
members, α = 0.6 and β = 0.2, 0.4, 0.6, and 0.8.

a standard deviation of around 153 µg/l. The point denoting the EnKF estimate lie

very far from the origin with a standard deviation of 110, poor correlation coefficient

∼ 0.55, and root-mean-square (RMS) difference equal to 130 µg/l. In contrast, EnKF-

OI estimates fall in a region that is closer to the reference point with RMS < 75 µg/l

and correlation coefficient larger than 0.90. Careful analysis shows that the point

corresponding to EnKF-OI estimates with α = 0.6 is the closest to the origin. Taylor

diagrams for the other 3 components were also checked and lead to very similar

conclusions.

We also studied the behavior of the parameters ensembles and compared it to

the EnKF. Figure 5.15 shows similar ensemble behavior to that observed with the

concentration estimates in Figure 5.13. In essence, there is a notable decrease in the

ensemble jump experienced with the EnKF during the first 10 years. The spread of

the ensembles is also better handled for all components. The match with the reference

degradation rates occur after almost 30 years. Although no background statistics were

incorporated in the parameters ensembles, the parameters estimates were also more

accurate than those of the EnKF. On average, the improvements suggested by the

EnKF-OI over the biodegradation estimates of the EnKF for α = 0.2, 0.4, 0.6, and
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Figure 5.17: Analysis ensemble members of PCE, TCE, DCE, and VC concentrations
at the monitoring well. The evolution of these ensembles (Ne = 100) is shown for the
entire 50 years. Results are displayed for the EnKF and full hybrid EnKF-OI imple-
mented with α = 0.6 and different values of β = 0.2, 0.4, 0.6, and 0.8. Dashed black
curves correspond to the change in the reference concentration of each component.

0.8 are 51%, 68%, 73%, and 76%, respectively.

5.5.3 (Full) Hybrid EnKF-OI

In this section, we implement and test the hybrid EnKF-OI as described in section

5.2.2. We set α to 0.6 and we vary the other weighting factor for Pb
θx, β, between 0.2

and 0.8. We plot in Figure 5.16 the resulting MAE for the state and the parameters

as function of time along with the EnKF estimates. As one can see, both state and

parameters estimates show substantial improvements over the estimates of the EnKF.

In addition, the time series error curves indicate that changing β has a marginal effect

on the estimates of the concentrations. In contrast, the accuracy of the biodegradation

estimates strongly depends on the value of β. The suggested improvements by the full
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Figure 5.18: Analysis ensemble members of PCE, TCE, DCE, and VC degradation
rates. The evolution of these ensembles (Ne = 100) is shown for the entire 50 years.
Results are displayed for the EnKF and the full hybrid EnKF-OI implemented with
α = 0.6 and different values of β = 0.2, 0.4, 0.6, and 0.8. Dashed black lines corre-
spond to the reference degradation rates of each component.

hybrid EnKF-OI scheme over the EnKF for the estimates of the state are 63%, 65%,

67%, and 68% for β = 0.2, 0.4, 0.6, and 0.8, respectively. For the same set of β’s,

the impressive performance of the full hybrid EnKF-OI further leads to 78%, 83%,

87%, and 89% more accurate degradation rates than those of the EnKF. Compared to

applying the hybrid EnKF-OI on the state only, these state and parameters estimates

are almost 10− 15% better. This suggests the efficiency and relevance of using static

cross-correlations for adjusting the parameters ensemble statistics especially for cases,

with large initial uncertainties. We also examined the estimates when β > 0.8 and the

results were as good, particularly after year 25. This might indicate that large values

of β are appropriate only during the first assimilation stage but once the statistics of

the ensemble are adjusted, smaller values of β can be more beneficial.

As in the previous two sections, we also plot in Figure 5.17 the time-evolution
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Figure 5.19: Analysis of the spread and the bias of the EnKF, the hybrid EnKF-
OI for state only, and the (full) hybrid EnKF-OI schemes. The change of the ratio
AES/MAE is displayed in time using 100 ensemble members. The ideal value for the
AES/MAE is equal to 1.

of the state ensemble members at the monitoring well in time. One can clearly

see that the initial corrections to the ensemble members are now more effective and

pronounced for all components. After almost 5 years, the ensembles are seen to

coincide with the reference solution, indicating high estimation accuracy. No signs of

any collapse in the spread are observed, and the ensemble spread is better maintained

for all β scenarios. The parameters ensembles exhibit similar performance in terms

of accuracy and spread as can be seen in Figure 5.18. It is more noticeable here

that with the increase in β, the accuracy of the biodegradation estimates is more

pronounced. Particularly, for β = 0.8, the ensemble members for all components

match the reference rates over the entire assimilation period. For smaller weighting

factors; i.e. β = 0.2, 0.4 and 0.6, the ensembles converge toward the true rates after

about 20 years.

To further examine how the ensemble spread is being handled by the filters, we
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Figure 5.20: Top panel – Time series of the optimal value of α as estimated by the
adaptive EnKF-OI with 10 members. Shown also in the bottom left and right panels
are Taylor diagrams for PCE and DCE concentrations. Results are shown for the
standard EnKF (Ne = 100), the full hybrid EnKF-OI (Ne = 100, α = 0.6, β = 0.8),
and the adaptive scheme (denoted by EnKF-OI-A).

analyze the ratio of the AES to the MAE of the state estimates resulting from the

EnKF, EnKF-OI (state only; α = 0.6), and EnKF-OI (state and parameters; α = 0.6

and β = 0.8). We plot in Figure 5.19 the evolution of these ratios in time. As stronger

updates are imposed on the state and parameters, the ratio AES/MAE increases for

the 3 filters. The hybrid EnKF-OI schemes perform much better than the EnKF,

with the ratios AES/MAE approaching 1 in time. The curve obtained using the full
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hybrid EnKF-OI scheme is the closest to the ideal performance. The use of the hy-

brid EnKF-OI for the state only is also beneficial and clearly outperforms the poor

performance of the EnKF. Overall, the better handling of the spread in the hybrid

EnKF-OI schemes suggests that this approach can efficiently mitigate for the back-

ground covariance limitations of the EnKF. Interestingly, this significant improvement

is obtained using only rank-10 based background state and parameters static covari-

ances. Similar results and conclusions were obtained for the ratio AES/MAE of the

parameters.

