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Abstract—In this work, we carry out a unified performance
analysis of a dual-hop fixed gain relay system over asymmetric
links composed of both radio-frequency (RF) and unified free-
space optics (FSO) under the effect of pointing errors. The
RF link is modeled by the Nakagami-m fading channel and
the FSO link by the Gamma-Gamma fading channel subject
to both types of detection techniques (i.e. heterodyne detection
and intensity modulation with direct detection (IM/DD)). In
particular, we derive new unified closed-form expressions for the
cumulative distribution function, the probability density function,
the moment generation function, and the moments of the end-to-
end signal-to-noise ratio of these systems in terms of the Meijer’s
G function. Based on these formulas, we offer exact closed-form
expressions for the outage probability, the higher-order amount
of fading, and the average bit-error rate of a variety of binary
modulations in terms of the Meijer’s G function. Further, an
exact closed-form expression for the end-to-end ergodic capacity
for the Nakagami-m-unified FSO relay links is derived in terms
of the bivariate G function. All the given results are verified via
Computer-based Monte-Carlo simulations.

Index Terms—Asymmetric dual-hop relay system, Free-space
optical (FSO) communications, mixed radio frequency (RF)/FSO
systems, Nakagami-m fading, atmospheric turbulence, pointing
errors, outage probability (OP), bit-error rate (BER), amount of
fading (AF), ergodic capacity, Meijer’s G function.

I. INTRODUCTION

The demand for higher data rate raises the question of spec-
trum availability. In many wireless communications systems,
data capacity has been enhanced by increasing the spectral
efficiency by means of signal processing techniques and ad-
vanced modulation schemes. However, reaching rates of 10
Gbps or more is quite challenging due to the major limitation
factor, scarce spectrum resources. For future communication
systems, more spectral resources are mandatory. Of the many
popular solutions, free-space optical (FSO) communication
systems have gained significant research attention as effective
means of transferring data at high rates over short distances
mainly because they can provide not only higher capacity
but also wider bandwidth relative to the traditional radio
frequency (RF) transmission. Additionally, FSO links offer
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a high security level, a license-free spectrum, and hence a
cost effective solution compared to the RF communication
systems. These advantages of FSO communication systems
potentially help solving the issues that the RF communication
systems face due to the expensive and scarce spectrum [1]–
[6]. However, a number of technical challenges need to be
overcome or better understood. In fact, contrary to RF links,
the major severe limiting factor in FSO communications is
its high vulnerability to the atmospheric turbulence conditions
[2]. Fog, snow, and rain may cause a severe degradation in
the overall performance. Another dominant factor affecting the
reliability of FSO channels is building sway caused by thermal
expansion, wind loads, and weak earthquakes [7], [8]. This
phenomenon leads to a misalignment between the transmitter
and the receiver defined as pointing error, which is a serious
problem that degrades the channel performance [1], [9]. It is
worthy to mention that the main type of detection technique
in FSO systems is IM/DD. Coherent modulation is recently
employed as an alternative detection approach. Despite of
the complexity of implementing coherent receivers relative to
IM/DD systems, heterodyne detection that belongs to coherent
mode offers better performance in overcoming thermal noise
effects [10], [11].

Relaying technique has gained an enormous interest due to
its advantages including not only wider and energy-efficient
coverage but also increased capacity in the wireless communi-
cation systems. Recently, several efforts have been conducted
to investigate the relay system performance under various
fading conditions [12]–[15]. Moreover, literature regarding the
asymmetric relay networks based on both RF as well as FSO
characteristics includes [16]–[19]. In [16], the performance
analysis of asymmetric dual-hop RF-FSO relay system is pre-
sented. In [18], the performance analysis of a dual-hop variable
gain relay RF-unified FSO transmission system subject to
pointing errors is presented. [17] investigates the performance
of a dual-branch fixed gain relay RF-FSO transmission system
under the effect of pointing errors and subject to both types
of detection techniques (i.e. IM/DD as well as heterodyne
detection). However, the results presented in [17] were derived
under the assumption of a non light of sight (NLOS) Rayleigh
fading in the RF link, and as such does not cover the case



