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ABSTRACT

Next generation wireless networks are expected to provide high data rate and satisfy

the Quality-of-Service (QoS) constraints of the users. A significant component of

achieving these goals is to increase the efficiency of wireless networks by either opti-

mizing current architectures or exploring new technologies which achieve that. The

latter includes revisiting technologies which were previously proposed, but due to a

multitude of reasons were ignored at that time. One such technology is relaying which

was initially proposed in the latter half of the 1960s and then was revived in the early

2000s. In this dissertation, we study relaying in conjunction with resource allocation

to increase the efficiency of wireless networks. In this regard, we differentiate between

conventional relaying and relaying with buffers. Conventional relaying is traditional

relaying where the relay forwards the signal it received immediately. On the other

hand, in relaying with buffers or buffer-aided relaying as it is called, the relay can

store received data in its buffer and forward it later on. This gives the benefit of

taking advantage of good channel conditions as the relay can only transmit when the

channel conditions are good.

The dissertation starts with conventional relaying and considers the problem of

minimizing the total consumed power while maintaining system QoS. After upper

bounding the system performance, more practical algorithms which require reduced

feedback overhead are explored. Buffer-aided relaying is then considered and the joint

user-and-hop scheduler is introduced which exploits multi-user diversity (MUD) and
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multi-hop diversity (MHD) gains together in dual-hop broadcast channels. Next joint

user-and-hop scheduling is extended to the shared relay channel where two source-

destination pairs share a single relay. The benefits of buffer-aided relaying in the

bidirectional relay channel utilizing network coding are then explored. Finally, a new

transmission protocol for overlay cognitive radios is derived. This protocol utilizes

relays with buffers, requires only causal knowledge of the primary’s message at the

secondary and incentivizes the primary to cooperate with the secondary and share

its codebook.
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Chapter 1

Introduction

Wireless communications has undergone rapid growth in the last two decades. Cel-

lular telephony along with increasing demand of wireless connectivity has been the

major driving force behind this surge [1]. It has also been helped by progress in very

large scale integration (VLSI) technology which enables complex and sophisticated

circuitry and algorithms to be implemented on small and low-power consuming chips.

In recent years, the focus has shifted away from voice to data communications [2].

Hence, it is now well-known that next-generation wireless systems are prospected to

provide large gains in the supported data rate targets and quality-of-service (QoS)

constraints as well as increasing the overall efficiency of wireless networks [2]. In this

regard, three issues take on notable importance:

1. Exploring new techniques and technologies to improve system performance and

efficiency.

2. Revisiting and improving existing and previously known methodologies and

techniques.

3. Optimizing resource allocation to enhance efficiency and system performance.
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The work in this dissertation deals with the latter two issues. In this work, the focus

is on a well-known concept, relaying, and on optimization and innovations in this

concept to improve the performance of wireless communication systems. However,

before delving into the details of relaying, resource allocation and the contribution of

this work, we start with one of the fundamental drawbacks of wireless systems and

how it was exploited to improve wireless systems.

1.1 Fading and Diversity

In a wireless channel, multiple copies of the transmitted signal are received at the re-

ceiver because of reflections and scattering. These multiple copies add constructively

or destructively leading to drastic changes in signal strength. This phenomenon is

known as fading [3]. In the worst case scenario, the copies cancel each other out and

cause what is termed as a deep fade.

Diversity techniques have been employed to combat the effects of fading [4]. In

diversity, multiple copies of the signal are sent over the channel such that each copy

experiences independent fading conditions. Hence, increasing the likelihood of reliable

communication as long as one of the paths is strong. There are three main types of

diversity techniques: time, frequency and space. In time diversity, multiple copies of

the same signal are sent over a period of time. The interval between two copies must

be greater than the coherence time, the time interval in which the channel response

is assumed to be correlated, of the channel. In frequency diversity, the copies are

sent over different frequency bands. The bandwidth of each band should be greater

than the coherence bandwidth, the frequency range over which the channel response

is assumed to be correlated, of the channel.

The last and more popular of the diversity techniques is space diversity. In spatial
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diversity, multiple copies of the signal are sent over channels occupying different

space intervals. This is mostly accomplished through multiple-input-multiple-output

(MIMO) systems, in which the transmitter and receiver are equipped with multiple

antennas. There has to be a minimum separation between the antennas to ensure

that the copies sent experience independent fading. However, this separation might

not be possible in small mobile devices. Hence, attention turned to relays which can

form virtual MIMO systems.

1.2 Relaying

The classical relay channel model, shown in Fig. 1.1, was first proposed in the infor-

mation theory literature in the late 1960’s and early 70’s [5, 6, 7]. However, due to

practical constraints little work was carried out on relays until recently [8, 9, 10]. Ad-

vances in wireless communications technology have now rekindled interest in relays.

Relaying exploits spatial diversity by employing antennas distributed over multiple

terminals. Hence, each terminal can have less number of antennas and less number

of RF chains. These terminals combined act as a distributed MIMO system [11]. It

has also been shown that relaying can enhance the coverage and capacity of wire-

less networks [12, 13]. In particular, relaying can evidently enhance the transmission

capacity for users at the edge of a wireless cell. In addition to the other benefits,

cooperative relaying reduces energy consumption [14, 15]. Thus, introducing relays

can lead to significant improvements in wireless networks.

There are two main strategies of relay deployment: access-point relaying and

cooperative relaying. In access-point relaying, fixed relays are deployed as access-

points which aid users in communicating with source(s) such as base station [16].

In cooperative relaying, users themselves act as relays for different users [8]. Hence,
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SOURCE DESTINATION 

RELAY 

 

 

Figure 1.1: A three terminal relay channel with a single source-destination pair aided
by a relay.

forming a cooperative network and exploiting what is termed as cooperative diversity.

At this point in time, cooperative relaying is mostly limited to literature and still

needs more work to make it feasible. On the other hand, fixed access-point relaying

is already being incorporated into telecommunications standards. For instance, in

Long Term Evolution (LTE)-Advanced systems, fixed access-point relays with only

an in-band wireless connection to the backhaul network are to be deployed [17, 18, 19].

In this dissertation, we consider both these deployment strategies.

Following on from deployment strategies, there are two main relaying protocols;

namely, half-duplex relaying and full-duplex relaying. In full-duplex relaying [20], the

relay can transmit and receive at the same time and at the same frequency band. In

half-duplex relaying [21], the relay can only either transmit or receive at the same time

and at the same frequency band. Thus, transmission in half-duplex relaying is divided

into two phases. In the first phase, the source transmits to the relay and in the second

phase the relay forwards the received signal to the destination. Half-duplex relaying

is currently preferred over full-duplex relaying due to the latter’s problem of self-

interference which can significantly degrade performance and may render full-duplex
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relaying infeasible. This limitation of full-duplex relaying stems from the capability of

the current radio technology and is expected to improve in future. However, currently

half-duplex relaying is preferred. Hence, throughout this work, half-duplex operation

is assumed.

After discussing deployment and relaying protocols, we move onto data processing

protocols. There are two main data processing protocols for relays [10]:

• Amplify-and-forward (AF): These relays first amplify the signal received

from the source and then forward it to the destination. The advantage of AF

relays is that they are simple to implement. However, the drawback of these

relays is that they cannot detect errors in the received signal. Due to their low

cost and ease of implementation, they are currently used in signal repeaters [13].

• Decode-and-forward (DF): These relays first decode the received signal.

Then they re-encode the signal; after which it is forwarded to the destination. As

the relay decodes the signal, it can detect errors present in the signal. However,

this comes at the cost of added complexity which can be difficult to incorporate

in relays which usually need to be simple and inexpensive. Moreover, if there

is decoding error, it will propagate.

In this work, both AF and DF relays are considered. For a more detailed look at

relaying, the interested reader is referred to these works [8, 9, 10, 11, 22, 23, 24, 25,

26, 27, 28, 29, 30, 31, 12, 32, 33, 34, 35, 36, 37].

1.3 Resource Allocation

The second main theme of this work is resource allocation. Resource allocation is

prospected to be an integral part of next generation wireless systems to achieve high
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data rate and QoS demands. The importance of resource allocation stems from

the fact that resources available to a wireless communication system are limited.

These resources include channel, bandwidth, time, power etc. It is essential to utilize

these resources as efficiently as possible. The spectrum (bandwidth) is of particular

importance as it is shared across multiple service providers and is the main bottleneck

impeding the performance of wireless networks [38]. Thus, it is desirable to exploit

any sources of gain available in the system and to allocate these resources to maximize

this exploitation.

This work mainly focuses on two main aspects of resource allocation: channel

and power allocation. Channel allocation is the process of allocating a particular

wireless channel at a specific time and at a specific frequency to a specific node

for transmission or reception. This is particularly important in multi-user systems in

which multiple users compete for system resources. Hence, multi-user scheduling [39],

i.e. allocating the system resources either partially or fully to a user for a fixed time

and frequency, has to be carried out. Power allocation, which is well known to enhance

system performance [40], is the other resource on which the work in this dissertation

focuses. Furthermore, emerging communication systems, such as LTE, are aided by

adaptive transmission schemes (i.e. modulation and coding) and dynamic resource

allocation and multi-user scheduling methods [41]. Therefore, resource allocation is

both essential and applied in practice.

1.4 Relaying with a Buffer

Buffers have been an integral part of communication systems. However, they have

been mostly used at the network layer. Recent years have seen attempts to utilize

the buffers at the physical layer including in relaying. Relays equipped with buffers
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has been the subject of research in recent years [42, 43, 44, 45, 46, 47]. Conventional

relaying without buffers has the drawback that the performance is always limited by

the weaker hop1. To alleviate this, a buffer can be utilized at the relay which can

store data and the relay can transmit when the channel conditions are good. This

idea of storing data at relays and then forwarding was first introduced, to the best

of our knowledge, in [48]. Reference [48] considered a vehicular network with mobile

users communicating with each other. The basic idea presented in [48] was that the

mobile nodes equipped with buffers in a cooperative relaying setting can store data

and only transmit or receive when they are near a particular node so that the channel

between the two nodes is good.

Lately, efforts have been made towards adaptive transmission protocols which

truly exploit the benefits of relays with buffer [43, 47]. These works utilize the term

buffer-aided relaying to differentiate with conventional relaying. The work on relaying

with buffers presented in this thesis was initially carried out without knowledge of

these works. Hence, the initial work on relays with buffers (Chapter 3) presented in

this thesis does not take advantage of the results presented in [43]. However, later

works (or chapters in this dissertation) do as will become apparent later on.

1.5 Main Contributions

The main concepts discussed in this dissertation have now been highlighted. Al-

though, this thesis also considers other important concepts which enhance the effi-

ciency of wireless communication systems like network coding (NC) and cognitive

radios, the overarching concepts of this work are relaying, particularly buffer-aided

relaying, and resource allocation and hence, are introduced here. The other concepts

1The source-relay link is the first hop and the relay-destination link is the second hop.
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like NC and cognitive radios are discussed when the specific problems relating to these

concepts are considered in Chapters 5 and 6, respectively.

Below, a summary of the contribution of each chapter is given:

1. Chapter 2 considers the classical dual-hop channel with multiple AF relays

aiding a single source-destination pairs. The relaying is assumed to be conven-

tional and the relays are not equipped with buffers and have to forward the

data immediately. For such a setup, the problem of efficiently allocating power

to the relays is considered while maintaining a constraint on the QoS under

Nakagami-m fading.

2. Relaying with buffers is first considered in Chapter 3. This was the first work

done on buffer-aided relays by us. Chapter 3 introduces the concept of joint

user-and-hop scheduling to exploit multi-user diversity (MUD) and multi-hop

diversity (MHD) gains jointly in dual-hop broadcast channels. As this is the

first work undertaken on relays with buffers, the notation utilized in Chapter 3

is a little different from later chapters where the notation is more formalized.

The notation utilized in Chapter 3 is not as formalized as later chapters, but

is easier to follow and shows the progression in the work carried out for this

dissertation. Hence, it is retained in this thesis.

3. Chapter 4 extends the concept of joint user-and-hop scheduling to the shared

relay channel which combines the multiple-access (MAC) and broadcast chan-

nels.

4. Chapter 5 examines the bidirectional relay channel with buffer-aided relays.

Under the constraint of orthogonal transmission, the optimal scheduling pol-

icy is derived to maximize the achievable rate region. Another work [49] also
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considered this problem. However, our work came earlier and the works differ

in the sense that in the work presented in this thesis, linear NC is assumed

whereas [49] assumed ‘optimal’ NC.

5. Chapter 6 proposes a novel overlay cognitive radio transmission protocol which

enhances the achievable rate region. The protocol involves cooperation between

the licensed (primary) and unlicensed (secondary) users and incentivizes the

primary user to cooperate with the secondary and share its codebook. The

protocol also utilizes relaying capability with buffers.

One last thing to point out before we delve into the technical work of this disserta-

tion is that for relaying with buffers it is assumed that there are no delay constraints.

Even though such a constraint is not practical in most cases, it gives an idealized

scenario which provides insight and an upper bound on the achievable rate region.

Including delay constraints will result in an achievable rate region less than the ide-

alized case. Moreover, there are also practical applications which can tolerate delays

of minutes and even hours as noted in [48]. Such examples include electronic mail,

database synchronization between a mobile terminal and a central database, and

certain types of event notification [48].
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Chapter 2

Enhancing the Efficiency of

Constrained Dual-hop

Variable-gain AF Relaying under

Nakagami-m Fading

2.1 Introduction

Recent years have seen energy-efficiency becoming an important metric in evaluating

the performance of wireless networks [50]. This is mainly due to two reasons [51]. The

first is the environmental impact. Base stations burn considerable amount of fuel to

generate the required electrical power [52, 53]. Hence, there is an urgent need to lessen

the carbon footprint of wireless networks. The second reason is the operating costs

[54]. An increase in power consumption means a direct increase in operating costs

which is undesirable for mobile vendors and operators. Moreover, mobile terminals

have a limited battery life which needs to be preserved. Due to these reasons, many

new protocols and strategies have been proposed to enhance the energy-efficiency of
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wireless networks. Moreover, previously known concepts have also been revisited.

One such concept, as noted before, is cooperative relaying. However, coopera-

tive relaying comes with its own challenges. Two challenges that are associated with

cooperative relaying are the availability of channel state information (CSI) and the

processing power at the relay nodes [55]. These are particularly important in the con-

text of energy-efficiency as enhancing energy-efficiency requires allocating the power

as efficiently as possible which in turn requires availability of CSI and sophisticated

signal processing hardware at the relay nodes. However, having more CSI available at

the relays increases feedback overhead. Additionally, as feedback requires transmis-

sion of data, it also consumes power and adds to the carbon footprint. Moreover, to

perform power allocation, relays might need to utilize sophisticated hardware which

further increases their complexity and increases their power consumption. However, in

practical scenarios, it is difficult to achieve this complexity, as in cooperative relaying,

the relays are small mobile nodes, which are traditionally simple and are constrained

in power. Therefore, it is desirable to have efficient power allocation algorithms which

are simple to implement and require less overhead. This work attempts to address

these issues jointly in the context of dual-hop variable-gain AF relaying.

Previous relevant works include the following. Optimal relay power allocation to

minimize the outage probability of a variable-gain dual-hop AF relay network with

multiple relays was studied in [56]. In this article, both an all-participate (AP) scheme

in which all the relays forward the signal from the source to the destination and a

relay selection scheme in which only the selected relay forwards the signal were pre-

sented. Additionally, [56] considered both full CSI at the relays and knowledge of

only channel statistics at the relays. Power allocation algorithms were proposed for

both schemes and the optimal selection criterion for relay selection was also obtained
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under Rayleigh1 fading. Using a similar model but with different assumptions and

approximations, [57] obtained power allocation to minimize the outage probability of

a multiple AF relay network under Rayleigh fading. Unlike [56], [57] only considered

AP relaying. Both [56] and [57] used bounds on the outage probability as it was

difficult to optimize the exact outage probability. Another work which considered

power allocation for AF relaying in Rayleigh fading is [58]. Unlike the previously

discussed works, this work assumed AF relaying with distributed space-time coding.

The authors in [58] showed that adopting the transmission protocol proposed in [59]

leads to a new opportunistic relaying scheme if power allocation based on maximiz-

ing instantaneous end-to-end SNR is applied. They calculated the optimal power

allocation between the two phases of source transmission and relay transmission and

then performed performance analysis by deriving the symbol error rate (SER) for M -

ary phase shift keying (PSK). The work then proceeded to propose power allocation

schemes for minimizing the obtained SER. One of the major contributions of [58] was

that the proposed power allocation schemes only depends on the channel statistics.

Reference [60] studied power allocation for multiple variable-gain AF relays with

partial CSI and AP relaying. The authors made two assumptions on the available

CSI at the relays and at the destination. In the first assumption, they assumed that

each relay only had knowledge of all source-relay link instantaneous channels and the

destination had full CSI. In the second assumption, they assumed that each relay

had only instantaneous knowledge its own source-relay link and the destination had

only instantaneous knowledge of the source-destination and relay-destination links

and only channel statistics knowledge of the relay-destination links. Under both

assumptions on the CSI, [60] maximized the end-to-end SNR by optimally allocating

1This specifies the probabilistic model used to represent the channel fading process. For Rayleigh
fading, the channel amplitude is modeled as Rayleigh distributed.
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power to the relays for Rayleigh fading channels. We studied energy-efficient power

allocation for an AP fixed-gain AF relay network requiring only the knowledge of

the instantaneous channel responses of the second hop and channel statistics of the

first hop, and requiring only the knowledge of the channel statistics of all the links in

[51] and [61], respectively. In both works, we considered the problems of maximizing

the end-to-end SNR under individual and overall power constraints and minimizing

the total power consumed while ensuring that the end-to-end SNR remains above a

certain threshold value. Also, [61] assumed Nakagami-m fading. Moreover, [61] also

studied the full CSI case as a benchmark case.

Power minimization for a source-destination pair aided by multiple variable-gain

AF relays with full CSI for AP relaying was considered in [62]. The authors formulated

the problem as a sum relay power minimization problem under peak power constraints

on the relays and the end-to-end SNR constraint. However, there seem to be errors

in their solution. Equation (3) in [62] does not seem to be correct. According to (2)

in [62], equation (3) should read

sj = Gj
√
xjrj =

√
xjEj,max√

Es|hS,j|2 +Nj

rj. (2.1)

Following on from this error, the formulated optimization problem in (7) is incorrect.

Furthermore, the work claims that the optimization problem in (7) is non-convex.

However, this is not true. It can be easily shown that the problem is convex. Then

[62] proceeded to transform the problem to a ‘convex one’ using a transformation and

after accomplishing this, solves the problem using the software cvx. We address these

issues as well as differentiate the work in this chapter from [62] below when we detail

the contribution of our work.

In this work, we consider the classical cooperative relaying model of a source
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node communicating with a destination with the aid of m variable-gain AF relays.

The source and destination are also connected through a direct link. We consider two

relaying strategies, AP and selective, and two assumptions on the available CSI at the

relay, full knowledge of all the links, and full knowledge of all the source-relay links

and knowledge of channel statistics of the source-destination and relay-destination

links. We obtain power allocation algorithms to minimize the consumed power while

maintaining the end-to-end SNR over a certain threshold for the aforementioned two

relaying strategies under the two aforementioned assumptions on the available CSI at

the relays for Nakagami-m fading which is a generalized distribution and contains the

Rayleigh distribution as a special case. Additionally, we also consider the problem of

maximizing the end-to-end SNR under assumption of full knowledge of all the links

and full knowledge of all the source-relay links and knowledge of channel statistics of

the source-destination and relay-destination links. In keeping with the theme of this

work, we provide efficient and simple to implement power allocation algorithms for all

the considered optimization problems. It is noted here that like the above cited works,

we only concentrate on transmission power and do not account for the circuit power.

Circuit power takes on a more prominent role in short range communications while

transmission power is more important for long range communications [63]. Hence, the

algorithms in this work are more suited for long range communications. However, are

applicable to short range as well, but will not enhance efficiency much as compared

to long range communications.

The contribution of this work over previous works is summarized as follows:

• This work differs from [51] and [61] by considering variable-gain AF relays in-

stead of fixed-gain AF relays. Both [51] and [61] utilize a fixed-gain relay model

which does not depend on the instantaneous source-relay channel nor the in-

stantaneous source power which leads to joint optimization of source and relay



31

powers. However, this is not the case for variable-gain AF relaying, except for

selective relaying, as we will demonstrate in later sections. Moreover, as this

work uses variable-gain relaying, the problem formulation here is completely dif-

ferent from [51] and [61] for all scenarios considered and this leads to completely

different solutions.

• Unlike [56] and [57], this work studies the problem of minimizing the total

consumed power under peak power constraints on the individual nodes and a

maximum threshold constraint on the end-to-end SNR. Specifically the works

in [56] and [57] minimized outage probability under a total power constraint,

while this work minimizes the total consumed power under an end-to-end SNR

constraint. Similarly, [60] considers SNR maximization under power constraints.

• This work considers Nakagami-m fading while all these previous works consid-

ered the special case of Rayleigh fading. Works which consider Nakagami-m

fading for relaying systems have mostly done it from a performance analysis

point of view [64, 65, 66]. Works which have looked at resource allocation in

AF relaying systems under Nakagami-m fading include [61]. We have already

discussed the difference between this work and [67, 61]. Reference [67] looked

at the problem of minimizing a pairwise error probability (PEP) bound under

power constraints on the system which is quite different from the problem we

consider here. Additionally, the work in [67] considered only a single relay.

• This work also generalizes the work done in [60] by considering the end-to-end

SNR maximization problem for the partial CSI case for Nakagami-m fading.

Reference [60] considered this problem for Rayleigh fading.

• This work differs from [58] by adopting a different transmission protocol. In
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this work, we assume a time orthogonal setup rather than using distributed

space time codes. Also, as stated earlier, we assume Nakagami-m fading rather

than Rayleigh fading. Additionally, [58] only considered an opportunistic relay-

ing scheme whereas we consider AP relaying and selective relaying. Moreover,

the power allocation algorithm in [58] worked on minimizing the SER whereas

we consider power minimization under SNR constraints. Furthermore, the two

power allocation schemes proposed in [58] work on the exact moment generat-

ing function (MGF) and an approximation of it, respectively, in the high SNR

regime. For the exact scheme, the power allocation had to be found through

solving a set of non-linear equations involving the upper incomplete Gamma

function. Hence, the need for the approximate scheme. The optimization prob-

lem for the approximate scheme was convex only in the high SNR regime and in

that regime an iterative procedure to proposed to obtain the power allocation.

In contrast, in our work, as we show later on, we obtain simple closed-form

expressions for most of the problems and only resort to numerical techniques on

two occasions. Even on those occasions, we show that the optimization problem

is convex/concave in the region of interest and can be efficiently solved.

• This work also differs from the work in [62] for the case of AP relaying with full

CSI. Even though both works look at exactly the same problem with the same

constraints, the approaches to the solutions are quite different. The specific

differences between this work are: Firstly, we correct the errors in [62]. Secondly,

we do not ignore the 1 in the denominator and consider the direct link. Thirdly,

we recognize that the formulated optimization problem is convex. Fourthly,

we provide closed-form solution of the relay powers as well as the Lagrange

multiplier. Fifthly, we also consider full CSI with selective relaying which [62]
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did not consider.

The rest of the chapter is organized as follows. Section 2.2 describes the system

model. Section 2.3 consider power allocation under the full CSI assumption for the

power minimization problem. Consumed power minimization with partial CSI is

considered in Section 2.4. Section 2.5 presents the power allocation schemes for SNR

maximization with partial CSI. Numerical results are discussed in Section 2.6 to

quantify the performance of the proposed algorithms. Finally, Section 2.7 concludes

the chapter.

2.2 System Model

Consider the system shown in Fig. 2.1. The system comprises of a source node (S),

a destination node (D) and M variable-gain AF relay nodes (R). The source node is

connected to the destination node through a single-hop direct link and M dual-hop

links through the relays. It is noted here that this work contains the case of no direct

link as a special scenario which can be obtained by setting the S-D channel to 0. The

relays are assumed to work in half-duplex mode and hence, cannot simultaneously

transmit and receive over the same frequency at the same time. The relays are also

assumed to be equipped with a single antenna. The system is assumed to operate in

Time Division Multiple Access (TDMA) mode. Therefore, the source and the relays

transmit on time orthogonal channels. However, the analysis and algorithm provided

in this work are general and are applicable to both frequency and code orthogonal

channels.

The signal is transmitted in two phases. In the first phase, the source broadcasts

the signal to the relays and the destination. In the second phase, the relays forward

the signal to the destination. For AP relaying, all the M relays forward the signal to
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Figure 2.1: System model

the destination. Hence, to transmit one packet of information, M + 1 time slots are

required. For selective relaying, only the selected relay2 forwards the signal to the

destination. Thus, selective relaying utilizes a total of 2 time slots. The destination

combines the received signals using maximal-ratio-combining (MRC).

A block-fading channel model is assumed here. It is assumed that the channel

gain of each link remains constant for transmission of one packet and changes inde-

pendently from one packet transmission phase to another. Furthermore, all the links

are assumed to undergo independent fading. The fading gains of all the links are

modeled as Nakagami-m random variables (RVs) [68]. It is assumed that the desti-

nation has full CSI of all the links so that it can perform MRC. At the relays, two

CSI assumptions are considered. In Section 2.3, it assumed that the relays have full

CSI of all the links. This assumption is the same as in [56, 69]. In Section 2.4, it is

assumed that the relays have full CSI of all the S-R links, but knowledge of only the

channel statistics of the S-D link and all the R-D links. This is the same assumption

as Assumption A in [60].

2The criterion for relay selection will be considered in the next section when selective relaying is
considered.
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The primary objective of the work carried out in this chapter is to minimize the

total power consumed while achieving a targeted level of system performance. This

targeted level of performance is characterized in the form of a constraint on the end-

to-end SNR which has to be met. In addition to the SNR constraint, peak power

constraints at the source and relay nodes are also considered. The objective can be

written in the form of an optimization problem as

min
Ps,Pi

Ps +
∑
i∈T

Pi, subject to

γ ≥ γth, 0 < Ps ≤ Pmax
s , 0 ≤ Pi ≤ Pmax

i ,

(2.2)

where Ps is the source power, Pi is the ith relay power, Pmax
s specifies the peak power

constraint at the source node, Pmax
i specifies the peak power constraint at the ith

relay node, γ is the end-to-end SNR, γth is the pre-specified threshold on γ and T is

the set of all relays which forward the signal from the source to the destination. For

AP relaying, T contains all the relays, while for selective relaying, T contains only

the selected relay. This problem is considered for the two assumptions on the CSI at

the relays and the two relay participation schemes in the next two sections.

In addition to the power minimization problem, we also consider end-to-end SNR

maximization for the case of partial CSI. This problem has been previously examined

for AP relaying in [60], only for Rayleigh fading. In this work in this chapter, we

generalize it to Nakagami fading. Moreover, we also consider SNR maximization for

selective relaying which is a new enhancement to previous results. In the SNR maxi-

mization problem, we maximize the end-to-end SNR under a total power constraint

and individual power constraint on all the nodes. Thus, the SNR maximization op-
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timization problem can be formulated as

max
Ps,Pi

γ̄, subject to

Ps +
∑
i∈T

Pi ≤ Ptot, 0 ≤ Ps ≤ Pmax
s , 0 ≤ Pi ≤ Pmax

i ,
(2.3)

where γ̄ is the average end-to-end SNR for the partial CSI case which will be derived

in Section 2.4 and Ptot is the constraint on the overall power of the system.

2.3 Case of Full CSI with End-to-End SNR Con-

straint

In this section, we consider the problem of minimizing the overall power under in-

dividual power constraints and the constraint on the end-to-end SNR for the full

CSI assumption. We first discuss AP relaying and then selective relaying. For AP

relaying, as we will see, it is difficult to find the optimal solution. Hence, we pro-

pose a suboptimal, but simple and efficient power allocation algorithm. For selective

relaying, we obtain the optimal solution. However, first we obtain the end-to-end

SNR.

Under the assumptions described in Section 2.2, the end-to-end SNR for variable-

gain AF relaying with MRC at the destination considering the direct S-D link is given

by [56]

γ = Psα0 +
∑
i∈T

PsPiαiβi
Psαi + Piβi + 1

= Ps

(
α0 +

∑
i∈T

αi

)
−
∑
i∈T

P 2
s α

2
i + Psαi

Psαi + Piβi + 1
, (2.4)

where α0 = |hsd|2
σ2
sd

, αi = |hsi|2
σ2
si

, βz = |hid|2
σ2
id

, hsd is the channel gain of the direct S-D

link, hsi is the channel gain of the S-R link of the ith relay, hid is the channel gain of
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the R-D link of the ith relay, σ2
sd is the variance of the additive white Gaussian noise

(AWGN) of the S-D link, σ2
si is the variance of the AWGN of the S-R link of the ith

relay and σ2
id is the variance of the AWGN of the R-D link of the ith relay. As all

the channels are modeled as Nakagami-m RVs α0, αi and βi are all Gamma RVs [70,

Sec. 2.2.1.4].

2.3.1 AP Relaying

In the case of AP relaying, T contains all the relays. Hence, the summation in (2.4)

is from i = 1 to M . It is very difficult to find the optimal solution of the problem in

(2.2) for the AP case. Hence, here a simple and suboptimal solution is provided.

First, the direct link is checked, if it can fulfill the constraint on the end-to-end

SNR while also meeting its respective peak power constraint, then only the source

transmits at power

Ps =
γth

α0

, with Ps ≤ Pmax
s , (2.5)

and the relays don’t transmit. This operation requires only one time slot but the D

has to inform the relays about meeting the required γth. However, if the direct link

cannot fulfil the constraint on the end-to-end SNR, then the source power is set at

its peak power constraint, Ps = Pmax
s , and the relay powers are obtained from

min
Pi

M∑
i=1

Pi, subject to 0 ≤ Pi ≤ Pmax
i (and)

Ps

M∑
i=0

αi −
M∑
i=1

P 2
s α

2
i + Psαi

Psαi + Piβi + 1
≥ γth.

(2.6)

It is easy to see that (2.6) is a convex optimization problem (Pi appears in the de-

nominator of (2.4), which means that minimizing the term after the negative sign

will improve γ). Moreover, the end-to-end SNR is a monotonically increasing func-
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tion of the relay powers. Hence, the optimal solution to (2.6) is achieved when the

constraint on the end-to-end SNR is met with equality. As the problem is convex and

one constraint is an equality and the other constraint is linear, the primal and dual

problem will yield the same solution [71]. Therefore, the duality gap is 0 and solving

(2.6) using the Lagrange dual method gives the optimal solution [71].

