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We present a theoretical realization of quantum spin and quantum valley Hall effects in silicene. We

show that combination of an electric field and intrinsic spin-orbit interaction leads to quantum phase

transitions at the charge neutrality point. This phase transition from a two dimensional topological

insulator to a trivial insulating state is accompanied by a quenching of the quantum spin Hall effect

and the onset of a quantum valley Hall effect, providing a tool to experimentally tune the

topological state of silicene. In contrast to graphene and other conventional topological insulators,

the proposed effects in silicene are accessible to experiments. VC 2013 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4803084]

Silicene is a single layer of silicon1,2 isostructural to gra-

phene.3 It has a low buckled honeycomb structure, where the

charge carriers behave like massless Dirac fermions.4

Experimental realizations of silicene sheets4,5 and ribbons6,7

have been demonstrated by synthesis on metal surfaces. It is

believed that silicene can be the starting point of new oppor-

tunities for electrically tunable electronic devices, an alterna-

tive to graphene.8 Though graphene possesses extraordinary

properties,3 its application in device fabrication is limited by

the zero band gap and the difficulty to tune Dirac particles

electrically. Moreover, even if a gap can be introduced in

graphene by chemical doping it is incompatible with existing

nanoelectronics. In the desire to overcome this limitation,

the buckling in silicene offers new possibilities for manipu-

lating the particle dispersion to achieve an electrically tuna-

ble band gap. In addition to the electric field controlled gap,

silicene has a relatively large intrinsic spin-orbit interaction

(SOI) induced gap of 1.55 meV,9 as obtained from first prin-

ciples calculations which provides a mass to the Dirac fer-

mions. This mass can be controlled experimentally by

applying an external perpendicular electric field. Recently,

the SOI gap in silicene has been studied using density func-

tional band structure calculations,9 predicting a quantum

spin Hall effect (QSHE) in an experimentally accessible tem-

perature regime, in contrast to graphene.10–13

The QSHE has attracted significant interest in con-

densed matter physics as it constitutes a new phase of

matter.10,14–21 Therefore, when Kane and Mele10 in a ground

breaking study of graphene proposed a new class of insula-

tors, the topological insulators, a great theoretical17–21 and

experimental excitement was generated.15,16,19 These materi-

als are insulating in the bulk, whereas the surface states are

conducting and protected against scattering by time reversal

symmetry. The surface states are chiral and have a well

defined spin texture with a single Dirac cone energy spec-

trum. The occurrence of conducting surface states is related

to SOI,19 which is a crucial criterion for realizing the QSHE.

It was proposed to search for new materials with strong SOI

for the fabrication of spintronic devices.10,19 In addition to

the QSHE, an analogous quantum valley Hall effect

(QVHE)21,22 arises from a broken inversion symmetry,

where Dirac fermions in different valleys flow to opposite

transverse edges when an in-plane electric field is applied.

The QVHE paves the way to electric generation and detec-

tion of valley polarization.

In the light of the above discussion, silicene is likely to

show significant signatures of QSHE and QVHE, as well as a

transition from a topologically trivial to a band insulating

state and further to a semimetallic state. The QSHE and

QVHE are the fundamental transport processes arising from

intrinsic SOI and an external perpendicular electric field,

respectively. The latter can give rise to a topologically nontri-

vial band insulator or semimetal, leading to a quantized Hall

and valley conductivity without magnetic field. In Ref. 23, it

has been demonstrated that the band gap in silicene is electri-

cally tunable and that the magnetocapacitance exhibits beat-

ing at low and splitting of the Shubnikov de Haas oscillations

at high magnetic field. Here, we show that the quantum phase

transition from a two dimensional topological insulator to a

trivial insulating state is accompanied by a quenching of the

QSHE and the onset of a QVHE, providing a tool to experi-

mentally tune the topological state of silicene. We consider

silicene in the presence of an external electric field and intrin-

sic SOI to discuss these phenomena, disregarding the extrin-

sic SOI as it is weak (0.7 meV) with respect to the intrinsic

SOI (3.9 meV) as predicted by tight binding considera-

tions.24,25 We employ the Kubo formalism to derive the Hall

conductivity, which is experimentally accessible at reasona-

ble temperatures due to the remarkable buckling and strong

SOI in silicene. We believe that our results open new experi-

mental directions for the realization of the QSHE, QVHE,

and topological insulators.