when a line of sight (LOS) component is present between the
source and relay. Since the Rician and Nakagami-m fading
models are more appropriate for propagation environments in
LOS communications [20], in this work, we extend the model
presented in [17] to study for the first time the performance of
asymmetric LOS RF-FSO dual-hop fixed gain relay transmis-
sion systems with mixed Nakagami-m RF-unified FSO links,
which is a non-trivial contribution. More specifically, the FSO
link is assumed to be operating over unified Gamma-Gamma
fading environment [3], [4] under the effect of pointing errors,
and the RF link over Nakagami-m fading that includes the
Rayleigh fading as a special case. In this context and in
our performance analysis study, we used the finite series
representation of the incomplete Gamma function along with
the binomial expansion to derive unified exact closed-form
expressions for the cumulative distribution function (CDF),
the probability density function (PDF), the moment generating
function (MGF), the moments, the higher-order amount of
fading (AF), the outage probability (OP), the bit-error rate
(BER) of a binary modulation schemes in terms of the Meijer’s
G function. Additionally, we present the ergodic capacity in
terms of the bivariate G function. Further, we introduce the
asymptotic expressions for all the expressions derived earlier
in terms of the Meijer’s G function at high signal-to-noise
ratio (SNR) regime in terms of simple elementary functions
by utilizing Meijer’s G function expansion.

The remainder of the paper is organized as follows. In
Section II, the system model and channel model for fixed
Nakagami-m-unified FSO relay scheme is introduced. Exact
closed-form results to characterize Nakagami-m-unified FSO
relay including the PDF, the CDF, the MGF, the moments,
the AF, the OP, the BER, and the ergodic capacity followed
by the asymptotic expressions are presented in Sections III
and IV. The derived analytical expressions in the previous
sections are numerically evaluated, illustrated, and interpreted
in Section V. Finally, we review our main results and we draw
some conclusions in Section VI.

II. CHANNEL AND SYSTEM MODELS

We consider an asymmetric dual-hop relaying system where
the source node S and the destination node D are communi-
cating through an intermediate relay node R. The RF point-to-
point propagation link (i.e. S-R link) is assumed to follow a
Nakagami-m distribution. On the other hand, we assume the
second FSO link (i.e. R-D link) experiences unified Gamma-
Gamma fading with pointing error impairments. In the fixed
gain relaying scheme, the end-to-end SNR can be expressed
as [12]

γ =
γ1 γ2

γ2 + C
, (1)

where γ1 denotes the SNR of the S-R hop, γ2 represents the
SNR of the R-D hop, and C stands for a fixed relay gain [12],
[16].
In this paper, we assume that the RF S-R link experiences
Nakagami-m fading distribution with the PDF in [20]

fγ1(γ1) =
(m

Ω

)m γm−1
1

Γ(m)
exp

(
−m

Ω
γ1

)
, (2)

where m is the Nakagami-m fading parameter (m ≥ 1
2 ), Γ(·)

is the Gamma function as defined in [21, Eq.(8.310)], and Ω
represents the average fading power, i.e. Ω = Eγ1 [γ1] with E
denoting the expectation operator. It is important to note that
the PDF in (2) includes the Rayleigh distribution (m = 1) as
a special case.

The FSO R-D link is assumed to follow a unified Gamma
Gamma fading distribution with pointing error impairments
for which the PDF of the SNR is given by [22]

fγ2(γ2) =
ξ2

r γ2 Γ(α)Γ(β)
G3,0

1,3

[
hαβ

(
γ2

µr

) 1
r
∣∣∣∣ ξ2 + 1
ξ2, α, β

]
,

(3)
where r is the parameter specifying the detection technique
type (i.e. r = 1 accounts for heterodyne detection and r = 2

represents IM/DD), h = ξ2

ξ2+1 , ξ denotes the ratio between the
equivalent beam radius at the receiver and the pointing error
displacement standard deviation (jitter) at the receiver [1], [23]
(i.e. for negligible pointing errors, ξ →∞), α and β are the the
fading/scintillation parameters related to the atmospheric tur-
bulence conditions with small values of these two parameters
pointing to severe fading conditions [4], [9], G·,··,· (·) is the Mei-
jer’s G function as defined in [21, Eq.(9.301)], and µr standing
for the average electrical SNR. More specifically, for µr, when
r = 1, µ1 = µheterodyne = E[γ2] = γ2 and when r = 2,
µ2 = µIM/DD = γ2 αβ ξ

2 (ξ2 + 2)/[(α+ 1)(β + 1)(ξ2 + 1)2]
[22].