Ignoring the individual constraints, which will be incorporated later on, and form-

ing the Lagrangian

L =
M∑
i=1

Pi + ρ

(
γth − Ps

M∑
i=0

αi +
M∑
i=1

P 2
s α

2
i + Psαi

Psαi + Piβi + 1

)
, (2.7)

where ρ is the Lagrange multiplier. From the Karush-Kuhn-Tucker (KKT) conditions

for optimality [71], one obtains

ρ(P 2
s α

2
i + Psαi)βi

(Psαi + Piβi + 1)2
= 1 i = 1, 2, . . .M, (2.8a)

ρ ≥ 0, (2.8b)

Ps

M∑
i=0

αi −
M∑
i=1

P 2
s α

2
i + Psαi

Psαi + Piβi + 1
= γth. (2.8c)

The optimal ith relay power can be obtained from (2.8a) as

Pi =

√
ρ(P 2

s α
2
i + Psαi)

βi
− Psαi + 1

βi
, (2.9)

where the Lagrange multiplier ρ can be obtained from (2.8c) as

ρ =

(∑M
i=1

√
P 2
s α

2
i+Psαi
βi

)2

(Ps
∑M

i=0 αi − γth)2
. (2.10)
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Now, as both the objective function in (2.6) and the end-to-end SNR are monotoni-

cally increasing and convex functions of Pi, the optimal solution after incorporating

the individual constraints lies at the boundary. Thus, the optimal ith relay power

after including the individual constraints is given by

Pi =

√ρ(P 2
s α

2
i + Psαi)

βi
− Psαi + 1

βi

Pmaxi

0

, (2.11)

where i = 1, 2, . . .M and (x)ab = max(b,min(x, a)). Thus, the power allocation policy

follows a water-filling solution where the power is allocated in an iterative manner.

On each iteration, the power is allocated according to (2.9), then the powers are

checked to see if any violates their respective peak power constraints. If there are

powers which violate their peak power constraints, then the maximum of these powers

is set at its peak constraint and the power allocation algorithm is run again for the

rest of the relays. If no power violates its respective peak constraint, then all the

power are checked to see if any power violates the lower constraint of 0. If there are

powers which are less than 0, then the minimum of these powers is set at 0 and the

algorithm is run again for the rest of the relays. This iterative procedure is repeated

until all the powers satisfy their respective individual constraint.

An important point to note is that as each node is restricted in its power, there

can be scenarios where the constraint on the end-to-end SNR cannot be met due to

bad channel conditions. In such a case, the source and the relays transmit at full

power. Therefore, a check can be performed at the beginning of the power allocation

algorithm to see if the constraint on γ can be fulfilled. If it can be, then the iterative

power allocation procedure is run, otherwise the source and the relays all transmit

at their peak powers. The complete power allocation algorithm is shown in Algo-
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rithm 13. For the first iteration, the set J which contains the powers which violate

their constraint and are set at their constraints, is empty.

Algorithm 1 Power Allocation(M ,α,β,γth,Pmax)

check⇐ Pmax
s

∑M
i=0 αi −

∑M
i=1

(Pmaxs )2α2
i+P

max
s αi

Pmaxs αi+Pmaxi βi+1

if check < γth then
Ps ⇐ Pmax

s

Pi ⇐ Pmax
i ∀i

else
Ps ⇐ γth

α0

if Ps ≤ Pmax
s then

Pi ⇐ 0 ∀i
else
Ps ⇐ Pmax

s

loopind=0
while loopind=0 do

Pi ⇐
√

ρ(P 2
s α

2
i+Psαi)

βi
− Psαi+1

βi
∀i 6= J

(∼, l)⇐ max(Pi) ∀i 6= J
if Pl > Pmax

l then
Add l to J
Pl ⇐ Pmax

l

else
∼, l⇐ min(Pi) ∀i 6= J
if Pl < 0 then

Add l to J
Pl ⇐ 0

else
loopind⇐1

end if
end if

end while
end if

end if
return Ps, Pi ∀i

3 Boldface letters represent vectors. For example, α = [α0 α1 . . . αm].
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2.3.2 Selective Relaying

For selective relaying, T only contains the relay selected to forward the signal from

the source to the destination. Hence, the optimization problem is now given by

min
Ps,Pz

Ps + Pz, subject to

γ ≥ γth, 0 ≤ Ps ≤ Pmax
s , 0 ≤ Pz ≤ Pmax

z ,

(2.12)

Pmax
z is the peak power constraint at the selected relay node and (special case of (2.4)

when selected relay is only considered)

γ = Ps(α0 + αz)−
P 2
s α

2
z + Psαz

Psαz + Pzβz + 1
. (2.13)

It can be observed from (2.13) that the end-to-end SNR, γ, is a monotonically in-

creasing function of both Ps and Pz. Thus, the optimal solution of (2.12) is achieved

when γ = γth. Using this fact, Pz can be written as a function of Ps

Pz =
P 2
s α

2
z + Psαz

βz(Ps(α0 + αz)− γth)
− Psαz

βz
− 1

βz
, (2.14)

where Ps(α0 +αz) 6= γth and the individual power constraints have been ignored. The

individual power constraints are incorporated later on after addressing the convexity

of the optimization problem. Also, Ps(α0 + αz) = γth can only be the case when

αz = 0 as evident from (2.13). The first condition, αz = 0, means that there is no

path between the source and the relay. Hence, there is only the direct link and there is

no need to allocate power to the relay. Therefore, for all scenarios involving non-zero

power allocation to the relay, Ps(α0 + αz) 6= γth.

Using (2.14) and ignoring the individual constraints, the problem in (2.12) can be
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re-formulated as

min
Ps≥0

P 2
s α

2
z + Psαz

βz(Ps(α0 + αz)− γth)
− Psαz

βz
− 1

βz
+ Ps. (2.15)

Let ζz = P 2
s α

2
z+Psαz

βz(Ps(α0+αz)−γth)
− Psαz

βz
− 1

βz
+Ps. Taking the double derivative of ζz to check

the the convexity of the problem,

∂2ζz
∂P 2

s

=
2αzγ

th(Ps(α0 + αz)− γth)
(
αzγ

th + α0 + αz
)

βz(Ps(α0 + αz)− γth)4
. (2.16)

It is evident from (2.16) that in the range Ps <
γth

α0+αz
, ζz is concave and in the

range Ps >
γth

α0+αz
, ζz is convex. Hence, solving the problem in (3.23) by taking the

derivative of ζz and equating it to 0 will yield two solutions. However, the lesser of

the two solutions will always give Pz < 0 as can be observed from (2.14). Thus, the

greater one is the optimal solution which can be obtained as

Ps =
γthφ+

√
γthφ(α0αz + α2

z + α2
zγ

th)

(α0 + αz)φ
, (2.17)

where φz = α0βz + αzβz − α0αz. If φz < 0, then (2.17) yields an imaginary solution.

This means that the derivative of ζz is never equal to 0. As ζz is a convex function

in the range of interest, Ps >
γth

α0+αz
, the optimal solution in this case lies on the

boundary. Thus, the optimal value of Ps which solves (3.23) is

Ps =


γthφz+

√
γthφz(α0αz+α2

z+α2
zγ
th)

(α0+αz)φz
φz > 0

min
(
Pmax
s , γ

th

α0

)
φz < 0.

(2.18)

Now if Ps = γth

α0
, then Pz = 0 and the optimal solution is obtained. Otherwise Pz

is obtained by substituting Ps into (2.14). If both powers satisfy their respective
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individual constraints, then the power allocation algorithm exits. However, if one of

the powers exceeds its peak constraint then it is set at its respective peak constraint

and the other power is calculated again. If Ps exceeds Pmax
s , then Ps is set at Pmax

s

and Pz is obtained from (2.14). If Pz exceeds Pmax
z , then Pz is set at Pmax

z and Ps

can then be obtained from the constraint, γ = γth, as the solution to the following

quadratic equation

aP 2
s + bPs + c = 0, (2.19)

where a, b, and c are defined as

a = α0αz

b = Pmax
z α0βz + α0 + Pmax

z αzβz − αzγth

c = −Pmax
z βzγ

th − γth.

It can be easily seen that b2− 4ac > b2. Hence, one of the roots of (2.19) is less than

0. So, Ps can be obtained as

Ps =
−b+

√
b2 − 4ac

2a
. (2.20)

If no power exceeds their respective peak constraint, then Pz is checked to see if it is

below 0. If it is then Pz is set at 0 and Ps = γth

α0
.

The above power allocation algorithm is performed for each relay and the relay

which minimizes the total power consumed is selected to forward the signal to the

destination, i.e. Ps and Pz are calculated for each relay through the algorithm de-

scribed above and the relay which has the minimum Ps + Pz is selected. Similar to

the AP case, there can be scenarios where the constraint on γ cannot be met. In such

cases, the source and the selected relay transmit at full power, otherwise the above



44

algorithm is run. Moreover, if all the relays cannot meet the constraint on γ, then

the relay which maximizes γ is selected, where as stated previously Ps = Pmax
s and

Pz = Pmax
z . The complete relay selection and power allocation algorithm is shown in

Algorithm 2.

2.4 Case of Partial CSI with End-to-END SNR

Constraint

In the previous section, it was assumed that each relay node has complete CSI of all

the links. Even though the full CSI assumption is interesting to study as it provides

insight into the problem and provides a benchmark to which all other suboptimal

schemes can be compared, it is still difficult to implement in practice. Hence, in this

section we consider a case when there is only partial CSI at the relays. Each relay

has knowledge of the instantaneous channel gain of all the first hop links and only

knowledge of the channel statistics of all the second hop links and the direct link.

Thus, as the relays don’t have knowledge of the instantaneous CSI of the second

hops, the end-to-end SNR needs to be averaged over them.

For Nakagami-m fading, α0 and βi are Gamma random variables with probability

density functions (PDF)

fα0(x) =
1

Γ(mα0)γ̄
mα0
α0

xmα0−1e
− x
γ̄α0

fβi(x) =
1

Γ(mβi)γ̄
mβi
βi

xmβi−1e
− x
γ̄βi x ≥ 0,

(2.21)

where mα0 and mβi are the shape parameters of the direct link and second hop of the

ith link, respectively, γ̄αi and γ̄βi are the average SNRs of the direct link and second

hop of the ith link respectively, and Γ(x) =
∫∞

0
e−ttx−1dt is the Gamma function [72,



45

Algorithm 2 Power Allocation(M ,α,β,γth,Pmax)

for r = 1 to M do
check⇐ Pmax

s (α0 + αr)− (Pmaxs )2α2
r+P

max
s αr

Pmaxs αr+Pmaxr βr+1

if check < γth then
Ps ⇐ Pmax

s

Pr ⇐ Pmax
r

else
φr ⇐ α0βr + αrβr − α0αr
if φr < 0 then

Ps ⇐ min
(
Pmax
s , γ

th

α0

)
if Ps = γth

α0
then

Pr ⇐ 0
else
Pr ⇐ P 2

s α
2
r+Psαr

βr(Ps(α0+αr)−γth)
− Psαr

βr
− 1

βr
end if

else

Ps ⇐ γthφz+
√
γthφz(α0αr+α2

r+α
2
rγ
th)

(α0+αr)φz
if Ps > Pmax

s then
Ps ⇐ Pmax

s

end if
Pr ⇐ P 2

s α
2
r+Psαr

βr(Ps(α0+αr)−γth)
− Psαr

βr
− 1

βr
if Pr > Pmax

r then
a = α0αr
b = Pmax

r α0βr + α0 + Pmax
r αrβr − αrγth

c = −Pmax
r βrγ

th − γth.
Ps ⇐ −b+

√
b2−4ac

2a

else
if Pr < 0 then
Pr ⇐ 0
Ps ⇐ γth

α0

end if
end if

end if
end if
Ps(r) = Ps
γ(r) = Ps(α0 + αr)− P 2

s α
2
r+Psαr

Prαr+Prβr+1

Ptot(r) = Ps + Pr
end for
indices=find(γ > γth)
if length(ind)=0 then

[value,index]⇐ max(γ)
z ⇐index

else
[value,index]⇐ min(Ptot)
z ⇐index

end if
return z, Ps(z), Pz
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Eq. (8.310.1)]. Hence, the average end-to-end SNR can be obtained from

γ̄ =

∫ ∞
0

∫ ∞
0

. . .

∫ ∞
0

(
Ps

(
x0 +

M∑
i=1

αi

)
−

M∑
i=1

P 2
s α

2
i + Psαi

Psαi + Piyi + 1

)
1

Γ(mα0)γ̄
mα0
α0

×

xmα0−1e
− x0
γ̄α0

(
M∏
i=1

1

Γ(mβi)γ̄
mβi
βi

y
mβi−1

i e
− yi
γ̄βi

)
dx0dy1 . . . dyM ,

(2.22)

where (2.22) comes from the independence of all the links. Solving (2.22) gives the

end-to-end SNR averaged over the direct link and the second hop of the direct links

as

γ̄ = Ps

(
mα0 γ̄α0 +

M∑
i=1

αi

)
−

M∑
i=1

Psαi(Psαi + 1)mβi

γ̄
mβi
βi

P
mβi
i

e

(
Psαi+1

γ̄βi
Pi

)
Γ

(
1−mβi ,

Psαi + 1

γ̄βiPi

)
(2.23)

where Γ(a, x) =
∫∞
x
e−tta−1dt is the upper incomplete Gamma function [72, Eq.

(8.350.2)]. Following on from the previous section, we will first consider AP relaying

and then move on to selective relaying.

2.4.1 AP Relaying

With partial CSI, the power minimization problem is given by

min
Ps,Pi

Ps +
M∑
i=1

Pi, subject to

γ̄ ≥ γth, 0 ≤ Ps ≤ Pmax
s , 0 ≤ Pi ≤ Pmax

i .

(2.24)

Note that (2.24) follows identical form to (2.2) but with γ̄ replacing γ. It can readily

seen from (2.23) that γ̄ is a convex function of the relay powers. Thus, (2.24) is a

convex optimization problem for the relay power. However, the joint source and relay

power optimization problem seems intractable. Hence, we adopt the same approach
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as in the full CSI case where we fix the source power and optimize the relay powers.

Even though the relay power optimization problem is convex, it is still difficult

to find efficient algorithms to find the solution. This is due to the multiplication of

the exponential and upper incomplete Gamma functions. Due to the multiplication

of these functions, there are points at which the value of the function becomes too

high as to be calculated by most softwares. These points are known as critical points

[60]. Hence, we now use a bound to approximate the averaged end-to-end SNR. In

this regard, we distinguish two cases: 1) Integer Nakagami shape parameter and 2)

Generalized Nakagami shape parameter that can take any value ≥ 1
2
. We discuss

these two cases in turn below.

Integer Nakagami Parameter

For an integer n [73, Eq. (6.5.9)]

Γ(1− n, x) =
1

xn−1
En(x) x > 0, n = 1, 2, 3, . . . , (2.25)

where En(x) =
∫∞

1
e−xt

tn
dt is the generalized exponential integral [73, Eq. (5.1.4)].

Applying (2.25) to (2.23), γ̄ can be re-written as

γ̄ = Ps

(
mα0 γ̄α0 +

M∑
i=1

αi

)
−

M∑
i=1

Psαi(Psαi + 1)

γ̄βiPi
e

(
Psαi+1

γ̄βi
Pi

)
Emβi

(
Psαi + 1

γ̄βiPi

)
. (2.26)

From [73, Eq. (5.1.19)], the product of an exponential and an exponential integral

can be upper bounded as

exEn(x) ≤ 1

x+ n− 1
x > 0, n = 1, 2, 3, . . . . (2.27)
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Using (2.27), γ̄ can be lower bounded as

γ̄ ≥
(
Ps

(
mα0 γ̄α0 +

M∑
i=1

αi

)
−

M∑
i=1

Psαi(Psαi + 1)

Psαi + 1 + Piγ̄βi(mβi − 1)

)
= γ̄lb, (2.28)

where γ̄lb refers to the lower-bound value of γ̄ obtained after using (2.27). Hence, now

instead of using γ̄ in (2.24), we utilize the lower bound found in (2.28). This leads to

a suboptimal solution, but as we show now, a simple closed-form solution which can

be efficiently implemented in practice. Also, as we lower bound γ̄, the constraint on

γ̄ is satisfied.

It is easily seen that (2.28) is similar to (2.4). Hence, the solution to (2.24) for

the integer Nakagami parameter case can be obtained as

Pi =

(√
ρ(P 2

s α
2
i + Psαi)

γ̄βi(mβi − 1)
− Psαi
γ̄βi(mβi − 1)

− 1

γ̄βi(mβi − 1)

)Pmaxi

0

, i = 1, 2, . . .M,

(2.29)

where

ρ =

(∑M
i=1

√
P 2
s α

2
i+Psαi

γ̄βi (mβi−1)

)2

(Ps

(
mα0 γ̄α0 +

∑M
i=1 αi

)
− γthub)2

. (2.30)

The power allocation algorithm for this case is the same as Algorithm 1 with the

expressions of the relay power and the Lagrange multiplier replaced in for the partial

CSI case.

The case of mβi = 1, ∀ i, is a special case as can be seen from the lower bound on

γ̄ in (2.28). For Rayleigh fading, all the relay terms cancel out and only the direct link

term remains. Therefore, for Rayleigh fading, a different approximation is required.

For mβi = 1 ∀ i, the upper incomplete Gamma function simplifies to the exponential
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integral of the first order. Then using the inequality from [73, Eq. (5.1.20)]

exE1(x) ≤ ln

(
1 +

1

x

)
x > 0, (2.31)

a lower bound on γ̄ can be obtained as

γ̄|Rayleigh ≥
(
Ps

(
γ̄α0 +

M∑
i=1

αi

)
−

M∑
i=1

Psαi(Psαi + 1)

γ̄βiPi
ln

(
1 +

γ̄βiPi
Psαi + 1

))
= γ̄lb

(2.32)

It can be shown that the convexity of the problem is still retained. Solving (2.24) with

the lower bound in (2.32) using the Lagrange dual method will yield M+1 non-linear

convex equations with M + 1 variables which are Pi∀i. These can be solved using the

iterative bisection procedure described in [60]. Alternatively, the method described

below for the generalized Nakagami parameter can be used for Rayleigh fading.

Generalized Nakagami Parameter

Now, we consider the case of the general Nakagami shape parameter. It is difficult

to obtain a lower bound on the upper incomplete Gamma function for the general

Nakagami parameter. This is due to the fact that, here, we are interested in the upper

incomplete Gamma function for negative values of the first parameter for which, to

the best of the author’s knowledge, good upper bounds are neither available in the

literature nor easy to obtain. Hence, it is difficult to solve the problem for the general

Nakagami fading parameter.

To address this, we obtain a lower bound on the upper incomplete Gamma function

which, as we show below, can be utilized to obtain simple closed-form expressions for

the relay powers, Pi∀i, and the Lagrange multiplier. However, as we now lower bound
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the upper incomplete Gamma function, we obtain an upper bound on γ̄. Hence, now

as we use an upper bound on γ̄, it is not guaranteed that γ̄ ≥ γth. As a means

to ensure that the constraint is satisfied, the constraint on the upper bound can be

changed to γthub = γth+e, where e is the additional added term and γthub is the modified

upper bound on γth.

Returning to the solution of the problem. The upper incomplete Gamma function

can be re-written as

Γ(a, x) =

∫ ∞
x

ta−1e−tdt =

∫ ∞
0

(t+ x)a−1e−(t+x)dt = e−xE[(T + x)a−1], (2.33)

where T is an exponential random variable with mean 1 and E[.] is the expectation

operator. The above is a convex function of T for a < 1 which is the case for the

problem here. Hence, using Jensen’s inequality, one can write

Γ(a, x) ≥ e−x(1 + x)a−1. (2.34)

Thus an upper bound on γ̄ can be achieved by substituting (2.34) in (2.23) as

γ̄ ≤ Ps

(
mα0 γ̄α0 +

M∑
i=1

αi

)
−

M∑
i=1

Psαi(Psαi + 1)mβi

(Psαi + Piγ̄βi + 1)mβi
= γ̄ub (2.35)

Hence, now the the optimization problem for
∑M

i=1 Pi can be formulated as

min
Pi

M∑
i=1

Pi, subject to

γ̄ub ≥ γthub, 0 ≤ Pi ≤ Pmax
i .

(2.36)

Note that, we have already assumed a fixed source power, Ps = Pmax
s , like in the

previous cases of AP relaying due to the complexity and difficulty of joint optimization
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of source and relay powers. It can be easily verified that the above problem is a convex

optimization problem. Hence, using the Lagrange dual formulation and ignoring the

individual constraints, the Lagrangian is formulated as

L =
m∑
i=1

Pi + ρ

(
γthub − Ps

(
mα0 γ̄α0 +

M∑
i=1

αi

)
+

M∑
i=1

Psαi(Psαi + 1)mβi

(Psαi + Piγ̄βi + 1)mβi

)
. (2.37)

From the KKT conditions and incorporating the individual constraints, the optimal

water-filling solution can be obtained as

Pi =

(ρmβiPsαi(Psαi + 1)mβi γ̄βi)
1

mβi
+1

γ̄βi
− Psαi

γ̄βi
− 1

γ̄βi

Pmaxi

0

i = 1, 2 . . .M,

(2.38)

where ρ is the Lagrange multiplier can be obtained using standard algorithms such as

subgradient algorithms and ellipsoid method. However, if the Nakagami parameters

of all the relay-destination links are equal, i.e. mβi = mβ∀i, then the Lagrange

multiplier can be obtained in closed-form as

ρ =



(∑M
i=1

(Psαi)
1

mβ+1
(Psαi+1)

mβ
mβ+1

(mβ γ̄βi)
mβ
mβ+1

)
Ps

(
mα0 γ̄α0 +

∑M
i=1 αi

)
− γthub



mβ+1

mβ

. (2.39)

The power allocation algorithm is the same as in Algorithm 1. However, we need to

replace the relay power and Lagrangian multiplier expressions by those in (2.38) and

(2.39) under special case of mβi = mβ∀i.
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2.4.2 Selective Relaying

Now we move onto selective relaying with partial CSI at the relays. We again first

use the lower bound on γ̄ to solve the problem for integer Nakagami parameter and

then give the generalized solution.

Integer Nakagami Parameter

In the case of selective relaying, with integer Nakagami parameter, γ̄ can be lower

bounded as special case of (2.23) to give

γ̄ ≥ Ps (mα0 γ̄α0 + αz)−
Psαz(Psαz + 1)

Psαz + 1 + Pzγ̄βz(mβz − 1)
. (2.40)

It can be easily seen that the lower bound in (2.40) is similar to the end-to-end SNR for

the full CSI case in (2.13). We can thus obtain the optimal relay power allocation by

replacing βz in (2.13) by γ̄βz(mβz − 1). Thus, the relay selection and power allocation

for selective relaying with partial CSI and integer Nakagami parameter is obtained

by substituting γ̄βz(mβz − 1) in place of βz in Algorithm 2.

Generalized Nakagami Parameter

For the generalized case, and following a similar procedure to the one that leads to

(2.35) we have the upper bound on γ̄ as

γ̄ub = Ps (mα0 γ̄α0 + αz)−
Psαz(Psαz + 1)mβz

(Psαz + Pzγ̄βz + 1)mβz
. (2.41)

Expressing Pz as a function of Ps

Pz =
P

1
mβz
s α

1
mβz
z (Psαz + 1)

γ̄βz
(
Ps (mα0 γ̄α0 + αz)− γ̄thub

) 1
mβz

− Psαz
γ̄βz
− 1

γ̄βz
, (2.42)
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where Ps (mα0 γ̄α0 + αz) − γ̄thub 6= 0. Using a similar reasoning as in Section 2.3.2, it

can easily be seen that Ps (mα0 γ̄α0 + αz)− γ̄thub = 0 can only be zero when there is no

connection between the source and the relay. Moreover, it can also be seen that for

Ps (mα0 γ̄α0 + αz) − γ̄thub < 0, the relay power lies outside its constraints. Hence, the

power minimization problem can be written as

min
Ps

P
1

mβz
s α

1
kβz
z (Psαz + 1)

γ̄βz
(
Ps (mα0 γ̄α0 + αz)− γ̄thub

) 1
kβz

− Psαz
γ̄βz
− 1

γ̄βz
+ Ps (2.43)

Denoting the objective function in (2.43) by ψz and taking its double derivative, we

have

∂2ψz
∂P 2

s

=
P

1
mβi
−2

s

mβi

Ki + (Ps (mα0 γ̄α0 + αi)− γ̄ub) γ̄ub + Psαiγ̄
2
ub + Ps (kα0 γ̄α0 + αi) γ̄ub

(Ps (mα0 γ̄α0 + αi)− γ̄ub)
1
kβi

+2
,

(2.44)

where

Ki =
1

mβi

(Psαi + 1) γ̄2
ub. (2.45)

It can be seen from (2.44) that for the domain of interest, i.e Ps (mα0 γ̄α0 + αz)− γ̄thub >

0, is convex. Hence, the optimization problem in (2.43) yields a unique solution in

the domain of interest. Taking the derivative of ψz and equating to 0 gives

∂ψz
∂Ps

=
− 1
mβi

P
1

mβi
−1

s α
1

mβi
i (Psαi + 1)γ̄thub + P

1
mβi
s α

1
mβi

+1

i

(
Ps (mα0 γ̄α0 + αi)− γ̄thub

)
γ̄βi
(
Ps (mα0 γ̄α0 + αi)− γ̄thub

) 1
mβi

+1

− αi
γ̄βi

+ 1 = 0.

(2.46)

Equation (2.46) can be solved numerically, with algorithms such as Newton’s method,

by initializing it in the domain of interest to give the optimal value of the source power.
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After obtaining the source power, the relay power can be obtained from (2.42). Now,

both powers are checked and if they satisfy their constraints, the power allocation

is complete. However, if one of the powers violates its constraints then it is set at

its constraint and the other power is obtained from the constraint on the end-to-end

SNR. If the source power exceeds its constraint, then it is set Pmax
s and Pz can be

obtained from (2.42). If the relay power exceeds its constraint, then it is set at Pmax
z

and then Ps is obtained from the solving the non-linear equation which is obtained by

replacing Pmax
z on the constraint on γ̄ub. Thus, the optimal power allocation algorithm

is similar to the Algorithm 2. However, the source power allocation is now obtained

by solving an equation numerically rather than from a closed-form expression.

2.5 End-to-End SNR Maximization

In the previous two sections, we focused on the energy-efficiency problem, i.e. min-

imizing the consumed power while maintaining the SNR over a threshold. In this

section, we consider the SNR maximization problem where the end-to-end SNR is

maximized under total and individual power constraints. This section is an exten-

sion of the work in [60]. Reference [60] considered this problem for the partial CSI

assumption for Rayleigh fading. We now extend the solution to the more general

Nakagami fading. The SNR maximization problem is given by

max
Pi

γ̄ subject to

0 ≤ Pi ≤ Pmax
i ,

M∑
i=1

Pi ≤ Ptot − Ps.
(2.47)

Note that we do not optimize the source power as joint source and relay power

optimization seems quite complicated. Hence, we assume a fixed power and optimize
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the relay powers only.

2.5.1 AP Relaying

We first consider the problem for AP relaying. We again identify the two cases of

integer Nakagami parameter and generalized Nakagami parameter and consider each

in turn.

Integer Nakagami Parameter

For integer Nakagami parameter, we maximize the lower bound on γ̄ given in (2.32).

It is evident that (2.47) with the lower bound on γ̄ is a convex optimization problem.

Hence, forming the Lagrangian without the individual constraints

L = −Ps
(
mα0 γ̄α0 +

M∑
i=1

αi

)
+

M∑
i=1

Psαi(Psαi + 1)

Psαi + 1 + Piγ̄βi(mβi − 1)
+

ν

(
M∑
i=1

Pi − Ptot + Ps

) (2.48)

Now using the KKT conditions, we can obtain the optimal ith relay power as

Pi =

(√
Psαi(Psαi + 1)

ν(mβi − 1)γ̄βi
− Psαi

(mβi − 1)γ̄βi
− 1

(mβi − 1)γ̄βi

)Pmaxi

0

i = 1, 2 . . .M,

(2.49)

where

ν =

 ∑M
i=1

√
Psαi(Psαi+1)
(mβi−1)γ̄βi

Ptot − Ps +
∑M

i=1
Psαi+1

(mβi−1)γ̄βi

2

. (2.50)

The power allocation algorithm is similar to Algorithm 1, however, with the ex-

pressions for the relay powers substituted in and without a check performed at the

beginning of the algorithm.
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Generalized Nakagami Parameter

For the generalized Nakagami shape parameter, we maximize the upper bound in

(2.35). Ignoring the individual constraints and forming the Lagrangian

L = −Ps
(
mα0 γ̄α0 +

M∑
i=1

αi

)
+

M∑
i=1

Psαi(Psαi + 1)mβi

(Psαi + Piγ̄βi + 1)mβi
+ ν

(
Ps +

M∑
i=1

Pi − Ptot
)
.

(2.51)

Taking derivative with respect to Pi and equating to 0 yields the optimal value of Pi

as

Pi =

(
1

γ̄βi

((
mβiPsαi(Psαi + 1)mβi γ̄βi

ν

) 1
mβi

+1

− Psαi − 1

))Pmaxi

0

i = 1, 2, . . .M,

(2.52)

where we have incorporated the individual constraints and ν is the Lagrange multiplier

which can be calculated using the ellipsoid method. In the special case when all the

second hops have the same Nakagami parameter, mβi = mβ, the Lagrange multiplier

is given by

ν =

mmβ
β

∑M
i=1

1
γ̄βi

(Psαi(Psαi + 1)mβ γ̄βi)
1

mβ+1

Ptotal − Pmax
s +

∑M
i=1

1
γ̄βi

(Psαi + 1)

mβ+1

. (2.53)

2.5.2 Selective Relaying

Integer Nakagami Parameter

In this case, the power allocation problem between the selected relay and the source

can be formulated as

max
0<ηz≤P

max
s
Ptot

ηzPtotmα0 γ̄α0 +
(mβz − 1)ηzPtot(1− ηz)Ptotαzγ̄βz

ηzPtotαz + 1 + (1− ηz)Ptotγ̄βz(mβz − 1)
, (2.54)
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where we have replaced the source and relay powers by Ps = ηzPtot and Pz = (1 −

ηz)Ptot. It is noted here that the above formulation implicitly assumes that Pmax
s +

Pmax
z > Ptot. Otherwise, the power allocation is trivial and both the source and relay

transmit at their peak constraints.