Dirac fermions in buckled silicene obey the two-

dimensional graphene-like Hamiltonian8,24,25

Hg
sz
¼ vðrxpx � grypyÞ � gszDSOrz þ Dzrz: (1)

Here, g ¼ þ=� for K=K0, Dz ¼ 2lEz, where Ez is the uni-

form electric field applied perpendicular to the silicene sheet
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with l¼ 0.23 Å, (rx; ry; rz) is the vector of Pauli matrices,

and v denotes the Fermi velocity of the Dirac fermions. Spin

up (") and down (#) is represented by sz ¼ þ1 and �1,

respectively. After diagonalizing the Hamiltonian given in

Eq. (1), we obtain the eigenvalues

Eg
n;sz
¼ n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv�hkÞ2 þ ðDSO � gszDzÞ2

q
: (2)

Here, n ¼ þ/� denotes the electron/hole band, and the abso-

lute value of the wave vector is given by k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

x þ k2
y

q
.

The corresponding eigenfunctions for the K point with spin

up are

WK
þ;" ¼ exp½ikxxþ ikyy� sin h=2eþiu

cos h=2

� �
(3)

and

WK
�;" ¼ exp½ikxxþ ikyy� �cos h=2eþiu

sin h=2

� �
(4)

with h ¼ tan�1 vF�hk
ðDSO�gszDzÞ and u ¼ tan�1 ky

kx
. The correspond-

ing solutions for the K point with spin down are

WK
þ;# ¼ exp½ikxxþ ikyy� cos h=2eþiu

sin h=2

� �
(5)

and

WK
�;# ¼ exp½ikxxþ ikyy� �sin h=2eþiu

cos h=2

� �
: (6)

The eigenfunctions for the K0 point can be obtained by

exchanging spin up and down in the K point solution with

eþiu replaced by e�iu.

First, we discuss the energy eigenvalues obtained in Eq.

(2) for the K point to explore the band splitting and quantum

phase transitions. The energy is plotted as a function of

dimensionless wave number (ka=p) in Fig. 1 for a lattice

constant of a¼ 3.86 Å. In Fig. 1(a), we find a well resolved

energy gap for either the electric field or the SOI finite. This

confirms a metal to insulator transition. Figure 1(b) for finite

SOI and perpendicular external electric field with DSO > Dz

shows an energy splitting between the spin up and down

bands of both the electrons and holes. This splitting is less

than the energy gap between the electrons and holes. The sit-

uation reflects a topological insulating state. Figure 1(c) is

analogous to Fig. 1(b) but for DSO < Dz. The splitting of the

spin up bands remains the same as in Fig. 1(b), while the

splitting of the spin down bands increases. This situation cor-

responds to a band insulator. Figure 1(d) is analogous to

Figs. 1(b) and 1(c) but for DSO ¼ Dz. We see that the energy

gap closes between the spin up bands, while the spin down

bands maintain a finite energy gap. This reflects a semimetal-

lic state.26–29 Note that for the K0 point, the eigenvalues are

identical to those of the K point if spin up and down are

exchanged.

The Hall conductivity rxy can be obtained by the Kubo

formalism as10,20

rxyðg; szÞ ¼
i�he2

LxLy

X
k

f ðEg
þ;sz
Þ � f ðEg

�;sz
Þ

ðEg
þ;sz
� Eg

�;szÞ2

� ½hWg
�;sz
jvyjWg

þ;sz
ihWg

þ;sz
jvxjWg

�;sz
i�: (7)

The velocity components vx ¼ vrx and vy ¼ �gvry can be

obtained from the Hamiltonian in Eq. (1). Using Eqs. (2) to

(6), the expectation values of the velocities are derived and

used in Eq. (7). We arrive at

rxyðg; szÞ ¼ �sz
�he2v2

4ð2pÞ2
ð

d2k
ðDSO � gszDzÞ

½v2�h2k2 þ ðDSO � gszDzÞ2�3=2

� ½f ðEg
þ;sz
Þ � f ðEg

�;sz
Þ�: (8)

