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ABSTRACT

A hybrid local/non-local framework for the simulation of

damage and fracture

Yan Azdoud

Recent advances in non-local continuum models, notably peridynamics, have spurred

a paradigm shift in solid mechanics simulation by allowing accurate mathematical rep-

resentation of singularities and discontinuities. This doctoral work attempts to extend

the use of this theory to a community more familiar with local continuum models. In

this communication, a coupling strategy - the morphing method -, which bridges local

and non-local models, is presented. This thesis employs the morphing method to ease

use of the non-local model to represent problems with failure-induced discontinuities.

First, we give a quick review of strategies for the simulation of discrete degradation,

and suggest a hybrid local/non-local alternative. Second, we present the technical

concepts involved in the morphing method and evaluate the quality of the coupling.

Third, we develop a numerical tool for the simulation of the hybrid model for fracture

and damage and demonstrate its capabilities on numerical model examples
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Chapter 1

Introduction

1.1 Background

Representing failure in structural components is an important area in solid mechanics

that has critical implications in the industrial context. While cracks in a material are

induced by nano-scale and micro-scale features, the simulation of a whole structure at

resolutions compatible with these scales is computationally out of reach. Therefore,

the aim of failure simulation is to correctly emulate the failure effect at a computa-

tionally accessible scale while preserving a high fidelity with the simulated process.

Ultimately, failure can reach a stage at which singularities and discontinuities appear

in the structure. This adds to the technical difficulty of representing failure, since

most of the mathematical tools used in solid mechanics for macroscale simulation

rely on differentiable fields. This means that not only specific models have to be

developed to represent the phenomenology of failure, but also methods able to handle

those models with their share of singularities and discontinuities. The phenomenol-

ogy is defined by the observations at the different scales. Parameters such as crack

direction, expected strain field around cracks, and crack tip advance can be used to

define a fracture or degradation model. Rendering of these models is made possible

by frameworks that represent explicitly or implicitly the existence of a failure-induced

discontinuity in the structure. In this thesis, we study an alternative method suitable
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for simulating failure induced discontinuities.

Difficulties arise when simulating failure-induced discontinuities in the classic local

continuum framework. Indeed, it is trivially impossible to introduce discontinuities

when using partial differential equations (PDEs) because the field must be differen-

tiable. To bypass this difficulty, two strategies have been used in the literature: one

explicitly introduces a discontinuity and the other introduces it via a continuously

differentiable approximation. We review the most up-to-date methods in the follow-

ing section. An alternative method of representing discontinuities is to replace classic

local continuum by a theory that has a lower regularity requirement in the field of

interest. This is the position taken by the peridynamic theory [1], which relies on

integro-differential equations. The peridynamic theory is a non-local continuum the-

ory for which the equilibrium equation has an integral formulation. Equilibrium of a

peridynamics material point depends on the contributions of material points within a

bounded surrounding neighborhood. The originality comes from the integral formu-

lation that allows discontinuities to formally exist in peridynamics. Many challenges

remain ahead for developing peridynamics, however. Because of its non-local nature,

many of the existing numerical methods to represent it are ill-adapted. Available dis-

cretization tools for the theory can still be adapted for non-local problems and most

parameters contained in the non-local kernel still need to be defined and understood.

Additionally, volume “boundary” conditions as opposed to surface boundary condi-

tions must be defined. To finish, its associated computational cost should be reduced.

The central aim of this study is to investigate methods to ease the use of the peridy-

namic theory for the simulation of fracture and damage problems. Our point of view

does not specifically support the position of the various authors in peridynamics-based

fracture mechanics, but simply acknowledges the potential of such a theory. We will

review the peridynamic theory in this chapter. Our strategy to address the technical

difficulties of the peridynamic theory will rely on multi-scale (or rather“multi-model”)
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methods. Indeed, by taking advantage of some properties of the non-local model, a

coupling method can be developed to blend it to a local continua. Such a hybrid

framework can restrict the computationally intensive peridynamic theory to where it

is needed while the computationally cheap local model is used in the remainder of

the structure. In this chapter, we uncover the advantages of such a hybrid framework

and give an overview of the existing coupling strategies.

1.2 Strategies for modeling discontinuous degra-

dation: a quick review

In this section, we give an overview of the different strategies developed in the field of

solid mechanics for the purpose of simulating failure induced discontinuities. We can

separate them into two categories: the methods that introduce discontinuities by ex-

tending the local continuum framework, such as XFEM/GFEM or Cohesive Element

methods, and the methods that smooth the discontinuities to keep the displacement

field continuous, such as damage mechanics and phase-field methods. The former

category explicitly introduces the discontinuity, either by introducing breakable ele-

ments or by including an additional set of discontinuous shape functions around the

crack lips. Those methods do not need any kind of regularization to be efficient but

are generally tailored for a specific phenomenology and geometry. The second cate-

gory approximates the discontinuities by continuous functions, either by denoting a

homogenized equivalent loss of stiffness (damage mechanics) or by introducing sharp

gradients that mimic discontinuities (phase field). These methods rely on a volume in-

terpretation of a surface-dependant phenomenon, and as such require a regularization

to avoid a mesh-dependent problem called localization.
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1.2.1 XFEM/GFEM

Let us discuss Extended and Generalized Finite Element Models. These methods were

initially intended as a local enrichment (for XFEM, [2],[3]), and global enrichment (For

GFEM, [4],[5],[6]), of the local continuum model. The fundamental concept behind

these lies in the partition of unity method (PUM, see [4] and [5]). A partition of unity

is a set of functions ϕi(x) over a domain Ω such that:

∑
∀i
ϕi(x) = 1 ∀x ∈ Ω (1.1)

The concept of partition of unity is used to add any enriching function Ψ(x) to the

approximated displacement field in the usual finite element discretization:

uh(x) =
∑
∀i
Ni(x)ui +

∑
∀i
ϕi(x)Ψ(x)qi (1.2)

where Ni are the standard FEM shape function and ui the standard nodal degrees

of freedom. The nodal values qi are adjustment parameters to better introduce the

expected solution Ψ(x). The function Ψ(x) is generally the asymptotic development

of known solution, for example, to correctly represent the displacement field at the

tip of a crack, or can be used to introduce a discontinuity, for example, to represent

a crack with a Heaviside function. The position of cracks is mapped with so called

level-set functions that shift sign at the crack position, and notify where the local

enrichment of the finite element will take place. Technically, there are still limita-

tions to the XFEM/GFEM method, including quadrature issues and spurious effects

due to local enrichment. However, these technical limitation are close to being over-

come [7]. Another limitation of XFEM is their weakness when it comes to complex

phenomenon such as crack networking and branching, as the definition of level-sets

becomes increasingly difficult with the number of cracks. XFEM and GFEM are not
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modeling approaches but rather a set of numerical tools to conveniently introduce

discontinuities in the framework of the Finite Element Method. These methods are

not constructed as a standard, but rather as a toolbox that overcomes mainly pro-

cedural issues linked to numerical modeling. However, all the tools developed in this

field can fast-track the numerical adaptability of a theory that contains the seeds of

rupture representation in its original formulation.

1.2.2 Cohesive Zone models

Cohesive Zone Models (CZM) extend traditional methods, such as linear elastic frac-

ture mechanics and crack tip open displacement to represent fracture by introducing

a process zone. It was first introduced by Barenblatt in 1959 [8]. It introduces an

evolution law of surface separation that preserves a certain phenomenology for the

energy dissipation and the residual elastic propriety of the fractured material in a

process zone. This allows to enrich the fracture behavior with complex parameters.

However, this method relies on the introduction of a special region where fracture is

possible, the so-called cohesive elements. In the case where crack position is known

in advance, this method allows a great control over the expected phenomenology.

Contrarily to classical fracture models, the presence of a precrack is not required, and

the approach is still consistent in cases were the process zone is not negligible in size.

Still, there is no systematic treatment provided by those models that can be applied.

A comprehensive review of CZM is given by Elices et al [9]

1.2.3 Phase field approaches

Phase field methods are relatively new for the analysis of fracture. These methods

are originally designed for the analysis of solidification of materials, where different

phases exist concurrently. Phase field methods have first been introduced in frac-

ture mechanics by Dugdall [10], and Barenblatt [11], to tackle the issue of crack tip
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singularity. It relies on the introduction of a continuous auxiliary field, the phase

field Φ, that evolves throughout the material. Interfaces are represented by the sharp

variations of the field, effectively replacing the need for standard boundary conditions

by additional partial differential equation for the evolution of Φ. As such, it allows

a continuous representation of physical discontinuities, and can be introduced within

the local continuum framework. It appears clear that the gradient of the auxiliary

phase field is paramount in the regularization of the phase field method, and will

influence the amount of dissipated energy. Parametrization of such methods also

seems difficult, as it relies on the same evolution law defined for other methods, with

additional parameters, such as the choice of the physical meaning of Φ (for example,

one can take Φ as the normalized material density). Further developments of these

methods could be of interest for the study of fracture.

1.2.4 Damage mechanics approaches

For those approaches, the rationale is that the failure can be seen as a globally contin-

uous process that reduces the stiffness of the material. To achieve this effect, damage

variables are introduced in the constitutive equation to weight the different stiffness

parameters. These variables are associated with an evolution law that is phenomeno-

logically driven. We propose to give a simple one variable model with hardening to

explain damage mechanics, which we will use in the third chapter.

A simple damage model We start by the definition of the strain free energy

density with damage:

ψ =
1

2
λ(1− d)tr(ε)2 + µ(1− d)tr(ε2) (1.3)

where ψ is the strain free energy and tr(•) is the trace operator, λ and µ are the

Lamé coefficients, and ε is the strain tensor. The strain energy density is similar to
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the pure elastic strain energy density, but is moderated by the damage variable d. In

order to have an evolution law associated with d, we need to create an estimator to

the damage effect. Then, we define the damage force Y based on the variation of the

energy with respect to the damage:

Y = −δψ
δd
|ε=

1

2
λtr(ε)2 + µtr(ε2) = Ψo ≥ 0 (1.4)

We impose a damage evolution law with hardening using the pseudo-potential f ,

which compares the damage “force” to an expected hardening law:

f = Y − (k1d+ ko) (1.5)

where k1 and ko are material parameters.

The damage evolution is obtained by guaranteeing that f remains positive. When

d varies, f = 0 and ḟ = 0 (the consistency equation), which yields the damage

evolution law:

ḋ =
Ẏ

k1

if f ≥ 0, otherwise ḋ = 0 (1.6)

From the strain energy density in equation 1.3 we derive the constitutive equation.

The rest of the elastic problem remains unchanged.

σ = λ(1− d)tr(ε)I + 2µ(1− d)ε (1.7)

where σ is the stress tensor.

Understanding localization In the previous example, we saw how a damage vari-

able is introduced in the representation of the elastic energy of a body, and how it

affects the constitutive equation. We now focus on the technical limitations associated

with the usage of damage mechanics.
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Two regimes are generally distinguished in the process of degradation. First, the

stiffness loss is diffused throughout the material and local effects on the damage are

minimal. The second regime is a phase of uncertainty, after dσ
dε

= 0 is reached, called

localization, when the assumption of statistically homogeneous degradation is violated

and failure becomes local.