The problem formulation in (2.54) has the same structure as [56, (31)]. Thus,

using [56]4, the optimal value of η can be obtained as

ηz =


Pmaxs

Ptot
Φz < 0

min
(
Pmaxs

Ptot
,

Ptotγ̄βz (mβz−1)+1
Ptot(γ̄βz (mβz−1)−αz) −

√
αz γ̄βz (mβz−1)(Ptotαz+1)(Ptotγ̄βz (mβz−1)+1)

P 2
tot(γ̄βz (mβz−1)−αz)2Φz

)
Φz > 0,

(2.55)

where Φz = αzγ̄βz(mβz−1)+α0γ̄βz(mβz−1)−α0αz. The power allocation is performed

for each relay and then the relay which maximizes γ̄ is selected for transmission.

Generalized Nakagami Parameter

In the case of the generalized Nakagami parameter, we utilize the upper bound on γ̄.

Thus the optimization problem is

max
Ps,Pz

Ps (mα0 γ̄α0 + αz)−
Psαz(Psαz + 1)mβz

(Psαz + Pzγ̄βz + 1)mβz

subject to

0 ≤ Ps ≤ Pmax
s , 0 ≤ Pz ≤ Pmax

z , Ps + Pz ≤ Ptot.

(2.56)

Substituting in the value of Pz and ignoring the individual constraints, the problem

can be re-formulated as

max
Ps

Ps (mα0 γ̄α0 + αz)−
Psαz(Psαz + 1)mβz

(Ps(αz − γ̄βz) + Ptotγ̄βz + 1)mβz
. (2.57)

4There is a small error in [56, (32)], most likely a typo. Equation (31) in [56] should read

ρopt = min
(

1, Bi+1
Bi−Ai −

1
Bi−Ai

√
Ci
Di

)
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Denoting the objective function in (2.57) as Πz and taking the double derivative of

with respect to Ps gives

∂2Πz

∂P 2
s

= −mβzαzγ̄βz(Psαz + 1)mβz−2 (Ptotαz + 1)

(Ps(αz − γ̄βz) + Ptotγ̄βz + 1)mβz+2 ×

((Psαz + 1)(Ptotγ̄βz + 1) + Ps(αz − γ̄βz) + Ptotγ̄βz + 1 +mβzPsγ̄βz(Ptotαz + 1)) .

(2.58)

It can be seen from (2.58) that for Ptot > Ps, the optimization problem in (2.57) is

concave. Thus, taking the derivative of Πz and equating to zero gives

∂Πz

∂Ps
=

(Psαz + 1)mβz−1

(Ps(αz − γ̄βz) + Ptotγ̄βz + 1)mβz
×(

(Psαz + 1) (Ps(αz − γ̄βz) + Ptotγ̄βz + 1) + Psmβz (αz(Ptotγ̄βz + 1) + αz − γ̄βz)
(Ps(αz − γ̄βz) + Ptotγ̄βz + 1)

)
−

mα0 γ̄α0 + αz
αz

= 0

(2.59)

Equation (2.59) can be solved numerically to yield the optimal value of Ps from which

the optimal value of Pz can be obtained.

2.6 Numerical Results and Discussion

In this section, we present numerical results to characterize the performance of the

studied power allocation algorithms. For the numerical results, we set all the noise

variance the same, σ2
sd = σ2

si = σ2
id = σ2 ∀ i = 1, 2 . . .M . The channel power gains

are set as γ̄α0 = A0

σ2 , γ̄αi = Ai
σ2 and γ̄βi = Bi

σ2 . The number of relays is taken to be 3,

i.e. M = 3. The vector [A0 A1 A2 A3] is set as [-20 -10 -15 -5], where all the values

are in dB. Similarly, the vector [B1 B2 B3] are set as [-5 0 -5]. All the results are
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Table 2.1: Error of Lower Bound on the Upper Incomplete Gamma Function in (2.34)
x\a 0.5 0 -0.5 -1 -1.5 -2
1 9.49× 10−2 1.27× 10−1 1.32× 10−1 1.26× 10−1 1.15× 10−1 1.04× 10−1

2 3.55× 10−2 3.39× 10−2 2.51× 10−2 1.71× 10−2 1.13× 10−2 7.34× 10−3

3 1.29× 10−2 9.94× 10−3 6.00× 10−3 3.35× 10−3 1.82× 10−3 9.80× 10−4

4 4.63× 10−3 3.05× 10−3 1.59× 10−3 7.70× 10−4 3.65× 10−4 1.71× 10−4

5 1.65× 10−3 9.61× 10−4 4.46× 10−4 1.94× 10−4 8.26× 10−5 3.50× 10−5

plotted against γs = 1
σ2 which is a measure of the SNR. The peak power constraints

of the source and all the relay are set at 3. All the Nakagami parameters are taken

to be the same, i.e. mα0 = mαi = mβi = m. For the integer case, m = 2 and for the

generalized case, m = 2.5. We first discuss the results for the power minimization

problem and then the SNR maximization problem. The results shown are obtained

through simulation of the system using the analytical expressions derived. The power

allocation is obtained through these expressions and then from the power allocation,

the resulting end-to-end SNR is calculated from which the respective performance

metric such as outage probability, bit error rate (BER) etc is obtained.

Before moving on, we would just like to comment on the accuracy of the lower

bound on the upper incomplete in (2.34). Table 2.1 shows the difference between

the actual value and the value given by the bound. From Table 2.1, it is evident

that the bounding error is not significant at small negative values of a, where Γ(a, x),

and the approximation tracks the actual value quite well. However, it is difficult to

characterize the error in general. Hence, in practice, a safe initial value of e can be

set which is updated as more information comes in during transmission.

2.6.1 Power Minimization

For the power minimization problem, it is set that γth = 5 dB and e = 1 dB and thus,

γ̄thub = γ̄th + e = 6 dB. The proposed schemes are compared with a benchmark scheme

in which all the relays and the source transmit at their peak powers. It is noted that
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Figure 2.2: Power savings for AP and selective relaying with full and partial CSI with
Nakagami parameter m = 2.

the benchmark scheme will always satisfy the constraint on the end-to-end SNR as

long as any of the proposed schemes do.

Fig. 2.2 shows the power savings for the integer Nakagami parameter case. Power

savings is defined as the difference of the power consumed by the benchmark scheme

and power consumed by the respective proposed scheme. Hence, Power savings is

equal to Pmax
s +

∑M
i=1 P

max
i − Ps −

∑
i∈T Pi where the first quantity refers to the

power consumed by the benchmark scheme, while the second quantity refers to the

power consumed by the respective proposed scheme. Fig. 2.2 shows that selective

relaying provides better power savings than AP relaying for all values of γs. A similar

observation was made in [61]. The reason selective relaying seems to provide better

power savings is that when the constraint on the end-to-end SNR is not satisfied,

all the relays transmit at peak power. Thus, in these cases, AP relaying consumes
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significantly more power, depending upon the number of relays, and hence the power

savings of selective relaying surpass that of AP relaying. Moreover, for selective re-

laying, we do joint source and relay power allocation, while for AP, we only do relay

power allocation. However, it will be wrong to conclude that AP is worse than selec-

tive in general. This can be seen from Fig. 2.3 which shows the outage probability,

Prob(γ ≤ γth), which is a measure of the number of instances the constraint on the

end-to-end SNR is satisfied, of all the power minimization schemes. It can be observed

from Fig. 2.3 that AP-full CSI provides significantly better outage probability than

its selection counterpart even though, in selection, we do joint source and relay power

optimization. However, when the relays have partial CSI, then selective relay can

give better outage probability than the AP case in the high SNR regime. Thus, the

benefit of joint source and relay power allocation can be seen in the high SNR regime

for partial CSI. The reason for this seems to be that, when the channel conditions are

bad, the source needs to be allocated more power. Hence, as we fix the source power

to the peak value, it retains the inherent gain of AP over selective relaying. However,

when the SNR is high, the optimal source power is not necessarily close to its peak

value. Moreover, for the AP case, we check the direct link first and if it satisfies the

constraint, we do not use relays. Thus, at high SNR, the direct link may satisfy the

constraint on γ̄th, however the resulting γ may be lower than γth. This is not the case

for selective relaying where we always jointly optimize source and relay power.

Another observation that can be made from Fig. 2.3 is that there seems to be

an error floor for the partial CSI cases. This comes due to not having full CSI. As

the constraint for the partial CSI cases involve γ̄ instead of γ due to having less

CSI, satisfying the constraint on γ̄ does not mean that the γ is also greater than γth.

Hence, in the partial CSI case, an error floor is seen.

A similar behaviour is seen for the generalized Nakagami parameter case in Figs.
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Figure 2.3: Outage probability for AP and selective relaying with full and partial CSI
with Nakagami parameter m = 2.

2.4 and 2.5. However, here the difference between the power savings of the full CSI

cases and the partial cases is not significant. In fact, it is almost the same, just

the actual values are different due to less fading. However, the outage performance

behaves as in the case of the integer case. For higher values of m, the behaviour will

remain the same, just the actual values will differ due to decrease in fading.

So, from these results it can be seen that, if the quality-of-service (QoS) require-

ments are strict, then full CSI is a must because having partial CSI leads to significant

degradation in outage performance.

2.6.2 SNR Maximization

For the SNR maximization problem, we compare the proposed power allocation

schemes to the one which assigns equal power to the source in terms of the BER



63

−4 −2 0 2 4 6 8 10 12 14 16
0

2

4

6

8

10

12

γ
s
 (dB)

P
ow

er
 S

av
in

gs

 

 

Sel−Full CSI
Sel−Partial CSI
AP−Full CSI
AP−Partial CSI

Figure 2.4: Power savings for AP and selective relaying with full and partial CSI with
Nakagami parameter m = 2.5.
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Figure 2.5: Outage probability for AP and selective relaying with full and partial CSI
with Nakagami parameter m = 2.5.
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Figure 2.6: BER for BPSK for AP and selective relaying with full and partial CSI
with Nakagami parameter m = 2.

of binary phase shift keying (BPSK).

Fig. 2.6 shows the BER for integer Nakagami parameter. The performance gap

between EPA and the proposed power allocation algorithm for selective relaying is not

significant. However, in the AP case, the proposed scheme significantly outperforms

EPA. Moreover, in the low SNR regime, both selection schemes outperform AP-EPA

scheme as also noted in [61]. However, as the noise decreases, the gain of AP is

observed. As similar behaviour is seen for the m = 2.5 in Fig. 2.7, but a slight

difference between Sel-EPA and Sel-Partial CSI is observed. The reason for this

is that the Nakagami parameter is higher which leads to less fading and the gain of

having partial CSI instead of no CSI is seen. Thus, for selective relaying, CSI feedback

is only viable in good channel conditions.

One last remark for AP relaying is that, in the simulations it was assumed that
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Figure 2.7: BER for BPSK for AP and selective relaying with full and partial CSI
with Nakagami parameter m = 2.5.

the source power is fixed at its peak constraint. However, to improve performance

and achieve the optimal solution, a search can be run over Ps to find the optimal

source power. But, this will consume a significant amount of time. This time can

be reduced by only searching over only a limited set of values of Ps such as Ps =

[Pmax
s /4 Pmax

s /2 3Pmax
s /4 Pmax

s ].

2.7 Summary

This chapter has studied power allocation strategies to enhance the efficiency of con-

strained dual-hop variable-gain AF relaying under Nakagami-m fading. Two opti-

mization problems, power minimization under SNR constraint and SNR maximiza-

tion under power constraint, have been formulated under different restrictions on the

CSI available at the relays and for two different relaying protocols. Simple and effi-
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cient power allocation algorithms have been proposed for the two problems for all the

scenarios considered. Numerical results have shown that significant power savings can

be achieved through the proposed algorithms. Numerical results also show that for

strict QoS requirements, partial CSI is not a good option for power minimization as

having partial CSI leads to significant degradation in performance due to not meeting

the constraint on the end-to-end SNR. However, for the SNR maximization problem,

having partial CSI can enhance performance, particularly for AP relaying.

Finally, we would like to comment on some of the implicit and explicit assumptions

in the chapter and how they can differ from practical scenarios and thus, can serve

as excellent areas for future works. In this work, we have assumed that whenever we

have CSI, it is perfect. However, this does not always hold true in practice. There

can be channel estimation errors and due to the delay in acquiring CSI, CSI might

have become outdated. The effect of these two impairments can be studied in future

works. Moreover, we assumed, perfect phase estimation for MRC. However, there

can be errors in that and that will also effect the system performance. In addition,

there can be many other scenarios such as interference from nearby users which may

hamper the performance of such systems. All of these can be fruitful avenues for

future research.
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Chapter 3

Exploiting Multi-user Diversity

and Multi-hop Diversity in

Dual-Hop Broadcast Channels

3.1 Introduction

The previous chapter considered a cooperative AF relay network where the relays are

not equipped with buffers. From this chapter henceforth, this dissertation moves onto

DF relays equipped with buffers. We start with buffer-aided DF relays in dual-hop

broadcast channels below.

Two relay functionalities are considered in LTE-Advanced [74]; (i) Transparent

relays in which a user has a direct link with the base station in addition to the

relay link, and (ii) Non-transparent relays which extend the coverage of a cell to

reach remote users with no connection to the base station. The latter follows a dual-

hop channel model [23]. In [75], optimal joint power and resource allocation for the

transparent relays case was considered. The problem was formulated by maximizing

the achievable rate region of block-fading relay-assisted broadcast channels (i.e. for
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the downlink). The relays were assumed to operate using DF. Closed-form formulas

were provided to decide when to seek relay support and how to integrate this with the

opportunistic multi-user scheduling task. In [37], the uplink case was discussed and

optimal resource allocation to maximize the achievable rate region of relay-assisted

multiple access channels was obtained. However, reference [37] considered an AWGN

channel with a constant channel gain. There are other works considering resource

allocation strategies for relay networks from different prospectives such as [26, 76,

77, 78]. In [26] and [76] the single relay and single user channel was considered from

information theoretic perspective. In [77], [78] and [79] resource allocation with user

cooperation was considered. However, in this work we consider the case of fixed

access-point relays which are not users’ terminals.

In this chapter, we consider the downlink of a multi-user network with the users

connected to the source through a non-transparent relay under block-fading channels.

Hence, there are no direct connections between the source and the users. Further-

more, as stated above, we consider DF relaying and half-duplex relays as described

in more detail in Section 3.2. Our contribution is providing the optimal resource al-

location scheme by exploiting two important sources of gains in the system which are

MUD [80] and MHD [81] jointly. As well-known in the literature [82], multi-user di-

versity is due to the independent fading conditions of the users’ channels in a wireless

network, which make it more likely that at each instance there is one user with very

good channel condition. Hence, MUD can be obtained by using channel-aware user

scheduling to allocate the wireless resources to the users dynamically based on their

instantaneous channel conditions. A better way to maximize MUD gains is to allow

multiple users to be scheduled simultaneously based on the channel conditions by ap-

plying superposition coding with successive interference cancellation for decoding at

the receiver, which enables achieving the capacity of degraded broadcast channels as
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we know from the information theory literature [83, 84]. Similarly, multi-hop diver-

sity is due to the independent fading conditions over the two hops of communication.

Therefore, MHD can be obtained by using channel-aware hop scheduling by selecting

to transmit over the hop that is in a good state. As a prerequisite, the relay should

have the ability to store the received messages from the first hop in buffers instead of

forwarding them over the second hop directly without taking the channel state into

consideration. We refer to this as a buffering gain (Buff), which is an elementary

component to obtain full MHD gains. To improve the Buff gain into full MHD gain,

the relay should forward the source messages over the second hop when it has good

channel condition. In this work, we investigate these sources of diversity gains and

we compare the performance of scheduling schemes that exploit them partially versus

an optimal scheme that exploits both MUD and MHD all together.

Our main contribution is proposing a novel joint user-and-hop scheduling scheme

that opportunistically allocates the resources based on instantaneous channel mea-

surements. We provide rigorous discussion about the proposed scheduler. We discuss

both single user scheduling and superposition coding with successive interference can-

cellation for the joint scheduler. Furthermore, we show how to optimize the optimal

scheduling scheme off-line based on channel statistics or on real-time based on chan-

nel measurements. Moreover, we provide closed-form formulas to characterize the

long-term average achievable rates via the proposed scheduler. Also, we discuss the

scheduling criterion in case of variable power in addition to the constant power alloca-

tion case. Furthermore, we consider two common special cases by applying the joint

scheduling scheme for (i) the maximum sum throughput scheduler and (ii) the propor-

tional fair scheduler. On top of that, in order to characterize the obtained MHD gains,

we compare the performance versus two benchmarks with no MHD gains. Specifically,

we compare the proposed joint scheduler with two conventional scheduling schemes;
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(i) The first one applies multi-user scheduling alone yielding a MUD gain only, and

(ii) the second one is a round robin scheduler [85, 86] which does not incorporate

channel state in the resource allocation and hence it does not yield neither MUD nor

MHD gains. Additionally, in order to have a comprehensive analysis, we quantify

also the gain achieved by buffering at the relay (Buff gain) without achieving the full

MHD gains for these two conventional schedulers that are used as benchmarks for

the comparison with the optimal scheme. We provide thorough numerical results to

demonstrate our results and findings.

The rest of the chapter is organized as follows. Section 3.2 describes the system

model and the problem formulation. In Section 3.3, we discuss a simple resource al-

location scheme with neither hop nor user scheduling, and in Section 3.4, we discuss

a conventional scheduler with multi-user scheduling only. Next, we discuss the pro-

posed joint hop-and-user scheduling scheme in Section 3.5. Then, numerical results

are presented in Section 3.6. After that we provide in Section 3.7 analysis of the

probability of getting an empty buffer at the relay. Finally, Section 3.8 summarizes

the chapter.

3.2 System Model

We consider a system with a source (S), a relay (R) and M users or destinations (D).

There are no direct links between the source and the M users. Hence, the source

transmits to the users only through the relay as shown in Fig. 3.1. A block-fading

channel model is assumed [87]. One channel block, called a resource unit (RU),

can consist of multiple time slots and multiple frequency sub-carriers. However, the

RUs are orthogonal to each other (i.e. they do not overlap over time or frequency).

The relay is assumed to work in half-duplex mode, which means that the relay cannot
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Figure 3.1: System model: dual-hop broadcast channel.

receive and transmit simultaneously over the same RU. Furthermore, the relay follows

the DF1 protocol. The fading gains of the S-R link and the R-D links stay constant

over a single RU. However, they change randomly and independently from one RU

to another. Moreover, the channel gains of all links, i.e. S-R and R-D, experience

independent fading. Without loss of generality we assume that all RUs have the

same duration and bandwidth. We also assume that the relay transmits to only one

user within one RU. This assumption is omitted in Section 3.5.4 when we discuss

multiple user scheduling per RU via superposition coding. Furthermore, for some of

the schemes that are introduced in this work, we assume that either the source or the

relay can transmit in one RU and not both of them. On the other hand, for some

other schemes, we assume that every RU is divided orthogonally in the time domain

1Notice that over dual-hop channel, decode-and-forward is the optimal relaying strategy and it
achieves the capacity. However, for a relay channel with direct link from the source the destination,
compress-and-forward can be better than decode-and-forward in some cases and the capacity is not
known in general [88]. This case is not relevant to our problem since we assume no direct links
between the sources and the destinations.
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into two sub-blocks such that the source transmits in the first sub-block and then the

relay transmits in the second sub-block of the same RU.

The relay has CSI of its channels with all users and with the source2. The objective

is to exploit the channel knowledge in the resource allocation task in order to maximize

the achievable rates by obtaining MUD and MHD gains. To achieve this target, we

propose to apply joint user-and-hop scheduling scheme in which the first and second

hops are scheduled opportunistically based on CSI. We assume that the relay has the

ability to store the received messages from the source in buffers until the channel of

the destined user becomes good and this user gets scheduled. Furthermore, we assume

that when the source is scheduled, it may combine the packets of more than one user

together within one RU, and the relay distributes the source message across the data

buffers for each user. The source and the relay adjust the transmission rates based

on the instantaneous channel condition (capacity). Moreover, we assume best effort

data traffic so that there are no delay constraints and the objective function is to

maximize the weighted sum of the long-term average achievable rates (throughputs).

In the numerical results provided in Section 3.6, we assume that all nodes are

equipped with a single antenna. The achievable rate (in bits/sec/Hz) within one RU,

given index k, for the channel from the relay to the ith user, where the complete RU

2Full CSI is required for the scheduling schemes. If the scheduling decisions are done at the relay
or at the backhaul network, the source does not necessarily require CSI of the users’ channels in
the second hop. Nevertheless, when the source is scheduled to transmit, it must know the channel
capacity of its channel with the relay in order to adjust its transmission rate accordingly. Moreover,
if a user is scheduled, it should know its own channel with the relay for decoding. Furthermore,
if multiple users are scheduled, a user needs to know the channels of the users with worse channel
conditions than its own for successive interference cancellation. Additionally, if optimal power
allocation is performed, the source should know its own power, the relay requires knowledge of of
both its power and the source’s power and the users require knowledge of the relay power. Lastly,
each node has knowledge of the noise power spectral density.
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is allocated to this channel, is given by3

Rac
i [k] = log2

(
1 +

P [k]γi[k]

N0

)
, (3.1)

where γi[k] = |hi[k]|2, hi[k] is the complex channel gain between the relay and the

ith user in the kth RU (i = 0 is used to denote the source), P [k] is the power in

(Joul/sec/Hz) and N0 is the noise power spectral density. For simplicity of notation,

we use a single index k to denote the RUs although they span the time and frequency

domains.

We formulate the resource allocation optimization problem as maximizing the

weighted sum average4 throughput of the M users. We need to apply a law of con-

servation of flow constraint meaning that the sum throughput to the users cannot

exceed the throughput generated by the source. Moreover, we consider two cases in

terms of power allocation. For constant power allocation we have P [k] = P̄ , while

for optimal power allocation we have a maximum average (over all RUs) sum (for

source and relay) power constraint P̄ . The main optimization problem (with both

flow conservation and power constraints) can be written as

max
M∑
i=1

µiR̄i, subject to

R̄0 =
M∑
i=1

R̄i, and
1

K

K∑
k=1

P [k] ≤ P̄ ,

(3.2)

where we give the S-R channel the index zero, µi is the specified ith user weight and

R̄0 and R̄i are the average throughput of the source and ith user, respectively. It

should be clear that the optimization variables of problem (3.2) are the resource allo-

3This is not valid in case of superposition coding which is discussed in Section 3.5.4.
4We use average and long term interchangeably. Similarly we use throughput and rate.
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cation decisions over the RUs which affect the average throughputs of the users. The

characterization of the average throughput as a function of the scheduling criteria are

derived throughout the following sections for the different schemes that we consider.

Although the constraint (R̄0 =
∑M

i=1 R̄i) in (3.2) guarantees the flow conservation

of the relays buffers because, on the long-term, the information rate received by the

relay equals the information rate transmitted by it, there is a possibility that, due to

the dynamic scheduling process, we may have instances at which the relay’s buffers

get empty and hence the relay can not be scheduled in this case. So, the source

should be scheduled in this case regardless of its channel condition. Therefore, the

obtained results for the achievable throughput are actually upper bounds which may

be little bit degraded due to the empty buffers scenario. However, as an easy and

practical solution to eliminate this case, we could assume, for example, that there is

an initial state of source transmission only such that the relay’s buffer gets occupied

with sufficient amount of data bits. Then, we start applying the optimal opportunis-

tic scheduling described in Section 3.5. In this case, the probability of having the

relay scheduled over many successive RUs until the buffers get empty becomes very

negligible. To elaborate more on this point, we provide more comprehensive analysis

of the empty buffer case in Section 3.7.

We provide the solution of (3.2) for generic users’ weights µ, and we emphasize two

special cases5 which are maximum sum throughput (all µ’s are equal) and proportional

fairness (µi = 1/R̄i) [82]. For now, we will neglect the power constraint and use

P [k] = P̄ . The power constraint will be considered in Section 3.5.2.

As benchmarks to be used for comparison with joint user-and-hop scheduling, we

consider two scheduling schemes. The first scheme does not employ neither multi-

5Maximizing a weighted sum of the rates guarantees Pareto-optimality, while the specific selection
of the weights enables controlling the trade-off between throughput and fairness [89, 90].
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user scheduling nor multi-hop scheduling. This scheme allocates part of the total

bandwidth to every user without taking the instantaneous channel conditions into

consideration. The second scheme employs multi-user scheduling only. For both

schemes, we consider the scenario that buffering is not feasible at the relay and the

other scenario is when buffering is possible at the relay.

3.3 Round Robin Scheduling

3.3.1 Without Buffering at the Relay

Round robin scheduling (RRS) with no buffering at the relay has no diversity gains

since it does not exploit neither MUD nor MHD. Therefore, it gives us a lower bound

on the performance of the system. Since the buffering capability is not available at the

relay, it has to forward the message from the source to the intended user immediately

after reception. Hence, each RU is divided into two sub-blocks in the time domain.

In the first sub-block, the source transmits to the relay and in the second sub-block

the relay transmits to the intended user. The duration of each sub-block is set such

that the throughput of the S-R link and R-D link are equal, so that we can transmit

at channel capacity (3.1) while the flow conservation constraint on the system is

satisfied. An example of allocation of RUs for this scheme is shown in Fig. 3.2(a).

The throughput of the source and the ith user in the kth RU is

R0[k] = τsi[k]Rac
0 [k], Ri[k] = τri[k]Rac

i [k], (3.3)

where τsi[k] is the ratio of the duration of the sub-block allocated to the first hop to the

total duration of kth RU, and τri[k] is similarly the ratio of the sub-block allocated to

the second hop to the total duration of kth RU of the ith user. Thus, τsi[k]+τri[k] = 1.
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To maximize the achievable rate while maintaining the flow conservation constraint

τsi[k] and τri[k] are adjusted such that R0[k] and Ri[k] are equal. Therefore, we have

τsi[k] =
Raci [k]

Rac0 [k]+Raci [k]
and τri[k] =

Rac0 [k]

Rac0 [k]+Raci [k]
.

The average throughput of the ith user is then given by

R̄i = τi

∫ ∞
0

∫ ∞
0

r0ri
r0 + ri

fR0(r0)fRi(ri)dr0dri, (3.4)

where τi is the ratio of blocks in which the ith user is scheduled, fR(r)6 is the PDF of

the achievable rate, Rac, and FR(r) is the cumulative distribution function (CDF) of

it. The channel ratio τi can be set according to the needs of each user7.

Note that the average total throughput, which is equivalent to the average through-

put transmitted by the source, R̄0, can be obtained by summing the average through-

put of all users.

3.3.2 With Buffering at the Relay

In this subsection, we consider the round robin scheme with buffering capability

available at the relay (RRS-Buff). Hence, the system can now benefit from Buff

gain. Now, the source and relay do not need to transmit in the same RU. Instead,

the source is scheduled for a certain number of RUs and the rest of the RUs are

used for the relay to serve the users as shown in Fig. 3.2(b). Thus, a portion of the

bandwidth is reserved for the source and for each user respectively. The ratios of the

total bandwidth that are allocated to each link are adjusted based on the needs of the

users and by taking into consideration maintaining the flow conservation constraint

6 For Rayleigh fading, fR(r) = ln 2
ρ 2r exp

(
− 2r−1

ρ

)
r ≥ 0, and FR(r) = 1−exp

(
− 2r−1

ρ

)
r ≥ 0,

where ρ is the SNR [91].
7For instance, in a two user system, one user might be requesting video and the other audio.

Hence, the user which requests the video will have a greater τi as it requires higher data rate.
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Figure 3.2: Example of the allocation of RUs for (a) RRS (no gains) (b) RRS-Buff
(Buff gain). Blue represents the source (first hop), while red, green and purple rep-
resent three users.
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of the system. The relay stores the received messages from the source and transmits

them to the respective users over their reserved channels. We denote the ratio of

RUs in which the source is scheduled as τs and the ratio of RUs in which the relay

transmits to the users as τR (τs + τR = 1). Furthermore, τR is sub-divided into M

blocks, each with ratio of τi, where
∑M

i=1 τi = 1. Therefore, the average achievable

average rate of the source and the ith user are given by

R̄ac
0 =

∫ ∞
0

rfR0(r)dr, (3.5)

R̄ac
i = τi

∫ ∞
0

rfRi(r)dr. (3.6)

The long term throughput of the source and the ith user can then be obtained from

their respective achievable rates as

R̄0 = τsR̄
ac
0 and R̄i = τRR̄

ac
i . (3.7)

From the flow conservation constraint in (3.2) and noting that τs + τR = 1, we obtain

that τs and τR should be adjusted according to

τs =

∑M
i=1 R̄

ac
i∑M

i=1 R̄
ac
i + R̄ac

0

, τR =
R̄ac

0∑M
i=1 R̄

ac
i + R̄ac

0

. (3.8)

3.4 Multi-user Scheduling Only

In this section, we consider the MUD gain achieved by multi-user scheduling only.

Similar to the previous section, we consider when buffering is not available at the relay

and the alternative case when buffering is possible at the relay. For each scenario, we

discuss scheduling in the general case of having a given weight factor for each user as
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well as the particular case of proportional fair scheduling.

3.4.1 Without Buffering at the Relay

Conventional Scheme with given Weights

In this scheme, the users are opportunistically scheduled in each RU according to

their respective channel conditions in that RU. Thus, MUD gain is achieved because

users are scheduled when their channels are in good states. However, the system does

not exploit MHD since we do not have hop scheduling. Furthermore, similar to the

scheme in Section 3.3.1, since the relay does not store the source messages in a buffer,

every RU is divided into two sub-blocks of ratios τsi and τri for the source and the

relay respectively, as shown in Fig. 3.3(a). Furthermore, τsi and τri are set such that

the rates of the source and the scheduled user in the RU are equal. Therefore, if the

ith user is scheduled in the kth RU, the transmission rate will be

Ri[k] = τri[k]Rac
i [k] =

Rac
0 [k]Rac

i [k]

Rac
0 [k] +Rac

i [k]
, (3.9)

where Rac
i [k] and Rac

0 [k] follow (3.1). Therefore, the long term throughput of the ith

user is given by

R̄i =

∫ ∞
0

∫ ∞
0

r0ri
r0 + ri

fR0(r0)fRi(ri)Prob(ith user scheduled|Rac
i = ri, R

ac
0 = r0)dr0dri,

(3.10)

where Prob(ith user is scheduled|Rac
i = ri, R

ac
0 = r0) is the conditional probability

that the ith user is selected in a RU given that the ith user achievable rate in that

RU is Rac
i = ri and the source achievable rate Rac

0 = r0. Notice that the expression

(3.10) is similar to (3.4) except for the additional probability term and the removal
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Figure 3.3: Example of the allocation of RUs for multi-user scheduling only (a) with-
out buffering (MUD) (b) with buffering (Buff+MUD). Blue represents the source
(first hop), while red, green and purple represent three users.
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of the resources ratio term τi. This is because, unlike the scheme in Section 3.3.1,

we do not have, in this case, certain ratios of RUs reserved for every user. The user

is allocated a RU based on its achievable rates in comparison with the other users.