If the Fermi level lies in the gap, we can write the conductiv-

ity given in Eq. (8) for zero temperature as

rxyðg; szÞ ¼ �sz
e2

4�h

�h2v2

ð2pÞ2
ð1
0

d2k

� ðDSO � gszDzÞ
½v2�h2k2 þ ðDSO � gszDzÞ2�3=2

: (9)

Evaluating the integral in Eq. (9), we obtain the spin and val-

ley Hall conductivities as

rxyðSpinÞ ¼ ½rxyðK;"Þ� rxyðK;#Þ� þ ½rxyðK0;"Þ� rxyðK0;#Þ�

¼ � e2

2h
½sgnðDSO�DzÞ þ sgnðDSOþDzÞ� ; (10)

rxyðValleyÞ ¼ ½rxyðK; "Þ þ rxyðK; #Þ�
� ½rxyðK0; "Þ þ rxyðK0; #Þ�

¼ e2

2h
½sgnðDSO þ DzÞ � sgnðDSO � DzÞ�: (11)

From Eqs. (10) and (11), we see that the Hall conductivity for

the K and K0 points is not degenerate. This confirms the lifting

of the valley (K,K0) degeneracy (known for graphene) in sili-

cene.10,19,20 In conventional insulators, there is only a single

valley. When DSO > Dz > 0, then rxyðSpinÞ ¼ �e2=h and

rxyðValleyÞ ¼ 0, which corresponds to the topological insu-

lating state.10 When Dz > DSO > 0 then, rxyðSpinÞ ¼ 0 and

rxyðValleyÞ ¼ e2=h, which corresponds to a trivial insula-

tor.21 This means that there is a finite Hall conductivity even

when the Fermi level is inside the band gap, implying the pres-

ence of gapless helical edge states. This situation can be

regarded as a quantum spin Hall state. Although not explicitly

considered in this work, the specific geometry of the edges of

the silicene sample will influence the actual valley accumula-

tion. Therefore, this geometry has to be carefully designed to

allow for the robust extraction of the bulk valley current.30

We turn to the situation when the Fermi level is in the

valence or conduction band. Now, Eq. (8) yields

rxyðg; szÞ ¼ �sz
e2

4�h

�h2v2

ð2pÞ2
ðkF

0

d2k
DSO � gszDz

½v2�h2k2 þ ðDSO � gszDzÞ2�3=2
:

(12)
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After performing the integral in Eq. (12) and applying the

integration limit, we obtain

rxyðg; szÞ ¼ �sz
e2

4h

�
sgnðDSO � gszDzÞ

� DSO � gszDzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�h2k2

F þ ðDSO � gszDzÞ2
q

#
: (13)

Finally, the spin and valley Hall conductivities for the Fermi

level in the conduction band at zero temperature can be writ-

ten as

rxyðSpinÞ ¼ � e2

2h

"
DSO � Dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2�h2k2
F þ ðDSO � DzÞ2

q

þ DSO þ Dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�h2k2

F þ ðDSO þ DzÞ2
q

#
; (14)

rxyðValleyÞ ¼ e2

2h

"
DSO þ Dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2�h2k2
F þ ðDSO þ DzÞ2

q

� DSO � Dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�h2k2

F þ ðDSO � DzÞ2
q

#
: (15)

Equations (14) and (15) show that the K and K0 points are

not degenerate. We obtain similar results for the case when

the Fermi level lies in the valence band due to the electron-

hole symmetry. A closer analytical examination of Eqs. (14)

and (15) implies that silicene is subject to quantum phase

transitions as shown and discussed in Fig. 1.