Using the previous model in one dimension, it is possible to identify analytically

the localization point. We can first estimate the damage level knowing the damage

force derivative:

Y = Ψo = Eo ε
2

2
−→ Ẏ = Eoεε̇ (1.8)

Using equation 1.6, we get: ∫ d

0
ḋ =

Eo

k1

∫ ε

εo
εε̇ (1.9)

where Eo is the initial Young’s modulus and where εo is the strain level at which

damage starts happening, defined by Eoε2o
2

= ko. We then get the following:

d =
Eo

2k1

{ε2 − ε2
o} (1.10)

The definition of d is then used to define the stress/strain relation:

σ = Eo[1− Eo

2k1

{ε2 − ε2
o}]ε (1.11)

From relation 1.11, we get the localization point for dσ
dε

= 0, which yields:

ε =

√
2(k1 + ko)

3Eo
(1.12)

Different regularization approaches have then been proposed to efficiently describe

the localization phase of the damage process. The main issue is related to a spurious

dependence to the mesh when estimating the dissipated energy: with a coarse mesh,
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the localization zone is large and dissipates a large amount of energy, while in a

fine mesh, the localization zone is small and only small quantities of energy can be

dissipated. To avoid this effect, it is necessary to introduce an internal length to the

system: indeed, local theory does not rely on the concept of internal length, which is

therefore spuriously introduced by the numerical method. Solving the mesh spurious

dependency and obtaining objective numerical simulations is done by three different

techniques: models with non-local damage variable [12], gradient-based models [13],

or models with delay effect [14]. Their common feature is to introduce a length scale

in the material softening. Limitations of the damage approach come mainly from the

validity of the fixes developed to treat localization. However, damage mechanics has

the potential of being efficient in predicting where damage occur, and can be seen as

a local criterion for crack initiation.

1.3 Non-local-based approach for discontinuity

As seen in damage mechanics, one solution for localization-related problems is to

introduce a non-local damage variable, which in turn can add the internal length

missing from the local framework. A more drastic approach is taken in the case

of directly using integral form non-local models. The rationale is that rather than

extending the classic local framework, a better strategy is to construct a mathematical

framework that is already capable of representing discontinuities. Peridynamics is one

of these approaches. In this section, we propose to give a full review of such framework

as it is at the core of this work.

1.3.1 The peridynamic non-local continuum (PNLC)

Most methods for mechanical analysis of structures are based on partial differential

equations from classical continuum mechanics theory. The representation of discon-
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tinuity is trivially compromised by such a continuous framework. The peridynamic

model of solid mechanics intends to overcome this difficulty. This model is based on

an integral formulation of the problem, with which no assumption on the continuity

of the displacement field is made.

Non-local models are mainly used in the field of molecular simulation, as potentials

are used to represent the interaction between particles. Here, the non-locality does

not arise from an integral form but rather from a discrete sum of particle contribu-

tions in the equilibrium equation, which can be seen as a limit case. Such multi-body

interaction can be traced back to the description of Newtonian gravity. One of the

first description of a continuous non-local integral model in the field of solid mechanics

comes from Kroner [15], who derived a hybrid equilibrium equation from the Maclau-

rin development of a simple molecular model. This original model was hybrid with a

local and a non-local part. The non-local part had the particularity of being based on

central interaction, which restricts the level of achievable anisotropy due to a spurious

symmetry of the stiffness tensor (known as Cauchy symmetry).

The peridynamic theory was first introduced by Silling [16], for the purpose of

modeling failure. The initial formulation was very similar to the non-local part of

Kroner’s model, a version of the peridynamic model known as Bond-based theory,

but rapidly evolved to a more general framework. The reader can refer to [1] for an

extensive review on peridynamics. A similar non-local integral theory was devised by

DiPaola, [17] and [18].

Note that there are non-local elastic models which do not rely on an integral

formulation, such as some Eringen models [19] and other gradient-based non-local

models. This category of non-local models is not suitable for modeling discontinuities

but rather for supporting more complex behaviors, by introducing higher gradients

of displacement in the constitutive equation. These models require a higher order of

regularity from the field of interest when compared to local models, which obviously
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contradicts the purpose of explicitly representing discontinuities. However, non-local

gradient models are used in damage mechanics as a regularization tool by adding an

internal length scale as said in section 1.2.

In a peridynamic domain, material points in the continuum are assumed to interact

through long-range forces so the local equilibrium equation at a point x can be written

for a quasi-static problem as:

∫
Hδ(x)

f(p→ x)dVp + b = 0, ∀x ∈ Ω (1.13)

!

b
x

p

H"(x)
"

f(p   x)

#

Figure 1.1: The domain Ω in peridynamic: Hδ(x) is the horizon of x depending on
the characteristic range of long-range forces. Note that for the general situation, the
interaction f(p → x) is non-central. p is a material point, δ is the radius of the
non-local horizon Hδ(x), b is the prescribed body force and ξ = p− x

where b is the volumic force field, and f(p → x) is the elementary action of a

continuum point p on point x (notice that the dimension of f is N/m6 for a three

dimensional problem). A cut-off radius is generally assumed for long-range forces

above which they vanish, so they are limited to a neighborhood of radius δ around

point x. This neighborhood is called the horizon of point x and noted Hδ(x) (figure

1.1).

Such a non-local model does not satisfy automatically the balance of the linear

and the angular momentum and some additional precautions have to be taken to

this end [16, 20]. To ensure the balance of the linear momentum, a simple way is to
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build the interactions as antisymmetric with respect to x and p. In that case, the

interaction can be rewritten [20]:

f(p→ x) = T̂ [x] < p− x > −T̂ [p] < x− p > (1.14)

T̂ is so-called in peridynamics the force vector state field. T̂ [x] is the force vector

state local to point x. It is an operator (possibly non-linear) that maps the bond

vector ξ = p − x into the interaction force vector T̂ [x] < p − x >. In this approach,

the interaction between two bonds is in fact the superposition of two interactions, one

relative to bond p − x, the other to the bond x − p. This ensures the antisymmetry

and the balance of the linear momentum. Introducing equation (1.14) in equation

(1.13), we get the classical equation of peridynamics:

∫
Hδ(x)

¦
T̂ [x] < p− x > −T̂ [p] < x− p >

©
dVp + b = 0, ∀x ∈ Ω (1.15)

As far as the conservation of the angular momentum is concerned, it is satisfied

if interactions are central (i.e. f(p→ x) is about the bond direction). That was the

initial framework known as bond-based peridynamics [16, 21, 22]. Moreover, bond-

based peridynamics assumes that the interaction between x and p does only depend

on the kinematic of the bond ξ = p−x. This induces some limitations, well-known in

molecular mechanics or in other non-local models based on central interactions [23],

related to the description of general constitutive equations. For instance, a bond-

based peridynamic model with central forces can not represent a simple isotropic

material, the Poisson ratio being necessarily equal to 1/3 in 3D, 1/4 in 2D, [1]. This

is a simple consequence of the Cauchy-Born rule applied to a central forces system,

and is thus a common limitation to peridynamics and simple molecular mechanics

models.

To overcome this limitation, the state-based peridynamics theory, developed by
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Silling [20, 24] introduces two major improvements. First, interactions are non-

necessary about the bond direction, introducing the possibility for non-central in-

teraction. Of course, this requires a general condition for the conservation of the

angular momentum that is made explicit in Silling [20]. Second, the interaction be-

tween two points, x and p, does not depend only on the kinematic of the single bond

ξ, but on the global kinematic over their neighboorhood. Doing so, the previous

limitations can be solved and general isotropic material can be modeled.

With the assumption of infinitesimal displacements, a linearized framework can

be defined [25], and the constitutive equation can be written as follows:

T̂ [x] < p− x >=
∫
Hδ(x)

K̂[x] < p− x, q− x > ·Û [x] < q− x > dVq ∀x, p ∈ Ω (1.16)

where Û [x] < q − x > is defined by:

Û [x] < q − x >= u(q)− u(x), ∀(x, q) ∈ Ω (1.17)

u(x) denotes the displacement of point x and K̂[x] < > is the so-called double

state local to point x. When applied to two vectors (v1, v2), K̂[x] < v1, v2 > is a

second order tensor.

As a result, the linearized form of the stated-based theory introduced by Silling

results in the following analogies with the standard theory:

Quantity or relation Cauchy Peridynamic

kinematic relation ε = 1
2
(gradu+ gradtu) Û [x] < q − x >= u(q)− u(x)

equilibrium divσ = 0
∫
H(x){T̂ [x] < p− x >

−T̂ [p] < x− p >}dVp = 0

constitutive σ = K(x) : ε T̂ [x] < p− x >=∫
H(x) K̂[x] < p− x, ζ > ·Û [x] < ζ > dVζ
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In order to assess the performance of peridynamics for damage and rupture modeling,

we are going to work on the early version of peridynamics, the Bond-Based theory,

since most of the papers on the subject are using peridynamics under this form.

1.3.2 Bond-based theory for damage and failure modeling

Several papers have been published to demonstrate the efficiency of peridynamics in

comparison with the previously presented approaches to simulate failure. We discuss

the application of this method with composite materials for damage and crack propa-

gation in brittle materials. As stated previously, bond-based peridynamics is a central

forces model, which reduces the field of application to limited cases of anisotropy.

In order to introduce damage and failure in the bond-based model, we have to focus

on the concept of bond. Each bond is characterized by it’s own“micro-modulus” [22]

that is derived from a “micro-potential”. Damage can then be naturally introduced

at the bond level by giving a characteristic behavior to each bond, related to the

material energy release rate at bond failure, see figure (1.2). The resulting model is

then history-dependent as the bond is definitely severed at failure.

Figure 1.2: Bond-level constitutive model for fiber-reinforced composite materials.
Extracted from [26]; reprinted by permission of the American Institute of Aeronautics
and Astronautics, Inc.
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Damage and failure in composites In the case of composite material, Askari et

al. [26] performed a 2D and 3D modeling of laminated composite where the behavior

of each ply was homogenized: the characteristic behavior of each bond in a specific ply

relied on the direction of the fibers (see figures 1.2 and 1.3). Additionally the intra-

laminar bonds had a specific constitutive model depending on the stacking. Such

numerical experiments gave acceptable qualitative results with simple assumptions

(figure 1.4).

Figure 1.3: Three-dimensional peridynamic computational grid. Extracted from [26];
reprinted by permission of the American Institute of Aeronautics and Astronautics,
Inc.

Crack propagation and branching in glass Kilic and Madenci [27] and more

recently Ha and Bobaru [28] studied brittle fracture propagation and crack branch-

ing using peridynamic based models. Both papers, applying the simple bond-failure

criterion described above, managed to capture qualitatively as well as quantitatively

crack propagation and branching, in terms of propagation speed, crack shape, an-

gles and energy release rate, performing much better than atomistic models for the

same application (see Zhou et al. [29] and Bolander and Saito [30] for molecular and

particle-type models). Ha and Bobaru [28] cite ill-representation of interaction and
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Figure 1.4: Failure Modes for Practical Fiber Layup Sequences with 20-24 Plies.
From left to right, the ratio of the fraction of 0 degree fibers to the fraction of 90
degree fibers decreases. Extracted from [26]; reprinted by permission of the American
Institute of Aeronautics and Astronautics, Inc.

wave reflection from the boundaries (see Ravi-Chandar [31]) as a likely reason for

molecular dynamic simulations’ failure to correctly predict dynamic failure.

Moreover, special attention has been given to the critical parameters of peridynam-

ics: the radius of interaction and type of weight function. An analysis of convergence

for varying horizon and discretization refinement has been given by Ha and Bobaru

[28] with the conclusion that their model respects a good convergence. For a fixed

number of nodes in a horizon, the size of the interaction does not seem to change the

crack shape (figure 1.5) and speed but this result has to be taken with discretion as

no specific structural pattern exists in the considered material (glass). In the case of

other materials, structural characteristic lengths would have to be taken into account

for setting the interaction horizon for good rupture description.