Hence, the user selection criterion is such that the mth user is selected according to

m = arg max
i
µiRi[k] i = 1, . . . ,M, (3.11)

where Ri[k] is given by (3.9). From (3.11) user i is selected when

µl
Rac

0 [k]Rac
l [k]

Rac
0 [k] +Rac

l [k]
< µi

Rac
0 [k]Rac

i [k]

Rac
0 [k] +Rac

i [k]
, ∀ l 6= i. (3.12)

With some manipulations, we can write (3.12) as (where we remove the RU index k,

and replace Rac
i [k], Rac

l [k], Rac
0 [k] by ri, rl, r0, respectively, for simplicity of notation)

µl
µiri

+
µl
µir0

− 1

r0

<
1

rl
, ∀ l 6= i. (3.13)

Note that the left hand side of (3.13) can in principle be positive or negative depending

on the weighting factors µi and µl. Therefore, we can distinguish two cases for the

conditional probability that the ith user is selected.

Prob

(
µl
µiri

+
µl
µir0

− 1

r0

<
1

rl

)
=


1 : µl

µiri
+ µl

µir0
− 1

r0
< 0

FRl

(
µirir0

µlr0+µlri−µiri

)
: µl
µiri

+ µl
µir0
− 1

r0
≥ 0.

(3.14)
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We apply a similar notation to the one suggested in [92] to write the conditional

probability in a compact form as

Prob(ith user is scheduled|Ri = ri, R0 = r0) =
∏
l 6=i

FRl

([
µirir0

µlr0 + µlri − µiri

]∗)
,

(3.15)

where

[y]∗ =


y y ≥ 0

∞ y < 0.

(3.16)

By substituting (3.15) in (3.10) we characterize the long term throughput of the ith

user. The long term source throughput is obtained by summing the throughputs of

all users.

Proportional Fair Scheduling

To achieve proportional fairness (PF) [82], the users’ weights are given by µi = 1
R̄i

.

To obtain the optimal weights off-line, we substitute for R̄i using (3.10) and hence we

get a total of M equations and M unknown µi’s. However, they are difficult to solve

analytically. Therefore, we propose a recursive algorithm to obtain the optimal µi’s

by simulating a real-time implementation of the PF scheduler. The update equation

for µi is given by

µi[n] =
1

R̄i[n] + d[n]
, (3.17)

where n represents the iteration number (which is equivalent to the time index in

real-time implementation), d[n] = 1− n
1000

and R̄i[n] is the average rate of user i for

all iterations up to n. The function d[n] is used because average throughputs of all

the users are initialized to zero. d[n] is set to zero after the thousandth (selected

arbitrary) iteration. The µi’s are updated in each iteration and these updated µi’s
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are then used to schedule the users in the next iteration and so on until we converge

to the steady state value for the optimal weights for PF. The complete algorithm is

shown in Algorithm 3.

Algorithm 3 Proportional Fair-(BMUD)

Initialize R̄i = 0 ∀ i = 1, · · · ,M
for n = 1 to N do

Generate the channel gains randomly based on the fading channel model
d = 1− n

1000

if d < 0 then
d = 0

end if
µi(n) = 1

R̄i+d
∀ i

Ri follows (3.9)
[R∗, ind] = max(µiRi)
Rind = R∗

Rk = 0 ∀ k 6= ind
R̄i(n+ 1) = R̄i(n) + 1

n+1

(
Ri − R̄i(n)

)
∀ i

end for
return µi(N) ∀ i

3.4.2 With Buffering at the Relay

Conventional Scheme with given Weights

In this scheme (refer to Fig. 3.3(b)), we can obtain MUD gains due to multi-user

scheduling and a buffering gain which is obtained because the relay does not have to

immediately forward the data from the source to the intended user. Instead of that,

it stores the data in its buffers and forwards it later when the user’s channel is good.

However, we do not obtain full MHD gains because a certain portion of the RUs are

allocated to the S-R link regardless of the instantaneous channel values of the S-R

link. The ratio of RUs where the source is scheduled is denoted τs, while the ratio

of RUs in which the relay transmits to the users is denoted τR. The selection of τs

and τR is based on maintaining the flow conservation constraint. The RUs in τR are
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allocated opportunistically by selecting the mth user to be scheduled according to

(for constant power allocation)

m = arg max
i
µiRi[k] i = 1, . . . ,M, (3.18)

where Ri[k] follows (3.1). The average achievable rate by the source and ith user can

be written as R̄0 = τsR̄
ac
0 and R̄i = τRR̄

ac
i respectively, where

R̄ac
0 =

∫ ∞
0

rfR0(r)dr (3.19)

R̄ac
i =

∫ ∞
0

rfRi(r)Prob(ith user is scheduled|Ri = r)dr, (3.20)

Prob(ith user is scheduled|Ri = r) =
∏
l 6=i

FRl

(
µir

µl

)
. (3.21)

The RU ratios, τs and τR, are adjusted such that the flow conservation constraint is

maintained. Therefore, we have τs + τR = 1 and τsR̄
ac
0 =

∑M
i=1 τRR̄

ac
i , which yields

τs =

∑M
i=1 R̄

ac
i∑M

i=1 R̄
ac
i + R̄ac

0

, τR =
R̄ac

0∑M
i=1 R̄

ac
i + R̄ac

0

. (3.22)

Proportional Fair Scheduling

We again consider the special case of PF scheduling. As discussed previously, the

users’ weights are given by µi = 1
R̄i

, which is in this case also equivalent to µi = 1
R̄aci

since the ratios of the weights is the same in both cases. Hence, the algorithm for

finding the weights is the same as in Algorithm 3 except that Ri is computed using

(3.1) instead of (3.9).
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3.5 Joint User-and-Hop Scheduling

3.5.1 Single User Selection per Resource Unit

In Section 3.4.2, the source and the users were scheduled independently. Hence, MHD

was not exploited properly. In this section, we show that the optimization problem in

(3.2) can be maximized by joint scheduling the source and the M users. By converting

the constrained optimization problem in (3.2) into an unconstrained problem using

the Lagrangian dual problem, we can write

max
M∑
i=1

µi
1

K

K∑
k=1

Ri[k]− µ0

K

(
M∑
i=1

K∑
k=1

Ri[k]−
K∑
k=1

R0[k]

)

=
1

K

K∑
k=1

max
M∑
i=1

(µi − µ0)Ri[k] + µ0R0[k],

(3.23)

where we have assumed constant power per block (optimal power allocation is con-

sidered in the next subsection). We observe that the Lagrangian dual variable µ0 for

the flow conservation constraint appears as a weighting factor for the source. Fur-

thermore, to maximize the weighted sum of the rates on the long-term, the optimal

solution involves maximizing the weighted sum of the achievable rates for each RU

independently. We can see from (3.23) that maximizing the initial problem in (3.2)

is equivalent to, assuming half-duplex relaying and single user selection per block,

selecting the source or the user with the maximum weighted instantaneous rate in

each RU where the source weight, µ0, is optimized to maintain the flow conserva-

tion constraint in (3.2). Therefore, the system can be thought of having a single-hop

broadcast channel with M + 1 users with the source acting as a virtual user and the

relay acting as the virtual source. The selection criteria can be written as, where we
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Figure 3.4: Example of the allocation of RUs for joint user-and-hop scheduling (a)
single user selection per RU (JSSU) (b) superposition coding with successive inter-
ference cancellation (JSSC). Blue represents the source (first hop), while red, green
and purple represent three users and yellow represents the combination of the three
users.
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use index 0 for the source,

m = arg max
j
µ
′

jRj[k] j = 0, 1, . . . ,M, (3.24)

where

µ
′

j =


µ0 j = 0

(µj − µ0)+ j = 1, 2 . . . ,M,

(3.25)

where (x)+ = max(x, 0). Therefore, either the source or one of the users is scheduled

in each RU depending upon (3.24) as shown in Fig. 3.4(a). So, unlike the scheme in

Section 3.4.2, there is no specific ratio of blocks in which the source is scheduled. It

depends merely on the instantaneous channel conditions.

The long term achievable rates are given by

R̄0 =

∫ ∞
0

rfR0(r)Prob(source is scheduled|R0 = r)dr (3.26)

R̄i =

∫ ∞
0

rfRi(r)Prob(ith user is scheduled|Ri = r)dr, (3.27)

From (3.24), we can obtain

Prob(source is scheduled|R0 = r) =
M∏
i=1

FRi

(
µ0r

µ
′
i

)
(3.28)

Prob(ith user is scheduled|Ri = r) = FR0

(
µ
′
ir

µ0

) ∏
l 6=i,0

FRl

(
µ
′
ir

µ
′
l

)
. (3.29)

The optimal value of µ0 can be obtained by solving R̄0 =
∑M

i=1 R̄i, where R̄0 and

R̄i are obtained using (3.26) and (3.27) respectively. This problem can be solved

numerically using a one-dimensional bisection search over µ0.



88

3.5.2 Optimal Power Allocation

Up till now, constant power per RU has been considered. We consider here the optimal

power allocation. Due to the additional constraint, the equivalent dual problem is

given by

1

K

K∑
k=1

max
M∑
i=1

(µi − µ0)Ri[k] + µ0R0[k]−
M∑
j=0

λPj[k]

N0

, (3.30)

where λ is the dual variable which should be adjusted to maintain the average power

constraint. Similar to the constant power case, the scheduling problem is equivalent

to the conventional single-hop case by treating the source as a virtual user with

weighting factor µ0. The scheduling rule in the kth RU is now done according to

m = arg max
j

(
µ
′

jRj[k]− λPj[k]

N0

)
j = 0, 1, . . . ,M, (3.31)

where µ
′
j is defined in (3.25), and Pj[k] is given by a water-filling formula,

Pj[k] =


N0

[
µ
′
j

λ
− 1

γj [k]

]+

j = m

0 otherwise

(3.32)

To characterize the long-term rates, we use the PDF and CDF of the channel power

gain, γ, denoted respectively as fγ(x) and Fγ(x)8 instead of fR(r) and FR(r) since

the variable power allocation alters the statistics of the achievable rate. The single-

user scheduling with optimal power allocation for conventional broadcast channel was

studied in [93]. We apply the derived equations there to our case as follows. The

power price parameter λ can be obtained from the total average power constraint

8For Rayleigh fading, fγ(x) = 1
γ̄ exp

(
−xγ̄
)

, Fγ(x) = 1−exp
(
−xγ̄
)

, where γ̄ is the average channel

power gain.
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given by

N0

∑
i

∫ ∞
λ

µ
′
i

fγi(x)
∏
j 6=i

Fγj(ζ)

[
µ
′
i

λ
− 1

x

]
dx = P̄ , (3.33)

which can be solved numerically using a bisection search, where ζ equals

ζ =
−λ

µ
′
jW

(− λ

µ
′
ix

) µ
′
i

µ
′
j exp

(
µ
′
i

µ
′
j

− λ

µ
′
jx
− 1

) , (3.34)

and W [.] is the Lambert function. The long term achievable rates are given by

R̄0 =

∫ ∞
0

log2

(µ0x

λ

)
fγ0(x)

M∏
i=1

Fγi(ζ)dx (3.35)

R̄i =

∫ ∞
0

log2

(
µ
′
ix

λ

)
fγi(x)

M∏
j 6=i

Fγj(ζ)dx. (3.36)

Similar to the constant power case, µ0 is obtained by equating the average source

rate to the sum of the average users’ rates.

3.5.3 Real Time Adaptation of Weighting Factor µ0

In the discussion up till now, it has been assumed that the PDF and CDF of the

S-R and all R-D channels are perfectly known, and hence off-line calculation of µ0 is

done. However, this might not be always feasible in practice. Therefore, we propose

an alternative approach to obtain the source weighting factor, µ0, based on real time

channel measurements similar to the one adopted in [94] in the context of maintaining

fairness constraints. The scheduling criteria remains the same as in (3.24). The source
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weight µ0 is updated with each time index n according to

µ0(n+ 1) = µ0(n) +
δ

n+ 1

(
M∑
i=1

R̄i(n+ 1)− R̄0(n+ 1)

)
, (3.37)

where δ controls the convergence speed of the algorithm. In our numerical results,

we used δ = 2. The complete algorithm is given in Algorithm 4.

Algorithm 4 Real Time Weight Update

Initialize R̄0 = 0
Initialize R̄i = 0 ∀ i
Initialize µ

′
0 = µinitial

Set µis to their assigned values
for n=1 to N do
Ri = log2

(
1 + P̄ γi

N0

)
R0 = log2

(
1 + P̄ γsr

N0

)
µ
′
i(n) = (µi(n)− µ′0(n))+ ∀ i

[R∗, ind] = max(µ
′
jRj) j = 0, 1, 2, . . . ,M

Rind = R∗

Rk = 0 ∀ k 6= ind
R̄j(n+ 1) = R̄j(n) + 1

n+1

(
Rj − R̄j(n)

)
∀ j

µ
′
0(n+ 1) = µ

′
0(n) + δ

n+1

(
M∑
i=1

R̄i(n+ 1)− R̄0(n+ 1)

)
end for

3.5.4 Multiple Users Scheduling Via Superposition Coding

with Successive Interference Cancellation

Up till now, single user selection per RU has been assumed. However, from (3.23), one

can see that to achieve optimal performance, more than one user can be scheduled in

a single RU. It is widely known that the optimal scheduling scheme for block-fading

broadcast channels is superposition coding with successive interference cancellation

at the receivers [83, 84]. Therefore, the optimal solution is to schedule either the

source (i.e. first hop) or the superposition coding of many users (i.e. second hop) in
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each RU as shown in Fig. 3.4(b). The source and the users cannot be scheduled in

the same RU because the relay operates in half-duplex mode. To accomplish the task

of scheduling, the scheduler has to find the summed weighted instantaneous rates of

the users and the weighted instantaneous rate of the source in the kth RU, and to

schedule the one which is greater. Hence, the source is scheduled when

µ0R0[k] >
M∑
i=1

µiRi[k]. (3.38)

Similarly, multiple users are selected when

M∑
i=1

µiRi[k] > µ0R0[k], (3.39)

where the instantaneous source rate in the kth RU can be obtained from (3.1). On

the other hand, the procedure to calculate the instantaneous rates for the users under

SC has been detailed in the literature [83]. We provide a summary of the procedure.

Notice that under superposition coding with successive interference cancellation the

number of users which are scheduled varies depending on the channel conditions of

the users. Therefore, it is not that all users are scheduled all together, but rather a

combination of some users who have good channel conditions. The order of successive

interference cancellation at the receivers (i.e. users) is in a decreasing order of µ,

meaning that each user decodes the codewords that are sent to the users of higher µ

before decoding its own codeword.

A procedure to optimize the power and rate allocation for the superposition cod-

ing based on a greedy algorithm that involves marginal utility functions for every user

was suggested in [83] for the case optimal power allocation over all channel blocks

(i.e. RUs). The straightforward extension to the constant power per RU case was out-
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lined in [93]. We summarize the latter case as follows; The marginal utility functions

in the kth RU are defined for every user as

ui(z) ≡ µi
1

γi[k]
+ z

, 0 ≤ z ≤ P̄

N0

, (3.40)

where z refers to the interference levels. The power and rate allocated to each user

depends on the marginal utility functions according to

Pi[k] = N0

∫
Ai
dz, (3.41)

Ri[k] =
1

ln 2

∫
Ai

1
1

γi[k]
+ z

dz, (3.42)

where the period Ai is defined as

Ai ≡
{
z ∈

[
0,
P̄

N0

]
: ui(z) > ul(z) ∀l 6= i

}
. (3.43)

The user whose marginal utility function is not the maximum one over all values

of z ∈
[
0, P̄

N0

]
is not scheduled in that particular RU. From (3.42) we obtain the

achievable rate of every user, and hence we can decide whether the source should

transmit or the relay should transmit using superposition coding.

Obtaining a compact closed form expression for the long term average throughput

of the source (R̄0) and of the users (R̄i) is not feasible due to the greedy algorithm

to obtain the users’ rates. Therefore, we obtain it in this case through numerical

simulations. Similar to the single user selection case, µ0 is obtained from the flow

conservation constraint. Hence, the optimal value of µ0 is obtained by a numerical

bisection search.
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3.5.5 Proportional Fair Scheduling

We consider PF scheduling scheme for joint scheduling as we did for multi-user

scheduling. The recursive algorithm is similar to Algorithm 3. However, the selection

criteria changes and the source becomes considered with the users for scheduling over

all RUs. For single user selection, the scheduling criteria and the update of µ
′
j are the

same as Algorithm 4. The update equation for µ0 is given by (3.37). For multiple

user selection, the update equation for µ0 is still (3.37). However, the instantaneous

rates in each RU are calculated using the greedy procedure outlined in Section 3.5.4.

3.6 Numerical Results

We present numerical results to the different schemes discussed in this work. We

compare joint scheduling (in Section 3.5), which offers full MHD and MUD gains,

with the users-only scheduling scheme (in Section 3.4) and round robin scheduling

scheme (in Section 3.3). We commonly use the long term source throughput in

the comparisons, which does also refer to the sum throughput of all users. We use

Rayleigh block-fading channel model for the S-R and all R-D channels.

We start by considering the case of independent and identically distributed (IID)

channels for all links in the first and second hops. We consider the case of maximum

sum throughput scheduler, and hence we set µi = 1 for all users. Fig. 3.5 shows the

real-time approach to obtain µ0 and compares it with the analytical value obtained

by offline calculation from the flow conservation constraint relating the source and

user throughputs for joint scheduling with single user selection per block. We can see

from Fig. 3.5 that the real time algorithm converges to the analytical solution. In

Fig. 3.5, γ is defined as γ = P̄
N0

. Moreover, the optimal value of µ0 decreases with

increasing γ. Therefore, when γ is low, the source needs to to be scheduled more
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Figure 3.5: Real time update of optimal µ0 for M = 4.

often.

Fig. 3.6 shows a comparison between constant power (CP) and optimal power

allocation (OPA) per RU for M = 1 and M = 4 with IID channels for joint scheduling

with single user selection per block. We observe that OPA provides gains at low Avg.

SNR9 only while the gains are negligible for medium or high SNR. Therefore, applying

constant power allocation is in most cases sufficient and it is also simpler to implement.

Additionally, the gain for OPA decreases with increasing M . Furthermore, relaying is

employed to increase the Avg. SNR of the users which have low SNR in their direct

connection with the source. Hence, due to relaying, it becomes very unlikely to have

users with low Avg. SNR in their connection with the relay. So, employing OPA does

not grant significant gain for the system.

The long term source (sum of all users) throughput, R̄0, for the different schemes

are plotted in Fig. 3.7 for four users with IID channels for the maximum sum rate

9Avg. SNR= P̄E[γ]
N0

, where E[γ] is the average power gain of all the channels as they are taken as
IID.
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Figure 3.6: Comparison between OPA and CP for joint scheduling.

scheduler. It is clear from Fig. 3.7 that both scenarios of joint scheduling, single user

selection (JSSU) and superposition coding (JSSC), give the best performance as we

would expect due to the MHD gains. As the channels are IID and all the user weights

are equal, JSSU and JSSC provide the same performance. However, the difference

between them will become clear when we study PF scheduling later on. Multi-user

scheduling only with buffering gives the best performance after joint scheduling as it

provides both MUD and Buff gains. Furthermore, RRS with neither MHD nor MUD

gains provides the worst performance as expected.

The gains of joint scheduling over users-only scheduling are also evident in the

case of PF scheduling as shown in Fig. 3.8 which is for a two-user case with different

average channel values. JSSC and JSSU give comparable performance for low values

of γ. However, the gain in performance due to superposition coding for JSSC becomes

apparent at higher values of γ. Furthermore, both JSSC and JSSU outperform the

users-only scheduling cases evidently.

The advantages of joint user-and-hop scheduling are also confirmed by character-
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izing the two-user rate region which is shown in Fig. 6.2. The rate region is obtained

by scanning all possible user weights from (µ1 = 1, µ2 = 0) to (µ1 = 0, µ2 = 1).

Joint scheduling enlarges the rate region due to the MHD gains. Among the joint

user-and-hop scheduling schemes, JSSC provides a larger achievable rate region than

JSSU due to scheduling multiple users in a single RU. However, the end points for

both JSSC and JSSU are the same as they represent the extreme cases of only one

user. As expected Buff+MUD gives the largest rate region after the joint user-and-

hop scheduling schemes and RRS provides the smallest rate region. Moreover, as can

be seen from Fig. 6.2, incorporating multi-user scheduling enhances the curvature of

the rate region. However, it does not change the end points. Hence, Buff+MUD and

RRS-Buff as well as MUD and RRS have the same end points respectively.
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3.7 Analysis of Empty Buffer Probability

The objective in this section is to get an insight into the probability of getting an

empty buffer at the relay despite the fact that the scheduling scheme is optimized

such that on the long-term the average rate received by the relay equals the average

rate transmitted by it. The instantaneous rate transmitted or received by the relay

varies with time based on the channel conditions. However, we use a simplified model,

which can still give a good insight into the investigated problem. We assume that the

relay transmits or receives with equal probability (equals half), and with constant

rate such that the number of stored information bits in the relay’s buffer changes

with the same absolute value, defined as a packet, at each time index. We also

assume that the initial number of packets in the relay’s buffer is N . We use k for

the time index. Therefore, at each k, the number of packets in the relay’s buffer gets

incremented (i.e. relay receives new information) or decremented (i.e. relay transmits)

by one packet with equal probability.

We use K (an integer) to denote the “observation period” (we can also call it as

time window), where we want to evaluate the probability that we get an empty buffer

“within” this observation period (i.e. at time index k = 1, · · · , K). We denote this

probability as FN
E (K), where N is the initial number of packets in the buffer at k = 0.

We use the notation KN
p for the minimum observation period such that FN

E (KN
p ) ≥ p,

where p is the tolerance value for the probability of the empty buffer event.

We represent the changes in the number of stored packets in the buffer within

the observation period K by ωK , which is a binary vector of K elements with values

of “+1” or “−1”. We define ΩK as the set of all possible ωK vectors. Therefore,

the total number of elements in ΩK is |ΩK | = 2K . Each ωK may occur with equal

probability pωK = 2−K . We associate with each ωK vector another vector for the
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accumulative changes, denoted δωK , which also has K elements that are obtained

using δωK (k) =
∑k

i=1 ω
K(i), where δωK (i) and ωK(i) represent the ith element of δωK

and ωK , respectively.

The set of all ωK vectors that result in the occurrence of the empty buffer event,

given that the initial state of the buffer is N packets, is denoted ΦK
N , where

ΦK
N =

{
ωK : min

k
δωK (k) ≤ −N , where k = 1, · · · , K

}
(3.44)

Therefore, the probability of getting an empty buffer within observation period K

equals

FN
E (K) =

|ΦK
N | pωK
|ΩK | pωK

= |ΦK
N | 2−K (3.45)

Thus, we need to compute |ΦK
N | in order to obtain FN

E (K). This involves com-

puting all possible combinations of ωK that result in the empty buffer event. We can

classify those into two categories. The first one is the set of ωK vectors that have

δωK (K) ≤ −N , and the second one is the set of ωK vectors that have δωK (K) > −N

and mink δωK (k) ≤ −N , where k = 1, · · · , K − 1. We use the following two Lemmas

to characterize these two categories.

Lemma 1 (Binomial Coefficients). The number of ωK vectors that have δωK (K) = Ñ ,

where Ñ is integer, equals zero if |Ñ | > K or (K−Ñ) is an odd number, and it equals(
K

(K−|Ñ |)/2

)
otherwise.

With the aid of Lemma 1, we can count the number of ωK vectors that have

δωK (K) ≤ −N .

Lemma 2 (Equal Number in The Two Categories). For the set of ωK vectors that

have δωK (K) < −N , there is an equal number of ωK vectors that have δωK (K) > −N

and mink δωK (k) ≤ −N .
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Notice that for each ωK that has δωK (K) = Ñ , where Ñ < −N , we know that

we must have δωK (kE) = −N at some value kE < K. Therefore, there is another

ωK which has exactly the same first kE elements (which result in an empty buffer)

and has exactly the opposite sign for the last (K − kE) elements, which results in

δωK (K) = −N −
(
Ñ − (−N)

)
= −2N − Ñ > −N .

From the two Lemmas, we can obtain the closed-form expression for FN
E (K).

FNE (K) =


0 : K < N[(

K
(K−N)/2

)
+ 2

∑(K−N−2)/2
i=0

(
K
i

)]
2−K : K ≥ N and (K −N) is even number[

2
∑(K−N−1)/2
i=0

(
K
i

)]
2−K : K > N and (K −N) is odd number

(3.46)

We can show that FN
E (K) = FN

E (K − 1) when (K −N) is odd number.

After obtaining the closed-form expression to characterize FN
E (K), we can use it

to obtain KN
p . We show in Fig. 3.10 numerical results for KN

p as a function of N . The

figure has a log-log scale to show that the relation betweenKN
p andN is approximately

quadratic (linear in log-log scale with slope equals two). This means that by doubling

the initial number of packets N , we get almost four times the observation period that

will generate the same probability of empty buffer.

The provided analysis demonstrates that having an initial stage of source trans-

mission only, such that the relay’s buffer gets occupied by a sufficient amount of

packets, is an effective way to reduce the probability of getting the buffer empty sig-

nificantly. Furthermore, we believe that the empty buffer scenario does not cause a

critical issue that renders the proposed joint user-and-hop scheduler impractical for

implementation. Notice that even if the empty buffer scenario occurs (happens with

low probability), it should not cause a major problem in practice since the system

can start a new stage of source transmission only for short period of time, and then

goes back to continue normal scheduling process. Therefore, the solution of this case
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p versus N for p = 0.5, p = 0.1 and p = 0.01

when it happens is feasible and simple. Another remark is that, for a finite size buffer,

the analysis of the probability of overloaded buffer is similar to the analysis of empty

buffer.

3.8 Summary

We have proposed and investigated joint scheduling for dual-hop block-fading broad-

cast channels to maximize the weighted sum of the long term user throughputs. We

have compared joint scheduling to conventional schedulers with round robin schedul-

ing and multi-user scheduling only and we have demonstrated via numerical examples

that joint scheduling provides performance improvement in terms of long term achiev-

able rate region. We have also proposed recursive algorithms to obtain the source
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and user weights for proportional fair scheduling for the cases of joint scheduling

and multi-user scheduling. The gains of joint user-and-hop scheduling over user-only

scheduling are obtained because it exploits multi-hop diversity in addition to multi-

user diversity. Due to these gains, we believe that our proposed scheduling scheme,

including both cases of single user selection and superposition coding with succes-

sive interference cancellation, has the potential for practical implementation in next

generation wireless systems that deploy relays such as in LTE-Advanced systems.

However, more work is required to make the scheme practically feasible, particularly

taking into account the delay.
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Chapter 4

Resource Allocation for Two

Source-Destination Pairs Sharing a

Single Relay with a Buffer

4.1 Introduction

This chapter continues the focus on buffer-aided DF relaying. In this chapter, we

aim to maximize the achievable rate region over Gaussian block-fading channels and

we use the best transmission schemes that maximize the achievable rates. These

require non-orthogonal transmission with successive interference cancellation at the

receivers. We do additionally consider and compare with orthogonal transmission.

Furthermore, we assume best-effort data traffic without delay constraints such that

the primal objective is to maximize a weighted sum (over the users) of the average

(over the channel blocks) achievable rates. We assume adaptive rate transmission

based on the channel conditions, which is known at the receiver and at the transmitter

via feedback. Our approach to the resource allocation problem is similar to some

works in the literature such as [95] for the point-to-point channel, [96] for the MAC,
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[97, 83] for the broadcast (one-to-many) channels, [98] for a reduced-feedback scheme

over broadcast channels, [76] for the relay channels and [75] for the relay-assisted

broadcast channel.

We would like to emphasize that although the approach and problem formulation

is similar in the aforementioned papers, each channel model produces its unique

optimization problem with different constraints and solution steps. Therefore, in

general, the solution of a new channel model is not a simple extension of other existing

solutions. That’s why we have a rich literature on optimal resource allocation. In

this work, we consider a new channel setup which, to the best of our knowledge, has

not been solved in the literature yet.

In this chapter, we consider a half-duplex shared relay channel, which corresponds

to the case when a single relay serves two adjacent wireless cells (i.e. base stations).

Thus, our system model consists of two sources which communicate with two desti-

nations (i.e. users) independently using dual-hop connections through a single shared

relay. We believe that this is an important system model which can be relevant in

the practical deployment of relays in cellular systems. The shared relay channel is

an interesting model that combines a MAC channel, a broadcast channel, and a re-

lay channel altogether. Therefore, good background knowledge about all of them is

needed in order to treat the shared relay model. Additionally, we consider an im-

portant factor to get considerable gains in the achievable rates, which is by enabling

information buffering (i.e. temporary storage) at the relay node. This is an important

feature that has not been studied in the literature comprehensively yet. Therefore,

we would like to emphasize it more.

In this chapter, we show how to extend joint user-and-hop scheduling into a shared

relay with a buffer. In particular, we have the following contributions in this work:

• We characterize the optimal resource allocation strategies in order to maximize
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the achievable rate region for our system over Gaussian block-fading channels.

We illustrate also how to obtain the optimal solution using an off-line approach

that is based on the knowledge of the channel statistics or using a real-time

approach that is based on actual channel measurements.

• We derive closed-form formulas to characterize the achievable rates in our sys-

tem as a function of the fading channels statistics (mainly the PDF). This is a

generic solution that is applicable to any specific fading channel model.

• We investigate sub-optimal schemes by neglecting the buffer at the relay, and by

adding orthogonality constraint to the problem. We compare the sub-optimal

schemes with the optimal one numerically in order to characterize the capacity

gains due to buffering and non-orthogonal transmission. Additionally, we com-

pare with other sub-optimal schemes that exploit the diversity gains partially.

• We demonstrate in the numerical results that the gains due to buffering at the

relay are significant.

The rest of the chapter is organized as follows. We elaborate more on the system

model in Section 4.2 and we formulate the main optimization problem. We provide

the optimal solution in Section 4.3. Next, we discuss the solution when buffering

is not used in Section 4.4. After that, we characterize sub-optimal schemes in Sec-

tion 4.5. Next, we provide various numerical results in Section 4.6. The extension

to the multiple relay case is discussed in Section 4.7 Finally, we summarize the main

conclusions of the chapter in Section 4.8.
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4.2 System Model and Problem Formulation

4.2.1 System Model and Assumptions

Source 1

Relay 

User 1 

User 2 

Source 2

Figure 4.1: System Model: Dual-hop system with two source-destination pairs.