III. STATISTICAL CHARACTERISTICS

A. Cumulative Distribution Function

The CDF of γ is given by

Fγ(γ) = Pr

[
γ1 γ2

γ2 + C
< γ

]
, (4)

which can be expressed as

Fγ(γ) =

∫ ∞
0

Pr

[
γ1 γ2

γ2 + C
< γ|γ2

]
fγ2(γ2) dγ2

= 1− ξ2

r Γ(α) Γ(β) Γ(m)

∫ ∞
0

1

γ2
Γ

(
m,

mγ (γ2 + C)

Ω γ2

)
×G3,0

1,3

[
hαβ

(
γ2

µr

) 1
r
∣∣∣∣ ξ2 + 1
ξ2, α, β

]
dγ2. (5)

To the best of the authors knowledge, the solution to the
integral in (5) is not available in exact closed-form nor
in terms of the extended generalized bivariate Meijer’s G
function (EGBMGF) because of the shift in the incomplete
Gamma function. Therefore, we utilize the finite series
representation of the incomplete Gamma function in [21,
Eq.(8.352.7)] to rewrite Γ

(
m, mγ (γ2+C)

Ω γ2

)
as

(m−1)! exp(−mγ
Ω ) exp(−mC γ

Ω γ2
)
∑m−1
k=0

1
k!

(
mγ
Ω

)k (
1 + C

γ2

)k
.

Since the summation is upper limited by m, our results
are limited to the case of Nakagami-m with integer
values of m. Further using the binomial expansion in [21,

Eq.(1.111)],
(

1 + C
γ2

)k
can be expressed as

∑k
j=0

(
k
j

) (
C
γ2

)j
.

Now, along with the above modifications, we apply [24,



Eq.(07.34.21.0088.01)] and some mathematical manipulations
to get the CDF of γ as

Fγ(γ) =1−A exp
(
−mγ

Ω

)m−1∑
k=0

k∑
j=0

1

j! (k − j)!

(mγ

Ω

)k−j
×G3r+1,0

r,3r+1

[
BmC γ

µr Ω

∣∣∣∣κ1

κ2

]
, (6)

where A = rα+β−2 ξ2

(2π)r−1 Γ(α)Γ(β) , B = (hαβ)r

r2r ,

κ1 = ξ2+1
r , . . . , ξ

2+r
r comprises r terms, and

κ2 = ξ2

r , . . . ,
ξ2+r−1

r , αr , . . . ,
α+r−1

r , βr , . . . ,
β+r−1

r , j
comprises 3r + 1 terms. For m = 1, as a special case, the
CDF in (6) is in agreement with the CDF of the hybrid
Rayleigh/FSO fixed gain dual hop transmission systems with
pointing errors presented in [17, Eq.(2)]. The arguments of
the Meijer’s G function in (6) can be inverted using [25,
Eq.(6.2.2)]. Then, by applying [22, Eq.(26)], the asymptotic
expression of the CDF at high SNR can be derived in terms
of basic elementary functions as

Fγ(γ) ≈
µr�1

1−A exp
(
−mγ

Ω

)m−1∑
k=0

k∑
j=0

1

j! (k − j)!

(mγ

Ω

)k−j
×

3r+1∑
i=1

(
Ωµr

BmC γ

)−κ2,i
∏3r+1
l=1;l 6=i Γ(κ2,l − κ2,i)∏r
l=1 Γ(κ1,l − κ2,i)

,

(7)

where κu,v stands for the vth-term of κu. This asymptotic
expression for the CDF in (7) can be further expressed via
only one dominant term, j, that represents the (3r+ 1)th-term
in κ2.

B. Probability Density Function

The PDF of γ can be obtained by differentiating (6) with
respect to γ. Therefore, utilizing the product rule then apply-
ing [24, Eq.(07.34.20.0001.01)], we get after some algebraic
manipulations the PDF in exact closed-form in terms of the
Meijer’s G functions as

fγ(γ) =A exp
(
−mγ

Ω

)m−1∑
k=0

k∑
j=0

1

j! (k − j)!