Ha and Bobaru [28] chose to use a constant and a conical micro-modulus functions

(figure 1.6), the internal length of their model implicitly depends of the choice of the

non-local horizon. Kilic and Madenci chose another approach, adding a Gaussian

shaped micro-modulus that explicitly refers to an internal length with the parameter

l, so the horizon in this model is more a cut-off radius. The relation between the

length l and the discretization have been chosen according to the in-depth numerical
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Figure 1.5: Crack branching path with various δ (m = 4) using peridynamic analysis
at 46 µs. a) δ = 0.004 m, x= 0.001 m; b) δ = 0.002 m, x = 0.0005 m; c) δ = 0.001
m, x = 0.00025 m; d) δ = 0.0005 m, x = 0.000125 m . Extracted from [28]. x is the
distance between nodes.

investigation of Kilic [32], to ensure a balance between precision and computational

cost.

Figure 1.6: Constant (left) and conical (right) micro-modulus functions. Extracted
from [28]

Integration method and computational cost Integration is a major challenge

for peridynamics. As with a non-local technique, integration over the domain of in-

teraction has to be performed, which has to be handled with care in order to satisfy a

good convergence while limiting the computation cost. Various computational solu-

tions are found in [33, 34, 35, 36, 37, 38, 39, 22, 40, 41]. In particular, Finite Element

methods have been developed in [33, 36, 39, 41]. We propose to explain the methods
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used in the articles previously cited, and to focus on the recent works using Finite

Elements method.

Two approaches were extensively detailed in Silling and Askari [22] and in Kilic

[32]. In the first article, a simple integration method was applied: each node was

placed on a uniform grid and weighted according to the area of the corresponding

cell. The integral is then transformed into a sum over the weighted nodes. This

method is far from optimal, but has the advantage of being easy to implement for a

demonstration of initial results. Kilic [32] developed a more sophisticated collocation

method, involving a discretization of the entire material domain into a regular grid

of sub-domains. Collocation points were subsequently placed into each subdomain to

reduce the integral equation of motion into a finite sum. Each collocation point was

weighted according to a Gaussian quadrature, which improve greatly the quality of

the integration in comparison with the previous method.

Recent works have been conducted by Chen and Gunzburger [33], where the Peri-

dynamic model was implemented using continuous and discontinuous finite elements

methods. This article intended to estimate the quality of the convergence of a Peridy-

namic model under a Galerkin formulation. The “well-posedness” of such a problem

is given by a modification of the Lax-Milgram theorem where the notion of surface

boundary is replaced by a thick boundary under a kinematic constraint. Demon-

stration of such theorem is given in [42]. Chen and Gunzburger estimated an upper

limit for the rate of convergence in two cases; with an interaction radius δ fixed as

a material parameter, and with δ proportional to the discretization step h for a one

dimension problem. Numerical simulation has been conducted for a 1D beam, and

the convergence rate given for multiple norms, discontinuous and continuous linear

shape functions and for smooth and discrete solutions. As a result, they conclude

that:

– usage of a proportional δ deteriorates the convergence rate
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– usage of discontinuous linear shape functions, with fixed δ, and in all the

cases (even for a discontinuous solution with a discontinuity within a elements)

achieves convergence with a close to optimal rate.

– in the case of a smooth solution, and for all δ, discontinuous and continuous

linear shape functions allow a convergence rate close to optimal.

Such encouraging results suggests that Finite Elements for peridynamic models is

a possible path for numerical implementation. However, the study was using a very

simple hypothesis, as 1D analysis and constant weight for the peridynamic model,

which influence greatly the convergence properties.

Boundary conditions and interfaces Definition of boundary conditions remains

a difficult subject. Since the model is non-local with an integral formulation, con-

ditions must be explicitly applied on volume element, and the definition of interface

has yet to be established. An approach would be to couple the peridynamic model

with classical continuum model. However, such a coupling technique has to be free

of “ghost forces” (see next chapter) that could modify both the statical and the dy-

namical response of the material, inducing less accurate result for crack propagation

analysis (in [31] the influence of reflection wave is clearly posed as a major crack

propagation parameter). Such an approach, yet challenging, has the potential to give

a clear definition of boundaries for peridynamics problem, with the advantage to use

this computation expensive method only where needed.

1.4 Coupling Peridynamic with local continuum

One of the most obvious and robust methods to reduce the computational cost of

peridynamics is to glue it with a less computationally expensive model, and to adapt

the coupling to the needs of the structure to simulate. For instance, when using
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peridynamics to simulate failure induced discontinuity in a very small part of the

structure, it is inefficient to have peridynamics everywhere if the rest of the structure

behaves in a usual elastic manner. This justifies coupling the simple classic local

continuum model with peridynamics.

Coupling sub-domains with different models can be achieved by different tech-

niques. We can first sort those techniques by the nature of the interface: it can be

either a surface interface - both model descriptions exist on a unique surface - or a

volume coupling, where both descriptions overlap over a non-zero volume bridging

area. Obviously, since peridynamics has a volumic nature, a surface coupling is not a

judicious choice.

We can also sort coupling techniques by the type of constraints: strong or weak,

which can be either kinematic, static or hybrid. Strong constraints are locally pre-

scribed while weak constraints are prescribed on averages depending on a character-

istic length. The type of coupling technique to choose is completely derived from the

level of similarity of the models we intend to glue together. This is explained in the

second chapter.

Gluing techniques in multi-model approaches have been extensively studied in

the framework of atomistic-to-continuum coupling [43]. Curtin and Miller presented

a comprehensive review in [44]. A more versatile technique - the Arlequin method

- has been developed by Ben Dhia et al [45]. It is based on weighting the energy

of the two models in a gluing area by arbitrary blending functions. This approach

has been applied recently to non-local-to-local continuum coupling [46], although it

largely increases the size of the system to be solved as the coupling conditions are

enforced by the systematic introduction of Lagrange multipliers. A study of spurious

effects for the Arlequin method is given in [47]. Fish et al. [48] and Badia et al.

[49] developed a different approach to atomistic-to-continuum coupling based on a

unified equilibrium equation between models and a strong kinematic coupling. These
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methods introduced innovation, mostly on atomistic-to-continuum coupling that we

can extrapolate to non-local-to-local coupling.

1.5 The hybrid approach paradigm

We propose to develop a hybrid non-local and local model to treat failure-induced

discontinuities in materials. We expose the justification of such a paradigm in this

section.

Overcoming the limitations of peridynamics From the previous section, we

consider that the non-local approach is justified for the analysis of discrete degrada-

tion, because of certain key features:

– discontinuities are allowed in the formal representation of the model, that is,

the field of interest just needs to be square integrable (in the L2 space),

– the model introduces an internal length through the radius δ, which can be used

to characterize fracture,

– globally, the kernel in the peridynamics framework can be defined in terms of a

wide range of models, including those that describe degradation phenomena.

However, procedural challenges limit the model’s attractiveness such as:

– surface effects exist due to the the incompleteness of the non-local horizon at

the interface which introduces a spurious softening,

– the surface boundary conditions are replaced by volume conditions, which are

difficult to model,

– the parameters of the non-local kernel that are not easily linked with the classic

fourth-order stiffness tensor, and



32

– the high computational cost.

We believe that some of these issues can be overcome by the development of the

hybrid method. The non-local model could be used only where it is needed in the

structure, and the local model everywhere else. This requires a coupling method

capable of linking the local and the non-local model. We developed the morphing

technique, which glues together the non-local and local model in a coupling region.

Embedding the non-local domain in a local domain has the immediate advantage of

suppressing most of the procedural issues related to the use of peridynamics.

An application-oriented strategy Defining the coupling as a hybrid, i.e., using

the constitutive equation to pass from a local description to a non-local one, allows

flexibility when choosing the discretization process. Indeed, the coupling scheme

should evolve during the degradation process in order to maintain a relevant non-

local-to-local partition. Rather than doing this with a remeshing step, the hybrid

method supports the partition at the constitutive equation level with no change to

the discretization space. For instance, crack evolution can drive the local-to-non-local

partition in such a way that the crack is always far from the local region, preserving

the quality of the cracking process while reducing computational cost, without having

to re-mesh.

We believe that damage mechanics can correctly predict the initiation of damage

when localization is not reached. In the case it is used conjointly with peridynamics,

we can use the damage map from damage mechanics in the local part to condition

the non-local zone, creating a local criterion for the local-to-non-local partition.

This thesis demonstrates that a hybrid approach can be more than a computa-

tional solution, but rather a synthetic strategy to treat complex problems. In our

case of study, we will use the best of local and non-local models to result in a relevant

alternative to treat severe degradation problems.
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1.6 Organization of the thesis

This thesis is organized in three chapters.

The first and current chapter gives an overview of severe degradation modeling.

It also introduces the concept of the hybrid local and non-local approach that we

took to overcome procedural issues related to non-local model, as well as to take

advantage of the existing approaches based on the local model for the simulation of

severe degradation.

The second chapter is dedicated to the presentation of the morphing technique,

which is the coupling method between local and non-local models. It presents syn-

thetically the technical aspect related to the coupling, and validates the qualities of

the method for fixed coupling conditions. This is the core of the work conducted

during the thesis.

The third chapter addresses the applications of the hybrid method to failure pro-

cesses. First, technical aspects for discretization and numerical implementation will

be presented, as a consequent part of the work during this thesis was dedicated to the

programming of an in-house computational framework supporting our hybrid model

and related applications. Second, an adaptive method using the hybrid method for

static fracture is presented. The key feature of this method is the ability of the

algorithm to handle automatically the local-to-non-local partition according to the

actual evolution of the fracture process. Third, an adaptive method again based on

the hybrid model for damage localization is presented. Here, the rationale is to take

advantage of the local damage variable to drive the local-to-non-local partition. The

non-local model is intended to handle the post-localization phenomenology, bridging

the gap between damage and fracture.

Additionally, Appendix A will present some mathematical proofs and introduc-

tions of concepts relevant to the development presented in the second and third chap-

ters. Appendix B presents the journal papers produced during this thesis on which
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this work is based.
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Chapter 2

Hybrid non-local/ local model

through the morphing method

2.1 General description

In this chapter, we define the technical aspects for the construction of a hybrid model

through the morphing method. At the time of this work, few precedent existed to cou-

ple local and non-local models, one being developed by Han et al [46]. This method is

based on the Arlequin framework, which, despite its versatility, relies on a weak cou-

pling, and could be improved. Indeed, it relied on Lagrange multipliers to create the

coupling region, as well as two separated kinematic spaces. Since local and non-local

models behave identically when the material and the strain field are homogeneous, a

strong coupling could be developed. Other methods exist in the literature for coupling

two dissimilar models, mainly in the field of atomistic-to-continuum. Since we ad-

dress a continuum-to-continuum coupling problem, we developed a method that takes

advantage of the relationship of local and non-local models in the case of homogeneity.

We chose an energy-based coupling, since the method is applied on problems

where conservation of energy is important. Enforcing energy conservation creates

perturbations of the equilibrium, generally described as“ghost forces”in the literature.

However, the resulting coupling method shows a posteriori that our choice is verified
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and that the perturbation are within an acceptable range. A force-based approach

has been taken afterwards by Seleson et al. [50].

We use a single kinematic space. This choice is dictated by the type of problem

we are studying. Indeed, because failure is an evolving process, the local-to-non-local

partition should evolve accordingly. It is impractical to have two kinematic spaces

because re-meshing is required to make the partition evolve. With one kinematic

space, the blending is supported by the constitutive equation. This choice entails

that a mapping function should exist to pass from the local to the non-local model.

The two kinematic spaces solution has been taken previously by [46], and afterward

by [51], for non-local-to-local-coupling.

Those two choices are shaping the new coupling method that we named the mor-

phing method. The subsequent sections present the process that has been taken to

develop this coupling method, its verification by analytical and numerical means, and

its extension to anisotropy. This work is based on [52] and [53].