Figure 5.21: Average MAE for state and parameters obtained using (bars from left
to right): EnKF (Ne = 100), hybrid EnKF-OI (Ne = 100, α = 0.6, β = 0.8), hybrid
EnKF-OI (Ne = 50, α = 0.6, β = 0.8), adaptive hybrid EnKF-OI (Ne = 10), and
EnKF (Ne = 10). The left y-axis is plotted in log-scale. Computational complexities
computed using equation (5.18) are split between the forecast and the analysis steps.
The complexity of running the 3D-FTRM is denoted by CM .
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5.5.4 Adaptive Hybrid EnKF-OI

In the last experiment, we decrease the ensemble size to 10 and apply the adaptive full

hybrid EnKF-OI scheme. We carry-out 1D optimization to find the optimal weighting

factors α and β. The goal is to test the performance using very small ensembles. In

general, using large ensembles (500 or 1000) is important to obtain high accurate

estimates and avoid ensemble collapse. However, in typical large scale hydrology

applications, as in our case, it is impossible to do so because of the huge computational

burden. Using the proposed hybrid bracketing-interpolation optimization algorithm

described in section 5.4.2, convergence happens for both α and β after 4−5 iterations

only. In our setup, we experienced larger variations for the optimal value of α in

time compared to optimal values of β. This could be related to the quality of the

initial ensembles in addition to the dynamic nature of the state, compared to the

static parameters. Since larger uncertainties are imposed on the initial concentrations

ensemble, changes in the optimal value of α are more noticeable. While optimal β∗

varied in the range of [0.75, 0.85], we obtain more rigorous values for α in time as

shown in Figure 5.20. As can be seen in the top panel, for the first correction (after 1

year), the optimal α∗ ≈ 0.7. This indicates that the ensemble-based covariance is less

weighted given the large initial uncertainties. As more data gets assimilated, larger

weights are assigned to the improved ensemble-based statistics. Eventually, after 25

years the weight between the ensemble-based and the static background statistics is

almost split in half. The weight of the static covariance is expected to further decrease

with the use of larger ensembles.

We also show in the same figure (bottom panels) two Taylor diagrams for PCE

and DCE concentrations. We compare the estimates of the EnKF and the full hybrid

EnKF-OI (α = 0.6 and β = 0.8) with 100 members with the adaptive hybrid esti-

mates obtained using only 10 members. The point corresponding to adaptive hybrid

solution for both components is close to the reference monitoring well on the abscissa.
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It is even slightly more accurate than that of the best hybrid EnKF-OI obtained using

100 members. This significant performance using only 10 members suggests the im-

portance of the adaptive scheme in well representing the error covariance matrix of the

joint state-parameters framework. Compared to the EnKF estimates, the adaptive

scheme provides around 80% more accurate and reliable solutions for these compo-

nents. Computationally, running the adaptive scheme using 10 members is much less

intensive than the EnKF when implemented with 100 members. For a better inter-

pretation, we plot in Figure 5.21 the MAE of the state and the parameters along with

the computational complexities obtained using equation (5.18) of both schemes. We

split the complexities between the forecast and the analysis steps. We show results

obtained with EnKF100, EnKF-OI100, EnKF-OI50, adaptive EnKF-OI10 and EnKF10,

where the subscripts of the filters denote the ensemble size. The estimates of the hy-

brid EnKF-OI are obtained using α = 0.6 and β = 0.8. Clearly, the adaptive hybrid

scheme provides best estimates for the state and the parameters. The estimates of the

EnKF implemented using 10 members are the least accurate. One could notice that

the complexity of the forecast step is much more expensive than the complexity of the

update step. Compared to the EnKF, the analysis complexity of the hybrid schemes

is almost similar because of the exceptionally small rank (rx = rθ = 10) of the back-

ground statistics. Moreover, the adaptive scheme seems to require only a marginal

increase in the computational burden of the update step, due to optimization.

5.6 Conclusion

We developed and implemented an adaptive hybrid ensemble Kalman filter-optimal

interpolation (EnKF-OI) scheme to estimate contaminant concentration and biodegra-

dation rates of chlorinated hydrocarbon components at the port of Rotterdam. Large

parts of the port are contaminated with different industrial pollutants. We consid-
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ered the migration problem of one plume consisting of Tetrachloroethene (PCE),

Trichloroethene (TCE), cis-1,2-Dichloroethene (DCE), and Vinyl Chloride (VC). We

assimilated concentration data on a yearly basis and performed data assimilation

over a period of 50 years. The hybrid scheme complements the flow-dependent sam-

ple ensemble covariance of the EnKF with a prescribed static background covariance

from an OI system to mitigate the under-sampling of the ensembles and neglected

model errors. The hybrid technique is applied not only to the state but also to the

parameters. A systematic strategy for estimating the background state-parameters

cross-correlations was presented. The adaptive hybrid scheme is designed to optimize

the weighting factors that determine the individual importance of the flow dependent

and the static background covariances. The optimization is based on selecting the

weighting factors that lead to the largest reduction in the total forecast error variance

evaluated as the trace of the covariance matrix.