(mγ

Ω

)k−j
×

{(
m

Ω
− k − j

γ

)
G3r+1,0
r,3r+1

[
BmC γ

µr Ω

∣∣∣∣κ1

κ2

]

− 1

γ
G3r+1,1
r+1,3r+2

[
BmC γ

µr Ω

∣∣∣∣0, κ1

κ2, 1

]}
. (8)

For m = 1, as a special case, the PDF in (8) is in a perfect
agreement with the PDF in [17, Eq.(3)].

C. Moment Generating Function

It is well known that the MGF is defined as Mγ(s) =
E[e−γs]. Using integration by parts, the MGF can be expressed
in terms of CDF as

Mγ(s) = s

∫ ∞
0

e−γsFγ(γ) dγ. (9)

Placing (6) into (9) and utilizing [24, Eq.(07.34.21.0088.01)],
the MGF of γ can be presented as

Mγ(s) =1− sA
m−1∑
k=0

k∑
j=0

(
m
Ω

)k−j
j! (k − j)!

(
s+

m

Ω

)j−k−1

×G3r+1,1
r+1,3r+1

[
BmC

µr (Ω s+m)

∣∣∣∣j − k, κ1

κ2

]
. (10)

When m = 1, as a special case, the MGF in (10) can be
easily shown to be equal to [17, Eq.(6)]. Similar to the CDF,
the asymptotic expansion of the MGF high SNR can be
determined as

Mγ(s) ≈
µr�1

1− sA
m−1∑
k=0

k∑
j=0

(
m
Ω

)k−j
j! (k − j)!

(
s+

m

Ω

)j−k−1

×
3r+1∑
i=1

(
µr(Ω s+m)

BmC

)−κ2,i

×
∏3r+1
l=1;l 6=i Γ(κ2,l − κ2,i)Γ(1 + κ2,i − j + k)∏r+1

l=2 Γ(κ1,l − κ2,i)
,

(11)

and can be further expressed via only the dominant term, j,
which is the (3r + 1)th-term in κ2.

D. Moments

The moments specified as E[γn] can be derived in terms
of the complementary CDF (CCDF) F cγ (γ) = 1− Fγ(γ), via
integration by parts, as

E[γn] = n

∫ ∞
0

γn−1 F cγ (γ) dγ. (12)

Placing (6) into (12) and applying [24, Eq.(07.34.21.0088.01)],
the moments reduce to

E[γn] =nA

(
Ω

m

)n m−1∑
k=0

k∑
j=0

1

j! (k − j)!

×G3r+1,1
r+1,3r+1

[
BC

µr

∣∣∣∣1− k + j − n, κ1

κ2

]
. (13)

For m = 1, as a special case, the moments in (13) can be easily
shown to agree with [17, Eq.(8)]. It is important to mention
that the moments are exploited to derive the expressions of
the higher-order amount of fading in the next section.

IV. APPLICATIONS TO THE PERFORMANCE OF
ASYMMETRIC NAKAGAMI-m-UNIFIED FSO RELAY
TRANSMISSION SYSTEMS WITH FIXED GAIN RELAY

A. Outage Probability

The OP is an important measure for the performance of a
wireless communication system. An outage of the communica-
tion system is encountered when the instantaneous output SNR
γ falls below a predetermined threshold γth. Setting γ = γth
in (6), we obtain the OP as

Pout(γth) = Fγ(γth). (14)



B. Higher-Order Amount of Fading

For the instantaneous SNR γ, the nth-order amount of
fading is defined as [26]

AF (n)
γ =

E[γn]

E[γ]n
− 1. (15)

Substituting (13) in (15) yields to the nth-order AF.

C. Average BER

The average BER for a variety of binary modulations is
introduced as [27, Eq.(12)]

Pb =
qp

2 Γ(p)

∫ ∞
0

exp(−q γ) γp−1 Fγ(γ) dγ, (16)

where p and q are parameters that change for different modu-
lation schemes [28]. Replacing Fγ(γ) by its expression in (6)
and utilizing [24, Eq.(07.34.21.0088.01)] with some algebraic
manipulations, we obtain the BER as

Pb =
1

2
− Aqp

2Γ(p)

m−1∑
k=0

k∑
j=0

(
m
Ω

)k−j
j! (k − j)!