2.2 Non-local linear elasticity with long-range cen-

tral forces

2.2.1 The non-local continuum with long-range central forces

In this section, we present the non-local model on which the coupling method is ap-

plied. This is a special case of the bond-based peridynamic model, introduced in the

previous chapter. We present a linear elastic model. We assume small displacements

and infinitesimal transformation. Let material points in a non-local continuum inter-

act through long-range forces (see figure 2.1(a)) such that the equilibrium equation
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at point x is written for a quasi-static problem as:

∫
Hδ(x)

f(p→ x)dVp + b = 0, ∀x ∈ Ω (2.1)

where b are the prescribed external body forces and f(p → x) is the specific long-
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Figure 2.1: (a) The non-local continuum domain Ω: Hδ(x) is the horizon of x depend-
ing on the characteristic range of long-range forces. (b) Partition of the elementary
interaction, f(p→ x), into partial interactions.

range force that characterizes the elementary action of point p over point x. We

denote by Hδ(x) the neighborhood beyond which long-range forces are neglected, and

δ the associated cut-off radius (figure 2.1).

We restrict ourselves to a situation in which the long-range interactions are anti-

symmetric and central, such that:

f(p→ x) = f̂ [x] < p− x > −f̂ [p] < x− p > (2.2)

where f̂ [x] < p − x > (respectively f̂ [p] < x − p >) is the partial interaction

due to the action of point p over point x (with respect to point x over point p). The

bond interaction is thus described as the superposition of two elementary interactions,

each related to one of the bond extremities (see figure 2.1(b)). An antisymmetric

form (with respect to x and p ) of the interactions ensures the balance of the linear

momentum (see [20, 24]) and the central interactions ensure that they are collinear to
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the bond vector: ξ = p− x. If small displacements and linear elasticity are assumed,

a possible constitutive model is [25, 54]:

f̂ [x] < p− x >=
c[x](‖ξ‖)

2

¦
uξ(p)− uξ(x)

©
eξ (2.3)

where eξ = ξ/‖ξ‖, and uξ(p) is the projection of the displacement at point p over

the bond (i.e. uξ(p) = u(p)·eξ). In this approach, the partial bond behaves as a spring

with elementary stiffness c[x](‖ξ‖) (a so-called micro modulus in peridynamics). c is

here introduced as a general function of the bond length ‖ξ‖. Together, equations 2.2

and 2.3 lead to:

f(p→ x) =
c[x](‖ξ‖) + c[p](‖ξ‖)

2

¦
uξ(p)− uξ(x)

©
eξ (2.4)

In the case of a homogeneous material (i.e., c[x](‖ξ‖) = c[p](‖ξ‖) = c(‖ξ‖)), the

strain energy density of the non-local model at point x is written:

W nl(x) =
1

4

∫
Hδ(x)

c(‖ξ‖)
¦
uξ(p)− uξ(x)

©2
dVp (2.5)

2.2.2 “Local” approximation of the energy

In case the strain is homogeneous in the Hδ(x) neighborhood, it is possible to derive

the stiffness operator (the classical Hook tensor) of the equivalent local continuum

from the non-local properties. Let us consider an infinitesimal homogeneous trans-

formation. We have:

uξ(p)− uξ(x) ' ξ · ε · ξ
‖ξ‖ ∀p ∈ Hδ(x) (2.6)
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with ε the infinitesimal strain defined in the local framework (AppendixA) by:

ε(x) =
1

2

�
∇u(x) +t∇u(x)

�
(2.7)

From equations 2.5 and 2.6, the strain energy density of an equivalent local model

can be written:

W nl(x) ' W l(x) =
1

2
ε : K0 : ε with K0 =

∫
Hδ(x)

c(‖ξ‖)ξ ⊗ ξ ⊗ ξ ⊗ ξ
2‖ξ‖2

dVp (2.8)

where (⊗) is the dyadic product. In equation 2.8, the non-local strain energy density

W nl(x) is similar to the strain energy density of a classical local continuum model,

W l(x), with a linear elastic material defined by the 4th order stiffness tensor, K0,

evaluated at point x. Note that in our case, where c is only a function of the bond

length, the constitutive model is necessarily isotropic. It is common to prove (see

appendix A) that the Lamé’s parameters of the equivalent local stiffness tensor are

given in three dimensions by:

λ = µ =
2π

15

�∫ δ

0
c(r)r4dr

�
(2.9)

The energy equivalence is used in subsequent sections to design a bridging method

between both models.

2.3 Coupling the local and the non-local models

Let Ω be the overall domain. We consider a non-local model characterized by a uni-

form micro modulus, co(‖ξ‖), and we denote by K0 the elastic tensor of the “equiv-

alent” local model. We propose to derive a surrogate problem that enables us to

couple the non-local model with its equivalent local one to avoid the resolution of the
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original, fully non-local problem.

Then, we assume that far from a specific zone (sub-domain Ω2), where the non-

local model is used, the deformation is smooth enough to use the local model in Ω1

(see figure 2.2). The main problem actually comes from the local/non-local interface.

We propose to introduce a morphing zone, Ωm, where both models co-exist.

2.3.1 A progressive morphing between non-local and local

interactions

u

T

�
��

��

�
m

b

b

bS
T

Su

Figure 2.2: The domain Ω = Ω1 ∪Ωm ∪Ω2. ST̄ and Sū are the traction and displace-
ment boundary, recpectively. T̄ and ū are the prescribed traction and displacement,
respectively. b is the prescribed body force.

We assume that ∂Ω ⊂ ∂Ω1. In other words, the non-local subdomain, Ω2, is totally

embedded within the local one. Ωm is the morphing zone where a hybrid model is

defined in which interactions are both local and non-local and meet the following

requirements:

Ω = Ω1 ∪ Ωm ∪ Ω2 ; Ω1 ∩ Ωm = ∅ ; Ω2 ∩ Ωm = ∅ (2.10)
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The coupling is then defined as a simple evolution of the material properties

characterizing each model. We build the unified governing equations over Ω when an

hybrid model is used:

� Kinematic admissibility and compatibility

ε(x) =
1

2

�
∇ · u(x) +t∇ · u(x)

�
∀x ∈ Ω (2.11)

ηξ(p− x) = uξ(p)− uξ(x) ∀(x, p) ∈ Ω (2.12)

u = ū ∀x ∈ Sū (2.13)

� Static admissibility

divσ +
∫
Hδ(x)

{
f̂ [x] < p− x > −f̂ [p] < x− p >

}
dVp = 0 ∀x ∈ Ω (2.14)

σ · n = T̄ ∀x ∈ ST̄ (2.15)

� Constitutive equations

σ = K(x) : ε ∀x ∈ Ω (2.16)

f̂ [x] < p− x > =
c[x](‖ξ‖)

2
ηξ(p− x)eξ ∀x ∈ Ω (2.17)

K(x) characterizes the stiffness of the local continuum at any point, x. c[x](‖ξ‖) is

the non-local constitutive parameter local to point x. Using co(‖ξ‖) as references, we

define c[x](‖ξ‖) by introducing a weighting scalar function, α, such that:

c[x](‖ξ‖) = α(x)co(‖ξ‖) (2.18)

Based on equation 2.14, it is important to note that (figure 2.3):
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Cutting line L

Ω
2

Ω
1

Ωm

δδ

Ωs Ωs

1

0

α
u

T

Ω
Ω

1

Ω
2

Ωm

Cutting line L

Ωm

Figure 2.3: The general shape of the morphing function α. Solid lines are initial
requirements in Ω1 and Ω2 (equations 2.19 and 2.20). The dashed line is a free
evolution of α that needs to be defined. Ωs is the borderline of Ωm above which α
has to be prescribed as either 0 or 1 (See equations 2.19 and 2.20).

� a point x strictly belongs to the local model (i.e. x ∈ Ω1) if and only if:

K(x) = Ko and α(x′) = 0, ∀x′ ∈ Hδ(x) (2.19)

� a point x strictly belongs to the non-local model (i.e., x ∈ Ω2) if and only if:

K(x) = 0 and α(x′) = 1, ∀x′ ∈ Hδ(x) (2.20)

2.3.2 Defining the morphing: α and K

The function α is chosen a priori and defines the local to non-local partition. The

stiffness tensor K should be prescribed accordingly to minimize the coupling artifacts.
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2.3.2.1 Constraint based on the local strain energy density

At any point, x ∈ Ωm, the strain energy density can be written:

W (x) =
1

2
σ(x) : ε(x) +

1

4

∫
Hδ(x)

(
f̂ [x] < p− x > −f̂ [p] < x− p >

)
· (u(p)− u(x))dVp

(2.21)

Introducing equations 2.16, 2.17 and 2.18 to equation 2.21 leads to

W (x) =
1

2
ε(x) : K(x) : ε(x)+

∫
Hδ(x)

co(‖ξ‖)α(x) + α(p)

2

¦
uξ(p)− uξ(x)

©2

4
dVp (2.22)

A general constraint in the following form is now introduced:

W (x) = Wm(x, u|Ω) (2.23)

Equation 2.23 states that in a general sense, the strain energy density at point x of

the morphing zone should depend on a prescribed function Wm of the displacement

over the whole domain. Various simple constraints can be used. For example:

� if we define:

Wm(x, u|Ω) =
1

2
ε(x) : K0(x) : ε(x) (2.24)

we prescribe the strain energy of the hybrid model to be equal to the strain

energy of the homogenized local continuum model in the local kinematics to the

morphing zone at point x.

� if we define:

Wm(x, u|Ω) =
∫
Hδ(x)

co

¦
uξ(p)− uξ(x)

©2

4
dVp (2.25)

we prescribe the energy of the hybrid model to be equal to the energy of the

non-local continuum model in the non-local kinematics of the morphing zone at

point x.
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The two constraints given by equations 2.24 and 2.25 are in general different.

2.3.2.2 Constraint for smooth coupling

A possible choice for equation 2.23 is based on the assumption that the strain field

varies slowly over the morphing area. Indeed, it makes sense that strong gradients

should be included within the non-local zone, Ω2, to take them correctly into account.

Then, far from this region of interest, the coupling can be done and the coarse local

continuum model can be used to reduce the computational cost. We assume that the

transformation is homogeneous over the neighborhood of point x:

F (x′) ' F (x) = F̄ ∀x′ ∈ Hδ(x) (2.26)

where F is the transformation tensor from classic continuum theory.

In that case, constraints (2.24) and (2.25) are obviously equivalent. Using equation

2.23 for any homogeneous strain state naturally leads to a general relation between

the stiffness operators:

K0 = K(x) +
∫
Hδ(x)

co(‖ξ‖)(α(x) + α(p))

2

ξ ⊗ ξ ⊗ ξ ⊗ ξ
2‖ξ‖2

dVp (2.27)

which can be rewritten as:

K(x) = (1− α(x))Ko +
∫
Hδ(x)

co(‖ξ‖)(α(x)− α(p))

2

ξ ⊗ ξ ⊗ ξ ⊗ ξ
2‖ξ‖2

dVp (2.28)

Remark: equation 2.28 is an intrinsic coupling condition directly written on ten-

sors. Provided the morphing function, α, is known, it automatically defines the

stiffness coefficients to be used for the local model at any point in the morph-

ing area. Of course, for practical applications in a chosen orthonormal basis
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(e1, e2, e3), the stiffness coefficients can be derived:

Kijkl(x) = (1− α(x))Ko
ijkl +

∫
Hδ(x)

co(‖ξ‖)(α(x)− α(p)

2

ξiξjξkξl
2‖ξ‖2

dVp (2.29)

These coefficients satisfy the following symmetries (illustrated in equation 2.32):

Kijkl = Kijlk = Kjikl = Kklij major and minor symmetries (2.30)

Kijkl = Kikjl symmetries due to central forces (2.31)

We have 15 different coefficients for the general situation. An interesting point

is that this local stiffness matrix might not satisfy the symmetries of the original

material. Its complexity at a specific point, x, is fully related to the variation

of the function, α, within the horizon, Hδ(x).