The hybrid EnKF-OI was successful at providing accurate estimates of the concen-

trations of the components and biodegradation coefficients. The hybrid scheme also

remarkably better handled the ensemble spread, avoiding any collapse or false (un-

realistic) confidence in the estimates. On average, the hybrid EnKF-OI tested with

different weighting factors provided about 65% and 85% improvements compared

to the estimates of the standard EnKF scheme. Furthermore, the adaptive hybrid

EnKF-OI provided accurate estimates even when implemented with very small en-

semble size. Our experiments suggest that the computational cost of the EnKF could

be reduced by a factor of 10 with the use of the adaptive EnKF-OI. The adaptive

scheme is shown to provide accurate estimates, even with fairly small ensembles, lead-

ing to about 80% better state and parameters estimates than that of the EnKF. One

important feature of the hybrid scheme is the ease of implementation, requiring only

a minimal change to the standard EnKF algorithm.

This work is a preliminary assessment of data assimilation for real monitoring
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and predicting contaminants evolution at the port of Rotterdam, before extending

it to an operational system at a regional scale. In the future, we will consider the

assimilation problem on a larger scale system including the entire Rotterdam port

area and simulating the transport using a path-line strategy. The approach is novel

incorporating streamline-based processes of dissolution at the source, redox dependent

biodegradation and several remediation activities.
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Chapter 6

A Greedy Approach for Placement

of Subsurface Aquifer Wells in an

Ensemble Filtering Framework

6.1 Introduction

In subsurface hydrology, field measurements of groundwater flow and contaminant

transport play an essential role in constraining numerical prediction models. These

models are indeed highly uncertain and data may be used to improve our knowledge

of various modeling parameters such as permeability, biodegradation factors, and

porosity. However, collecting such measurements (e.g. pressure, concentration) from

deep or shallow hydraulic wells is difficult and an expensive process. It is therefore

important to minimize extra costs of monitoring networks by limiting the number of

wells to some few “optimal” locations.

Optimal monitoring design can be divided into two categories; open and closed

loops. The first category (a.k.a batch design), involves evaluating all possible net-

work designs concurrently without accounting for any result or feedback from any

other design. Such approach, although optimal, could be prohibitive in large scale
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hydrologic systems where the dimension of the state can be of the order 108 − 1010

variables. The other category (a.k.a sequential design), evaluates the networks in

sequence, allowing a feedback from new data to be used to plan for the upcoming

designs [164, 165]. With this formulation, a sub-optimal greedy approach would take

into account information from previous designs and optimize the next observational

network without paying attention to any expected future gain as a consequence of

the decision at hand [166, ?]. This greedy approach can be coupled with an ensem-

ble Kalman filtering framework where observations are used to constrain subsurface

models as they become available [86].

The ensemble Kalman filter (EnKF) is a sequential Monte Carlo technique that

aims at estimating the probability distribution of the state of a dynamical system

following a Bayesian filtering formulation in a Gaussian framework. The EnKF rep-

resents the first two moments of the state distribution by means of an ensemble of

state vectors, which are then approximated as the sample mean and covariance of

the ensemble [90]. The ensemble is first integrated forward in time with the model

for forecasting. A Kalman update, derived from the Bayes rule under the Gaussian

assumption, is then applied to update the forecast ensemble with incoming observa-

tions. One way to optimize the wells placement would be to select those that are

most informative for the EnKF update steps.

To evaluate the contribution of an observation, we use the Kullback-Leibler (KL)

divergence criterion [149]. The KL divergence provides an intuitive indicator of the

information gain by reflecting the difference between two distributions [167]. Conse-

quently, in an EnKF setting, the KL criterion can be computed from both the poste-

rior and prior distributions of the state ensemble, and hence decisions on more infor-

mative observations are properly analyzed. Most of the Bayesian approaches, arising

from information theory, that discriminate between posterior and prior statistics in-

volve computing the expectation of the Fisher information matrix [164, 165, 167].
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Several previous studies considered the observations placement or “targeted obser-

vations” as for instance in meteorology and signal processing. These studies consid-

ered similar information-based criteria in order to achieve a reduction in the ensemble

forecast variance. For instance, Mujadmar et al. [168] discussed the ability of the

ensemble transform Kalman filter (ETKF) to provide quantitative estimates of the

reduction of operational analysis and forecast error variance when deploying drop-

windsondes. Choi et al. [169, 170] presented an efficient backward formulation of

the sensor targeting problem using ensemble-based filtering. The backward approach

which was tested on a Lorenz-95 model is equivalent and never slower than the forward

approach.

In this Chapter, we present a greedy algorithm to smartly select well locations,

which are meant to improve the prior distribution of the hydrologic contaminant state.

This algorithm is utilized in an ensemble assimilation framework before updating

model forecast ensemble. Well locations are selected by solving a discrete optimization

problem that maximizes the expected information gain from the forecast ensemble

statistics. The proposed approach make use of the Fisher’s information gain not only

at the analysis/update step of EnKF but rather over long prediction periods. This

procedure is novel because it reflects on the most informative well locations ahead of

time thus making rapid placement decisions and maximizing the economic benefit.

We conduct numerical experiments following a contaminant detection problem and

simulate the migration of a plume in a heterogeneous two-dimensional aquifer domain.

We look for the observation wells that yield the minimum posterior uncertainties over

a 3 years forecast period. We analyze the experimental results based on the time

evolution of the analysis ensemble variance at every point of the domain.
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6.2 Greedy Approach for Well Placement

6.2.1 The Ensemble Kalman Filter (EnKF)

The EnKF simplifies the standard Bayesian filtering problem making use of samples or

ensemble members to approximate the Gaussian parts of the state’s distribution [86].