(
q +

m

Ω

)j−k−p
×G3r+1,1

r+1,3r+1

[
BmC

µr(qΩ +m)

∣∣∣∣1− p− k − j, κ1

κ2

]
. (17)

For m = 1, as a special case, we get the BER of the mixed
Rayleigh/FSO fixed gain dual hop transmission systems with
pointing errors given in [17, Eq.(11)]. At high SNR and similar
to the CDF, the BER can be expressed asymptotically as

Pb ≈
µr�1

1

2
− Aqp

2Γ(p)

m−1∑
k=0

k∑
j=0

(
m
Ω

)k−j
j! (k − j)!

(
q +

m

Ω

)j−k−p
×

3r+1∑
i=1

(
µr(qΩ +m)

BmC

)−κ2,i

×
∏3r+1
l=1;l 6=i Γ(κ2,l − κ2,i)Γ(κ2,i + p+ k − j)∏r+1

l=2 Γ(κ1,l − κ2,i)
, (18)

and can be further expressed via only the dominant term j.

D. Ergodic Capacity

The ergodic capacity defined as C = E[log2(1 + γ)] can be
written in terms of the CCDF of γ as [29, Eq.(15)]

C = 1/ ln(2)

∫ ∞
0

F cγ (γ)/(1 + γ) dγ. (19)

Using [30] to represent (1 + γ)−1 as G1,1
1,1

[
γ
∣∣∣0
0

]
, and utilizing

the integral identity [27, Eq.(20)], we obtain the ergodic
capacity in terms of the EGBMGF as

C =
A

ln(2)

Ω

m

m−1∑
k=0

k∑
j=0

1

j! (k − j)!

×G1,0:1,1:3r+1,0
1,0:1,1:r,3r+1

[
k − j + 1

∣∣∣∣∣ 0
0

∣∣∣∣∣ κ1

κ2

∣∣∣∣∣ Ω
m ,

BC
µr

]
. (20)

An efficient Mathematica implementation of the EGBMGF is
given in [27, Table II]. For m = 1, as a special case, the
ergodic capacity in (20) is in agreement with [17, Eq.(13)].

V. NUMERICAL RESULTS

In this section, we present simulation and numerical re-
sults for different performance metrics of asymmetric dual-
hop Nakagami-m-unified FSO relay transmission system with
fixed gain relay, as an illustration of the analytical expressions
given in the previous sections. The FSO link (i.e. the R-D
link) is modeled as a unified Gamma-Gamma fading channel
for weak (α = 2.902 and β = 2.51), moderate (α = 2.296
and β = 1.822), and strong (α = 2.064 and β = 1.342)
turbulent FSO channel conditions. In this section, the average
SNR between the relay and the destination (R-D link) is set
such that γ2 = 10 dB except for the figures showing the
asymptotic results where γ2 is varying. For the fixed gain
scheme, the relay is set such us C = 1.

The outage probability performance for both heterodyne and
IM/DD detection techniques versus the normalized average
fading power of the RF link (i.e S-R link) is presented in
Fig. 1. The effect of pointing error is fixed at ξ = 1.1. We can
see from Fig. 1 that the analytical results provide a perfect
match to the simulation results presented in this paper. It can
also be observed that the heterodyne detection technique (r =
1) provides better performance than the IM/DD technique (r =
2). Moreover, it can be shown that the performance deteriorates
as the atmospheric turbulence conditions get severe (i.e. the
higher the values of α and β, the lower will be the OP) and
vice versa.
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α=2.296 and β=1.822 (Moderate Turbulence) 
α=2.064 and β=1.342 (Strong Turbulence) 
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r=1; Heterodyne Detection

r=2; IM/DD

Fig. 1. OP showing the performance of both the detection techniques
(heterodyne and IM/DD) under strong, moderate, and weak turbulent FSO
channels for strong pointing error ξ = 1.1.

Fig. 2 presents the OP under both the detection techniques
(heterodyne and IM/DD) for strong pointing error ξ = 1.1
along with the asymptotic results in high SNR regime. It
can be shown that at high SNR, the asymptotic expression
utilizing the Meijer’s G function expansion and all the terms
are considered in the summation in (7) converges quite fast
to the exact result proving this asymptotic expression to be
tight enough. Moreover, if we select the appropriate single
dominant term, we get also a convergence to the exact result
though relatively slower.