�
K

�
(e1,e2,e3)

=



� � � � � �

− � � � � �

− − � � � �

− − − � � �

− − − − � �

− − − − − �


(e1,e2,e3)

(2.32)

2.4 Discussion of the coupling quality for a one-

dimensional problem

Under the assumption of homogeneous transformation, equation 2.28 ensures that the

hybrid model is energetically equivalent to both the purely local and the non-local

models. This constraint does not guarantee that spurious effects will not appear,

however.
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We propose to investigate the “ghost forces” created by the coupling for an uni-

dimensional case. Ghost forces are a well-known concept in atomistic-to-continuum

coupling ([55, 56, 57, 44, 58]). These can be evaluated by solving an inverse problem

in which the strain field is prescribed to be uniform. If ghost forces exist, they will

be revealed as the residual of the equilibrium equation.

2.4.1 Analysis of a one-dimensional problem

Let us study a one-dimensional beam of length l with a prescribed displacement, u0,

at its end (figure 2.4).

a b c d e

l
ex!1 !m1 !2 !m2 !3 u0

Figure 2.4: Study of a one-dimensional case: a beam under a prescribed displacement.

A non-local model is used in Ω2. A purely local model is used in Ω1 and Ω3, with

the Young’s modulus, Eo, consistent with the non-local model. Ωm1 and Ωm2 are the

coupling areas where the hybrid model is defined. Different morphing functions are

investigated for the evolution of the morphing parameter, α(x) (figure 2.5).

In a one-dimensional problem, it is worth introducing a function, β, that represents

the weighting of the local stiffness parameter:

E(x) = β(x)Eo (2.33)

Then, β is obtained from the constraint on the strain energy density conservation



47

Lc

Ωm1Ω1 Ω2

Ωm1Ω1 Ω2

Figure 2.5: Possible choices for the morphing function, α: (a) linear and cubic (b)
Heaviside. α may vary over the length Lc defined by Lc = b− a− 2δ.

(equation 2.27), which is rewritten as follows:

β(x) = 1− α(x) +
∫ x+δ

x−δ
(α(x)− α(p))co(‖p− x‖)(p− x)2

4Eo
dp (2.34)

The fundamental equations for this problem are:

� Kinematic admissibility and compatibility

ε(x) =
du(x)

dx
∀x ∈ [0, l] ; u(0) = 0 ; u(l) = u0 (2.35)

� Static admissibility

dσ

dx
+
∫ x+δ

x−δ
f(p→ x)dp+ Fg(x) = 0 ∀x ∈ [0, l] (2.36)

� Constitutive

σ(x) = β(x)Eoε(x) ∀x ∈ [0, l] (2.37)
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f(p→ x) =
α(p) + α(x)

2
co(‖p− x‖)(u(p)− u(x)) (2.38)

Fg(x) represents the linear ghost-force density. To evaluate Fg(x), we prescribe

that the solution be one of a homogeneous beam under tension. The direct solution

of this trivial problem is:

u(x) = x
u0

l
; σ = Eou0

l
; ε =

u0

l
∀x ∈ [0, l] (2.39)

Ghost force evaluation

� Domain x ∈ Ω1∪Ω3 This model is purely local and, as a consequence, α(x) = 0

and β(x) = 1. The local equilibrium equation is written:

d

dx
(Eoε) + Fg(x) = 0 (2.40)

As ε is independent of x, Fg(x) = 0 in this domain.

� Domain x ∈ Ω2 This model is purely non-local and, as a consequence, α(x) = 1

and β(x) = 0. The local equilibrium is given by:

∫ x+δ

x−δ
co(‖p− x‖)(u(p)− u(x)) + Fg(x) = 0 (2.41)

Since (u(p)−u(x)) is an odd function and c0(‖p−x‖) is an even function of p−x,

the integral is then identically null for every point in Ω2. As a result, Fg(x) = 0 in

this domain.

� Domain x ∈ Ωm1∪Ωm2 This model is hybrid and both α(x) and β(x) vary. The

equilibrium equation becomes:

u0E
o

l

dβ(x)

dx
+

1

2

∫ x+δ

x−δ
(α(p) + α(x))co(‖p− x‖)(u(p)− u(x))dp+ Fg(x) = 0 (2.42)
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Introducing (2.34) to replace β, we get:

∫ +δ

−δ

α(ξ + x) + α(x)

2
co(‖ξ‖)ξdξ−

∫ +δ

−δ

1

4

d

dx
(α(ξ+x)+α(x))co(‖ξ‖)ξ2dξ+

Fg(x)l

u0

= 0

(2.43)

If we choose co to be a constant and we use equation 2.8 in one dimension, we get:

co =
3Eo

δ3
(2.44)

Introducing equation 2.44 into equation 2.43 leads to the ghost-force density over

the morphing zone, defined as:

Fg(x) =
3Eou0

2lδ3

¨
1

2

∫ +δ

−δ

d

dx
(α(ξ + x) + α(x))ξ2dξ −

∫ +δ

−δ
(α(ξ + x) + α(x))ξdξ

«
∀x ∈ Ωm1∪Ωm2

(2.45)

For comparison, we also evaluate the ghost force that would be obtained by a

rough partition, such as the following classical choice:

β̂(x) = 1− α(x) (2.46)

Note that equation 2.46 is a first-order approximation of equation 2.34 as it would be

equivalent to neglecting the gradient of α in equation 2.34. The ghost-force density

related to that choice is:

F̂g(x) = Eou0

l

¨
dα(x)

dx
− 3

2δ3

∫ +δ

−δ
(α(ξ + x) + α(x))ξdξ

«
∀x ∈ Ωm1 ∪ Ωm2 (2.47)

We show in the next paragraph that the choice defined by equation 2.46 gives rise to

a higher ghost-force density compared to our choice defined by equation 2.27.
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2.4.2 Ghost forces in the one-dimensional case

The morphing is fully defined by the choice of the function, α, and the coupling length,

Lc. We propose here to evaluate the influence of these choices on two quantities that

should vanish in the case of perfect coupling: Fg(x), which corresponds to the ghost

term in equations 2.36 and 2.45, and fg(x) =
∫ x
a Fg(s)ds, which has the dimension

of a stress and which is directly proportional to the error of the strain solution when

solving the surrogate problem. For comparison, we also give the quantities F̂g and f̂g,

which result from the partition constraint (equation 2.46).

We simplify the reference problem of figure 2.4 by focusing on half of the coupling

area, Ωm1 (it is enough to be able to represent the ghost forces in the whole domain as

these are symmetric over the coupling area). We also shift the origin to simplify the

analytical evaluation of the ghost forces by defining the shifted abscissa, x̃, defined

by x̃ = x− (a+ δ).

Border 
of the morphing 
domain

Transition
point

IA IB IC ID

α (lin
ear case)

∼

Figure 2.6: Half a coupling zone with a shifted origin. The blue curve is α(x), a linear
shape function.

When solving the analytical equation for a different function, four intervals need
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to be considered and defined as (see figure 2.6):

IA = {x̃/x̃ < −δ} ; IB = [−δ, 0] ; IC = [0, δ] ; ID = [δ,
Lc
2

] (2.48)
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� Case of a linear function We choose as a morphing function:

α(x̃) = 0 ∀x̃ ≤ 0 ; α(x̃) =
x̃

Lc
∀x̃ ∈ [0, Lc] ; α(x̃) = 1 ∀x̃ ≥ Lc (2.49)

Equation 2.45 then provides the exact analytical form of Fg and fg:

Fg(x̃)

σ
=



0, ∀x̃ ∈ IA
1
Lc
F0( x̃

δ
), ∀x̃ ∈ IB

1
Lc

�
F0( x̃

δ
) + 1

2

�
,∀x̃ ∈ IC

0, ∀x̃ ∈ ID

fg(x̃)

σ
=



0, ∀x̃ ∈ IA
δ
Lc
f0( x̃

δ
), ∀x̃ ∈ IB

δ
Lc

�
f0( x̃

δ
) + 1

2
x̃
δ

�
,∀x̃ ∈ IC

0, ∀x̃ ∈ ID

(2.50)

with:

F0(y) =
1

4

�
−1− 3y + 2y3

�
; f0(y) =

1

4

�
−y − 3

2
y2 +

1

2
y4

�
(2.51)

From this, we get the linear choice of α:

Fg(x̃)

σ
= o(

1

Lc
) ;

fg(x̃)

σ
= o(

δ

Lc
) (2.52)

� Case of a cubic function We choose as a morphing function:

α(x̃) = 0 ∀x̃ ≤ 0 ; α(x̃) = −2

�
x̃

Lc

�3

+3

�
x̃

Lc

�2

∀x̃ ∈ [0, Lc] ; α(x̃) = 1 ∀x̃ ≥ Lc

(2.53)
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Equation 2.45 then provides the exact analytical form of Fg and fg:

Fg(x̃)

σ
=



0, ∀x̃ ∈ IA
δ
L2
c
F1( x̃

δ
) + δ2

L3
c
F2( x̃

δ
),∀x̃ ∈ IB

δ
L2
c

�
F1( x̃

δ
) + 3 x̃

δ

�
+ δ2

L3
c

(
F2( x̃

δ
)− 3

�
x̃
δ

�2
)
,∀x̃ ∈ IC

−3
5
δ2

L3
c
, ∀x̃ ∈ ID

(2.54)

fg(x̃)

σ
=



0, ∀x̃ ∈ IA
δ2

L2
c
f1( x̃

δ
) + δ3

L3
c
f2( x̃

δ
),∀x̃ ∈ IB

δ2

L2
c

(
f1( x̃

δ
) + 3

2

�
x̃
δ

�2
)

+ δ3

L3
c

(
f2( x̃

δ
)−

�
x̃
δ

�3
)
,∀x̃ ∈ IC

−3
5
x
δ
δ3

L3
c

+ 3
10

δ2

L2
c
, ∀x̃ ∈ ID

(2.55)

with:

F1(y) = −3

2
y − 9

4
y2 +

3

4
y4 ; F2(y) = − 3

10
+

3

2
y2 +

3

2
y3 − 3

10
y5 (2.56)

f1(y) =
3

20
− 3

4
y2 − 3

4
y3 +

3

20
y5 ; f2(y) = −1

8
− 3

10
y +

1

2
y3 +

3

8
y4 − 1

20
y6 (2.57)

From this, we get the cubic choice of α:

Fg(x̃)

σ
= o(

δ

L2
c

) ;
fg(x̃)

σ
= o(

δ2

L2
c

) (2.58)

Equations 2.52 and 2.58 allow us to draw the following conclusions:

– the ghost-force intensity decreases while smoothening the morphing function

– the intensity of the ghost force is driven by the ratio δ
Lc

. Then, the morphing

area has to be large enough and its dimensions can be used to control the

ghost-force level.
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– the ghost forces are vanishing when δ tends toward 0. This can be explained

easily, as in this case, when the long-range, non-local central force models de-

generate towards a local continuum model.

Illustration of the ghost forces in 1D Exact analytical expressions have been

derived. We illustrate here these expressions in a specific configuration. We fix the

parameters to arbitrary dimensions: δ = 0.5 and Lc = 3 = 6δ (figure 2.7). We

compare the ghost force, fg(x), and the ghost-force density, Fg(s)ds, (figure 2.7) for

three classical choices of the morphing function (Heaviside, linear or cubic). For

comparison, we also give the ghost-force density, F̂g, and the ghost force, f̂g, that

result from the partition constraint (equation 2.46).