Starting from an analysis ensemble xa,ik−1 at a given time tk−1, the forecast ensemble

is obtained by integrating these members forward in time with the dynamical model

as:

xf,ik =Mk

(
θ,xa,ik−1,wk

)
, i = 1, 2, ..., Ne (6.1)

whereMk is the nonlinear subsurface model, θ is the vector of model parameters and

wk is the source term at time tk. Once new data, yk, becomes available, the EnKF

updates every ensemble member of equation (6.1) as follows:

xa,ik = xf,ik + Pf
kH

T
k

(
HkP

f
kH

T
k + Rk

)−1 (
yik −Hkx

f,i
k

)
. (6.2)

The matrices Hk and Rk denote the observational operator and the observation error

covariance at time tk, respectively. yik is the perturbed observation ensemble. The

mean forecast state and the sample error covariance matrix are denoted by xfk and

Pf
k , respectively.

We consider here the operator Hk of size [Ny, Nx] consisting of ones and zeros.

Every row vector of this matrix has zeros in all entries except for one observed variable

location where the value is set to 1. The matrix Rk, on the other hand, is of size

[Ny, Ny] and is assumed diagonal. Each diagonal entry carries the variance of the

error for that specific observation.

The analysis error covariance matrix, Pa
k, which is not explicitly needed for imple-

menting the EnKF, matches that of the Kalman filter based on the forecast ensemble
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covariance, i.e.,

Pa
k = Pf

k −Pf
kH

T
k

(
HkP

f
kH

T
k + Rk

)−1

HkP
f
k . (6.3)

6.2.2 Greedy Algorithm and Optimization

Assume at time tk−1, Ny wells have been placed and that we intend to place one new

well. Then, the question would be: Where to place this well?

In practical terms, this question implies that a new row of zeros and 1 at one

location will be added to the observation operator Hk (so that its size becomes

[Ny + 1, Nx]) and the goal is to find the position, s, in that row that is equal 1.

The new position, s, should satisfy the following conditions:

(1) s ∈ N, (2) 0 < s ≤ Nx, (3) s 6= {`1, `2, ..., `Ny}.

The third condition means that the well should not be placed at an existing well po-

sition. Ideally, after assimilating the observations, one would expect the uncertainties

in the prior estimates to shrink. Thus, using the Kullback-Leibler (KL) divergence,

one can choose s that maximizes the information gain, F(s), at time tk as follows:

max
s
F(s) = max

s
tr
[
Pf
k −Pa

k

]
, (6.4)

using(6.3)
= max

s
tr

[
Pf
kH

T
k

(
HkP

f
kH

T
k + Rk

)−1

HkP
f
k

]
, (6.5)

where tr[·] denotes the trace of a matrix. This maximization problem is a 1D problem

retaining s which yields the largest reduction in the forecast variance after the EnKF

update. One should note here that at any specific time tk the maximization problem

in (6.4) is also equivalent to minimizing the trace of Pa
k.

A more challenging, yet more appropriate, objective would be to find the location
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s at time tk so that we maximize the expected information gain not only at time tk

but also at subsequent future updates, i.e., at times tk+1, tk+2, etc. The problem can

then be written as:

min
s
U(s) = min

s

{
tr
[
Pa
k

]
+ tr

[
Pa
k+1

]
+ tr

[
Pa
k+2

]
+ · · ·

}
. (6.6)

One substantial difference between equations (6.4) and (6.6) is that the latter does

not only depend on s but rather on s, yk, and yk+1. This is because the analysis

covariance at time tk+1, Pa
k+1, can only be obtained after assimilating yk at time tk

and then integrating the members xa,ik to time tk+1. The same applies for the analysis

covariance Pa
k+2. Hence, evaluating U(s), referred to as expected utility hereafter,

requires Monte Carlo sampling of future observations as follows:

U(s) = E(yk,yk+1,...)

{
tr
[
Pa
k

]
+ tr

[
Pa
k+1

]
+ tr

[
Pa
k+2

]
+ · · ·

}
, (6.7)

≈ 1

Nm

Nm∑
m=1

{
tr
[
Pa
k(s)

]
+ tr

[
Pa
k+1 (s,ymk )

]
+ tr

[
Pa
k+2

(
s,ymk ,y

m
k+1

)]}
,

where Nm is the number of Monte Carlo samples. Here we sample the observations

from a Gaussian distribution of the forecast ensemble statistics. It is important to

note here that these Monte Carlo runs are independent and thus, one could easily

implement them in parallel.

Once the expected utility, U(s), is computed, optimization is then performed tak-

ing into account the three constraints introduced before. To avoid solving a discrete

optimization problem, we propose to relax the first constraint such that the observa-

tion operator would be a function of g(s) rather than simply s. Such function is the

nearest integer function (or the round function), commonly denoted as:

g(s) ≡ bse. (6.8)
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The second constraint that deals with bounds is easy to handle, however, the third

non-equality constraint is tricky. One simple way to tackle this constraint is to intro-

duce a penalty term in the objective as follows:

min
s
U(s) + log (s− `j) . j = 1, 2, ..., Ny (6.9)

Since our objective is a single-variable function and given that the variable is bounded

within a bracket, i.e., s ∈ (0, Nx], we use a hybrid optimization algorithm that utilizes

a golden section search (Bisection-like method) with successive parabolic interpola-

tion (Secant-like method). Other stochastic optimization techniques such as Simul-

taneous Perturbations Stochastic Approximation (SPSA), can be also used. These

techniques can be however less efficient and involve tuning a number of parameters

which is not an easy task for complicated objectives. Gradient-based algorithms

are not very appropriate for the current objective as they require solving a complex

adjoint system.

6.3 Subsurface Contaminant Transport Experiments

6.3.1 Experimental Setup

We consider a steady-state groundwater flow system inside a rectangular domain of

total aquifer area of 0.84 km2. North and south boundaries are assumed impermeable,

whereas the the east and west boundaries are assigned constant hydraulic heads

equal to 10 and 20 m-water, respectively. Pure water conditions are assumed in the

aquifer except for an elongated plume of concentration 100 mg/l located near the

west boundary. We simulate the migration of the plume across the domain towards

the east boundary for 30-years period. Figure 6.1 below shows three snapshots of the

polluted domain in time. For simplification, we ignore the reactive effects such as
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radioactive decay, biodegradation and use a linear sorption instead.