We consider the system shown in Fig. 4.1, where two sources (S1 and S2) send

information to two users (destinations D1 and D2) through a single shared relay (R).

In this system, S1 sends information to D1 only and S2 sends information to D2 only.

There are no direct links between the two sources and the two destinations. Hence,

all sent information must go through the relay. The relay decodes the received infor-

mation from the sources and it has two buffers (one for each source) to enable storing

the information temporarily before forwarding it to the respective destination. We

assume that the amount of information that can be stored in the buffers is unlim-

ited. When the relay is scheduled to transmit, information is extracted from each

buffer and then mapped onto codewords with rates, RD1[k] and RD2[k], as explained

later on. Furthermore, we assume that each node is equipped with a single antenna.

Moreover, in continuation, the relay works in half-duplex mode.

We assume a Gaussian block-fading (i.e. quasi-static) channel model in which

the time-frequency grid is divided into blocks [99, 100, 101]. Each channel block,

called RU as in the previous chapter, can be composed of multiple time slots and

multiple frequency bands. However, the RUs are orthogonal to each other. The
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complex channel gains of all links, S-R and R-D, stay constant over a single RU

and they change independently from one RU to another. Furthermore, all links are

independent of one another. We assume, without loss of generality, that the RUs

have the same duration and bandwidth1.

Additionally, we assume that the relay uses a constant power spectral density (in

Jouls/sec/Hz) whenever it transmits. Furthermore, the sources use a constant sum

(of the two sources) power spectral density whenever one or both of them transmit.

The channel gains of the four links in the system are known for each RU and they

are incorporated in the resource allocation for every RU. We can assume that the

scheduling decisions are taken at the relay since it has connections with all sources

and destinations. Thus, all CSI can be collected via single-hop connections instead

of dual-hop connections. The relay can, for example, transmit a pilot signal and then

all other nodes measure their channels’ strengths and send the CSI via feedback to

the relay. With the assumption of channel reciprocity, the relay can in this case have

the CSI of all channels and then it can broadcast the resource allocation decision to

all nodes so that they all become aware of it and adapt accordingly. Also, if non-

orthogonal transmission is applied, the user with the better channel will require the

channel response of the other user in the downlink for interference cancellation. It is

also assumed that each node has knowledge of the noise power spectral density.

4.2.2 Optimization Problem Formulation

The primal objective function for resource allocation is to maximize the weighted sum

of the average achievable rates (in bits/sec/Hz) of the two users (D1 and D2) over a

large number of RUs. There are no delay constraints involved in this problem and

1It is noted that these are the same assumptions as the previous chapter. However, for completion
and ease of reading we detail them again. This pattern will continue in the next two chapters as
well.
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hence the resource allocation is based merely on the channel state information and

the predefined (i.e. given) weights for the two users as was the case in the previous

chapter. We can formulate the optimization problem as

max
(
µ1 min(R̄S1, R̄D1) + µ2 min(R̄S2, R̄D2)

)
, (4.1)

where µ1 and µ2 are given weights. Also, R̄S1 and R̄S2 are the average rates trans-

mitted by S1 and S2, respectively, and decoded reliably at the relay. Similarly, R̄D1

and R̄D2 are the average rates transmitted by the relay and decoded reliably at D1

and D2, respectively. The averaging is over all RUs. We give index k for the resource

units. Therefore, we can write

R̄S1 =
1

K

K∑
k=1

RS1[k], (4.2)

where RS1[k] is the rate transmitted by S1 in the kth RU, and K is the total number of

RUs, which is assumed to be approaching infinity. The same notation can be applied

to R̄S2, R̄D1 and R̄D2. The optimization variables in problem (4.1) are the resource

allocation decisions over the RUs. We define these variables specifically for both

the optimal non-orthogonal transmission case and the sub-optimal (but preferable in

practice) orthogonal transmission case in Section 4.2.3. We use ξ[k] to denote the

vector of optimization variables for the kth RU.

The minimum of R̄S1 and R̄D1 is taken in (4.1) since the information sent by S1 to

D1 goes over dual hops and hence the rate is bounded by the worst hop. This is also

the case for R̄S2 and R̄D2. It is intuitive that the optimal solution of (4.1) must involve

transmitting at channel capacity over each RU, which is characterized in Section 4.2.3.

Therefore, we assume that the sources and the relay uses capacity achieving channel
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codes. Furthermore, the transmission rate of the relay to the destination is also

bounded by the amount of the information bits that is stored in the queues of its two

buffers. Thus, the relay may not be able to transmit at channel capacity in some RUs

consequently.

Moreover, we must distribute the resources such that R̄S1 = R̄D1 and R̄S2 = R̄D2.

Otherwise, we can predict that some of the resources allocated to one hop are wasted

if it has useless extra rate than the other hop. Therefore, we can write (4.1) in the

equivalent form

max
ξ[k],∀k

µ1R̄D1 + µ2R̄D2 (4.3a)

subject to R̄D1 ≤ R̄S1 and R̄D2 ≤ R̄S2, (4.3b)

where ∀k stands for k ∈ {1, 2, . . . , K}. We refer to (4.3b) as the flow conservation

constraint following on from the previous chapter. The flow conservation constraint

does not put any constraint on how long the information can stay in the relay’s buffers

before forwarding it. This feature enables exploiting the diversity in the four links in

the system to maximize the average rates as observed in the previous chapter.

In the sub-optimal case when buffering is not supported, the relay has to for-

ward the received information immediately to the respective user in the same RU.

Therefore, in this case, the constraint (4.3b) should be replaced by K constraints,

RD1[k] = RS1[k] and RD2[k] = RS2[k] ∀k. (4.4)

4.2.3 Transmission Schemes and Optimization Variables

Since the relay is half-duplex, each RU is divided orthogonally in the time domain

into two sub-blocks, where the relay receives information from the sources in the first
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one, and transmits to the destinations in the second one. The ratios of the time

durations of first and second sub-blocks in the kth RU to the total time of the RU

are denoted τS[k] and τD[k], respectively. Therefore, we can write

RS1[k] = τS[k]Rac
S1[k] (4.5a)

RD1[k] = τD[k] min (Q1[k], Rac
D1[k]) , (4.5b)

where Rac
S1[k] is the achievable rate (capacity in bits/sec/Hz) of the channel between

S1 and the relay in the kth RU. Similarly, Rac
D1[k] is the achievable rate of the channel

between the relay and D1 in the kth RU. Also, Q1[k] is the normalized amount of

information, which is stored in the queue of the buffer that is used for the first S-D

pair, at the start of the kth RU. We define RS2[k], Rac
S2[k], RD2[k], Rac

D2[k] and Q2[k]

similar to (4.5). Notice that the relay cannot transmit more information than what

is actually stored in its buffers. That’s why we use (4.5b).

The optimal transmission schemes for the multiple-access channel from the sources

to the relay is non-orthogonal transmission by the two sources. The relay should de-

code the codeword of the source that has the stronger channel first treating the signal

of the other source as noise. Then, it decodes the codeword of the “weaker chan-

nel source” after removing the first one from the received signal2. For the broadcast

channel from the relay to the destinations, the relay uses superposition coding for two

codewords of the destinations. The destination that has the stronger channel decodes

the codeword of the other destination first before it can obtain its own codeword

[102]. The optimization variables for both cases are the ratios of the total power that

are allocated to each codeword. We use the notation ρS1[k] and ρS2[k] for the ratios

2The capacity region of the MAC channel with sum power constraint is the same as of the dual
broadcast channel with the opposite optimal decoding order. There is no need for time sharing in
this case as there is for individual power constraints.
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of the power allocated to S1 and S2, respectively, to the total sum power constraint

of the multiple-access channel. Similarly, we use the notation ρD1[k] and ρD2[k] for

the ratios of the power allocated to the codewords sent to D1 and D2, respectively,

to the total power of the relay. With these notations, we can characterize Rac
S1[k] and

Rac
D1[k] using

Rac
S1[k] =

 log (1 + ρS1[k]γS1[k]) : γS1[k] < γS2[k]

log
(

1 + ρS1[k]γS1[k]
1+ρS2[k]γS2[k]

)
: γS1[k] > γS2[k]

(4.6)

Rac
D1[k] =

 log
(

1 + ρD1[k]γD1[k]
1+ρD2[k]γD1[k]

)
: γD1[k] < γD2[k]

log (1 + ρD1[k]γD1[k]) : γD1[k] > γD2[k],
(4.7)

where γ refers to the SNR of the respective channel. Similarly, we can characterize

Rac
S2[k] and Rac

D2[k] using (4.6) and (4.7), respectively, after swapping index 1 and

index 2 for the SNRs and power ratios.

The optimization variables for each RU are τS[k], τD[k], ρS1[k], ρS2[k], ρD1[k] and

ρD2[k]. Therefore, ξ[k] in the optimization problem (4.3) is defined as

ξ[k] =
[
τS[k], τD[k], ρS1[k], ρS2[k], ρD1[k], ρD2[k]

]
. (4.8)

The space of the vector ξ[k] is defined by

τS[k] + τD[k] = 1, τS[k] > 0, τD[k] > 0, (4.9a)

ρS1[k] + ρS2[k] = 1, ρS1[k] ≥ 0, ρS2[k] ≥ 0, (4.9b)

ρD1[k] + ρD2[k] = 1, ρD1[k] ≥ 0, ρD2[k] ≥ 0. (4.9c)
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When orthogonal transmission is used, we have

Rac
S1[k] = ωS1[k] log (1 + γS1[k]) , (4.10)

where ωS1[k] is the (time / bandwidth) ratio allocated to S1 to the total (time / band-

width) of the multiple-access channel. Similar formulas can be used to characterize

Rac
S2[k], Rac

D1[k] and Rac
D2[k]. Furthermore, ξ[k] in this case is defined as

ξ[k] =
[
τS[k], τD[k], ωS1[k], ωS2[k], ωD1[k], ωD2[k]

]
. (4.11)

The space of the vector ξ[k] in this case is defined by

ωS1[k] + ωS2[k] = 1, ωS1[k] ≥ 0, ωS2[k] ≥ 0, (4.12a)

ωD1[k] + ωD2[k] = 1, ωD1[k] ≥ 0, ωD2[k] ≥ 0, (4.12b)

in addition to (4.9a).

4.2.4 Buffers at the Edge of Non-Absorption

One technical challenge in the solution of the optimization problem and the analytical

characterization of the long-term average achievable rates is that the rates on the

second hop of the relay must involve the minimum of the actual amount of data

stored in the queues of the two buffers and the actual channel capacities of the two

relay-destination links, as shown in (4.5b). However, it was shown in [43, Theorem

2] that when the optimal resource allocation scheme is applied (i.e. maximizing the

throughput) in a dual-hop channel with a buffer-aided relay, the buffer of the relay

will be at the edge of non-absorption, meaning that the average arrival and departure
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rates are equal. Furthermore, it was proved therein that the average rate on the second

hop would be the same as its channel average capacity, and the case of having less

amount of information stored in the queue than the channel capacity would appear

very rarely and its effect on the long-term average achievable rate would be ignored

when averaging over infinite number of RUs. This is valid in our problem as well

and it applies to both buffers since both will be on the edge of non-absorption and

at optimality their constraints in (4.3b) will be satisfied at equality. Consequently,

using a similar proof like in [43, Theorem 2], we can show that at optimality

R̄D1 =
1

K

K∑
k=1

τD[k] min (Q1[k], Rac
D1[k]) =

1

K

K∑
k=1

τD[k]Rac
D1[k], (4.13)

and the same applies to R̄D2.

Therefore, we obtain the optimal resource allocation in Section 4.3 based merely

on channel conditions and we ignore the states of the two queues. Nevertheless, it

should be clear that if it occasionally happens that on some RUs the relay can not send

at the allocated rate for one or both destinations, it should adjust the transmission

rate according to the available amount of information in its buffers.

As a final remark, the fact that the actual queue state has negligible effect on the

optimal resource allocation scheme was also discussed from a different perspective in

the previous chapter, where the probability of getting an empty buffer was analyzed

giving the initial state of the queue. It was demonstrated that this probability can

be made arbitrary small given that the queue has sufficient amount of data initially.

Therefore, we could have an apriori filling stage (i.e. transmissions from the sources to

the relay only) before applying the optimal resource allocation scheme. This apriori

filling stage would be relatively very short with respect to the total number of RUs.

As noted before, during the work carried out in Chapter 2, we were not aware of the
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work in [43, Theorem 2]. Hence, the results of [43, Theorem 2] were not utilized in

Chapter 1. However, the approach we adopted serves the same purpose.

4.3 Optimal Solution for Buffer-Aided Relay

4.3.1 Lagrangian Dual Problem Formulation

To solve the optimization problem in (4.3), we use the Lagrangian dual problem [71],

which yields

min
λS1,λS2

Φ(λS1, λS2), (4.14)

where λS1 ≥ 0 and λS2 ≥ 0 are the Lagrange multipliers corresponding to the con-

straints in (4.3b), and

Φ(λS1, λS2) = max
ξ[k],∀k

µ1R̄D1 + µ2R̄D2 − λS1(R̄D1 − R̄S1)− λS2(R̄D2 − R̄S2). (4.15)

We can write (4.15) in terms of the rates in each RU, which yields

Φ(λS1, λS2) = max
ξ[k],∀k

(µ1−λS1)

K∑
k=1

RD1[k]+(µ2−λS2)

K∑
k=1

RD2[k]+λS1

K∑
k=1

RS1[k]+λS2

K∑
k=1

RS2[k].

(4.16)

We observe that problem (4.16) can be divided into K independent optimization

problems. This is because the instantaneous rates in the kth RU are only dependent

on their respective optimization variables in the kth RU (i.e. ξ[k]) and are independent

of the optimization variables in all other RUs. Therefore, (4.16) is equivalent to

Φ(λS1, λS2) =
K∑
k=1

Φ(λS1, λS2)[k], (4.17)
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where

Φ(λS1, λS2)[k] = max
ξ[k]

λD1RD1[k] + λD2RD2[k] + λS1RS1[k] + λS2RS2[k], (4.18)

where λD1 = µ1 − λS1 and λD2 = µ2 − λS2.

4.3.2 Optimal Resource Allocation

Noting that the time sharing variable τS[k] does not affect the achievable rates, we

can write (4.18) in the following form

Φ(λS1, λS2)[k] = max
τS [k]

τS[k]ΦS(λS1, λS2)[k] + τD[k]ΦD(λS1, λS2)[k], (4.19)

where τD[k] = 1− τS[k], and

ΦS(λS1, λS2)[k] = max
ρS1,ρS2

λS1R
ac
S1[k] + λS2R

ac
S2[k], (4.20a)

ΦD(λS1, λS2)[k] = max
ρD1,ρD2

λD1R
ac
D1[k] + λD2R

ac
D2[k]. (4.20b)

Notice that we should replace ρ by ω in (4.20) for the orthogonal transmission

case. Furthermore, the optimal solution of τS[k] in (4.19) is

τS[k] =

 1 if ΦS[k] > ΦD[k]

0 if ΦS[k] < ΦD[k].
(4.21)

This means that in a single RU, either the sources transmit or the relay transmits and

not both of them, depending on the channel conditions of the four links of the system.

That’s why we like to refer to this resource allocation problem as a “scheduling”

problem. Notice that the probability that ΦS[k] = ΦD[k] equals zeros when the
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probability density functions of the channel gains are continuous functions. This is a

valid assumption for our problem.

The next step is to solve (4.20). We start first by the orthogonal transmission

case because it is simpler. The optimal ωS1[k] and ωD1[k] in this case are

ωS1[k] =

 1 if λS1 log(1 + γS1[k]) > λS2 log(1 + γS2[k])

0 if λS1 log(1 + γS1[k]) < λS2 log(1 + γS2[k])
(4.22a)

ωD1[k] =

 1 if λD1 log(1 + γD1[k]) > λD2 log(1 + γD2[k])

0 if λD1 log(1 + γD1[k]) < λD2 log(1 + γD2[k]).
(4.22b)

Then, it is straightforward to obtain ωS2[k] = 1 − ωS1[k] and ωD2[k] = 1 − ωD1[k].

From (4.21) and (4.22) we find that at each RU, a single link is scheduled among

the four links. So, either only a single source transmits or the relay transmits to

only a single user. Therefore, this is joint user-and-hop scheduling as seen in the last

chapter. Since the scheduling criterion is based mainly on the channel conditions of

the two sources and two users in every RU, the system can exploit both MUD and

MHD jointly to enhance the achievable rates. In a compact form, we can present the

scheduling criterion as choosing η[k], where

η[k] = arg max
x

λx log(1 + γx[k]), (4.23)

where x ∈ {S1, S2,D1,D2}. Fig. 4.2 shows an example of the dynamic scheduling of

the sources and users over the RUs. Notice that when we say that a user is scheduled,

this means that the relay transmits information destined to this particular user.

For the non-orthogonal transmission case, the optimal ρS1 and ρD1 can be obtained

by making the gradient equals zero in (4.20) from the KKT conditions. So, we get
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Figure 4.2: Example of the RUs allocation for joint user-and-hop scheduling with
single user selection per RU. Blue represents S1, yellow represents S2, red represents
D1 and green represents D2.

the following conditions for the optimal solution:

∂ΦS[k]

∂ρS1[k]
=
∂ΦS[k]

∂ρS2[k]
, ρS1[k] + ρS2[k] = 1, (4.24a)

∂ΦD[k]

∂ρD1[k]
=
∂ΦD[k]

∂ρD2[k]
, ρD1[k] + ρD2[k] = 1. (4.24b)

From (4.24a), and with reference to (4.6), we get

λS1

(
∂Rac

S1[k]

∂ρS1[k]
− ∂Rac

S1[k]

∂ρS2[k]

)
= λS2

(
∂Rac

S2[k]

∂ρS2[k]
− ∂Rac

S2[k]

∂ρS1[k]

)
. (4.25)

We can simplify (4.25) into


λS1γS1[k]
1+γS1[k]

= λS2γS2[k]
1+ρS1[k]γS1[k]+ρS2[k]γS2[k]

: γS1[k] < γS2[k]

λS2γS2[k]
1+γS2[k]

= λS1γS1[k]
1+ρS1[k]γS1[k]+ρS2[k]γS2[k]

: γS1[k] > γS2[k].
(4.26)
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Therefore, we can obtain ρS1[k] and ρS2[k] using:

• If γS1[k] < γS2[k] and λS1 ≤ λS2, then ρS2[k] = 1.

• If γS1[k] > γS2[k] and λS1 ≥ λS2, then ρS1[k] = 1.

• If γS1[k] < γS2[k] and λS1 > λS2, then

ρS1[k] =

(
λS1γS1[k](1 + γS2[k])− λS2γS2[k](1 + γS1[k])

(γS2[k]− γS1[k])λS1γS1[k]

)
L0H1

, (4.27)

• If γS1[k] > γS2[k] and λS1 < λS2, then

ρS2[k] =

(
λS2γS2[k](1 + γS1[k])− λS1γS1[k](1 + γS2[k])

(γS1[k]− γS2[k])λS2γS2[k]

)
L0H1

, (4.28)

where the notation (x)L0H1, defined as

(x)L0H1 ≡ min (max(x, 0), 1) , (4.29)

is used because 0 ≤ ρS1[k] ≤ 1 and 0 ≤ ρS2[k] ≤ 1. Once we obtain ρS1[k] or ρS2[k],

we can obtain the other one since their sum equals one.

In a similar way, from (4.24b), and with reference to (4.7), we get

λD1

(
∂Rac

D1[k]

∂ρD1[k]
− ∂Rac

D1[k]

∂ρD2[k]

)
= λD2

(
∂Rac

D2[k]

∂ρD2[k]
− ∂Rac

D2[k]

∂ρD1[k]

)
. (4.30)

We can simplify (4.30) into


λD1γD1[k]

1+ρD2[k]γD1[k]
= λD2γD2[k]

1+ρD2[k]γD2[k]
: γD1[k] < γD2[k]

λD1γD1[k]
1+ρD1[k]γD1[k]

= λD2γD2[k]
1+ρD1[k]γD2[k]

: γD1[k] > γD2[k].
(4.31)

Therefore, we can obtain ρD1[k] and ρD2[k] using:
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• If γD1[k] < γD2[k] and λD1 ≤ λD2, then ρD2[k] = 1.

• If γD1[k] > γD2[k] and λD1 ≥ λD2, then ρD1[k] = 1.

• If γD1[k] < γD2[k] and λD1 > λD2, then

ρD2[k] =

(
λD1γD1[k]− λD2γD2[k]

(λD2 − λD1)γD1[k]γD2[k]

)
L0H1

. (4.32)

• If γD1[k] > γD2[k] and λD1 < λD2, then

ρD1[k] =

(
λD2γD2[k]− λD1γD1[k]

(λD1 − λD2)γD2[k]γD1[k]

)
L0H1

. (4.33)

4.3.3 Satisfying the Flow Conservation Constraints

In Section 4.3.2 we get the optimal solution of (4.15). The solution was independent

of the channels’ statistics. The remaining step is to solve (4.14) by obtaining λS1

and λS2 that satisfy the flow conservation constraints (4.3b) at equality. This part is

dependent on the channels’ statistics. We present two numerical approaches to solve

this problem.

Bisection Search over λS1 and λS2 with Known Channel Statistics

For the case of orthogonal transmission, we can characterize the long-term average

achievable rate of Si (i ∈ {1, 2}) using

R̄Si =

∫ ∞
0

rfRSi(r) Pr (Si is scheduled|RSi = r) dr, (4.34)
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where fRSi(r) is the PDF of the achievable rate over the channel between Si and the

relay (i.e. Rac
Si = log(1 + γSi)). Similarly,

R̄Di =

∫ ∞
0

rfRDi(r) Pr (Di is scheduled|RDi = r) dr. (4.35)

With reference to (4.23), and with the assumption that the four links are independent,

we can obtain the conditional probability term (for S1 for example) using

Pr (S1 is scheduled|RS1 = r) = Pr (λS1r > λS2RS2)
2∏
j=1

Pr (λS1r > λDjRDj) . (4.36)

Therefore, we can write

Pr (Si is scheduled|RSi = r) = FRSl

(
λSi r

λSl

) 2∏
j=1

FRDj

(
λSi r

λDj

)
, l ∈ {1, 2}, l 6= i

(4.37)

and similarly

Pr (Di is scheduled|RDi = r) = FRDl

(
λDi r

λDl

) 2∏
j=1

FRSj

(
λDi r

λSj

)
, l ∈ {1, 2}, l 6= i,

(4.38)

where FR(r) is the CDF of the achievable rate. The expressions for the long term

rates of the ith source and ith user in (4.34) and (4.35), respectively, are applicable

for all channel distributions. As an example, we give here the expressions for the

special case of Rayleigh fading. For Rayleigh fading, the long term rates of the ith

source and user are given by

R̄Si =
ln 2

γ̄Si

∫ ∞
0

r2r exp

(
−2r − 1

γ̄Si

)1− exp

−2
λSi r

λSl − 1

γ̄Sl

 2∏
j=1

1− exp

−2
λSi r

λDj − 1

γ̄Dj

 dr,

(4.39)
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R̄Di =
ln 2

γ̄Di

∫ ∞
0

r2r exp

(
−2r − 1

γ̄Di

)1− exp

−2
λDi r

λDl − 1

γ̄Dl

 2∏
j=1

1− exp

−2
λDi r

λSj − 1

γ̄Sj

 dr,

(4.40)

where γ̄Si is the average SNR of the link between the ith source and the relay and

γ̄Di is the average SNR of the link between the ith user and the relay.

With the aid of these analytical expressions, we can apply a two dimensional

search over λS1 and λS2 to find the unique values that make R̄S1 − R̄D1 = 0 and

R̄S2 − R̄D2 = 0.

Real-Time Adaptation of λS1 and λS2

Notice that it is very complex to obtain analytical expressions of the average rates

for the non-orthogonal transmission case. Therefore, the bisection search approach

cannot be applied in this case. Furthermore, in a practical deployment scenario, the

ergodic PDF and CDF of the S-R and R-D channels may not be perfectly known,

and hence off-line calculation of λS1 and λS2 might not be feasible even for the or-

thogonal transmission case. Therefore, we propose an alternative approach to obtain

λS1 and λS2, based on real-time channel measurements (or simulation). The weights

are updated with each time index n according to

λSi(n) = λSi(n− 1) + δ
(
R̄Di(n)− R̄Si(n)

)
, (4.41)

where R̄Si(n) means the real-time average rate transmitted by Si up to time index

n. In (4.41), δ controls the convergence speed of the algorithm. The complete steps

are given in Algorithm 5, which is run for a sufficient large number of iterations N

such that we reach within a small tolerance value of the optimal values of λS1 and

λS2. It is noted here that Algorithm 5 belongs to the subgradient methods which are
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standard algorithms for convex3 minimization and are known to converge [103].

Algorithm 5 Real-Time Adaptation of λS1 and λS2

Initialize R̄Si(0) = 0, i = 1, 2
Initialize R̄Di(0) = 0, i = 1, 2
Initialize λS1(0) and λS2(0)
Initialize λDi(0) = µi − λSi(0)
for n=1 to N do

Generate random channel realizations (or measure in real-time) for Rac
Si(n) and

Rac
Di(n)

Obtain the optimal resource allocation using λSi(n) and λDi(n)
Update R̄Si(n) = R̄Si(n− 1) + 1

n

(
RSi(n)− R̄Si(n− 1)

)
, i = 1, 2

Update R̄Di(n) = R̄Di(n− 1) + 1
n

(
RDi(n)− R̄Di(n− 1)

)
, i = 1, 2

Update λS1(n) and λS2(n) using (4.41).
Update λDi(n) = µi − λSi(n)

end for
λSi = λSi(N), i = 1, 2
return λSi, i = 1, 2

4.4 Solution for Relaying without Buffering

4.4.1 Optimal Resource Allocation

We want to solve (4.3a) with the constraints in (4.4). Therefore, for each k, we want

to solve

max
ξ[k]

µ1RD1[k] + µ2RD2[k] (4.42a)

subject to RD1[k] ≤ RS1[k] and RD2[k] ≤ RS2[k], (4.42b)

where the optimization variables ξ[k] and the characterization of the achievable rates

are similar to those in Section 4.2.3.

We start by characterizing the two end points (of the achievable rate region) in

which a single source-destination pair accesses the channel. Thus, ρSi = ρDi = 1,

3The Lagrangian dual problem is a convex problem by construction [71].
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where i ∈ {1, 2}. In this case, we want to find the optimal τS[k]. The solution yields

τS[k] =
Rac
Di[k]

Rac
Si[k] +Rac

Di[k]
=

log(1 + γDi[k])

log(1 + γSi[k]) + log(1 + γDi[k])
, (4.43)

and the corresponding achievable rate is

RSi[k] = RDi[k] =
Rac
Si[k]Rac

Di[k]

Rac
Si[k] +Rac

Di[k]
. (4.44)

The solution of (4.42) for the orthogonal transmission case is by selecting a single

source-destination pair to access the kth RU. The selected pair is the one that has

the higher weighted rate (µiRDi[k]) among the two pairs, where RDi[k] is given by

(4.44). Notice that for a block fading channel model with continuous PDF functions

of the channels, the probability that the two pairs have exactly equal weighted rate

at any RU is zero.

To obtain the solution of (4.42) for the non-orthogonal transmission case, we con-

vert the weighted sum objective function into weighted Max-Min problem (e.g. [76]),

which is easier to solve. Notice that the initial problem formulation in (4.1) involved

maximizing the weighted sum of the minimum of the source rate and respective des-

tination rate since at optimality they should be equal. Therefore, we reformulate the

problem (4.42a) as

max
σ1[k],σ2[k]

µ1RD1(σ1[k], σ2[k])[k] + µ2RD2(σ1[k], σ2[k])[k], (4.45)

where σ1[k] and σ2[k] are the weights of the Max-Min problem, where σ1[k]+σ2[k] = 1,

and the rates as functions of these weights, RD1(σ1[k], σ2[k])[k] andRD2(σ1[k], σ2[k])[k],
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are obtained by solving

max
ξ[k]

min (σ1[k]RD1[k], σ1[k]RS1[k], σ2[k]RD2[k], σ2[k]RS2[k]) . (4.46)

The solution of (4.46), must satisfy

σ1[k]τD[k]Rac
D1[k] = σ1[k]τS[k]Rac

S1[k] = σ2[k]τD[k]Rac
D2[k] = σ2[k]τS[k]Rac

S2[k]. (4.47)

It is straightforward to observe from (4.47) that we retain the same ratio between the

rates of the source and the destination for each pair, i.e.
RacD1[k]

RacS1[k]
=
RacD2[k]

RacS1[k]
, and hence we

can satisfy the constraints in (4.47) by adjusting τS accordingly. This can be achieved

by solving the following sub-problems:

• With reference to (4.6), find ρS1[k] and ρS2[k] that satisfy σ1[k]Rac
S1[k] =

σ2[k]Rac
S2[k]. This can be obtained numerically using a one-dimensional bisection

search as the problem is convex for a given σ1[k].

• With reference to (4.7), find ρD1[k] and ρD2[k] that satisfy σ1[k]Rac
D1[k] =

σ2[k]Rac
D2[k]. This can also be obtained numerically using a one-dimensional

bisection search as the problem is again convex for a given σ1[k].

• Find τS[k] using

τS[k] =
Rac
D1[k]

Rac
S1[k] +Rac

D1[k]
=

Rac
D2[k]

Rac
S2[k] +Rac

D2[k]
, (4.48)

where Rac
Si and Rac

Di are obtained with the power ratios ρSi and ρDi obtained in

the previous two steps.

The remaining step is to solve (4.45) with the aid of the solution of (4.46). We obtain

the solution using a bisection search over σ1[k] to find the maximum as described in
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Algorithm 6, which is similar to the search method used in [37].