We note that the ghost forces are localized to the coupling zone and that there

is no propagation of the ghost forces outside the coupled area for the three choices

of α. It also appears that the maximum ghost force is always reached in the vicinity

of the points of transition (at x = 1.5 or x = 4.5 for linear and cubic and x = 3

for Heaviside). As stated by the analytical expressions above, these results show

that a higher order of α reduces the maximum relative ghost force by smoothing the

transitions. This is confirmed by the benchmark tests (see Section 2.6). Note that the

morphing method using an energy density constraint notably improves the quality of

the coupling.

2.5 Extension to partial anisotropy

2.5.1 Anisotropy of the micromodulus: notation

In this section, we build an anisotropic model with the restriction of central long-

range forces. We start from the isotropic framework presented in equations 2.1 to

2.17.
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Figure 2.7: The influence of α(x) (solid) and β(x) (dashed) (figures (a),(d),(g)) on the
normalized dimensional ghost-force densities, Lc

|σ|Fg(x) (solid) and Lc
|σ| F̂g(x) (dashed)

(figures (b),(e),(h)) and on the relative ghost force, fg
|σ| (solid) and f̂g

|σ| (dashed) (fig-

ures. (c),(f),(i)) in functions of x. α(x) is tested with a Heaviside shape (figures.
(a),(b),(c)), a linear shape (figures. (d),(e),(f)) and a cubic shape (figures. (g),(h),(i)).
Note that the domains Ω1, Ωm1 and Ω2 are depicted as white, light grey and grey
zones, respectively.

In the isotropic framework, c[x] is a local material parameter at point x that

does not depend on the bond orientation. In order to describe anisotropic behaviors,

one possible choice is to express c[x] as explicitly depending on the bond’s spherical

coordinates (θ, φ, ‖ξ‖, see figure 2.8) such that:

c[x] = c[x](θ, φ, ‖ξ‖) (2.59)
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Figure 2.8: The bond’s spherical coordinates

Rewriting equation 2.4 leads to:

f(p→ x) =
c[x](θ, φ, ‖ξ‖) + c[p](π − θ, π + φ, ‖ξ‖)

2

¦
uξ(p)− uξ(x)

©
eξ (2.60)

We emphasize that, in the case of an homogeneous material (i.e. c[x](θ, φ, ‖ξ‖) =

c[p](θ, φ, ‖ξ‖) = c(θ, φ, ‖ξ‖)), the strain energy density of the non-local model at a

point x can be written:

W nl(x) =
1

4

∫
Hδ(x)

c̄(θ, φ, ‖ξ‖)
¦
uξ(p)− uξ(x)

©2
dVp (2.61)

with

c̄(θ, φ, ‖ξ‖) =
c(θ, φ, ‖ξ‖) + c(π − θ, π + φ, ‖ξ‖)

2
(2.62)

We emphasize that c̄ has to be centrosymmetric to ensure the conservation of the

linear momentum, a property that is met for any choice of c (see the proof in A). For

simplicity and without losing generality, we choose c to be centrosymmetric:

c(θ, φ, ‖ξ‖) = c(π − θ, π + φ, ‖ξ‖) (2.63)
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This naturally leads to c̄ = c. We then drop the bar for convenience.

2.5.2 Using spherical harmonics to describe the anisotropy

Under the assumption of uniform or smooth strain fields (see equation 2.26), we

can show that an equivalent local model can be derived from the non-local model

presented here. Such a model would have a stiffness tensor, C, defined as follows:

C =
∫
Hδ(x)

c(θ, φ, ‖ξ‖)ξ ⊗ ξ ⊗ ξ ⊗ ξ
2‖ξ‖2

dVp (2.64)

We propose to define c in order to have the most general level of anisotropy under

the restriction of central forces. Provided that a micromodulus surface can be general

a priori, we use a real spherical harmonic expansion to describe it:

c(θ, φ, ‖ξ‖) = cξ(‖ξ‖)
[
a00 +

+∞∑
k=1

[
k∑

m=0

Pm
k (cos(θ))(akmcos(mφ) + bkmsin(mφ))

]]
(2.65)

where a00, akm and bkm are real parameters, Pm
k are the associated Legendre functions

and cξ is a weight function that depends only on ‖ξ‖. This technique is a powerful

way to represent general three-dimensional (3D) surfaces (see [59] for a description of

its application to anisotropy in a virtual bond framework, or [60] for an application

to 3D surface modeling in bioengineering).

2.5.3 Application to orthotropy and transverse isotropy

2.5.3.1 An orthotropic model

In the case of an orthotropic material, the model should exhibit three planes of sym-

metry. Let (e1, e2, e3) be our reference basis. If (e1, e2, e3) is also orthotropic, then c

has to satisfy the following relations:
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c(θ, φ, ‖ξ‖) = c(π − θ, φ, ‖ξ‖) = c(θ, π − φ, ‖ξ‖) = c(θ, φ+ π, ‖ξ‖) (2.66)

These symmetries lead to the following properties for the equivalent orthotropic

stiffness matrix:

Cijkl = Cijlk = Cjikl = Cklij classical minor and major symmetries (2.67)

Cijkl = Cilkj central symmetry (2.68)

CP (ijkl) = 0 if i 6= (j, k, l) by antisymmetry in equation 2.64 (2.69)

where P (•) is the permutation operator. A proof of equation 2.69 is given in A. This

leads to the following shape for the stiffness operator using Voigt’s notation in the

basis (e1, e2, e3):

�
C

�
(e1,e2,e3)

=



� � � 0 0 0

− � � 0 0 0

− − � 0 0 0

− − − � 0 0

− − − − � 0

− − − − − �


(e1,e2,e3)

(2.70)

As a result, only six independent coefficients are available in an orthotropic model

based on central long-range forces, whereas a classical orthotropic material would

have nine independent coefficients. We run the model up to the 4th order for equation

2.65 to find those coefficients:

c(θ, φ, ‖ξ‖) = cξ(‖ξ‖)
[
a00 +

4∑
k=1

[
k∑

m=0

Pm
k (cos(θ))(akm cos(mφ) + bkm sin(mφ))

]]
(2.71)
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Due to the symmetry conditions (equations 2.63 and 2.66) and to the symmetry

properties of the associated Legendre functions, it is straightforward to demonstrate

that all the coefficients, akm and bkm, vanish, except for six of them that are not

affecting the symmetry properties:

[a00, a20, a22, a40, a42, a44] 6= 0 (2.72)

Thus, a 4th-order development of the micromodulus surface provides exactly six ma-

terial parameters to represent the most general orthotropic materials possible in the

framework of central long-range forces. Higher orders of development would not add

more generality. The micromodulus surface can be written:

c(θ, φ, ‖ξ‖) = cξ(‖ξ‖)[a00 + a20P
0
2 (cos(θ)) + a22 cos(2φ)P 2

2 (cos(θ))+

a40P
0
4 (cos(θ)) + a42 cos(2φ)P 2

4 (cos(θ)) + a44 cos(4φ)P 4
4 (cos(θ))] (2.73)

for which the associated Legendre functions are described in A. Introducing 2.73 into

2.64 and performing the necessary integrations provide the relations between the six

components of the stiffness tensor and the six parameters of the micromodulus surface:

a00 =
5(C1111 + 2C1122 + 2C1133 + C2222 + 2C2233 + C3333)

2δ5π
(2.74)

a20 = −25(C1111 + 2C1122 − C1133 + C2222 − C2233 − 2C3333)

4δ5π
(2.75)

a22 =
25(C1111 + C1133 − C2222 − C2233)

8δ5π
(2.76)

a40 =
45(3C1111 + 6C1122 − 24C1133 + 3C2222 − 24C2233 + 8C3333)

16δ5π
(2.77)

a42 = −15(C1111 − 6C1133 − C2222 + 6C2233)

16δ5π
(2.78)

a44 =
15(C1111 − 6C1122 + C2222)

128δ5π
(2.79)

Equations 2.74 to 2.79 completely define the equivalence between a classical con-
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tinuum local model and our orthotropic non-local model. Note that these results are

valid for cξ(‖ξ‖) = 1 if ‖ξ‖ < δ, and cξ(‖ξ‖) = 0 otherwise.

2.5.3.2 A transverse isotropic model

A classical transverse isotropic model would have five independent coefficients. Due to

centrosymmetry, our non-local transverse isotropic model has only three coefficients.

Transverse isotropy can be defined by an axisymmetry around the reference di-

rection of the material (here selected as e3), which corresponds to the constraints on

the micromodulus given in equation 2.80:

c(θ, φ, ‖ξ‖) = c(θ, ‖ξ‖), c(θ, ‖ξ‖) = c(π − θ, ‖ξ‖) (2.80)

Note that the resulting micromodulus is independent of the angle φ. We can

then, preserving generality, represent the micromodulus as a development on circular

harmonics:

c(θ, ‖ξ‖) = cξ(‖ξ‖)
∞∑
i=0

aiP
0
i (cos θ) (2.81)

At maximum, a central transverse isotropic model leads to three independent

coefficients (equation 2.83). We limit the circular harmonics development to the

minimal expression with three independent coefficients, which is obtained at the 4th

order:

c(θ, ‖ξ‖) = cξ(‖ξ‖)
�
a0 + a2P

0
2 (cos θ) + a4P

0
4 (cos θ)

�
(2.82)
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�
C

�
(e1,e2,e3)

=



� � � 0 0 0

− � � 0 0 0

− − � 0 0 0

− − − � 0 0

− − − − � 0

− − − − − �


(e1,e2,e3)

(2.83)

Note that there are four symbols in this matrix: C1122 as represented by � actually

depends on the other coefficients.

Using equation 2.82, it leads to

a0 =
5(8C1111 + 12C1133 + 3C3333)

6δ5π
(2.84)

a2 = −25(4C1111 − 3C1133 − 3C3333)

6δ5π
(2.85)

a4 =
45(C1111 − 6C1133 + C3333)

2δ5π
(2.86)

(2.87)

The coefficient C1122 is defined as:

C1122 =
1

3
C1111 (2.88)

Note that these results are valid for cξ(‖ξ‖) = 1 if ‖ξ‖ < δ and cξ(‖ξ‖) = 0

otherwise.

2.5.4 The morphing framework for an anisotropic model

It is straightforward to rewrite the equations that define the morphing hybrid model

(equations 3.46 to 2.17) to adapt it to an anisotropic model:
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� Kinematic admissibility and compatibility

ε(x) =
1

2

�
∇ · u(x) +t∇ · u(x)

�
∀x ∈ Ω (2.89)

ηξ(p− x) = uξ(p)− uξ(x) ∀(x, p) ∈ Ω (2.90)

u = ū ∀x ∈ Sū (2.91)

� Static admissibility

divσ +
∫
Hδ(x)

{
f̂ [x] < p− x > −f̂ [p] < x− p >

}
dVp = 0 ∀x ∈ Ω (2.92)

σ · n = T̄ ∀x ∈ ST̄(2.93)

� Constitutive equations

σ = C(x) : ε ∀x ∈ Ω (2.94)

f̂ [x] < p− x > =
c(θ, φ, ‖ξ‖)

2
ηξ(p− x)eξ ∀x ∈ Ω (2.95)

C[x] characterizes the stiffness of the local continuum at any point x. c(θ, φ, ‖ξ‖)

is the non-local constitutive parameter at point x. Using co(θ, φ, ‖ξ‖) as references,

we define c(θ, φ, ‖ξ‖) by introducing a weighting scalar function, α, such that:

c[x](θ, φ, ‖ξ‖) = α(x)co(θ, φ, ‖ξ‖) (2.96)

The function α is set to define the interface of the sub-domain Ω2 as a user

parameter. We apply the same energy density constraint to define the stiffness tensor

C as derived for an isotropic model. At any point x ∈ Ωm, the strain energy density
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can be written as:

W (x) =
1

2
ε(x) : C(x) : ε(x) +

∫
Hδ(x)

co(θ, φ, ‖ξ‖)α(x) + α(p)

2

¦
uξ(p)− uξ(x)

©2

4
dVp

(2.97)

Under a quasi-uniform strain field (equation 2.99), we can assume that the energy

density of the coupling zone is equivalent to the energy density of a fully local model.