Figure 6.1: Reference contaminant spatial maps of the domain after 0, 15 and 30
years. Black squares shown on the left panel correspond to the fixed wells initially
installed for measuring the groundwater concentration.

We conduct twin-experiments in which we perform a reference (or truth) con-

taminant transport simulation and use a perturbed forecast model to reproduce the

reference solution while assimilating perturbed observations. We consider a moni-

toring network of 3 wells distributed uniformly in the domain as shown in the left

panel of Figure 6.1. For updating the prior contaminant ensembles, we assume the

concentration data is available on a yearly basis (i.e., total of 30 EnKF updates).

In addition, we propose to install a new well every 3 years starting from the fourth

year. Thus by the end of the simulation, we will have a total of 12 wells after adding

additional 9. An illustration sketch for this scenario is shown in Figure 6.2.

Figure 6.2: A sketch illustrating the scenario considered in the study for data assim-
ilation. 9 wells are added every 3 years on top of the initially installed 3 (shown in
Figure 6.1).

For installing the wells, we present three different approaches. In the first ap-

proach, we simply select some random locations in the domain. In the second ap-

proach, we choose to maximize the information gain at the time of installation only,

i.e., by solving the optimization problem of equation (6.4). For the most general

approach, we focus on maximizing the expected information gain at the installation
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time plus two years in advance. In other words, we try to find the well location that

is most informative over a 3 years-period right before installing the next well.

We sample the initial ensemble assuming Gaussian conditions by selecting the

mean of the reference run and perturbing around it. To perform data assimilation

in a realistic settings, we perturb the model’s porosity, hydraulic conductivity and

sorption. We also introduce uncertainties to the contaminant source term.

6.3.2 Assimilation Results

In this section, we present assimilation results from the proposed greedy algorithm.

The observational error variance is assumed to be known, which we set as follows.

We use the yearly snapshots of the reference run and evaluate the total variance at

each spatial point in the domain. We then take each diagonal element of Rk to be

equal to 10% of the calculated variance.

Figure 6.3: A contour plot for the objective function of equation (6.4). Optimal and
converged well locations at 6 different installation times are shown by circles and
pentagrams, respectively. The small white rectangles shown on the contour maps
represent existing well locations.
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We first perform a convergence test and run the assimilation scenario described in

Figure 6.2 using the second approach in which optimizing the well location is carried

only at the time of installation. As mentioned, we use for optimization a hybrid

Bisection-Secant algorithm and compare the output results with a full enumeration

run. In the enumeration run, we do not carry any optimization but instead we evaluate

the objective function at every cell in the domain. This would help us visualize the

objective function and find the global minimum; i.e., the optimal location of the well.

In this run, we use an ensemble of 100 contaminant realizations. In Figure 6.3, we plot

the contour maps of the objective function after 4, 10, 16 and 22 years. The contour

maps exhibit spatial patterns similar to the snapshots of the migrating contaminant

plume from the reference run (Figure 6.1) suggesting that the wells located closer to

the plume are more informative than others. In terms of convergence, we see that the

hybrid algorithm works very well and retains reliable solutions that are close to the

optimal ones. On average, convergence occurs in less than 20 iterations.

Next, we run the third approach and use the greedy algorithm over a 3 years-

window, as in equation (6.6), to find the optimal well locations that maximize the

expected information gain over this time interval. We plot the analysis ensemble

variance at every point in the domain after 7, 13, 19 and 25 years. We compare the

results of the proposed greedy scheme to the output of two other optimization-free

runs. In the first run, we randomly place 9 observation wells in the domain and in the

other, we consider a fixed network of 12 wells (distributed uniformly in the aquifer).

We set Ne = 50 and utilize 30 Monte Carlo samples.

Constraining the model outputs with data reduces the uncertainties over time.

This is nicely observed in all 3 runs as shown in Figure 6.4. The proposed greedy

algorithm yields the largest improvements. This is indeed due to the optimal selection

of the well locations that are more or less aligned around the center of the migrating

plume. The run with 12 fixed wells shows smaller ensemble variance during the early



193

assimilation period. This is expected because initially the uncertainties are larger

and more information is available for guiding the system. Nevertheless, after around

15 years (mid simulation period), the proposed algorithm is more accurate. When

we randomly select the 9 wells, the uncertainties in the ensemble statistics are the

largest.

Figure 6.4: Analysis ensemble variance shown from left to right after 7, 10, 22 and 28
years. The top row of subplots are results from a run where a random placement of
the 9 wells is performed. Maps of the middle row are obtained from an assimilation
run where the number of wells is fixed and equal to 12. The bottom row maps are
outputs of the proposed greedy algorithm where the 9 wells are placed by solving the
optimization problem of equation (6.6). Random and converged well locations are
shown by circles and pentagrams, respectively.

6.4 Conclusion

In this Chapter, we tackled the optimal observational design problem in subsurface hy-

drology in a Bayesian filtering context. We proposed a greedy optimization approach

to optimally select the observation wells. The approach is based on maximizing the

expected information gain over a given time interval. We presented this approach

in a Bayesian framework using the well-known ensemble Kalman filter (EnKF). We

evaluated the expected information gain by discriminating between the EnKF-based
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prior and posterior error covariances based on the Kullback-Leibler divergence.

The numerical experiments were based on a synthetic subsurface contaminant

transport system. The experimental results clearly demonstrated the efficiency of the

proposed greedy approach resulting in a significant uncertainty reduction as compared

to random selection techniques.