Algorithm 6 Bisection Search over σ1[k] to solve (4.45)

Initialize κ0 = 0, κ2 = 0.5, κ4 = 1
Given a tolerance ε,

1. Set κ1 = (κ0 + κ2)/2 and κ3 = (κ2 + κ4)/2.

2. Find m = arg maxj∈{0,1,2,3,4} µ1RD1(κj, 1− κj) + µ2RD2(κj, 1− κj).

3. Replace κ0 by κmax(m−1,0) and replace κ4 by κmin(m+1,4).

4. If m /∈ {0, 4}, set κ2 = κm, else set κ2 = (κ0 + κ4)/2.

5. If κ4 − κ0 ≥ ε, return to 1), else set solution at κm.

return σ1[k] = κm

4.4.2 Average Achievable Rates for Orthogonal Transmission

Case

The long-term average achievable rates in the orthogonal transmission case (for i =

1, 2) can be obtained using

R̄SDi =

∫ ∞
0

rfRSDi(r) Pr (Si −Di pair is scheduled|RSDi = r) dr, (4.49)

where fRSDi(r) is the PDF of the achievable rate by the Si-Di pair. By referring to

(4.44), we can characterize FRSDi(r) using two equivalent integral forms,

FRSDi(r) =

∫ ∞
0

fRSi(x)FRDi

([
xr

x− r

]∗)
dx =

∫ ∞
0

fRDi(x)FRSi

([
xr

x− r

]∗)
dx,

(4.50)

where

[y]∗ =

 y : y ≥ 0

∞ : y < 0.
(4.51)
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Furthermore, we can write the PDF of the achievable rate as

fRSDi(r) =

∫ ∞
r

x2

(x− r)2
fRSi(x)fRDi

(
xr

x− r

)
dx =∫ ∞

r

x2

(x− r)2
fRDi(x)fRSi

(
xr

x− r

)
dx.

(4.52)

Using the defined PDF and CDF, we can characterize the conditional probability

term in (4.49) using

Pr (Si −Di pair is scheduled|RSDi = r) = FRSDl

(
µi r

µl

)
, l ∈ {1, 2}, l 6= i.

(4.53)

For the case of Rayleigh fading, (4.49) becomes

R̄SDi =
(ln 2)2

γ̄Siγ̄Di

∫ ∞
0

r

∫ ∞
r

x2

(x− r)2
2
x2

x−r exp

(
−2x − 1

γ̄Si

)
exp

(
−2

xr
x−r − 1

γ̄Di

)
×(

1− exp

(
−2

xr
x−r − 1

γ̄Di

))
dxdr.

(4.54)

4.5 Sub-Optimal Scheduling Schemes

In order to characterize the gains of the optimal scheduling scheme, we compare

against benchmark schemes which do not exploit the diversity of the four links in the

system or exploit them partially.

4.5.1 Round Robin Scheduling

We consider a scheme with no buffering at the relay and which does not take advantage

of MUD and MHD gains. Therefore, in each RU, one source and the corresponding

user will be selected in a round robin manner as shown in Fig. 4.3. The corresponding

τS[k] and the achievable rates are similar to the case discussed in (4.43) and (4.44).
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Figure 4.3: Example of the allocation of RUs for RRS. Blue represents the source 1,
yellow represents source 2, red represents user 1 and green represents user 2.

Furthermore, the average achievable rate of the ith user (the same as the average

rate of the ith source) is given by

R̄Di = τi

∫ ∞
0

∫ ∞
0

rSi rDi
rSi + rDi

fRSi(rSi)fRDi(rDi)drSi drDi, i = 1, 2, (4.55)

where τi is the ratio of the RUs that are allocated to the Si-Di pair to the total number

of RUs. For Rayleigh fading, (4.55) becomes

R̄Di = τi
(ln 2)2

γ̄Siγ̄Di

∫ ∞
0

∫ ∞
0

rSi rDi
rSi + rDi

2rSi2rDi exp

(
−2rSi − 1

γ̄Si

)
exp

(
−2rDi − 1

γ̄Di

)
drSi drDi, (4.56)

for i = 1, 2.

4.5.2 Multi-user Scheduling only

In this scheme, which we call multi-user scheduling only, the total bandwidth is

divided into three parts reserved for S1, S2 and the relay respectively over all time
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Figure 4.4: Example of the allocation of RUs for multi-user scheduling only. Blue
represents the source 1, yellow represents source 2, red represents user 1 and green
represents user 2.

duration regardless of the channel conditions. The ratios of the total bandwidth

that are allocated to each node are denoted, τS1 for S1, τsS for S2, and τR for the

relay. Furthermore, in the bandwidth that is reserved for the relay, the two users

are scheduled opportunistically based on their channel conditions in each RU. So, the

system benefits from MUD gains but not MHD gains. Fig. 4.4 shows an example of

the allocation of RUs for the multiuser scheduling only scheme.

Notice that buffering is available at the relay since the relay does not have to

forward information sent by a source to the respective user directly. The user that is

selected by the relay in each RU is the one that has higher weighted rate,

η[k] = arg max
i
µi log(1 + γDi[k]), (4.57)

where i ∈ {1, 2}.
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The long-term average achievable rates of the sources are given by R̄Si = τSiR̄
ac
Si,

where

R̄ac
Si =

∫ ∞
0

rfRSi(r)dr. (4.58)

Similarly, we can write R̄Di = τRR̄
ac
Di, where

R̄ac
Di =

∫ ∞
0

rfRDi(r)FRDl

(
µir

µl

)
dr, l 6= i. (4.59)

Furthermore, from the flow conservation constraints for the relay’s buffers, we have

τS1R̄
ac
S1 = τRR̄

ac
D1, τS2R̄

ac
S2 = τRR̄

ac
D2, τS1 + τS2 + τR = 1. (4.60)

Solving (4.60) yields

τS1 =
Rac
D1R

ac
S2

Rac
D1R

ac
S2 +Rac

S1R
ac
S2 +Rac

D2R
ac
S1

, (4.61a)

τS2 =
Rac
D2R

ac
S1

Rac
D1R

ac
S2 +Rac

S1R
ac
S2 +Rac

D2R
ac
S1

, (4.61b)

τR =
Rac
S1R

ac
S2

Rac
D1R

ac
S2 +Rac

S1R
ac
S2 +Rac

D2R
ac
S1

. (4.61c)

For Rayleigh fading, (4.58) and (4.59) can be written as

R̄ac
Si =

ln 2

γ̄Si

∫ ∞
0

r2r exp

(
−2r − 1

γ̄Si

)
dr, (4.62)

R̄ac
Di =

ln 2

γ̄Di

∫ ∞
0

r2r exp

(
−2r − 1

γ̄Di

)(
1− exp

(
−2

µi r

µl − 1

γ̄Dl

))
dr l 6= i, (4.63)

respectively.
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Figure 4.5: Optimal λS1 and λS2 with γ̄S1 = 0.5γ, γ̄S2 = 0.7γ, γ̄D1 = γ and γ̄D2 = γ.

4.6 Numerical Results

We present numerical results for the proposed optimal scheduling scheme as well as

the different sub-optimal schemes presented in this work. We assume that the four

links of the system model are Rayleigh block-fading, where γ̄S1, γ̄S2, γ̄D1 and γ̄D2

represent the average SNR gain of the channels of S1, S2, D1 and D2, respectively.

The value of K is set at 106.

We start by showing results related to Section 4.3.3 for obtaining the Lagrangian

multipliers that satisfy the flow conservation constraints at equality. Fig. 4.5 shows

the optimal λS1 and λS2 as functions of the SNRs of the channels. In this example, we

assume that both destinations have the same average SNR, while S1 has lower average

SNR than S2. We maximize the sum achievable rate in this example. Therefore, we

set µ1 = µ2 = 1. It is evident from Fig. 4.5 that the optimal λSi (for i = 1, 2)
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Figure 4.6: Real Time update of λ with γ=10 dB.

decreases as the SNRs increase. Also, the source with the lower average SNR has

higher λS.

A comparison between the offline (two-dimensional search method) approach and

the real-time adaptation approach is shown in Fig. 4.6. The recursively updated values

of λS1 and λS2 are obtained as described in Algorithm 6. The figure demonstrates

that the results of the adaptive approach converge to the optimal values obtained by

the offline approach.

Next, we compare the different scheduling schemes in terms of the maximum

sum of the long-term average achievable rates of the two source-destination pairs

in Fig. 4.7, and in terms of the achievable rate region in Fig. 4.8. Therefore, in

Fig. 4.7 we set µ1 = µ2 = 1, while in Fig. 4.8 we scan the achievable rates of

R̄D1 and R̄D2 for values of µ1 and µ2 varied gradually between (0, 1) and (1, 0).

The average channel gains are shown in the figure captions. The results in both
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Figure 4.7: Comparison of R̄S1 + R̄S2 as a function of γ with γ̄S1 = 0.5γ, γ̄S2 = 0.7γ,
γ̄D1 = γ and γ̄D2 = γ.

figures demonstrate that buffering at the relay produces considerable gain in terms

of the achievable rates as compared with scheduling schemes with no buffering at the

relay. Furthermore, the results show that non-orthogonal transmission provides little

improvement in comparison with the orthogonal transmission case for both cases

of buffer-aided relaying and no buffering at the relay. The gain of non-orthogonal

transmission is more negligible in the case of buffer-aided relaying. Moreover, we see

from the figures that the performance of the multiuser scheduling only scheme and

the schemes with no buffering at the relay are relatively close to each other. Both

schemes exploit the diversity in the system partially. However, the optimal scheme

exploit both MUD and MHD fully. Therefore, it produces considerable capacity gains.

The round robin scheduling scheme is the worst since it does not exploit the diversity

of the fading channels.

In addition, we also show the rate region obtained through simulation for the
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Figure 4.8: Comparison of the achievable rate regions for γ = 20 dB with γ̄S1 = γ,
γ̄S2 = γ, γ̄D1 = 1.5γ and γ̄D2 = 0.5γ.

orthogonal case. In the simulation, it is assumed that the buffers are initially empty

and the optimal resource allocation strategy is applied and in the event that the

second hop is scheduled, it is limited by both the buffer and the link capacity. It can

be observed from Fig. 4.8 that the even though we started with empty buffers, the

simulation results are almost the same as the analytical results which assumed that

the relay is only limited by the link capacity. Hence, the assumption of being only

limited by the link capacity is justified. However, as stated previously, there were a

very small number of RUs in which the buffer did not support the link capacity, but

their effect on the long-term average achievable rate region is evidently negligible.
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4.7 Joint Relay Selection and Optimal Resource

Allocation for Multiple Shared Relays

In this section, we consider the extension of the proposed schemes to the case of

multiple relays serving two source-destination pairs. In this case, the total achievable

rate at each destination will be the sum of the rates received from all available relays.

Therefore, the problem in (4.3) can be formulated as

max
ξv[k],∀k,v

M∑
v=1

(
µ1R̄RvD1 + µ2R̄RvD2

)
(4.64a)

subject to R̄RvD1 ≤ R̄RvS1 and R̄RvD2 ≤ R̄RvS2, ∀v ∈ {1, 2, . . . ,M},

(4.64b)

where R̄RvD1 is the long term rate from the vth relay to the first destination, R̄RvD2

is the long term rate from the vth relay to the second destination, R̄RvS1 is the

long term rate from the first source to the vth relay, R̄RvS2 is the long term rate

from the second source to the vth relay, v ∈ {1, 2, . . . ,M} and M is the number of

relays. Each of the M relays is equipped with two buffers for storing data, one for

each source-destination pairs. Furthermore, the vector of optimization variables ξv[k]

corresponds to one relay and it has six optimization variables as defined in (4.8) and

(4.11). Following the same procedure and notation as in Section 4.3, (4.64) can be

written as K independent problems

Φ(λR1S1, λR2S1, . . . , λRMS1, λR1S2, λR2S2, . . . , λRMS2) =
K∑
k=1

M∑
v=1

Φ(λRvS1, λRvS2)[k],

(4.65)
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where

Φ(λRvS1, λRvS2)[k] = max
ξv[k]

λRvD1RRvD1[k] + λRvD2RD2[k] + λRvS1RRvS1[k] + λRvS2RRvS2[k],

(4.66)

λRvD1 = µ1 − λRvS1, λRvD2 = µ2 − λRvS2. Furthermore, λRvS1 and λRvS2 (∀v ∈

{1, 2, . . . ,M}) are the 2M Lagrange multipliers associated with the flow conservation

constraints in (4.64).

For a scheme that involves the best relay selection, it is easy to see that the optimal

solution requires the best relay selection and then to decide whether to have non-

orthogonal transmission from the two sources to the selected relay or non-orthogonal

transmission from the selected relay to the two destinations. In this case, the relay

which can support the highest weighted rate is selected. This also holds true for the

case of orthogonal transmission. Thus, for multiple relays with single relay selection,

the resource allocation scheme remains the same in concept. However, it becomes

difficult to implement in practice even with orthogonal transmissions since we will

have now 2M buffers, which leads to 2M Lagrange multipliers in the optimization

problem. This will, in general, require a 2M dimensional search to find the optimal

Lagrangian multipliers. Furthermore, for the real-time adaptation of the weights, we

need to modify Algorithm 1 to include all the Lagrange multipliers.

In summary, the extension of our resource allocation scheme to include multiple

relays with single “best” relay selection is simple to characterize. However, from a

practical perspective, the complexity of getting the optimal solution becomes signifi-

cant as the number of relays increases. Additionally, there is another difficulty in this

case to find a centralized node that can have all CSI for the links between the two

sources and the two destinations to all relays in order to make the resource allocation

decisions accordingly.

Furthermore, for multiple relays systems in which all the relays are used in an
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all-participate setting, then it is even more difficult to find the optimal transmission

strategy since the two sources transmit to different relays in this case. Similarly, there

can be transmissions from a number of relays to the two destinations. Optimizing

the rate and channel allocation based on all the channel information of all relays is a

very difficult and open problem.

4.8 Summary

We have studied and solved the problem of optimal resource allocation over block-

fading channels with the objective of maximizing the long-term average achievable

rate region for dual-hop system with two source-destination pairs sharing a single

relay. This system model is relevant to the case when a relay assists two neighboring

base stations. We have emphasized an important feature to get considerable capacity

gains which is achieved by aiding the relay with buffers to enable storing the incoming

data traffic temporarily until the channels of the second hop become favorable for

transmission. This feature enables exploiting the multiuser diversity and the multihop

diversity effects of the system.

We have shown that the optimal resource allocation scheme is joint user-and-hop

scheduling in which either the sources or the relay transmit in a given resource unit

and not both of them. Furthermore, under orthogonal transmission constraints, only

one source transmits or only one destination receives information in a given resource

unit. We have discussed how to obtain the optimal resource allocation using an offline

approach based on a two-dimensional search method with known channel statistics

and a real-time approach based on channel measurements or simulation.

We have provided numerical results to compare the performance of the proposed

scheduling scheme with sub-optimal schemes with no buffering at the relay or with
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multiuser scheduling only. The numerical results demonstrated that buffering at

the relay produces considerable capacity gains, and that non-orthogonal transmission

provides little improvement in comparison with the orthogonal transmission case. Due

to its evident gains in terms of the supported transmission capacity (bits/sec/Hz), we

believe that the proposed scheduling schemes for buffer-aided relays have the potential

to be implemented practically in LTE-Advanced systems. To achieve this objective,

we believe that more research efforts are needed to evaluate the system performance

in practice and to account for some system constraints such as limited buffer sizes or

restricted delay constraints.
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Chapter 5

Joint Opportunistic Scheduling

and Network Coding for

Bidirectional Relay Channel

5.1 Introduction

Network coding1 (NC) [104, 105, 106] can considerably enhance the utilization effi-

ciency of the channels’ resources in multi-direction information flow over multi-hop

wireless networks due to the exploitation of the broadcast nature of the wireless chan-

nel as well as the available side information at the users about their own transmitted

information. The relay takes the symbols from all information sources and produces

an output signal depending on the NC scheme applied. NC schemes can be broadly

categorized into two categories: 1) Galois field NC [107], and 2) physical layer NC

[108]. In Galois field NC, the network coded symbol generally comes from the same

constellation. The same is not true for physical layer network coding wheres the net-

work coded symbol can come from a higher constellation. We will not go into more

1Network coding was abbreviated previously in the Introduction. However, for ease of reading
we do so again.
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details on network coding and the interested reader is directed to the above cited

references. Here, it is suffice to say that in the following linear network coding which

is a form of Galois field NC is considered.

Due to its benefits, NC is considered for application in next generation wireless

networks [109]. Also, as seen before, channel-aware opportunistic scheduling2 (OS) is

a useful way to exploit MUD in wireless networks, e.g. [110], by allocating the channel

resources to the users dynamically such that each user transmits when its channel is

in a good state. By combining NC and OS together, we can obtain the gains of both

schemes jointly. This is the main objective of this chapter.

In [111, 112], the authors considered optimizing the transmission from a central

relay in a multi-user network that has a star topology, and they discussed the optimal

number of information flows to be combined together using NC. However, they did

not consider the uplink from the users to the relay in the scheduler design as we do

in this paper. In [113], the authors considered a large wireless cell with many users

and relays and discussed when to apply network coding. However, they divided each

channel block into three orthogonal phases making the users and relay transmit on

every channel block. However, in our paper, we let a single node transmit per channel

block and we demonstrate its gains over the other scheme.

In this chapter, we characterize the optimal scheduling scheme for a two-user sys-

tem that is described in detail in Section 5.2 in order to maximize the symmetric

long-term average transmission rate in the system. We assume that the system ap-

plies linear network coding using the conventional xor (⊕) operation on the source

information bits3. The optimal scheduler, which is derived in Section 5.3, decides

which node (i.e. user or relay) should transmit in a given channel block based on

2Joint user-and-hop scheduling also utilizes OS as it opportunistically schedules the best link.
3We know from information theory that xor-based network coding is suboptimal and it can be

enhanced by using a special channel coding technique [114], which can be a useful extension.
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Figure 5.1: System model: Bidirectional relay.

the CSI. We characterize the performance of the optimal scheme analytically. Fur-

thermore, we compare the system performance with suboptimal schemes that apply

either network coding or opportunistic scheduling, but not both of them, leading to

partial exploitation of the MUD and side information gains. We provide numerical

results in Section 5.5 and we summarize the main conclusions in Section 6.8.

5.2 System Model and Problem Formulation

System Setup: We consider the three-node system that is shown in Fig. 5.1. Two

users, denoted N1 and N2, want to communicate with each other with the assistance

of a third node, which is the relay (R). There is no direct link between the two users,

and the three nodes operate in half-duplex mode. We assume that there are no delay

constraints on the two-way communication, and hence opportunistic communication

can be applied.

Channel Model: We assume a block-fading channel model for the channels between

each user and the relay as in the previous two chapters. We assume that all RUs

have the same duration, denoted TRU, and bandwidth, denoted WRU. Moreover, the

channel gains for the two users’ channels with the relay are independent of each other.

Furthermore, we assume that all nodes use the same constant transmit power. For
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mathematical notation, we use R1[k], R2[k] to indicate the channel achievable rate

(in bits/sec/Hz) of N1 and N2 respectively in the kth RU. Furthermore, we assume

uplink/downlink reciprocity for the two users’ channels with the relay. Therefore,

R1[k] represents the achievable rate for the uplink of N1 and at the same time it

represents the achievable rate for the downlink from R to N1. In the numerical

examples in Section 5.5, we assume that all nodes are equipped with a single antenna

and the channels are Rayleigh block-faded. However, the analysis in this chapter can

be extended to any other fading model or number of antennas by using the appropriate

model for the achievable rates’ statistics, where the PDF and CDF are continuous

functions over [0,∞) and denoted (e.g. for the first user’s channel) f1(r) and F1(r),

respectively.

Communication Scheme: We assume orthogonal channel access for the two users

and the relay. Therefore, non-orthogonal transmission techniques are not supported.

We assume perfect channel knowledge of the instantaneous (i.e. in the current RU)

achievable rates (R1[k] and R2[k]), which is utilized in the OS decisions to select

which node should transmit in a given RU. We could assume that the scheduling

decisions are taken at the relay since it is the central node in the system. When

a user transmits, it adjusts its rate according to its channel achievable rate. We

denote the actual transmitted rate in the kth RU as RN1[k] and RN2[k] for the uplink

transmissions from N1 and N2, respectively. Therefore, when N1 transmits over the

kth RU,RN1[k] = R1[k], and hence a total number of TRUWRURN1[k] information bits

get transmitted. The relay decodes the user’s codeword and stores the information

bits in a designated buffer. When the relay transmits, it can either transmit to one

user (RR1[k] = R1[k] or RR2[k] = R2[k]), or it can broadcast to both users a combined

version (via NC) of the two users’ transmitted information bits. In the latter case,

the relay broadcast channel is bounded by the worst channel achievable rate since
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both users have to decode the codeword reliably:

RRNC[k] = min(R1[k], R2[k]). (5.1)

Furthermore, when the relay transmits using NC, it combines a total number of

TRUWRURRNC[k] source information bits from both buffers using a bit-by-bit xor (⊕)

operation. Each user decodes the relay’s codeword, and performs an xor operation for

the received information bits from the relay with its own information bits in order to

get the information bits of the other user.

Opportunistic Scheduling : We aim to find the optimal scheduling scheme for our

system. The scheduler task is to select in every RU the optimal transmission mode;

ξ[k] ∈ {N1,N2,R1,R2,RNC} to distinguish between uplink from N1, uplink from N2,

downlink to N1, downlink to N2 and downlink to both users using NC.

The main optimization problem is

max
{ξ[k]}

min
(
R̄N1, R̄RNC + R̄R2

)
+ min

(
R̄N2, R̄RNC + R̄R1

)
, (5.2)

where R̄N1, R̄N2, R̄R1, R̄R2, and R̄RNC are the long-term average transmission rates

for the corresponding scheduling cases, and the averaging is over K, the total number

of RUs (very large number approaching ∞).

Before moving into the details of the solution, it is noted here that the scheduler

will require full CSI to make the scheduling decisions. As the relay has connection

with both nodes, it can be assumed that the scheduling is done at the relays. These

scheduling decisions needs to fed back to the two nodes which also require knowledge

of their own channels with the relays as well as the other user channel if the relay

utilizes network coding. All nodes also require knowledge of the noise variance.
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5.3 Solution Structure

First, we write (5.2) in the following equivalent form

max
{ξ[k]}

R̄N1 + R̄N2, subject to (5.3a)

R̄N1 = R̄RNC + R̄R2, R̄N2 = R̄RNC + R̄R1. (5.3b)

To solve (5.3), we use the Lagrangian dual problem:

min
λ

Q(λ), (5.4)

where λ = [λ1, λ2] are the Lagrangian dual variables, and

Q(λ) = max
{ξ[k]}

α
(
R̄N1 + R̄N2

)
− λ1

(
R̄N1 − R̄RNC − R̄R2

)
− λ2

(
R̄N2 − R̄RNC − R̄R1

)
,

(5.5)

where α can be any arbitrary positive number. We define µ1 = α−λ1 and µ2 = α−λ2,

and we use α = 1
2
. The equivalent problem formulation becomes

min
µ

Q(µ), (5.6)

where µ = [µ1, µ2], and

Q(µ) = max
{ξ[k]}

µ1R̄N1 + µ2R̄N2 + (1− µ1 − µ2)R̄RNC

+

(
1

2
− µ2

)
R̄R1 +

(
1

2
− µ1

)
R̄R2.

(5.7)
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By using R̄ = 1
K

∑K
k=1R[k] we can write

Q(µ) = max
{ξ[k]}

1

K

K∑
i=1

(
µ1RN1[k] + µ2RN2[k] + (1− µ1

−µ2)RRNC[k] +

(
1

2
− µ2

)
RR1[k] +

(
1

2
− µ1

)
RR2[k]

)
.

(5.8)

The problem can be divided into independent set of problems. So, we maximize for

each channel block independently

max
{ξ[k]}

(
µN1RN1[k] + µN2RN2[k] + µRNCRRNC[k] + µR1RR1[k] + µR2RR2[k]

)
, (5.9)

where µN1 = µ1, µN2 = µ2, µRNC = 1− µ1 − µ2, µR1 = 1
2
− µ2, and µR2 = 1

2
− µ1. The

solution (i.e. scheduling scheme) of (5.9), for a given µ1 and µ2, is

ξ[k] = arg max
i∈{N1,N2,RNC,R1,R2}

µiRi[k] (5.10)

However, to solve the dual problem (5.6), we need to find the optimal values for µ1 and

µ2. We can obtain µ that satisfies (5.3b) numerically by a two dimensional bisection

search over µ1 and µ2, with the aid of the knowledge of the channels’ achievable rates

statistics. Furthermore, it could also be obtained in a practical implementation by

real-time adaptation of the weights, similar to the method adopted in Chapter 2. We

assume here that f1(r) and f2(r) are known, and we use them to obtain the optimal

µ1 and µ2. We start first be characterizing the feasible region to search for µ1 and µ2.

5.3.1 Feasible Region for µ1 and µ2

From (5.10), it is clear that in order to have uplink transmission from N1, we must

have µN1 ≥ µR1, since RN1[k] = RR1[k] = R1[k]. Similarly, in order to have uplink
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from N2, we must have µN2 ≥ µR2. Therefore, the feasible region of µ must satisfy

µ1 + µ2 ≥
1

2
. (5.11)

Furthermore, when µ1 + µ2 >
1
2
, we do not have downlink from the relay to a single

node, and only NC is used when the relay is scheduled. Therefore, the optimal solution

in this case has symmetric transmitted rates from the two users (R̄N1 = R̄N2 = R̄RNC).

However, in the case µ1 +µ2 = 1
2
, we have an infinite set of possible solutions for R̄N1

and R̄N2 with the same optimal value of µ and the corresponding optimal value of

R̄N1 + R̄N2. In this case, we search for the solution with symmetric transmitted rates

from the two users.

Lemma 3 (Feasible values for µ). In order to satisfy (5.3b), µ must satisfy

1− µ1 − µ2 ≥ µ1, and 1− µ1 − µ2 ≥ µ2. (5.12)

The proof is shown in Appendix 5.7. Fig. 5.2 shows the region defined by (5.11)

and (5.12).

5.3.2 Solution in the Interior of the Feasible Region

In the interior region of (5.11) and (5.12), ξ[k] ∈ {N1,N2,RNC}. Fig. 5.3 shows the

scheduling regions defined by (5.10) in this case. With the aid of Fig. 5.3, we can find

the long-term average transmitted rate by each node for given µ.

R̄1(µ) =

∫ ∞
0

r f1(r) F2

(
µ1

1− µ1 − µ2

r

)
dr (5.13)
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Figure 5.3: The scheduling regions for the two users and the relay.
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R̄2(µ) =

∫ ∞
0

r f2(r) F1

(
µ2

1− µ1 − µ2

r

)
dr (5.14)

R̄R(µ) =

∫ ∞
0

r f1(r)

[
F2

(
1− µ1 − µ2

µ2

r

)
− F2(r)

]
dr

+

∫ ∞
0

r f2(r)

[
F1

(
1− µ1 − µ2

µ1

r

)
− F1(r)

]
dr.

(5.15)

The optimal weights, denoted µ∗, must satisfy R̄1(µ∗) = R̄2(µ∗) = R̄R(µ∗).

5.3.3 Solution on the Boundaries of the Feasible Region

If the solution is on the boundary µ1 = (1 − µ2)/2, then in the relay transmission

region (refer to Fig. 5.3) we must have orthogonal time multiplexing of two scheduling

modes (RNC and N1) in order to enable satisfying the constraint R̄N1 = R̄RNC + R̄R2.

Therefore, the time sharing ratio for RNC equals τRNC = (R̄R + R̄1)/2R̄R, and τN1 =

1− τRNC, where R̄R and R̄1 are obtained using (5.15) and (5.13), respectively. Notice

that in this particular case, the relay transmission region (in Fig. 5.3) has one border

at R2[k] = R1[k] and the other border in the region R2[k] > R1[k]. A similar analysis

can be used if the solution is on the boundary µ2 = (1 − µ1)/2, where the time

multiplexing in the relay scheduling region (in Fig. 5.3) is between RNC and N2.

In the other case when the optimal solution is at the boundary µ1 + µ2 = 1
2
,

then downlink from the relay using network coding alone is not optimal. We should

additionally use the scheduling modes R1 and R2 in this case. With reference to

Fig. 5.3, we should have orthogonal multiplexing of N1 and R1 in the N1 region.

Additionally, we should have orthogonal multiplexing of N2 and R2 in the N2 region.

There are infinite possible selections of the time sharing ratios in these two regions
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in order to satisfy the two constraints in (5.3b). For the solution that makes the

transmissions from the two users equal, we should have τN1 = (R̄R + R̄1 + R̄2)/3R̄1,

and τR1 = 1 − τN1 for the ratio of time sharing given to N1 and R1, respectively in

the region N1 (in Fig. 5.3). Similarly, we have τN2 = (R̄R + R̄1 + R̄2)/3R̄2, and

τR2 = 1 − τN2 in the N2 region. In this case, the actual transmitted rate by user N1

equals τN1R̄1. Similarly, the actual transmitted rate by user N2 equals τN2R̄2. The

total rate transmitted from the relay to user N1 equals R̄R + τR1R̄1, where R̄1, R̄2

and R̄R are given by (5.13), (5.14) and (5.15), respectively.

5.4 Partial Exploitation of Multi-user Diversity and

Side Information Gains

We characterize the long-term average rates (for symmetric flow from N1 and N2) for

suboptimal schemes that exploit OS and NC gains partially.

5.4.1 Opportunistic Scheduling without Network Coding

When the relay does not use network coding, the scheduler has to select from ξ[k] ∈

{N1,N2,R1,R2}. In this case, we have

R̄N1 =
1

2

∫ ∞
0

r f1(r) F2

(
1− λ
λ

r

)
dr (5.16)

R̄N2 =
1

2

∫ ∞
0

r f2(r) F1

(
λ

1− λ r
)
dr, (5.17)

where λ is selected such that R̄N1 = R̄N2.
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5.4.2 Network Coding without Opportunistic Scheduling

In this scheme, all three nodes transmit in every RU, where each RU is divided into

three orthogonal sub-blocks, with optimal time sharing ratios between them. The

long-term average achievable rate in the system is given by

R̄N1 = R̄N2 =

∫ ∞
0

∫ r1

0

r1r2

2r1 + r2

f1(r1)f2(r2)dr2dr1

+

∫ ∞
0

∫ r2

0

r2r1

2r2 + r1

f2(r2)f1(r1)dr1dr2.

(5.18)

5.4.3 Basic scheme with no gains

In this scheme, each RU is divided orthogonally into four slots for N1, N2, R1 and

R2. The long-term average transmission rate in this scheme is given by

R̄N1 = R̄N2 =
1

2

∫ ∞
0

∫ ∞
0

r1r2

r1 + r2

f1(r1)f2(r2)dr1dr2 (5.19)

5.5 Numerical Results

In this section, we provide numerical results for the comparison between the optimal

solution of problem (5.2) presented in Section 5.3 and the suboptimal solutions in

Section 5.4. Fig. 5.4 shows the comparison when the two users’ channels are Rayleigh

block-faded and has the same average SNR, denoted γ̄. The achievable rates are

plotted versus γ̄. Moreover, Fig 5.5 and Fig. 5.6 show the results when γ̄1 is fixed

and the achievable rates are plotted versus γ̄2.