This is written as:

W (x) =
1

2
ε(x) : Co(x) : ε(x) (2.98)

F (p) ≈ F (x) = F̄ ∀p ∈ Hδ(x) (2.99)

This naturally leads to a general relation between the stiffness operators:

C[x] = (1− α[x])Co +
∫
Hδ(x)

co(θ, φ, ‖ξ‖)(α[x]− α[p])

2

ξ ⊗ ξ ⊗ ξ ⊗ ξ
2‖ξ‖2

dVp (2.100)

Then, provided that the non-local region is fully located by the choice of the

morphing function α, the local material parameter C can be estimated at every point

using equation 2.100. This makes the approach very easy to use as it relies only on

the definitions of the changing material parameters across space.

2.6 Benchmarks

2.6.1 Two-dimensional numerical examples

The purpose of this section is to illustrate the accuracy and effectiveness of the

morphing-based coupling technique on two-dimensional problems. Two cases are
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studied. In the first, plates submitted to either pure traction or pure shear loading

are simulated. In the second, a cracked plate is subjected to traction and shear to-

gether. All results are compared to those of a purely non-local model and those of a

purely local model, for an isotropic material.

All computations are implemented under the plane strain assumption. An expo-

nential micro modulus, co, is assumed to be co
�
‖ ξ ‖

�
= ĉ ‖ ξ ‖2 e−

‖ξ‖
l , where ĉ is a

scaling constant and l is a characteristic length. The material parameters are set to

ĉ = 2×103N·µm−8 and l = 0.1µm. Both the non-local and local models in the present

two-dimensional numerical examples are implemented using finite element analysis

(FEA). Implementations of non-local continuum mechanics using FEA have already

been proposed ([21, 33, 61]). The exact numerical method is described in Chapter 3.

All elements applied in these examples are bilinear quadrilateral elements. The grid

size is 0.75µm, and the radius δ of the horizon, Hδ(x), is 2.625µm. The equivalent

local continuum coefficients, including the Young’s modulus and the Poisson’s ratio,

estimated by equation 2.8 and applied in two dimensions, are E = 251.3GPa and

ν = 1
3
.

2.6.1.1 Example 1: The uniform extension of a plate

This example aims at accurately displaying coupling effects with different weighting

functions in two dimensions. We consider an homogeneous plate subjected separately

to traction and shear conditions. Figure 2.9 describes the dimensions of the plate.

The traction case is shown in figure 2.9(b), with the displacement boundary condition,

uy = 48µm, on the upper edge of the plate. The middle point of the lower edge is

completely fixed and other points of this edge are fixed only in the y direction. In figure

2.9(c), the plate is under pure shear deformation, with the displacement boundary

conditions set to


ux = 0.25y

uy = 0.25x
on all edges of the plate.

Figure 2.10 shows the relative error of the strain components, εyy, obtained by
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Figure 2.9: Dimensions and boundary conditions of a plate (unit of length: µm).

different morphing functions, including Heaviside, linear and cubic functions. The

relative error is defined as
εyy−εAyy
εAyy

, where εAyy is the average value of the strain com-

ponents, εyy. We can see that the perturbations occur near the upper and lower parts

of the morphing domain, while all the absolute values are very small (less than 0.5%).

The maximum relative error decreases as the weighting functions become smoother.

The relative error is smallest for the cubic weighting function.
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Figure 2.10: The relative error on the strain component, εyy, for a plate under traction
with different weighting functions: (a) Heaviside, (b) Linear and (c) Cubic.

The relative errors in εyy along the longitudinal center line of the plate, marked

with the dashed lines in figure 2.9 (b) and (c), are shown in figure 2.11 to give us a
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better understanding of the effects of different weighting functions. As seen in this

figure, the Heaviside weighting function results in violent shakes in the middle of the

morphing domain where the Heaviside function is discontinuous. The linear weighting

function has only two peaks on both boundaries of the morphing domain. The cubic

weighting function follows a linear change over the whole morphing domain. Conse-

quently, the perturbations over the morphing area are dependent on the smoothness

of the weighting function.
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Figure 2.11: The relative error on strain component εyy along the longitudinal center
line of a plate under traction with different weighting functions (unit of length: µm).

The cases of pure shear are displayed in figure 2.12. The relative error on εxy has

similar characteristics to that of the traction examples in figure 2.10. Additionally,

figure 2.12 shows obvious symmetry with respect to the x and y coordinates. We

therefore show only the error values on the longitudinal center line of the plate in

figure 2.13. The shapes of the polylines are the same as those in figure 2.11, but the

peak values are less than those in figure 2.11.
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Figure 2.12: The relative error on strain component εxy for a plate under shear with
different weighting functions: (a) Heaviside, (b) Linear and (c) Cubic.

Figure 2.13: The relative error on strain component εxy along the longitudinal cen-
terline of the plate under shear with different weighting functions (unit of length:
µm).

2.6.1.2 Example 2: A cracked plate

The previous examples illustrate the quality of the proposed technique on benchmark-

like trivial solutions. We now present an application example. Let us consider the

cracked plate of figure 2.14. It is subjected to both traction and shear conditions on
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the upper side of the plate, whereas the lower side of the plate is fixed. The non-local

continuum model is used in the vicinity of the crack in Ω2, while the local continuum

model is employed in Ω1. Ωm, shown as the light grey area, is the morphing domain

between both models.

Figure 2.14: Dimensions and boundary conditions of a cracked plate (unit of length:
µm).

The strain distributions over the plate are calculated by the fully local continuum

model, the morphing-based coupling model and the fully non-local continuum model.

The contour plots of the strain component, εxx, are displayed in figure 2.15. The

strain result in figure 2.15 (a) is obtained by the fully local model. Its crack shape

is totally different from the others due to the lack of non-local interactions. Figure

2.15 (b) shows the solutions of the morphing-based coupling model using the cubic

weighting function. It agrees exactly with the strain field in figure 2.15 (c) from the

fully non-local solution. At the same time, the precise value curves of the strain

component, εxx, along the crack line behind the crack tip (at the left endpoints of
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the curves) are plotted in figure 2.16 in which the morphing-based coupling model

and the fully non-local model are compared. They are very close to each other except

for a sudden drop at the right end of the fully non-local solution. The reason is that

points near the boundary in the non-local model fail to hold a complete horizon, but

this is not related to the coupling technique.

Figure 2.15: The strain component, εxx, calculated by (a) the fully local model, (b)
the morphing-based coupling model, and (c) the fully non-local model.

Figure 2.16: The strain component, εxx, obtained by the fully non-local model and
the morphing-based coupling model along the crack line (unit of length: µm).
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2.6.2 Three-dimension examples

The purpose of this section is to illustrate the accuracy of the coupling method for

anisotropic models in three dimensions. We consider two cases. First, we apply the

morphing method to an homogeneous orthotropic block under boundary conditions

that guarantee uniform strain to evaluate the strain error of the method. As a refer-

ence, the same problem is treated as an isotropic model. Second, we study the case of

a cracked bulk material under traction and shear using a transverse isotropic model.

In our calculations, we assume the micromodulus c(θ, φ, ‖ξ‖) = cξ(‖ξ‖)cθ,φ(θ, φ)

to be chosen such that cξ(‖ξ‖) = ξ2e−
‖ξ‖
l , where l is an intrinsic length. Numerical

implementation of the method is conducted using the Finite Element framework. All

elements are eight-node hexahedral elements arranged in a regular grid. The grid size

is chosen as 0.02µm, the intrinsic length is l = 0.0024µm and the horizon δ is 0.06µm.

2.6.2.1 Example 1: Uniform strain of a block

This example aims at presenting an accurate depiction of the coupling effects of an

anisotropic non-local bulk in three dimensions. We consider an homogeneous cube

subjected to traction and shear conditions. Figure 2.17 (a) shows the dimensions of

this cube. The non-local model is found in the spherical zone Ω2 colored dark gray

in the center of the bulk. The light-gray spherical zone Ωm is the morphing domain

over which the weighting function α varies. The rest of this structure is defined with

the local continuum model.

We show the kinematic boundary conditions for the traction case in figure 2.17

(b). uz = 0.5µm is the imposed displacement on the top surface of the cube. The

displacement is fully prescribed to zero at the origin o (bottom left corner), and the

z-component of the displacement is prescribed to zero for all the points over the

bottom surface. In a classical local continuum, this would lead to an homogeneous

tensile strain field. In figure 2.17 (c), the bulk is under pure shear deformation and
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the kinematic boundary conditions are set by equation 2.101 on all surfaces of the

cube: 
ux = 0.25y + 0.25z

uy = 0.25x+ 0.25z

uz = 0.25x+ 0.25y

(2.101)

The equivalent local orthotropic stiffness coefficients for this example are set to

Ex = 60GPa, Ey = 90GPa, Ez = 150GPa and νxy = 0.3, νyz = 0.2, νxz = 0.1. The

reference isotropic stiffness coefficients are E = 90GPa and ν = 0.25.

Figure 2.17: Dimensions and boundary conditions of a cube (unit of length: µm).

Figure 2.18 shows the relative error of the strain components, εzz, obtained for

the traction test. The relative error is defined by εzz−εAzz
εAzz

, where εAzz is the average

value of strain components εzz. Figure 2.18 (a) and (c) display the isosurfaces of the

relative error in the strain at +0.05% and −0.05% in a three-dimensional deformed

bulk. These isosurfaces limit the regions in which the relative errors in the strain are

larger than 0.05%. This reveals that the strain field is quasi-uniform in most of the

deformed bulk. We extracted slices perpendicular to the y-axis in which the maximal

error is reached (y = 0.5), as shown in figures 2.18 (b) and 2.18 (d). Thus, we can

clearly see that the spurious effects occur near the upper and lower boundaries of the

morphing domain, but, overall, the error in the strain remains at values under 0.3%.

In figure 2.18, we compare the result obtained with an isotropic model (a,b) with the
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result obtained with an orthotropic model (c,d). The error map is qualitatively the

same for both models, demonstrating that the accuracy of the morphing method does

not depend of the anisotropic property of the model in the case of traction.

�
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Figure 2.18: Isosurfaces (a), (c) and contour slices (b), (d) of the relative error of the
strain components εzz for a 3D bulk under traction with the isotropic stiffness models
(a), (b) and with the orthotropic stiffness models (c), (d).

The results for the pure shear boundary conditions are shown in figure 2.19. The

relative error in εyz shares similar characteristics with the relative error shown in the

traction examples in figure 2.18. Fig. 2.19 (a) and (c) display the isosurfaces set at

relative errors of 0.02% and −0.06%, respectively. We show slices on a plane defined

by the z-axis and the line x = y on the deformed bulk. This plane has been chosen as

it displays the maximal range of the relative error on εyz. The error range is smaller

than in the traction examples in figure 2.18. Again, the anisotropy does not seem to

influence the error in the strain induced by the coupling method.

Overall, these two benchmarks demonstrate that the error remains localized to

the coupling zone, that the range of error remains small for practical choices of the

coupling zone and the coupling function α, and that anisotropy does not qualitatively

influence the accuracy of the morphing method.
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Figure 2.19: Isosurfaces (a), (c) and contour slices (b), (d) of the relative error of the
strain components εyz for a 3D bulk under shear with the isotropic stiffness models
(a), (b) and with the orthotropic stiffness model (c), (d).