For future work, one could improve on the inference method by evaluating the

KL divergence using non-Gaussian information, and turning to a full dynamic pro-

gramming formulation to tackle the problem in a non-greedy fashion. The proposed

approach is a practical compromise that appears to work quite well, on a relatively

realistic and large-scale hydrological model. It is also well suited to how filtering

problems are tackled on dynamical systems of this size. Potential further research

will aim at incorporating more sophisticated optimal experimental design methodolo-

gies, keeping in mind the computational burden and the feasibility of implementation

with realistic subsurface models.
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Chapter 7

Concluding Remarks

7.1 Contribution of the Thesis

In this thesis, we considered the prediction problem of groundwater contamination

problem at a regional scale. Polluted groundwater may have serious negative effects,

not only on subsurface aquifers but also on the human health. Thus, understand-

ing and predicting the physics and complexity of this process is very important for

our own safety. The goal was to propose and implement an efficient monitoring/pre-

diction system to track the contaminants in the subsurface for better planning and

decision making. We tackled the problem using sequential data assimilation and pro-

posed different filtering algorithms to improve the characterization of the subsurface

states (e.g., pressure and solute concentration) and parameters (e.g., porosity and

permeability). Briefly, the contents of the thesis can be summed up in four points:

1. Given the one-way coupling between the flow and the contaminant transport,

we propose a dual state-state assimilation scheme in which a consistent sequen-

tial update of the flow is first performed and then followed by the update of the

transport. The strategy involves having a pair of distinct ensemble Kalman fil-

ters (EnKFs) operating in parallel and exchanging information. The scheme is

derived by separating the joint probability function of both flow and transport
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states using marginal density estimation. Experiments show that the proposed

dual assimilation scheme although computationally more intensive than the

joint scheme is rather accurate and robust to different modeling and observa-

tional scenarios.

3. For state-parameters estimation problems, we propose to use a one-step-ahead

smoothing-based joint filter by reversing the order of the forecast and the analy-

sis steps without violating the general Bayesian framework. We also introduced

efficient iterative scheme to further enhance the estimates of the subsurface

parameters. We tested the proposed smoothing-based scheme in an ensemble

filtering framework using synthetic transport and compositional flow models

and compared its performance to standard joint and dual estimation schemes.

The smoothing-based algorithm and its iterative version are computationally

efficient and provide better state and parameters estimates than the joint and

the dual schemes.

4. For large-scale models, we propose to use a hybrid ensemble Kalman filter and

optimal interpolation (EnKF-OI). The EnKF-OI scheme helps mitigating back-

ground covariance limitations due to ensemble under-sampling and neglected

model errors. The idea is to estimate the EnKF forecast error covariance by a

linear combination of the ensemble covariance and a stationary covariance from

an OI system. We extend this idea and include background state and param-

eters cross-correlations to further improve the estimates of the parameters. In

addition, we introduce an adaptive EnKF-OI version in which the individual

importance of the ensemble and the static background statistics are adjusted

by solving a one-dimensional optimization problem every update step. The

scheme is applied for estimating the concentration and biodegradation rates of

chlorinated hydrocarbons at the megasite port of Rotterdam in the Netherlands.
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When compared to standard EnKF, the proposed scheme provides around 80%

more accurate state and parameters estimates and further significantly reduces

the computational cost by a factor of 10.

5. Observational networks in subsurface hydrology are generally restricted to bud-

get and accessibility constraints. Thus, achieving optimal monitoring networks

is generally a complex task. Here, we proposed one efficient solution using a

greedy approach in which optimal well locations are selected after maximizing

the information gain in an ensemble filtering framework. The scheme uses in-

formation theory sequentially to find the most informative wells ahead of time

and thus increasing the economic benefit. We tested this greedy EnKF-based

scheme in a synthetic aquifer system. When compared to random selection

techniques, the proposed scheme exhibits significant uncertainty reduction in

the estimates of the subsurface contaminants.

7.2 Related Work

On top of the work presented in this thesis, I have co-authored seven different journal

papers addressing different assimilation problems in subsurface hydrology and other

related fields. These are listed and summarized below:

1. First author – “Low-Rank Kalman Filtering for Efficient State Estimation of

Subsurface Advective Contaminant Transport Models” Article published in Jour-

nal of Environmental Engineering (doi:10.1061/(ASCE)EE.1943-7870.0000484).

In this paper, we consider the data assimilation problem in a linear subsur-

face flow and transport model using a low-rank filtering approach. We show

that working with low-rank covariance matrices may significantly speed-up the

computations and eventually yield accurate flow and contaminant estimates.

We compare the estimates from three different filters, namely the Kalman filter

http://dx.doi.org/10.1061/(ASCE)EE.1943-7870.0000484


198

(KF), singular evolutive Kalman filter, and the singular fixed Kalman filter to

investigate the accuracy of the estimates and the computational complexity of

the schemes. We further study the impact of the model errors on the filters.

2. Second author – “A Reduced Adjoint Approach to Variational Data Assimila-

tion” Article published in Computer Methods in Applied Mechanics and Engi-

neering (doi:10.1016/j.cma.2012.10.003).

In this work, we propose a reduced adjoint technique for efficient data assimi-

lation using variational (4D-Var) framework. The method is based on running

the forward subsurface flow-transport model in full space while running the ad-

joint (backward) model in a reduced space. The reduced space is obtained by

projecting the state of the system on the leading POD modes. We show that

applying the optimization of the 4D-Var problem back in full space would result

in a highly efficient reduced-order 4D-Var algorithm.

3. First author – “Complex Step-based Low-Rank Extended Kalman Filtering for

State-Parameter Estimation in Subsurface Transport Models” Article published

in Journal of Hydrology (doi:10.1016/j.jhydrol.2013.12.004).