The numerical results demonstrate the gains of applying NC and OS jointly. Fur-

thermore, we observe that for the suboptimal solutions, the gains of OS are higher

than the gains of NC at low SNR values, while the opposite is true at high SNR

values.
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Figure 5.4: Achievable rate for symmetric channels (bits/sec/Hz).

5.6 Summary

Network coding and opportunistic scheduling have been jointly applied in order to en-

hance the resources’ utilization efficiency and to maximize the transmission rate over

a bidirectional relay channel. The optimal solution to maximize the long-term average

achievable rates of the channel was obtained by using the Lagrangian dual problem.

The optimal scheduling scheme has been compared with suboptimal schemes that

apply either network coding or opportunistic scheduling, but not both of them. The

numerical results demonstrate the gains of the optimal scheme.
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5.7 Appendix

In compact form, we can write (5.12) as

1− µ1 − µ2 > max (µ1 , µ2). (5.20)

Assume arbitrarily that µ1 > µ2 (we can do the proof with the other way around), and

µ1 > 1−µ1−µ2. We can distinguish three cases (i.e. we divide the space of R1[k] and

R2[k] into three non-overlapping regions spanning the whole two-dimensional space).

In the first case, R1[k] > R2[k]. Therefore, RRNC[k] = R2[k]. We can show that

µ1R1[k] > µ2R2[k] and µ1R1[k] > (1− µ1 − µ2)R1[k] > (1− µ1 − µ2)R2[k]. So, N1 is

scheduled in this case.

In the second case, R1[k] < R2[k] and µ1R1[k] > µ2R2[k]. Therefore RRNC[k] =

R1[k]. We have that µ1R1[k] > (1−µ1−µ2)R1[k]. Therefore, N1 is scheduled as well.

In the third case, µ1R1[k] < µ2R2[k], which necessitates that R1[k] < R2[k] and

hence RRNC[k] = R1[k]. We have in this case, µ2R2[k] > µ1R1[k] > (1−µ1−µ2)R1[k].

Therefore, N2 is scheduled in this case.

From the three cases, we find that the relay is never scheduled if µ1 > 1−µ1−µ2.

Consequently, the constraints of the primal problem cannot be maintained. Thus, we

conclude that the optimal values of µ1 and µ2 that satisfy the constraints must be in

the region defined by (5.20).
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Chapter 6

Opportunistic Scheduling for

Causal Cooperative Overlay

Cognitive Radios

6.1 Introduction

Cognitive radios are the primary proposed technology to overcome the issue of under-

utilization of the licensed spectrum and breaking spectrum gridlock [115]. There are

three main approaches, interweave, underlay and overlay, to cognitive radios which

allow the unlicensed (secondary) users to access the licensed bands such that the QoS

of the licensed (primary) users is not affected [116]. Each of these approaches has its

own challenges and problems. Below, we give a brief overview of the interweave and

underlay approaches before moving on to the overlay one which is the focus of this

work.

Interweave cognitive radios are the originally proposed concept of cognitive radios

and work on the principle of opportunistic access [117]. Hence, they can only access

the licensed spectrum when it is not in use by the primary. So, in the interweave
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approach, the primary users are protected by not allowing concurrent transmissions

from the primary and secondary users and giving priority access (to the licensed

bands) to the primary users. To monitor the state of the licensed spectrum, a sec-

ondary user has to perform spectrum sensing which is the main challenge for the

interweave paradigm [118]. There are not only implementation issues with spectrum

sensing [119, 120, 121], it is also a random process due to fading and shadowing.

In the underlay paradigm, the primary and secondary networks co-exist and can

access the licensed bands at the same time [122]. However, the secondary users have

to limit the interference caused to the primary users and degrade their QoS [123].

Therefore, the secondary users can transmit at only a limited power. Moreover, as

their is co-existence between the two networks, the QoS of the secondary network can

be severely degraded due to interference from the primary users which don’t need to

limit their power. Thus, underlay cognitive radios are limited in their performance

due to interference.

In the overlay setup, the secondary users are allowed to access the licensed bands

in return for facilitating the primary users and maintaining their QoS. In traditional

overlay cognitive radios, it is assumed that the cognitive1 source has noncausal knowl-

edge of the primary source’s (PS) message [124]. In such a setup, the cognitive source

can either utilize a selfish approach to maximize its own rate by employing techniques

such as dirty paper coding to cancel the interference from the primary [125] or a self-

less approach in which the cognitive source uses part of its power to help the primary

and the rest of the power for its own transmission [126]. The selfish approach violates

the basic principle of cognitive radios of maintaining the QoS of the primary, however

it gives an upper bound on the achievable rate of the cognitive source.

The assumption of noncausal knowledge of the primary message at the secondary

1We use cognitive and secondary interchangeably.
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source (SS) is an unrealistic one. Hence, interest in recent years has shifted to overlay

cognitive radios with causal knowledge of the primary’s message [125, 127, 128]. All

these works, [125, 127, 128], characterized the achievable rate region of the causal

overlay cognitive radio with a primary and cognitive source-destination (S-D) pairs

under different mode of operations and protocols. However, all of these works assumed

simultaneous transmission of the primary and secondary sources at some phase of the

proposed protocols. Thus, the performance of these protocols is also interference-

limited like the underlay setup.

In [129], the authors proposed a network architecture for allowing a cellular broad-

band system to access the frequency bands of the TV broadcast system. In this

architecture, the cellular system is connected to the digital TV system to gain ac-

cess to the messages of the primary TV network. Then the primary and secondary

transmissions are overlaid. Using a similar approach, [130] studied overlay cognitive

transmissions in a multi-carrier broadcast single frequency network with dominant

line of sight reception. The secondary rate was maximized under QoS constraint

on the primary. The QoS constraint was specified in terms of a bit error bound on

the primary network. Power allocation at the cognitive source for transmission to

the primary and secondary destinations was derived for this optimization problem

for different scenarios. Note that both [129] and [130] used public knowledge of the

primary message for cooperation. A cooperative interference-free overlay spectrum

sharing protocol was proposed for multiple antenna systems in [131] where cooper-

ation is only performed when the primary is unable to meet its rate requirement in

a given time slot. The authors in [131] developed a cooperative space time coding

technique to allow secondary spectrum access with the SS acting as a relay for the

PS without the SS causing interference to the primary. Hence, the scheme was not

interference-limited unlike traditional overlay techniques. However, the secondary
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was only allowed access when it could help the primary achieve its rate constraint,

otherwise it would remain silent.

The objective of this work is to maximize the performance of a network comprising

of a primary S-D pair and a secondary S-D pair by exploiting the available diversity

gains. The SS acts as a relay for the PS and forwards the information received

from the PS to the primary destination (PD). In return, the SS is granted access to

the licensed bands to communicate with the secondary destination (SD). To exploit

the diversity gains, the SS is assumed to be equipped with a buffer where it can

store the data from the primary. Furthermore, two assumptions on the buffering

capability at the PD are made. Firstly, that the destination cannot buffer the data

and secondly, the PD can buffer the data. These assumptions are made to completely

characterize the available diversity gains and study the benefits of having a buffer at

the destination. For these assumptions, the problem of maximizing the achievable

rate region is considered. This problem is formulated as maximizing the long term

secondary rate with a minimum threshold constraint on the long term primary rate

which the primary must achieve (QoS constraint). Moreover, there are constraints on

the input and output long term rate of the buffer to ensure the conservation of flow.

The problem is solved by deriving optimal and suboptimal opportunistic scheduling

policies to exploit the available diversity gains due to fading. Numerical results show

that the derived scheduling policies considerably enhance the achievable rate region

and the primary can achieve larger long term rate by cooperating with the secondary

than it would achieve otherwise. Thus, there is an incentive for the primary to

cooperate with the secondary. In addition to all this, the problem of minimizing the

resources utilized by the secondary for relaying is also studied. This problem reflects

the case when the secondary also has a QoS requirement in the shape of a minimum

threshold constraint on its long term rate. In such a scenario, if the secondary can
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fulfill its QoS, then it will strive to conserve its resources. Thus, the secondary will

aim to minimize the resources it uses to help the primary while still achieving the

QoS constraints on both the primary and secondary and also ensuring that the law

of conservation of flow is upheld. OS policies are again derived which achieve this

objective by exploiting the available diversity gains.

The rest of the chapter is organized as follows. The system model is explained

in Section 6.2. The scheduling policies for buffering at the SS only are derived in

Section 6.3. Section 6.4 then studies scheduling policies for buffering at both SS and

PD. The non-cooperative suboptimal scheduling schemes are discussed in Section

6.5. Numerical results are presented in Section 6.7 to validate the claims made in the

chapter. Finally, Section 6.8 concludes the chapter.

6.2 System Model

We consider the four-node system that is shown in Fig. 6.1. It consists of a PS that

wants to communicate with a PD and has the authority to access the channel. Also,

there is a SS that wants to communicate with a SD, but does not have the authority

to do that unless the primary can achieve its target data rate (bits/sec/Hz). There-

fore the SS acts as a DF relay, for the PS2 in order to enhance the achievable rates

of the PS-PD channel and this enables achieving the target primary rate with less

number of resources. Consequently, the saved air-link resources can be utilized by

the SS to communicate with the SD. The SS does not have non-causal knowledge of

the PS messages. Thus, it only knows the primary information bits that have already

been transmitted by the PS and decoded at the SS. We assume that there are no

delay constraints on the primary and secondary systems, and hence opportunistic

2This assumption will be discarded in Section 6.5.



158

Primary Source  Primary Destination 

Secondary Destination Secondary Source 

Figure 6.1: System model: primary and secondary networks.

communication and buffer-aided relaying can be applied. As a prerequisite, the pri-

mary system should be aware of the existence of the secondary system and should be

willing to coordinate the channel-aware adaptive transmission with it for the mutual

benefits of both of them. Furthermore, we assume that the PS and SS do always have

information bits to transmit to their respective destinations.

6.2.1 Channel Model

We assume a Gaussian block-fading channel model, for all links of the system in

Fig. 6.1. The channel gains of all links are assumed to remain constant over one time

slot, denoted k, and vary randomly from one time slot to another. Furthermore, all

links are also assumed to experience independent fading. Moreover, the PS and the

SS transmit using constant power per time slot. We also assume that each node in

the system is equipped with a single antenna.

For mathematical notation, we use γl[k], where l ∈ {pp, ps, sp, ss} to indicate

the SNR of the lth link in the kth time slot as shown in Fig. 6.1. Also, we use

Rl[k] to indicate the channel capacity, i.e. achievable rate (in bits/sec/Hz), of the

lth link in the kth time slot. The PDF and CDF of the achievable rates over each

link are continuous functions over [0,∞) and denoted fl(r) and Fl(r), respectively,

where l ∈ {pp, ps, sp, ss}. In the numerical results in Section 6.7, we assume that the
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channel gains of the links follow Rayleigh distribution. Furthermore, the duration of

one time slot (in sec) is denoted T , and the bandwidth (in Hz) is denoted W . We

assume that TW is large enough so that a long and capacity-achieving codeword can

be transmitted in a given time slot3.

6.2.2 Communication Scheme Requirements

We assume that the PS and the SS access the spectrum orthogonally. Thus, only

one source node can transmit in each time slot. Moreover, we assume perfect channel

knowledge of the instantaneous (i.e. in the current time slot) and statistical CSI, at

a central scheduler, which is utilized in the OS decisions (i.e. adaptive link selection).

The practical implementation issues of the CSI measurements and feedback and the

location of the central scheduler that collects the CSI to select whether the PS or SS

should transmit and which link should be served are not discussed in this work since

our main objective is characterizing the achievable rate region of the system from an

information-theoretic perspective.

We can suggest two possible scenarios where the primary-secondary collaboration

is feasible. The first one is when the primary and the secondary are co-existing

cellular systems which aim to share the same bandwidth and hence they can agree

to use a central scheduling unit. It could be at either one of the two systems or

an independent unit that serves both systems and is connected to them via wireless

channels or via back-haul connections. Another possibility is that the primary and

secondary systems can use a distributed scheduling mechanism based on timers that

are inversely proportional to the scheduling metrics of each transmitter. This is

similar to the concept that is applied in the well-known opportunistic relaying schemes

3This assumption can be released and coding over several time slots can be used, yielding the
same expected achievable rates at the expense of longer delays, as discussed in [47].
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[132, 133].

As we mentioned before, the SS applies DF strategy to help the PS occasionally

based on the channel conditions. To maximize the gains of relaying, we assume in

Section 6.3 that the SS is equipped with a buffer in which it can store the transmitted

messages of the PS temporarily in order to forward them to the PD over strong channel

conditions. The gains of relaying can be further enhanced if the PD is also equipped

with a buffer such that it can store the received codewords from the PS that it cannot

decode until it receives a complementary codeword from the SS to enable it to decode

the codeword of the PS correctly. Thus, both the direct and relay links get utilized

in this case, which enhances the performance as will be discussed in Section 6.4.

Throughout this chapter, we assume that the buffers have infinite size.

6.2.3 Transmission Modes

In our system, we have two source nodes, and two links associated with each source

node. In a given time slot, one source node is selected and one or both links associated

with the selected source node are served. When a source node transmits, it adjusts

its rate according to the channel capacity, i.e. achievable rate, of the selected link(s)

and employ capacity-achieving codes. The achievable rates formulas are presented in

the following sub-section.

When the PS is selected to transmit, we have two possible transmission modes:

• The PS can transmit a codeword at a rate matching the instantaneous capacity

of the PS-PD link such that the PD can decode the message reliably without

the help of the SS. Thus, a total number of TWRpp[k] information bits gets

transmitted. Furthermore, the SS does not have to decode and store the primary

codeword in this case. Therefore, the queue status of the buffer does not change.
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• The PS can transmit at a rate matching the capacity of the PS-SS link, which

should be better than the PS-PD link, such that the message can be decoded

reliably at the SS and cannot be decoded reliably at the PD. For this transmis-

sion mode, we distinguish between two cases; (i) When the SS is equipped with

a buffer, but the PD does not have a buffer. Therefore, the received signal at

the PD cannot be utilized later on to decode the information. Consequently, the

SS decodes and stores all information bits that are received from the PS. Hence,

the amount of information stored in the queue of its buffer changes according

to

Qs[k] = Qs[k − 1] + TWRps[k]. (6.1)

(ii) When both the SS and the PD are equipped with buffers, the PD stores the

signal that it receives to utilize it later on after receiving a complementary code-

word from the SS. Furthermore, the SS decodes the received primary codeword

and it generates and stores an amount of information that would be sufficient

for the PD to decode the primary message that it stores in its buffer such as the

index number of the partition at which the received codeword lies. More details

on the codeword generation in this case can be found in [134]. The amount of

information stored in the queue of the buffer of the SS changes according to

Qs[k] = Qs[k − 1] + TW (Rps[k]−Rpp[k]). (6.2)

Similarly, when the SS is selected to transmit, we have two possible transmission

modes:

• The SS can transmit its own information bits that are destined for the SD.

Thus, a total number of TWRss[k] information bits gets transmitted.
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• The SS can transmit information destined to the PD from the stored information

bits in the queue of its buffer. The transmission rate is bounded in this case

by the minimum of the channel capacity of the SS-PD link and the amount of

information stored in the buffer of the SS. Thus, the amount of information

stored in the queue of the buffer of the SS changes according to

Qs[k] = Qs[k − 1]−min (TWRsp[k], Qs[k − 1]) (6.3)

The PD decodes the information sent by the SS. If the PD has its own buffer,

then it uses the received information from the SS to decode stored signals in its

buffer that were received from the PS in a previous time slot. More details on

the decoding process in this case were outlined in [134].

6.2.4 Opportunistic Scheduling

In this chapter, we distinguish between two scheduling schemes; (i) single link selec-

tion per time slot, and (ii) single source selection per time slot. In the first case, one

source node, either the PS or the SS, and only one of its two possible transmission

modes are selected by the central scheduler based on the CSI in a given time slot, k.

Thus, the achievable rate formula of the selected link follows the well-know capacity

formula for the AWGN channel in this case,

Rl[k] = log (1 + γl[k]) (6.4)

where l ∈ {pp, ps, sp, ss}. Thus the first scheme can be thought of selecting between

four possible orthogonal transmission modes given by (6.4).

In the second case, the central scheduler selects one source node to transmit
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on both of its two links by combining two codewords related to the two different

transmission modes, and hence destined to two different nodes, i.e. both the SS and

the PD when the PS is selected, or both the PD and the SD when the SS is selected.

The two codewords are transmitted simultaneously using superposition coding with

successive interference cancellation at the receivers. The destination that has the

stronger channel decodes the codeword of the other destination first before it can

obtain its own codeword [102]. The corresponding achievable rates are given by

Rls[k] =

 log
(

1 + ρls[k]γls[k]
1+ρlp[k]γlp[k]

)
: γls[k] < γlp[k]

log (1 + ρls[k]γls[k]) : γls[k] > γlp[k],
(6.5)

where l ∈ {p, s}, and we use the notation ρls[k] and ρlp[k] for the ratios of the

power of the source (i.e. l) that are allocated to the codewords that are destined to

the secondary and primary destinations, respectively. Furthermore, Rlp[k] follows a

similar formula to (6.5) by replacing the subscript s by p and vice versa. Notice that

the sum of the power ratios must equal one.

ρlp[k] + ρls[k] = 1, ρlp[k] ≥ 0, ρls[k] ≥ 0, l ∈ {p, s}. (6.6)

The adjustment of the power ratios are involved in the scheduler decision based on

the specific optimization problem formulation and the CSI as will be explained in the

sequel. It could be that in some time slots, the optimal power allocation is that only

one codeword is transmitted instead of two. The second scheduling scheme can be

thought of as consisting of two orthogonal modes with one corresponding to selecting

the primary source transmitting to the primary destination and the secondary source

using superposition coding and the other consisting of selecting the secondary source

to transmit to the primary and secondary destinations.
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For mathematical notation, we use ξ[k] to denote selected (link, or source) in the

kth time slot. In the single link selection case, the scheduler task is to select in every

time slot, k, the link to be served; ξ[k] ∈ {pp, ps, sp, ss}. While in the single source

selection case, ξ[k] ∈ {p, s}. In general, the optimal scheduling policy will have the

form

ξ[k] = arg max
l
φl[k]′ (6.7)

where l ∈ {pp, ps, sp, ss} in the case of single link selection, or l ∈ {p, s} in the case

of single source selection, and φl[k] is a merit function of the instantaneous channel

qualities of the associated links. The optimal merit functions will be obtained by

solving the related optimization problems in the sequel.

6.2.5 CSI Requirements

The scheduler requires complete CSI of all the links as well as the noise variance. Each

node requires the knowledge of the links associated with it according to the trans-

mission mode which includes channel response and channel capacity. The scheduling

decisions also need to be fed back to the nodes.

6.2.6 Performance Metric and Optimization Problems

The performance metric in our system is defined in terms of the long-term average

achievable rates. For mathematical notation, we use R̄l, where l ∈ {pp, ps, sp, ss}, to

denote the average rates transmitted on the lth link. The averaging is over all time

slots. Therefore, we can write

R̄l =
1

K

K∑
k=1

δl[k]Rl[k], l ∈ {pp, ps, ss} (6.8)
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R̄sp =
1

K

K∑
k=1

δsp[k] min

(
Qs[k]

TW
,Rsp[k]

)
, (6.9)

where K is the total number of time slots, which is assumed to be approaching infinity

in order to maintain ergodicity, and δl[k] is defined as

δl[k] =

 1 if lth link selected in kth time slot

0 if lth link not selected in kth time slot,
(6.10)

For example, if we have single link selection scheme and ξ[k] = pp, then we will

have δpp[k] = 1 and δps[k] = δsp[k] = δss[k] = 0. Furthermore, if we have single

source selection scheme and ξ[k] = s, then we will have δpp[k] = δps[k] = 0 and

δsp[k] = δss[k] = 1.

In this chapter, we consider optimizing the scheduling scheme under two different

objectives. (i) In the first problem, which is discussed in Sections 6.3-6.5, we con-

sider maximizing the long-term average secondary rate under a minimum threshold

constraint on the long-term average primary rate, denoted R̄th
p . This problem can

be used to characterize the achievable rate region of the system by traversing the set

of thresholds on the achievable long-term average primary rate. (ii) In the second

problem, which is discussed in Section 6.6, we consider minimizing the average rate

that is relayed by the SS to the PD. This problem is useful for the case when there

are minimum threshold constraints on both the primary and the secondary, denoted

R̄th
s . Thus, the SS would aim to allocate the minimum possible of its resources to

help the primary system such that both of them achieve their target rates.
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6.3 Buffering at the Secondary Source Only

Following on from the above, the objective here is to maximize the the long term rate

of the secondary S-D pair under constraints on flow conservation and long term rate

of the primary S-D. Mathematically, the optimization problem can be formulated as

max
ξ[k], ∀k

R̄ss (6.11a)

subject to

R̄pp + R̄sp ≥ R̄th
p (6.11b)

R̄ps ≥ R̄sp, (6.11c)

where the notations were explained in Section 3.2. Note that the total average primary

rate is the sum of the average rates of the direct PS-PD link and the SS-PD link, i.e

R̄pp + R̄sp, as shown in the constraint (6.11b). Furthermore, the constraint (6.11c) is

used to satisfy the law of the conservation of the flow at the SS buffer. Notice that

when we have a single source selection scheme, the optimization variables in (6.11)

include, in addition to ξ[k], the power allocation variables ρpp[k], ρps[k], ρsp[k] and

ρss[k], which are constrained by (6.6).

Since at the optimal solution we must have (6.11c) satisfied at equality, we will

have that the queue in the buffer of the SS is at the edge of non-absorption, which

means that the average arrival and departure rates are equal. In this case, having

the transmitted rate on the SS-PD link to be bounded by the amount of information

in the queue rather than the channel capacity will appear very rarely and its effect

on the maximum average achievable rate will diminish when averaging over infinite
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number of time slots. Therefore, we can write (6.9) as

R̄sp =
1

K

K∑
k=1

δsp[k]Rsp[k]. (6.12)

Consequently, to characterize the maximum average achievable rates, we can solve

(6.11) while ignoring the instantaneous amount of information stored in the buffer.

Invoking the Lagrange dual method to write the constrained problem in (6.11) as

an unconstrained problem yields

max
ξ[k], ∀k

R̄ss − λ
(
R̄th
p − R̄pp − R̄sp

)
− µ

(
R̄sp − R̄ps

)
, (6.13)

where λ ≥ 0 is the Lagrange multiplier associated with the primary QoS constraint,

and µ ≥ 0 is the Lagrange multiplier associated with the flow conservation constraint.

By substituting in the expression of the long term rates and by ignoring the

constant term −λR̄th
p , we obtain

max
ξ[k], ∀k

1

K

K∑
k=1

(δss[k]Rss[k] + λδpp[k]Rpp[k] + (λ− µ) δsp[k]Rsp[k] + µδps[k]Rps[k]) .

(6.14)

From (6.14), the problem in (6.13) can be transformed to K independent problems,

one for each time slot k,

max
ξ[k]

δss[k]Rss[k] + λδpp[k]Rpp[k] + (λ− µ) δsp[k]Rsp[k] + µδps[k]Rps[k]. (6.15)

Based on (6.15), we can obtain the optimal scheduling policies for the single link

selection scheme and the single source selection scheme.
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6.3.1 Single Link Selection

The optimal solution of (6.15) in the case of single link selection per time slot follows

(6.7) with φl[k] defined as

φl[k] = ωlRl[k], l ∈ {pp, ps, sp, ss}, (6.16)

where the optimal weights of the merit functions of each link are given by

ωpp = λ, ωps = µ, ωss = 1, ωsp = λ− µ. (6.17)

We need to find λ and µ that satisfy the two constraints of (6.11) at equality. To do

this, we characterize the achievable rates in terms of the channel statistics of all links

and the Lagrangian dual variables λ and µ.

The long term rate of lth link can be derived as

R̄l =

∫ ∞
0

rfi(r) Pr (δl[k] = 1|Rl[k] = r) dr, (6.18)

where l ∈ {pp, ps, sp, ss}. From the selection policy in (6.7) and the corresponding

merit functions in (6.16), the conditional probability that the lth link is selected to

transmit, i.e. δl[k] = 1, can be obtained as

Pr (δl[k] = 1|Rl[k] = r) =
∏

j∈{pp,ps,sp,ss},j 6=l

Fj

(
ωlr

ωj

)
. (6.19)

In similar fashion, the expected channel access ratio of the lth link, i.e. the ratio of

time slots that are allocated to this link, can be obtained using

τ̄i =

∫ ∞
0

fRi(r) Pr (δl[k] = 1|Rl[k] = r) dr, (6.20)
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The optimal values of λ and µ that satisfy the two constraints of (6.11) at equality

can be obtained numerically by a two dimensional bisection search over λ and µ with

the aid of (6.18) to characterize the achievable rates.

6.3.2 Single Source Selection with Multiple Links Combining

The optimal solution of (6.15) in the case of single source selection per time slot with

multiple link combining using superposition coding follows (6.7) with φl[k] defined as

φp[k] = max
ρpp[k],ρps[k]

ωppRpp[k] + ωpsRps[k] (6.21a)

φs[k] = max
ρsp[k],ρss[k]

ωssRss[k] + ωspRsp[k], (6.21b)

where the optimal weights of the merit functions are given by (6.17). As we can

see, the merit function associated with each source node is the solution of a power

allocation problem to maximize a weighted sum of the rates in a broadcast channel

with two destination nodes. The solution is the same as was discussed in Chapter

4 for non-orthogonal transmission. We give a summary of the solution procedure in

Appendix 6.9 for ease of reading.

In the case of multiple link selection using superposition coding, it is very difficult

to derive closed-form expressions to characterize the achievable rates as functions of

λ, µ and the channels PDFs and CDFs similar to (6.18) in the case of single link

selection. However, we can use an alternative way to obtain the optimal λ and µ that

satisfy the two constraints of (6.11) at equality, by using real-time adaptation of the

weights until they converge to the optimal solution, similar to the algorithms detailed

in the previous chapters.
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6.4 Buffering at Both Secondary Source and Pri-

mary Destination

With the assumption that both the SS and the PD are equipped with a buffer, we

want to solve the following problem

max
ξ[k], ∀k

R̄ss (6.22a)

subject to

R̄pp + R̄sp + R̄∗pp ≥ R̄th
p (6.22b)

R̄ps − R̄∗pp ≥ R̄sp, (6.22c)

where a new term R̄∗pp is used here and it was not used in (6.11) for the case when

the PD does not have a buffer. The new rate term is defined as

R̄∗pp =
1

K

K∑
k=1

δps[k]Rpp[k]. (6.23)

Thus, it is the average capacity of the PS-PD link over the time slots in which the

PS transmits to the relay, i.e. the SS node. Since the PD can hear this transmission

and store it in its buffer, it counts for the total rates that can be decoded reliably

at the PD. Therefore, the total average primary rate is given as R̄pp + R̄sp + R̄∗pp, as

shown in the constraint (6.22b). Furthermore, the constraint (6.22c) corresponds to

the conservation of flow constraint at the SS buffer in this case.

Similar to the solution in Section 6.3, we use the Lagrangian dual problem, which
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yields

max
ξ[k], ∀k

1

K

K∑
k=1

(δss[k]Rss[k] + λδpp[k]Rpp[k] + µδps[k]Rps[k]

+ (λ− µ) δsp[k]Rsp[k] + (λ− µ) δps[k]Rpp[k]) .

(6.24)

From (6.24), the problem can be transformed to K independent problems, one for

each time slot k,

max
ξ[k]

δss[k]Rss[k]+λδpp[k]Rpp[k] + (λ− µ) δsp[k]Rsp[k]

+ µδps[k]Rps[k] + (λ− µ) δps[k]Rpp[k].

(6.25)

Based on (6.25), we can obtain the optimal scheduling policies for the single link

selection scheme and the single source selection scheme.

6.4.1 Single Link Selection

The optimal solution of (6.25) in the case of single link selection per time slot follows

(6.7) with φl[k] defined as

φl[k] = ωlRl[k], l ∈ {pp, sp, ss} (6.26a)

φps[k] = ωpsRps[k] + ω∗ppRpp[k], (6.26b)

where the optimal weights of the merit functions of each link are given by

ωpp = λ, ωps = µ, ωss = 1, ωsp = λ− µ, ω∗pp = λ− µ. (6.27)

The main difference in the optimal link selection policy between the cases when the

SS only has a buffer and when both the SS and the PD have buffers is in the merit
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function of the PS-SS transmission mode. In the latter case, it becomes a function

of the channel qualities of both PS-SS and PS-PD links since the PD can utilize the

received signal in this case.

Similar to Section 6.3, we need to find λ and µ that satisfy the two constraints

of (6.22) at equality. To do this, we characterize the achievable rates in terms of the

channel statistics of all links and the Lagrangian dual variables λ and µ. Then, we

apply a two dimensional bisection search over λ and µ to find their optimal values.

Since, Rpp appears in the merit functions of two different transmission modes, the

characterization of the achievable rates is more difficult to obtain compared to the

case in (6.18). With some derivation steps, the long term rates can be characterized

as

R̄pp =

∫ ∞
0

rppfpp(rpp)Fsp

(
ωpprpp
ωsp

)
Fps

(
(ωpp − ω∗pp)rpp

ωps

)
Fss

(
ωpprpp
ωss

)
drpp (6.28a)

R̄ss =

∫ ∞
0

rssfss(rss)Fsp

(
ωssrss
ωsp

)∫ ωssrss
ωpp

0

fpp(rpp)Fps

(
ωssrss − ω∗pprpp

ωps

)
drppdrss

(6.28b)

R̄sp =

∫ ∞
0

rspfsp(rsp)Fss

(
ωsprsp
ωss

)∫ ωsprsp
ωpp

0

fpp(rpp)Fps

(
ωsprsp − ω∗pprpp

ωps

)
drppdrsp

(6.28c)

R̄ps =

∫ ∞
0

rpsfps(rps)

∫ ωpsrps
ωpp−ω∗pp

0

fpp(rpp)Q (rps, rpp) drppdrps (6.28d)

R̄∗pp =

∫ ∞
0

rppfpp(rpp)

∫ ∞
(ωpp−ω∗pp)rpp

ωps

fps(rps)Q (rps, rpp) drpsdrpp, (6.28e)

where

Q (rps, rpp) = Fsp

(
ωpsrps + ω∗ppr

∗
pp

ωsp

)
Fss

(
ωpsrps + ω∗ppr

∗
pp

ωss

)
. (6.29)

The expected channel access ratio of the lth link can be obtained using the same

formulas in (6.28) with the removal of the first r terms from inside the integrals.
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Furthermore, we will have τ̄ps = τ̄ ∗pp since they correspond to the same transmission

mode.