We show in Fig. 2 the quantum spin and valley Hall

conductivities as functions of the electric field for a fixed

FIG. 1. Energy as a function of dimensionless wave number for fixed SOI (Dso), perpendicular electric field (Dz), and velocity v ¼ 5� 105 m=s. Red: spin

up electron states, green: spin down electron states, blue: spin up hole states, and magenta: spin down hole states. (a) Either Dso ¼ 0 meV and Dz ¼ 8 meV

or Dso ¼ 8 meV and Dz ¼ 0 meV. (b) Dso ¼ 8 meV and Dz ¼ 1 meV. (c) Dso ¼ 4 meV and Dz ¼ 8 meV. (d) Dso ¼Dz ¼ 8 meV. For spin up and spin down,

respectively, we obtain splittings between the electron and hole states of (b) 14 meV and 18 meV, (c) 8 meV and 24 meV, and (d) 0 meV and 32 meV.

FIG. 2. Quantum spin and valley Hall conductivities as a function of the per-

pendicular electric field Dz for a fixed value of the SOI (3.9 meV). Blue and

green: Quantum spin Hall conductivities for the Fermi level in the band gap

and the conduction band, respectively. Red and magenta: Valley Hall con-

ductivities for the Fermi level in the band gap and the conduction band,

respectively.
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value of the SOI. By tuning the electric field, one may tune

the SHE and VHE. The transition is striking in the case of

the QSHE and QVHE (i.e., the Fermi level is in the gap).

However, also in the realistic case when the Fermi level is

above or below the gap, it is possible to observe this topolog-

ical transition. For comparison with existing work, if we

assume that the perpendicular electric field is zero (Dz ¼ 0)

our results are similar to those obtained for the QSHE in gra-

phene and conventional systems.10,19,20 However, in silicene,

the SOI is much stronger and should be accessible experi-

mentally at reasonable temperatures. Further, with the inclu-

sion of Dz, the SOI becomes more pronounced, giving rise to

a finite mass term. The opposite signs of the Dzrz terms in

the spin up and down channels of the effective Hamiltonian

lift the valley degeneracy. This distinguishes silicene from

graphene and is responsible for the quantum phase transi-

tions from a topological insulator to a band insulator and fur-

ther to a semimetal. Such a general mechanism is not

possible in graphene and conventional topological insulators

with perpendicular electric field, while it is guaranteed in sil-

icene by the two opposite spins and valleys.

The Hamiltonian in Eq. (1) can also be used to describe

germanene, which is a honeycomb structure of germa-

nium.4,9,24 Here, the SOI is even stronger (DSO ¼ 43 meV)

with l¼ 0.33 Å. Hence, the above analysis is fully applicable

to germanene. Our results imply that the SOI splitting can be

controlled by a gate voltage or external electric field. This is

of significance for electrically tunable spintronics devices,20

especially Datta-Das spin field-effect transistors.31 Therefore,

realization of the QSHE, QVHE, and quantum phase transi-

tions, in silicene and germanene topological insulators pro-

vides new spintronic materials for high efficiency electric spin

manipulation. Experimental observation of a phase transition

requires the temperature to be smaller than the characteristic

energy splitting induced by the spin-orbit coupling. In the case

of silicene, the latter is 4 meV, which indicates that for temper-

atures smaller than 40 to 50 K the effect can be observed.

To conclude, we have carried out analytical calculations

for the Hall conductivity in silicene, based on the Kubo for-

mula. An electric field is included to take into account the

effect of electrical tuning for nanoelectronic applications. In

an insulator where the chemical potential is located inside the

energy gap between the conduction and valence bands, the

Hall conductivity is an integer multiple of e2=h. The calcu-

lated Hall conductivity of silicene jumps from 1 to 0 at the

critical electric field of the level crossing. Experimentally, the

best way to see the QSHE is to measure the Hall conductivity

as a function of the gate voltage (that tunes the chemical

potential). On the other hand, the QVHE can be measured by

means of the orbital magnetic moment.21 A plateau in the

Hall conductivity should be observed when the chemical

potential is inside the gap. In silicene and germanene, the tem-

perature will not affect the Hall plateau as the SOI is strong. It

is shown that the energy splitting due to the SOI and electric

field leads to QSHE and QVHE with quantum phase transi-

tions at the charge neutrality point. Thus, QSHE, QVHE, and

the topological insulating states in silicene and germanene

can be observed experimentally at finite temperature.
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