In this paper, we introduce the use of complex-step approximations (CSM) in

the context of low-rank extended Kalman filters (SEEK). The experimental re-

sults show that in weakly nonlinear transport systems, approximating model

gradients using complex Taylor expansions, rather than standard finite differ-

ences, may strongly enhance the performance and eventually result in improved

contaminant and conductivity estimates. We also compare the proposed CSM-

SEEK scheme to the popular ensemble Kalman filter (EnKF). The proposed

filter shows significant improvements in the parameter estimates for small filter

covariance ranks.

4. First author – “Constraining a Compositional Flow Model with Flow-Chemical

http://dx.doi.org/10.1016/j.cma.2012.10.003
http://dx.doi.org/10.1016/j.jhydrol.2013.12.004
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Data using an Ensemble-based Kalman Filter” Article published in Water Re-

sources Research (doi:10.1002/2013WR014830).

In this paper, we introduce the use of essential chemical composition data to

constrain subsurface states and parameters such as pressure and permeability.

We show that integrating chemical data, on top of regular pressure and satu-

ration data, with compositional flow models is very beneficial and can highly

improve the characterization of the subsurface. We also compare two popular

estimation strategies for states and parameters namely; joint and dual estima-

tion schemes. The experimental results show that the dual scheme outperforms

the joint strategy if a large enough ensemble of states and parameters is used.

5. Third author – “Mitigating Observational Error Under-sampling in the Stochas-

tic EnKF” Article accepted for publication in Monthly Weather Review.

This paper introduces an efficient serial assimilation scheme to mitigate the im-

pact of under-sampling observational error in the analysis step of the EnKF. The

scheme is simple to implement requiring only the approximation of the EnKF

sample forecast error covariance matrix by a matrix with one rank less. The

scheme is tested using Lorenz-96 model and is shown to enhance the behavior

of the EnKF even when implemented with relatively small ensembles.

6. Second author – “Variational-based Dual Ensemble Kalman Filtering for State-

Parameters Estimation in Subsurface Hydrology” Article submitted to Water

Resources Research.

This paper introduces a dual EnKF scheme based on the variational Bayesian

(VB) approach in which the order of the forecast-update steps is reversed. The

scheme introduces a new update step to the state in a fully consistent Bayesian

framework, which is shown to enhance the performance of the dual filtering ap-

proach without any significant increase in the computational cost. The method

http://dx.doi.org/10.1002/2013WR014830
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is tested in a subsurface flow model and its performance is compared to stan-

dard joint and dual schemes. On average, the new scheme is shown to provide

20% more accurate pressure and permeability estimates.

7. Second author – “Monte Carlo Gaussian Mixture Filter with Three Variants

for State-Parameters Estimation in Subsurface Hydrology” Article submitted

to Water Resources Research.

This paper introduces a Gaussian mixture Monte Carlo filtering framework to

better handle the assimilation problem with high dimensional nonlinear systems.

Three different clustering methods for building the Gaussian mixture forecast

model are proposed and tested. The framework is evaluated with a subsurface

transport model in which the contaminant concentration and hydraulic conduc-

tivity are estimated. Based on the magnitude of the kernel function and the

Gaussian component size, the filter’s performance may become equivalent to

the particle filter or the EnKF.

7.3 Future Research

Several modeling and assimilation aspects in this thesis deserve further investigation.

Potential future research includes the following:

• Preparing a comparative detailed study of all assimilation techniques developed

in this thesis using the contamination problem at the port of Rotterdam. This

would include testing the joint EnKF, dual EnKF, hybrid EnKF-OI, adaptive

hybrid EnKF-OI, smoothing-based joint EnKF, and the iterative smoothing-

based joint EnKF. This study would serve as a reference for assessing the accu-

racy, efficiency, and robustness of different assimilation schemes in large-scale

nonlinear reactive transport modeling.
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• Generalizing the dual estimation technique introduced in Chapter 2 to two-

way coupled models is an interesting problem to investigate. This is important

especially in compositional flow models in which both the flow and the transport

exchange information. The challenge is then to write the marginal estimation

problem in a consistent fashion given the two-way coupling between the models.

It is also attractive to generalize the one-step-ahead smoothing filter to state-

state estimation problems.

• The adaptive hybrid EnKF-OI scheme of Chapter 4 is based on finding the

weighting factors that minimize the total variance of the updated state and

parameter statistics. A more extensive approach is to look for the weighting

factors that take into account not only the variance of estimates but also their

bias. Minimizing the variance only in the presence of strong modeling uncer-

tainties may result in ensemble estimates that posses small variance but also

far from the truth.

• The assimilation study with the reactive contaminant transport model at the

port of Rotterdam in Chapter 5 consisted of a small area (≈ 1.5 km2 horizon-

tally). Assimilating industrial contaminant data from the entire port area is

rather needed and certainly more informative. However, using the current dis-

cretization setup, the computational cost would be extremely prohibitive. To

overcome this, one could consider discretizing the port area using a Lagrangian

approach in which contaminant concentrations become associated with fluid el-

ements or particles that move along prevailing streamlines (velocity field). The

challenge is then to build an EnKF assimilation framework that supports the

streamline-based model formulation.

• In terms of wells placement and observation networks, one could improve the

proposed algorithm by evaluating the Kullback-Leibler divergence using non-
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Gaussian information, and turning to a full dynamic programming formula-

tion to tackle the problem in a non-greedy fashion. However, one should also

pay attention to the feasibility of implementation and computational burden

in large-scale hydrological models. More sophisticated optimal experimental

design methodologies could be tested on the contamination problem of the

Rotterdam model. The problem could also be implemented in a smoothing

framework.
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[56] J.-P. Drécourt, H. Madsen, and D. Rosbjerg, “Calibration framework for a

kalman filter applied to a groundwater model,” Advances in water resources,

vol. 29, no. 5, pp. 719–734, 2006.