In Fig. 3, we illustrate the OP under IM/DD technique with
varying effects of pointing error (ξ = 1 and 6.7). As expected,
the OP increases as the pointing error gets severe (i.e. the lower
the values of ξ, the higher will be the OP). Additionally, it can
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Fig. 2. OP showing the performance of both the detection techniques (het-
erodyne and IM/DD) under strong turbulence conditions for strong pointing
error ξ = 1.1 along with the asymptotic results in high SNR regime for
Ω = 20 dB.

be observed that for lower effect of the atmospheric turbulence,
the respective performance gets better.
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Fig. 3. OP showing the performance of IM/DD technique under strong,
moderate, and weak turbulent FSO channels with varying effects of pointing
error.

Fig. 4 demonstrates the average BER performance for differ-
ential binary phase shift keying (DBPSK) binary modulation
scheme where p = 1 and q = 1 are the parameters of
DBPSK, for both types of detection techniques (i.e. IM/DD
and heterodyne) with fixed effect of the pointing error (ξ =
1.1). As clearly seen in the figure, the analytical results and
the simulation results coincide. We can also see from this
figure that the heterodyne detection technique outperforms
the IM/DD technique. Moreover, it can be observed that
the performance improves as the effect of the atmospheric
turbulence drops.

Fig. 5 presents the average BER for DBPSK binary modu-
lation scheme under IM/DD technique for varying effects of
the pointing error (ξ = 1 and 6.7) along with the asymptotic
results in high SNR regime. It can be observed that at high
SNR, the asymptotic expression utilizing the Meijer’s G func-
tion expansion and considering all the terms in the summation
in (18) converges quite fast to the exact result proving the
tightness of this asymptotic approximation. Additionally, when
we select the relevant single dominant term of (18) derived via
Meijer’s G function expansion, a slower convergence is clearly
observed.
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Fig. 4. Average BER of BDPSK binary modulation scheme showing the
performance of both the detection techniques (heterodyne and IM/DD) under
strong, moderate, and weak turbulent FSO channels for strong pointing error
ξ = 1.1.
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Fig. 5. Average BER of BDPSK binary modulation scheme showing the
performance of both the detection techniques (heterodyne and IM/DD) under
strong turbulence conditions for strong pointing error ξ = 1.1 along with the
asymptotic results in high SNR regime for Ω = 20 dB.

Fig. 6 depicts the average BER for DBPSK binary modu-
lation scheme under IM/DD technique for varying effects of
the pointing error (ξ = 1 and 6.7). Expectedly, as the pointing
error decreases (ξ → ∞), the respective system performance
gets better.
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Fig. 6. Average BER of BDPSK binary modulation scheme showing the
performance of IM/DD technique under strong, moderate, and weak turbulent
FSO channels with varying effects of pointing error.

In Fig. 7, the ergodic capacity under both heterodyne



and IM/DD detection techniques for varying effects of the
pointing error (ξ = 1 and 6.7) for strong turbulence conditions
is presented. It can be observed that heterodyne detection
performs much better than the IM/DD technique. Additionally,
it can be shown that as the pointing error gets severe, the
ergodic capacity decreases (i.e. the higher values of ξ, the
higher will be the ergodic capacity).
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Fig. 7. Ergodic capacity results showing the performance of both heterodyne
and IM/DD techniques under strong turbulence conditions for varying pointing
errors.

VI. CONCLUSION

In this work, we, for the first time, provided unified exact
closed-form expressions for the PDF, the CDF, the MGF,
and the moments of a dual-hop fixed gain relay system
over the asymmetric links composed of both Nakagami-m
and unified Gamma-Gamma fading environments. From these
formulas, we derived unified expressions for the higher-order
AF, the average BER, and the ergodic capacity. In addition,
we introduced asymptotic expressions at high SNR regime for
the CDF, the MGF, the OP, and the average BER utilizing the
Meijer’s G function asymptotic expansion. We also demon-
strated the impact of atmospheric turbulence conditions and
pointing errors on the system performance.
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