6.4.2 Single Source Selection with Multiple Links Combining

The optimal solution of (6.25) in the case of single source selection per time slot

follows (6.7) with φl[k] defined as

φp[k] = max
(
ωppRpp[k], ωpsRps[k] + ω∗ppRpp[k]

)
(6.30a)

φs[k] = max
ρsp[k],ρss[k]

ωssRss[k] + ωspRsp[k], (6.30b)

where the optimal weights of the merit functions are given by (6.27). As we can see,

the merit function associated with the secondary source node is similar to the case in

Section 6.3, which involves the solution of a power allocation problem to maximize

a weighted sum of the rates in a broadcast channel with two destination nodes. The

solution procedure in given in Appendix 6.9. However, the main difference from the

case when the PD does not have a buffer is in the merit function of the PS, which

involves selecting one of the two possible transmission modes without combining them

using superposition coding. We can show that superposition coding is not needed in

this case since the PS-SS transmission mode does involve the link with the PD and

hence both links gets utilized in this case, similar to the case when superposition

coding is applied.

Furthermore, in this case also, we cannot derive closed-form expressions to char-

acterize the achievable rates as functions of λ, µ and the channels PDFs and CDFs.

Alternatively, we can obtain the optimal λ and µ that satisfy the two constraints of

(6.11) at equality, by using real-time adaptation of the weights until they converge to

the optimal solution.
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6.5 Non-cooperative Schemes

In this section, two suboptimal schemes are presented which do not assume primary

and secondary cooperation, to serve as benchmarks for comparison with the other

schemes that are presented in this paper. The first scheme exploits the gains due to

opportunistic scheduling and the second scheme does not exploit any gain at all.

6.5.1 Opportunistic Scheduling without Cooperation

This is a suboptimal scheme in which opportunistic scheduling is applied to take

advantage of the independent fading channels. However, there is no cooperation by

the SS, which means that the SS does not act as a relay of the primary channel. So,

we have either that the PS transmits to the PD or the SS transmits to the SD. In

this case the long term secondary rate maximization problem can be written as

max
ξ[k], ∀k

R̄ss (6.31a)

subject to

R̄pp ≥ R̄th
p . (6.31b)

The same steps that were used in Section 6.3 should be applied here. In this case,

we have only one Lagrangian multiplier λ that is associated with the primary rate

threshold, and we do not have µ since the SS does not act as a relay, and hence we

do not have a flow conservation constraint. The result yields that the merit functions

of the two links in this case are given as

φp[k] = λRpp[k] (6.32a)

φs[k] = Rss[k]. (6.32b)
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The long-term average achievable rates and channel access ratios follow similar ex-

pressions to (6.18) and (6.20), respectively.

6.5.2 Non-Opportunistic Orthogonal Channel Access

In this scheme, the channel resources are orthogonally divided between the primary

and secondary S-D pairs with the primary having the authority to choose its channel

access ratio and the corresponding achievable rate threshold. The secondary can only

use the resources that are not utilized by the primary system. The achievable rate of

the primary and secondary S-D pairs are now given by

R̄pp = R̄th
p (6.33)

R̄ss = (1− τ̄pp)
∫ ∞

0

rfss(r)dr, (6.34)

where

τ̄pp =
R̄th
p∫∞

0
rfpp(r)dr

. (6.35)

6.6 Optimization for Minimum Secondary Relay-

ing

In the previous sections of the chapter, we have assumed that the objective is to

maximize the long term rate of the secondary system while maintaining the long term

rate of the primary system above a certain threshold. We extend our analysis to a

different scenario where the performance of the secondary S-D pair is also constrained

by some QoS constraint in terms of the long term rate. In this case, the target of the

SS would be to conserve its own resources while maintaining its own QoS and helping
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the primary achieve its QoS requirement. Therefore, we consider in this section the

following optimization problem,

min
ξ[k], ∀k

R̄sp (6.36a)

subject to

R̄pp + R̄sp ≥ R̄th
p (6.36b)

R̄ps ≥ R̄sp (6.36c)

R̄ss ≥ R̄th
s (6.36d)

which is applicable to the case when only the SS has a buffer, similar to Section 6.3.

By adopting the same procedure as in Section 6.3, we can formulate the dual

problem and obtain the optimal scheduling policies for single link selection scheme

and single source selection scheme. The optimal selection policies and the expressions

to characterize the long-term average achievable rates over the different links are all

the same as in Section 6.3 with a different set of optimal weights of the different links,

which were given in (6.37) for the secondary rate maximization problem. The optimal

weights for the optimization problem in (6.36) are given by

ωpp = λ, ωps = µ, ωss = ν, ωsp = λ− µ− 1 (6.37)

where ν is the Lagrange multiplier associated with the additional constraint (6.36d)

on the long term rate of the secondary S-D pair.

The equivalent optimization problem in the case when the PD has a buffer in
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addition to the SS is given as

min
ξ[k], ∀k

R̄sp (6.38a)

subject to

R̄pp + R̄sp + R̄∗pp ≥ R̄th
p (6.38b)

R̄ps − R̄∗pp ≥ R̄sp (6.38c)

R̄ss ≥ R̄th
s . (6.38d)

Again, by adopting the same procedure as in Section 6.4, we obtain that the optimal

selection policies and the expressions to characterize the long-term average achievable

rates over the different links are all the same as in Section 6.4 with a different set

of optimal weights of the different links. The optimal weights for the optimization

problem in (6.38) are given by

ωpp = λ, ωps = µ, ωss = ν, ωsp = λ− µ− 1, ω∗pp = λ− µ. (6.39)

6.7 Numerical Results

Numerical results are presented in this section to analyze the performance of the

optimal and the suboptimal schemes. The channel fading of all the links is assumed

to follow the Rayleigh distribution.

The achievable rate regions of all the schemes are shown in Fig. 6.2 for different

values of γ̄sp at γ = 10 dB, where γ = P
N0

is a measure of the SNR and N0 is the noise

power spectral density. Fig. 6.2 clearly demonstrates the superiority of the optimal

schemes as compared to the suboptimal schemes. Moreover, Fig. 6.2 also shows the

benefit of having buffering capability at both the relay and the destination. The
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Figure 6.2: Comparison of the achievable rate region for γ = 10 dB with γ̄pp=0.1,
γ̄ps=0.5, and γ̄ss=0.7.

optimal scheme in this instance, i.e multiple link (ML) selection with buffering (Buff)

at both SS and PD, achieves the largest achievable rate region of all the schemes

followed by the sub-optimal scheme in this instance, i.e single link (SL) selection

with Buff at both SS and PD. These two schemes are followed by the two, ML

and SL, schemes with Buff at the SS only, respectively. The gain for Buff at both

SS and PD case over Buff at SS only case is due to fully exploiting the available

diversity gains through optimal coding. Both these scenarios of cooperation easily

give a larger achievable rate region than the two sub-optimal non-cooperative schemes.

This shows the benefit of cooperation and why the primary should cooperate with

the secondary by sharing its codebook and messages and allowing the secondary to

utilize the licensed spectrum. As can be seen from Fig. 6.2, without cooperation

the maximum long term rate the primary can achieve is about 0.86. However, with
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cooperation, the primary can achieve a long term rate of 1.125 and 1.198 for Buff

at SS only and for Buff at both SS and PD, respectively. Furthermore, the this

achievable long term rate can go even higher with increase in quality of the relaying

links as shown by the increase in the achievable rate region for γ̄sp = 1 over γ̄sp = 0.1.

An interesting and useful observation from Fig. 6.2 is that scheduling multiple

links in each CB only grants a slight increase in the achievable rate region over single

link selection. Hence, even though the complexity is not insignificant for multiple

link selection, as it requires sophisticated algorithms and signal processing hardware

for implementation, the performance gain is very minor one. So, single link selection

which is more practical can be implemented with only a slight degradation in perfor-

mance. Moreover, the gain of having a buffer at the destination is significantly higher

than scheduling multiple link. Thus, instead of adding complexity, the destination

can be equipped with a buffer which achieves a larger rate region.

Fig. 6.3 compares the channel access ratios of all the links for single link selection

for both cases of Buff at SS only and Buff at both SS and PD. For both cases, the

links servicing the PD see an increase while the link servicing the SS sees a decrease

in their respective channel access ratios with increase in the long term primary rate

as intuition would suggest. Moreover, the channel access ratio for the PS-SS link, τps,

is greater for Buff at both SS and PD than for Buff at SS only, while the opposite is

true for the channel access ratio of the SS-PD link, τsp. This is due to the fact that

when PS-SS link is scheduled for Buff at both SS and PD, the data is also broadcast

to PS which can store it in a buffer. So, the PS has already received data at a rate

supported by the PS-PD link. Thus, to correctly decode the data, the PD only needs

the ‘missing’ rate, i.e, the difference in rates supported by the PS-SS link and the

PS-PD link. This is not the case for Buff at SS only, where the SS has to relay all

the data received from the PS to the PD.



180

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Long Term Primary Rate (bits/sec/Hz)

C
ha

nn
el

 A
cc

es
s 

R
at

io
 (

τ)

 

 
Buff at SS and PD−SL
Buff at SS only−SL

τ
ss

τ
ps τ

sp

τ
pp

Figure 6.3: Comparison of channel access ratios of all the links for single link selection
for γ = 10 dB with γ̄pp=0.1, γ̄ps=0.5, γ̄sp=1, and γ̄ss=0.7.

The long term rate of the secondary network is shown in Fig. 6.4 as a function

of the PS-SS link for Buff at SS and PD and Buff at SS only. For both cases, it

can be seen from Fig. 6.4 that the long term secondary rate increases with better

SS-PS link as less resources are required to achieve the same long term primary rate.

Hence, leaving resources for the SS-SD link. Furthermore, the long term secondary

rate decreases with increase in the long term primary rate for a given value of the

average SNR gain of the PS-SS link as one would expect. Moreover, Buff at SS and

PD gives higher long term secondary rate than Buff at SS only and the difference

in performance increases with increasing primary rate threshold which is consistent

with previously discussed results.

The results for the secondary relaying minimization problem are plotted in Fig.

6.5 as a function of the long term secondary rate. It is evident from Fig. 6.5 that the

higher the long term secondary rate, the greater the long term rate from the PS to SS.
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Hence, the more the secondary uses the channel resources to increase its long term

throughput, the more it has to cooperate with the primary to satisfy the primary

QoS constraint.

6.8 Summary

This chapter has studied the maximization of the achievable rate region of a primary

S-D pair co-existing with a secondary S-D pair in an overlay setup by exploiting the

available diversity and coding gains. It has been shown that significant gains in the

achievable rate region can be obtained by primary-secondary cooperation and oppor-

tunistic scheduling. Additionally, it has been shown that the gains from cooperation

and opportunistic scheduling can be enhanced by utilizing buffers both at the PD and

the SS. Furthermore, the proposed scheduling policies are not limited by interference
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as in the case of traditional overlay cognitive radios or an underlay setup and do not

suffer from implementation issues as in the case of an interweave approach. Moreover,

not only the information theoretical optimal schemes have been derived, but more

practical single link selection policies have also been proposed. In addition, the prob-

lem of minimizing the resource utilization of the secondary for relaying purposed has

also been studied and optimal scheduling policies for this problem have been derived.

On top of that, several possible extensions based on positioning of the terminals has

also been discussed. In light of all these contributions, this chapter is a novel and

useful contribution to the available literature.

For future work, there are many possible and practical extensions of the scheme

presented in this chapter. For example, it is possible that the SD has better channel

qualities in its links with the PS and PD than the SS. Thus, the SD is more useful to
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act as a relay of the primary system in this case. The optimal adaptive link selection

scheme would have many similarities to the scheme presented in this chapter.

Furthermore, we could have that both the SS and the SD can serve as relays of

the primary system. In this case, the adaptive link selection problem would involve

relay selection as well. Notice that buffer-aided relay selection was considered in [45].

Another possible extension of this work is the case when we have full cooperation

between the two systems such that each one of them acts as a relay for the other one.

6.9 Appendix

The optimal solution of the power optimization problem in (6.21) can be obtained

using the same procedure that was described, e.g. in [84]. After some manipulations,

we can obtain ρlp[k] and ρls[k], where l ∈ {p, s}, using:

• If γlp[k] < γls[k] and ωlp ≤ ωls, then ρls[k] = 1.

• If γlp[k] > γls[k] and ωlp ≥ ωls, then ρlp[k] = 1.

• If γlp[k] < γls[k] and ωlp > ωls, then

ρls[k] =

(
ωlpγlp[k]− ωlsγls[k]

(ωls − ωlp)γlp[k]γls[k]

)
L0H1

. (6.40)

• If γlp[k] > γls[k] and ωlp < ωls, then

ρlp[k] =

(
ωlsγls[k]− ωlpγlp[k]

(ωlp − ωls)γls[k]γlp[k]

)
L0H1

. (6.41)

where the notation (x)L0H1, defined as

(x)L0H1 ≡ min (max(x, 0), 1) (6.42)
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is used because 0 ≤ ρlp[k] ≤ 1 and 0 ≤ ρls[k] ≤ 1. Once we obtain ρlp[k] or ρls[k], we

can obtain the other one since their sum equals one.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

In this chapter, we summarize the main concepts and contributions presented in this

dissertation as well as highlight some of the deficiencies which can serve as subjects for

future works. As it was stated in the Introduction and emphasized in later chapters,

this thesis is concerned with utilizing relaying in conjunction with resource allocation

to increase the efficiency of wireless networks.

We started with a conventional relaying network with multiple AF relays aiding a

single source-destination pair. The aim for this network was to utilize as less power as

possible while still maintaining a QoS constraint on the system. First an upper bound

on power savings was obtained by assuming full CSI. After attaining an upper bound

on system performance, we looked at more practical schemes which require less CSI

under the generalized fading model of Nakagami-m fading. In all the discussed cases,

simple algorithms which do not require significant processing powers are derived.

Hence, they are suitable for implementation at the relays if the power allocation is

computed at the relays. Chapter 2 also looked at the problem of maximizing the

end-to-end SNR under power constraints and again provided simple algorithms for
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relay power allocation.

There are several improvements which can be made in the work presented in

Chapter 2 as noted in the summary at the end of the chapter. Here, we would like

to highlight a couple of improvements which can be made. Firstly, only knowledge

of the channel statistics at the relays can be assumed. This will remove any sort

of instantaneous feedback. However, it will complicate the analysis and the power

allocation. Secondly, in Chapter 2, when full CSI was not available, the end-to-end

SNR averaged over the unknown parameters was utilized in the optimization prob-

lem. However, this is suboptimal. Instead, performance parameters such as outage

probability and error probability should be averaged over the unknown parameters to

have more desirable performance. But, this is not without difficulty. The challenge in

this case will be to obtain simple power allocation algorithms as averaging the above

mentioned parameters over the unknown channel gains will lead to very complicated

expressions.

After studying classical conventional relaying, the dissertation moved onto relaying

with buffers. Chapters 3-6 considered buffer-aided relaying in different scenarios. As

this is a relatively new area, we made many assumptions which may not be feasible in

practice. Nevertheless, the work carried out here provides insight and an idea about

the prospected gains that can be obtained. Moreover, the derived results and resource

allocation strategies serve as bounds for more practical scenarios. With buffer-aided

relaying, we started with dual-hop broadcast channels and introduced the concept of

joint user-and-hop scheduling where the hops and the users are scheduled together to

jointly exploit MHD and MUD gains. We characterized the gain of each technology/

algorithm, i.e. characterized the gain provided by buffering, multi-user scheduling

etc.

We then moved onto the shared relay channel which combines the broadcast and
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MAC channels and showed how joint user-and-hop scheduling can be applied in this

scenario in Chapter 4. The same gains and performance measures were characterized

as in the case of the dual-hop broadcast channel.

Chapter 5 then combined buffer-aided relaying another efficiency enhancing tech-

nology; namely NC. Chapter 5 showed how to jointly exploit the gains of network

coding and opportunistic scheduling. The feasible region of the transmission weights

were identified and the solution to the resource allocation was provided in the interior

as well as at the boundary of the feasible region. Moreover, the individual gains due

to OS and NC by themselves are also characterized. The SNR regions over which one

is preferred over the other is also identified through numerical simulations.

Chapter 6 then tried to address one of the main issues with traditional overlay

cognitive radio: why should the primary cooperate with the secondary and share

its codebook with the secondary? Moreover, how can the secondary source obtain

causal knowledge of the primary’s signal? We aimed to address these questions in

Chapter 6. Overlay cognitive radio transmission protocols were derived in Chapter

6 which incentivized the primary to cooperate with the secondary so as to increase

their achievable rate region. The enabling technology for extracting the maximum

possible gain for the primary as well as the secondary was buffer-aided relaying. It

was shown that by cooperating, the primary can attain a significantly larger rate and

hence, has the incentive to cooperate. Additionally, the secondary has only causal

knowledge of the primary’s message.

The overall message of this dissertation is that conventional relaying networks

are now well studied and there is now need to make them more practical in which

this dissertation takes a small step, whereas buffer-aided relaying is a relatively new

concept and under ideal conditions can provide significant gains. However, more

work is needed to characterize the gain of buffer-aided relaying under more practical
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constraints as well as for other applications under both ideal and practical constraints.

7.2 Future Work

Some of the proposed future work has already been discussed. These relate to the

assumptions made in the work done and the several scenarios laid out. In particu-

lar, relating to the work carried out on conventional relaying, focusing on the case

of knowledge of channel statistics at the relay as well as the destination. Hence,

completely removing any instantaneous feedback. In addition, as pointed out earlier,

computing bounds or approximations of the actual performance metric which are

tight and lend themselves to manipulation and analysis to derive simple power allo-

cation algorithms. Furthermore, other practical affects should be taken into account

too, such as channel estimation errors, phase estimation errors for MRC.

As buffer-aided relaying is a relatively recent research area, there is a significant

potential of more work in this area. One of the foremost is taking the delay into

account. Hence, maximizing the achievable rate region under strict delay constraints.

This will make buffer-aided relaying feasible for systems which cannot tolerate delay.

Additionally, in most of the works on relays with buffers, full CSI is assumed at the

scheduler which incurs significant overhead. Hence, there is need for protocols which

can work with less CSI. On top of these, other practical scenarios of limited buffer

sizes, channel estimation errors among other things can also be considered.

In addition to making buffer-aided relaying more practical, other aspects of buffer-

aided relaying can also be studied. The optimal data processing protocol from an

achievable rate point of view in fading channels is an interesting area of work. In such

a work, the relay can switch its data processing protocol between DF and compress-

and-forward (CF) depending on the instantaneous channel conditions. This can be
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explored for different network topologies involving buffer-aided relaying. Then full-

duplex buffer-aided relaying can be explored. The ideal case of no interference has

already been solved in [34]. Thus, the need is to look at full-duplex buffer-aided

relaying with self-interference. It will be interesting if there is gain to be had with

having a buffer with full-duplex relaying and how can it solve the problem of delay

which appears in the case of half-duplex relaying.
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[19] E. Dahlman, S. Parkvall, J. Sköld, and P. Beming, 3G evolution: HSPA and

LTE for mobile broadband. Academic Press, Elseiver, 2008.

[20] T. Riihonen, S. Werner, and R. Wichman, “Mitigation of loopback self-

interference in full-duplex MIMO relays,” IEEE Transactions on Signal Pro-

cessing, vol. 59, no. 12, pp. 5983–5993, Dec. 2011.

[21] B. Rankov and A. Wittneben, “Spectral efficient protocols for half-duplex fading

relay channels,” IEEE Journal on Selected Areas in Communications, vol. 25,

no. 2, pp. 379–389, Feb. 2007.

[22] M. O. Hasna and M.-S. Alouini, “Optimal power allocation for relayed trans-

missions over Rayleigh-fading channels,” IEEE Transactions on Wireless Com-

munications, vol. 3, no. 6, pp. 1999–2004, Jun. 2004.

[23] ——, “A performance study of dual-hop transmissions with fixed gain relays,”

IEEE Transactions on Wireless Communications, vol. 3, no. 6, pp. 1963–1968,

Nov. 2004.

[24] ——, “End-to-end performance of transmission systems with relays over

rayleigh-fading channels,” IEEE Transactions on Wireless Communications,

vol. 2, no. 6, pp. 1126–1131, Nov. 2003.

[25] ——, “Harmonic mean and end-to-end performance of transmission systems

with relays,” IEEE Transactions on Communications, vol. 52, no. 1, pp. 130–

135, Jan. 2004.

[26] Y. Liang and V. Veeravalli, “Gaussian orthogonal relay channels: Optimal re-

source allocation and capacity,” IEEE Transactions on Information Theory,

vol. 51, no. 9, pp. 3284–3289, Sep. 2005.

[27] G. Kramer and A. van Wijngaarden, “On the white Gaussian multiple-access

relay channel,” in Proceedings IEEE International Symposium on Information

Theory (ISIT’2000), Sorrento, Italy, Jun. 2000, p. 40.



193

[28] G. Kramer, M. Gastpar, and P. Gupta, “Cooperative strategies and capac-

ity theorems for relay networks,” IEEE Transactions on Information Theory,

vol. 51, no. 9, pp. 3037–3063, Sep. 2005.

[29] L. Sankaranarayanan, G. Kramer, and N. Mandayam, “Capacity theorems for

the multiple-access relay channel,” in Proceedings 42nd Annual Allerton Con-

ference on Communications, Control, and Computing 2004, Monticello, Illinois,

Sep. 2004, pp. 1782–1791.

[30] I. Maric and R. Yates, “Cooperative multicast for maximum network lifetime,”

IEEE Journal on Selected Areas in Communications, vol. 23, no. 1, pp. 127–135,

Jan. 2005.

[31] ——, “Bandwidth and power allocation for cooperative strategies in Gaussian

relay networks,” IEEE Transactions on Information Theory, vol. 56, no. 4, pp.

1880–1889, Apr. 2010.

[32] D. Brown III, “Resource allocation for cooperative transmission in wireless net-

works with orthogonal users,” in Proceedings 38th Asilomar Conference on Sig-

nals, Systems and Computers 2004, vol. 2, Pacific Grove, CA, Nov. 2004, pp.

1473–1477.

[33] A. Scaglione and Y. Hong, “Opportunistic large arrays: Cooperative trans-

mission in wireless multihop ad hoc networks to reach far distances,” IEEE

Transactions on Signal Processing, vol. 51, no. 8, pp. 2082–2092, Aug. 2003.

[34] A. Host-Madsen and J. Zhang, “Capacity bounds and power allocation for

wireless relay channels,” IEEE Transactions on Information Theory, vol. 51,

no. 6, pp. 2020–2040, Jun. 2005.

[35] L. Sankaranarayanan, G. Kramer, and N. Mandayam, “Cooperation vs. hierar-

chy: An information-theoretic comparison,” in Proceedings IEEE International

Symposium on Information Theory (ISIT’2005), Adelaide, Australia, Sep. 2005,

pp. 411–415.



194

[36] S. Serbetli and A. Yener, “Relay assisted F/TDMA ad hoc networks: Node

classification, power allocation and relaying strategies,” IEEE Transactions on

Communications, vol. 56, no. 6, pp. 937–947, 2008.

[37] W. Mesbah and T. Davidson, “Power and resource allocation for orthogonal

multiple access relay systems,” EURASIP Journal on Advances in Signal Pro-

cessing, vol. 2008, pp. 1–15, article ID 476125.

[38] Q. Zhao and B. M. Sadler, “A survey of dynamic spectrum access,” IEEE Signal

Processing Magazine, vol. 24, no. 3, pp. 79–89, May 2007.

[39] D. Gesbert and M.-S. Alouini, “How much feedback is multi-user diversity really

worth?” in Proceddings IEEE International Conference on Communications

(ICC 2004), vol. 1. Paris, France: IEEE, Jun. 2004, pp. 234–238.

[40] A. J. Goldsmith and P. P. Varaiya, “Capacity of fading channels with channel

side information,” IEEE Transactions on Information Theory, vol. 43, no. 6,

pp. 1986–1992, Nov. 1997.

[41] Proceedings of the IEEE, Special Issue on Adaptive Modulation and Transmis-

sion in Wireless Systems, vol. 95, no. 12, December 2007.

[42] B. Xia, Y. Fan, J. Thompson, and H. V. Poor, “Buffering in a three-node relay

network,” IEEE Transactions on Wireless Communications, vol. 7, no. 11, pp.

4492–4496, Nov. 2008.

[43] N. Zlatanov, R. Schober, and P. Popovski, “Buffer-aided relaying with adaptive

link selection,” IEEE Journal on Selected Areas in Communications, vol. 31,

no. 8, pp. 1530–1542, Aug. 2013.

[44] I. Krikidis, T. Charalambous, and J. Thompson, “Buffer-aided relay selection

for cooperative diversity systems without delay constraints,” IEEE Transactions

on Wireless Communications, vol. 11, no. 5, pp. 1957–1967, May 2012.

[45] A. Ikhlef, D. Michalopoulos, and R. Schober, “Max-max relay selection for

relays with buffers,” IEEE Transactions on Wireless Communications, vol. 11,

no. 3, pp. 1124–1135, Mar. 2012.



195

[46] A. Ikhlef, J. Kim, and R. Schober, “Mimicking full-duplex relaying using

half-duplex relays with buffers,” IEEE Transactions on Vehicular Technology,

vol. 61, no. 7, pp. 3025–3037, Jul. 2012.

[47] N. Zlatanov, A. Ikhlef, T. Islam, and R. Schober, “Buffer-aided cooperative

communications: opportunities and challenges,” IEEE Communications Maga-

zine, vol. 52, no. 4, pp. 146–153, Apr. 2014.

[48] M. Grossglauser and D. Tse, “Mobility increases the capacity of ad-hoc wireless

networks,” IEEE/ACM Transactions on Networking, vol. 10, no. 4, pp. 477–486,

Aug. 2002.

[49] V. Jamali, N. Zlatanov, A. Ikhlef, and R. Schober, “Adaptive mode selection in

bidirectional buffer-aided relay networks with fixed transmit powers,” in Pro-

ceedings of the 21st European Signal Processing Conference (EUSIPCO 2013),

Marrakech, Morocco, Sep. 2013, pp. 1–5.

[50] T. Han and N. Ansari, “On greening cellular networks via multicell coopera-

tion,” IEEE Wireless Communications, vol. 20, no. 1, pp. 82–89, Feb. 2013.

[51] A. Zafar, R. M. Radaydeh, Y. Chen, and M.-S. Alouini, “Energy-efficient power

allocation for fixed-gain amplify-and-forward relay networks with partial chan-

nel state information,” IEEE Wireless Communications Letters, vol. 1, no. 6,

pp. 553–556, Dec. 2012.

[52] G. Fettweis and E. Zimmermann, “ICT energy consumption-trends and chal-

lenges,” in Proceedings 11th International Symposium Wireless Personal Multi-

media Communication, Lapland, Finland, Sep. 2008, pp. 2006–2009.

[53] C. Han, T. Harrold, S. Armour, I. Krikidis, S. Videv, P. M. Grant, H. Haas,

J. S. Thompson, I. Ku, C.-X. Wang, T. A. Le, M. R. Nakhai, J. Zhang, and

L. Hanzo, “Green radio: Radio techniques to enable energy-efficient wireless

networks,” IEEE Communication Magazine, vol. 49, no. 6, pp. 46–54, Jun.

2011.



196

[54] G. Li, Z. Xu, C. Xiong, C. Yang, S. Zhang, Y. Chen, and S. Xu, “Energy-

efficient wireless communications: Tutorial, survey, and open issues,” IEEE

Wireless Communications, vol. 18, no. 6, pp. 28–35, Jun. 2011.

[55] Z. Yi and I. Kim, “Joint optimization of relay-precoders and decoders with

partial channel side information in cooperative networks,” IEEE Journal on

Selected Areas in Communications, vol. 25, no. 2, pp. 447–458, Feb. 2007.

[56] Y. Zhao, R. Adve, and T. J. Lim, “Improving amplify-and-forward relay net-

works: Optimal power allocation versus selection,” IEEE Transactions on Wire-

less Communications, vol. 6, no. 8, pp. 3114–3123, Aug. 2007.

[57] K. G. Seddik, A. K. Sadek, W. Su, and K. J. R. Liu, “Outage analysis and

optimal power allocation for multinode relay networks,” IEEE Signal Processing

Letters, vol. 14, no. 6, pp. 377–380, Jun. 2007.

[58] B. Maham and A. Hjørungnes, “Power allocation strategies for distributed

space-time codes in amplify-and-forward mode,” EURASIP Journal on Ad-

vances in Signal Processing, vol. 2009, p. 13, 2009, article ID 612719.

[59] Y. Jing and B. Hassibi, “Distributed space-time coding in wireless relay net-

works,” IEEE Transactions on Wireless Communications, vol. 5, no. 12, pp.

3524–3536, 2006.

[60] T. T. Pham, H. H. Nguyen, and H. D. Tuan, “Power allocation in orthogonal

wireless relay networks with partial channel state information,” IEEE Transac-

tions on Signal Processing, vol. 58, no. 2, pp. 869–878, Feb. 2010.

[61] A. Zafar, R. M. Radaydeh, Y. Chen, and M.-S. Alouini, “Power allocation

strategies for fixed-gain half-duplex amplify-and-forward relaying in Nakagami-

m fading,” IEEE Transactions on Wireless Communications, vol. 13, no. 1, pp.

159–173, Jan. 2014.

[62] G. A. Elkheir, A. S. Lioumpas, and A. Alexiou, “Energy efficient AF relay-

ing under error performance constraints with application to m2m networks,”

in Proceedings IEEE International Symposium on Personal Indoor and Mobile

Radio Communications (PIMRC’2011), Toronto, Canada, Sep. 2011, pp. 56–60.



197

[63] A. Mezghani, N. Damak, and J. A. Nossek, “Circuit aware design of power-

efficient short range communication systems,” in Proceedings International

Symposium on Wireless Communications Systems (ISWCS’2010), York, UK,

Sep. 2010, pp. 869–873.

[64] B. Maham and A. Hjorungnes, “Asymptotic performance analysis of amplify-

and-forward cooperative networks in a Nakagami-m fading environment,” IEEE

Communications Letters, vol. 13, no. 5, pp. 300–302, May 2009.

[65] M. Xia, C. Xing, Y.-C. Wu, and S. Aissa, “Exact performance analysis of dual-

hop semi-blind AF relaying over arbitrary Nakagami-m fading channels,” IEEE

Transactions on Wireless Communications, vol. 10, no. 10, pp. 3449–3459, Oct.

2011.
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