209

[57] G. Nævdal, L. M. Johnsen, S. I. Aanonsen, E. H. Vefring et al., “Reservoir

monitoring and continuous model updating using ensemble kalman filter,” SPE

journal, vol. 10, no. 01, pp. 66–74, 2005.
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[121] H. Zhou, J. J. Gómez-Hernández, and L. Li, “Inverse methods in hydrogeology:

evolution and recent trends,” Advances in Water Resources, vol. 63, pp. 22–37,

2014.
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APPENDICES

A Objective Functions Derivation

Consider at time tk the following joint state-parameters sample covariance matrix:

Pfk =

 P̃f
xx P̃f

xθ

P̃f
θx P̃f

θθ

 . (A.1)

The analysis error covariance matrix, Pak , which is not explicitly needed for imple-

menting the EnKF, matches that of the KF based on the forecast ensemble covariance,

as follows:

Pak =
(
I −KkH̃k

)
Pfk = Pfk −Kf

kH̃kPfk , (A.2)

where Kk is the Kalman gain estimated from the joint state-parameters ensemble.

The Kullback-Leibler (KL) divergence criterion, ξ, maximizes the difference between

the prior and the posterior distributions:

ξ = Pfk − P
a
k = Kf

kH̃kPfk . (A.3)
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Expanding all terms and substituting equation (A.1) into equation (A.3):

ξ = Kf
k

[
Hk O

] P̃f
xx P̃f

xθ

P̃f
θx P̃f

θθ

 = Kf
k

[
HkP̃

f
xx HkP̃

f
xθ

]
,

=

 P̃f
xxH

T
k

(
HkP̃

f
xxH

T
k + Rk

)T
P̃f
θxH

T
k

(
HkP̃

f
xxH

T
k + Rk

)T
[ HkP̃

f
xx HkP̃

f
xθ

]
,

=

 P̃f
xxH

T
k

(
HkP̃

f
xxH

T
k + Rk

)T
HkP̃

f
xx P̃f

xxH
T
k

(
HkP̃

f
xxH

T
k + Rk

)T
HkP̃

f
xθ

P̃f
θxH

T
k

(
HkP̃

f
xxH

T
k + Rk

)T
HkP̃

f
xx P̃f

θxH
T
k

(
HkP̃

f
xxH

T
k + Rk

)T
HkP̃

f
xθ

 ,

≡

 P̃f
xx − P̃a

xx P̃f
xθ − P̃a

xθ

P̃f
θx − P̃a

θx P̃f
θθ − P̃a

θθ

 . (A.4)

Thus, the objective functions in equations (5.19) and (5.20) are obtained as the first

and second diagonal elements of the joint KL criterion, ξ, respectively. Note that

evaluating these two objective functions involves computing the trace for matrices

of dimensions (Nx ×Nx) and (NΘ ×NΘ). This imposes prohibitive computational

burden especially in large scale hydrology problems in which memory storage issues

become pronounced. To overcome this, one could perform a small algebraic trick

and obtain the trace in a slightly different and more efficient way. For instance, the

objective function of equation (5.19) can be rewritten as:

tr

P̃f
xxH

T
k︸ ︷︷ ︸

A

(
HkP̃

f
xxH

T
k + Rk

)T
HkP̃

f
xx︸ ︷︷ ︸

B

 = sum
[
A ◦BT

]
, (A.5)

where sum denotes the sum of all matrix elements and ◦ refers to an element by

element multiplication (Schur product). Note that the dimension of matrices A and

B is (Nx ×Ny) and thus, computing the Schur product can be very fast.
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B Usage and Health Risks of

Chlorinated Hydrocarbons

Below is a summary of the characteristics, usage, and health risks posed by the

chlorinated hydrocarbons; PCE, TCE, DCE, and VC [171, 172, 173, 174, 175, 176,

177, 178, 179]:

1) Tetrachloroethene (PCE): “C2Cl4”

– PCE is a colorless liquid widely used for dry cleaning of fabrics. It is a

common soil contaminant and a DNAPL with specific gravity larger than

1, which causes it to sink below the water table.

– Classified by the International Agency for Research on Cancer as a Group

2A carcinogen. It dissolves fats from skin, resulting in skin irritation and

posibly Parkinson’s disease.

– Degradation daughter products: Trichloroethene, cis-1,2-Dichloroethene,

Vinyl Chloride, and Ethene.

2) Trichloroethene (TCE): “C2HCl3”

– TCE is a DNAPL, clear, non-flammable liquid with sweet smell. It is com-

monly used as a volatile anesthetic and as an inhaled obstetrical analgesic.

It has been also used as a dry cleaning solvent.

– High concentrations may result in tachypnea, cranial nerve disfunction,

facial numbness and possibly liver cancer.



226

– Degradation daughter products: cis-1,2-Dichloroethene, Vinyl Chloride,

and Ethene.

3) Cis-1,2-Dichloroethene (DCE): “C2H2Cl2”

– DCE is a DNAPL, highly flammable, colorless liquid with a sharp harsh

odor. It is used as a solvent for waxes and resins. It can be used also to

extract rubber, for manufacturing artificial pearls, and to extract oils and

fats from fish and meat.

– On the short term, it can cause central nervous system depression. On

the long term, a damage of the liver and circulatory nervous system may

happen.

– Degradation daughter products: Vinyl Chloride and Ethene.

4) Vinyl Chloride (VC): “C2H3Cl”

– DCE is a colorless compound and important industrial chemical used to

produce polymer polyvinyl chloride (PVC). It is also used in aerosol spray

propellants and as an inhalation anesthetic. Further, it can be used in

furniture and automobile upholstery and wall coverings.

– Possible risks are liver damage, liver cancer, and depression.

– Degradation daughter products: Ethene.
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