2.6.2.2 Example 2: A cracked block

The benchmark results from previous examples illustrate the quality of the coupling

technique. Let us now consider an application. This example is designed to show

the performance of the morphing-based coupling technique for representing local phe-

nomena such as those induced by a crack. A cracked bulk is represented in figure

2.20. It is subjected to both traction and shear boundary conditions. The bottom

surface of this bulk is completely fixed and the values of the boundary displacements

on the top surface are given by:


ux = 0

uy = 0.5

uz = 0.5

(2.102)

The non-local continuum model is used in the vicinity of the crack in Ω2, while

classical continuum mechanics is employed in Ω1. Ωm, displayed in light gray (figure
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2.20), is the domain where the weighting function α varies. The bulk is modeled as a

transverse isotropic material. The stiffness coefficients for the local continuum model

are Ex = Ey = 60GPa, Ez = 150GPa and νxy = 0.3, νxz = νyz = 0.1.

Figure 2.20: Dimensions and boundary conditions of a cracked bulk (unit of length:
µm)

For comparison purposes, the static simulation is run three times, with the classical

continuum model, the morphing-based coupling model and the non-local continuum

model, respectively. The contour plots of the strain component εxx are displayed in

figure 2.21.
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Figure 2.21: The strain components εxx calculated by (a) the classical continuum
model, (b) the morphing-based coupling model, and (c) the non-local model

The strain resulting in figure 2.21 (a) is obtained by the continuum model. Its

crack shape is different from the others as there is no non-local interaction. Figure
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2.21 (b) shows the solution of the morphing-based coupling model. It agrees with

the strain field of figure 2.21 (c) from the non-local continuum solution except at the

corner of the boundary, which results from the fact that points near the surface of

the non-local bulk fail to be a complete neighborhood, Hδ(x). This mismatch is thus

inherent to the non-local model and is not related to the coupling technique.
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Figure 2.22: The contour slices of strain components εxx calculated by (a) the classical
continuum model, (b) the morphing-based coupling model, and (c) the non-local
model

We plot the slices of the strain component εxx perpendicular to the y-axis at

y = 0.75 in figure 2.22 to compare the three models. The results in figures 2.22.(b)

and 2.22.(c) indicate similarity, but they differ from the result obtained by the classical

continuum model shown in figure 2.22 (a).

This application example shows the adaptability of the morphing method to prac-

tical cases, effectively reducing the calculation cost of a non-local simulation while

preserving non-locality where it is needed.
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2.7 Concluding remarks

In this chapter, we presented comprehensively the process taken to define an energy-

based coupling method to couple a local continuum to a non-local continum. The

morphing method has been tailored by the common features of both continua, and by

its expected role in the study of failure processes. This method has the particularity

of being based on a blending of both models in the constitutive equation, and is

constrained by a conservation of the strain energy density. The method has been

verified by analytical and numerical means and present an acceptable accuracy. In the

next chapter, we use the morphing method in fracture and damage applications, and

give a detailed description of the numerical process involved in a hybrid simulation.
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Chapter 3

Application of a Hybrid

local/non-local model to failure

3.1 General description

In this chapter, we treat the application of the hybrid model presented previously in

the field of discontinuous degradation.

It is important to start this application oriented chapter by an overview of the

innovative strategies for the implementation of a hybrid model numerical tool. This

endeavor has been made possible by the creation of a new programming solution, the

Non-local Element Computing Algorithm (NECA), with which the simulations have

been conducted. We present the specific discretization scheme used to represent a

non-local model in continuous or discontinuous Galerkin Finite Elements. Then, we

discuss the numerical solution developed in NECA.

The second part of this chapter is dedicated to the study of an adaptive algorithm

to simulate non-local fracture, using the hybrid model developed antecedently. We

focus on a simple non-local fracture process. Here, we restrict usage of the non-

local model for computational motivation. At any given point of the simulation, the

fracture process zone is always embedded in the non-local region. This allows to

preserve the quality of the non-local fracture process. This non-local region is then
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adaptively extended, driven by the fracture evolution. The remainder of the structure

is represented by a compatible local model where there is no fracture. Additionally,

Discontinuous Galerkin Finite Elements (DGFEM) are used for the discretization of

the non-local zone to allow fracture to percolate, while continuous FEM is used in

the rest of the model. This algorithm is a good example of the potential of a hybrid

local/non-local model for the simulation of complex phenomena. This second part is

extracted from [62].

The Third part of this chapter focuses on a method to initiate non-local fracture

with a local damage model. Damage models are relatively efficient in the initiation

regime while suffering from limitation when reaching localization, as described in

the first chapter. Here, we propose an alternative concept: Localization indicates a

change in the mechanism of degradation, from a diffuse volumetric effect to a discrete

phenomenon. We then propose to rely on the non-local fracture model to address

localization. We take the hypothesis of an indirect coupling of damage and non-local

fracture evolution through the kinematic variable, and propose a new multi-model

approach, which allows precise parametrization of degradation. In practice, this ap-

proach grandly reduces the computational cost of non-local models, using the damage

variable to define the non-local-to-local mapping. This is the ultimate motivation for

the usage of a hybrid model, in which both coupled models are employed for their

respective numerical and modeling capabilities. This third part is extracted from [63].

3.2 Discretization and numerical implementation

In this section, we discuss the specificities associated with a numerical solution for

the developed hybrid model. Most of the innovation for this work is related to the

discretization of the non-local model, and to the acceleration of the solving process

of non-local linear problems. We decided to innovate in this subject to fully take
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advantage of the potential of non-local models for low regularity problems, by using

DGFEM. Similarly, as computational cost is the main motivation for the usage of a

hybrid model, strategies related to parallel code acceleration that are specific to non-

local model have been developed, and are presented generally. All those innovations

have been put at use in the application of the hybrid model to deliver a competitive

numerical simulation tool, NECA. This section is partially based on [62].

3.2.1 Considerations on discretization of a peridynamic model

Different approaches may be taken to discretize peridynamic models. Most works

are based on a particle-like model where every node is weighted by the area of its

corresponding Voronoi cell [26, 64]. Other approaches rely on the Finite Element

Method (FEM) [53, 52, 21, 61]. Nodal methods are effective only for regular grids,

as the Voronoi partition for an irregular grid introduces local integration errors. This

limits their usage to simple structures. Moreover, the poor estimation of the integral

over the horizon Hδ(x) leads to a suboptimal convergence rate (inferior to O(N), N

being the number of nodes). On the other hand, FEM has a higher convergence rate,

although it was designed for continuous media. Thus, it is inappropriate to use it

if the fields of interest are not sufficiently regular. In FEM, the displacement field

is assumed to be differentiable, i.e., in the H1 space. This regularity of the field

of interest is not possible in simulations in which fracture is assumed, making FEM

unsuitable for non-local models with fracture.

Nevertheless, we would like to use a high convergence rate discretization scheme

in which the fields of interest are only quadratically integrable (in the L2 space), such

as the DGFEM. A convergence study by Chen and Gunzburger [33] demonstrated

the potential of the DGFEM for peridynamics in a one-dimensional problem. The

DGFEM is a discretization scheme based on the variational formulation of a mechani-

cal problem. It allows discontinuities to exist at the interface between finite elements.
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In that sense, it is interesting to note that the nodal method is the DGFEM of level 0.

In local models, DGFEM is more technical to apply because it allows approximated

solutions to be in the L2 space. Thus a flux constraint has to be applied over the

boundaries of the elements [65]. Such an issue does not exist for a non-local model:

DGFEM is conforming because the approximate solution and the analytical solution

are in the same space (the L2 space).

In our numerical simulation tool, we use either continuous or discontinuous FEM,

based on the specified regularity of the field of interest. Let us consider the following

study case for a standard hybrid model discretization.

3.2.1.1 Study case description

We start from a domain Ω where a non-local subdomain Ω2 is embeded into a local

subdomain Ω1 as it is depicted in figure 3.1. The coupling between those two model

enforced in the subdomain Ωc. The following system of equations, introduced in the

previous chapter, defines this hybrid model:

Ω1	


α=1	


0<α<1	


α=0	


Su	


b	

ST	
 LOCAL 	


NON LOCAL	


δ	

δ	


Ωc	


Ω2	


Figure 3.1: Description of a hybrid domain. Ω2, the non-local region, is embedded
in the local region, Ω1. The coupling is ensured by the variation of the coupling
parameter, α(x), in the coupling zone, Ωc.
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� Kinematic admissibility and compatibility:

ε(x) =
1

2

�
∇ · u(x) +t∇ · u(x)

�
∀x ∈ Ω (3.1)

ηξ(p− x) = uξ(p)− uξ(x) ∀x, p ∈ Ω (3.2)

u = ū ∀x ∈ Su (3.3)

� Static admissibility:

divσ +
∫
Hδ(x)

f(p→ x)dVp = −b ∀x ∈ Ω (3.4)

σ · n = T̄ ∀x ∈ ST (3.5)

� Constitutive equations:

σ = C[x] : ε ∀x ∈ Ω (3.6)

f(p→ x) =
(α(x) + α(p))c(‖ξ‖)

2
ηξ(p− x)eξ∀x, p ∈ Ω (3.7)

where C[x] is the stiffness of the local continuum at any point x, and ū and T̄ are

respectively the displacement and the force boundary conditions.

3.2.1.2 The Galerkin discretization of a hybrid local/non-local model

In this section, we discretize the hybrid local/non-local model in the configuration pre-

sented in figure 3.1. We adapt the discretization type (FEM or DGFEM) in relation

with the regularity of the expected displacement field. In figure 3.1, we partitioned

the domain Ω into three subdomains: the domain Ω2, where we suppose fracture can

exist, i.e., where the displacement field is in the L2 space but not differentiable, and

the domains Ω1 and Ωc, where there is no fracture, i.e., where the displacement field

can be assumed in the H1 space. From a modeling standpoint, we define a purely
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non-local model in the domain Ω2 to represent fracture, a purely local model in the

domain Ω1 for its low computational cost and a transition domain Ωc to ensure cou-

pling. Thus, we can apply DGFEM in the domain Ω2 and FEM in the remainder of

the structure. In practice, FEM can be also applied in the domain Ω2, as long as the

field of interest remains differentiable.

Galerkin formulation We define the Galerkin variational formulation of the model

proposed in Section 3.2.1.1 The weak primal formulation of the hybrid problem can

be written as:

Find us ∈ W | ∀v ∈ W o a(us, v) = l(v) (3.8)

with W and W o being the admissible displacement field space and space of test

functions such that:

W = {u ∈ L2(Ω);u ∈ H1(Ω1 ∪ Ω̄c);u = ū ∀x ∈ Su} (3.9)

W o = {v ∈ L2(Ω); v ∈ H1(Ω1 ∪ Ω̄c); v = 0 ∀x ∈ Su} (3.10)

Similarly to [18], we can find the bilinear and linear forms a(•, •) and l(•) respectively

for our hybrid problem. It yields:

a(u, v) =
∫

Ω
σ(u) : ε(v)dΩ+

1

2

∫ ∫
Ω
c(‖ξ‖)(α[x] + α[p])

2
ηξ[u](x, ξ)ηξ[v](x, ξ)dpdx

∀(u, v) ∈ W ×W o (3.11)

l(v) =
∫

Ω
b · vdΩ +

∫
ST

T̄ · vdST ∀v ∈ W o (3.12)

with ηξ[v](x, ξ) = vξ(p) − vξ(x) and ξ = p − x. This formulation is valid over the

entire domain Ω because the change from a local to a non-local model is defined by
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the mapping α(x).

It should be noted that the originality of the approach lies in defining the spaces

W and W o so that the degree of regularity is varying in space.

Discretization and Gauss quadrature We apply a first order discretization in

either FEM or DGFEM to the variational formulation of the hybrid model. The

DGFEM discretization is applied only in the non-local zone. As we do not apply the

DGFEM to the local model, the problem is simplified since no flux constraint between

elements has to be specified. A Gauss quadrature scheme is retained to estimate the

integrals within the elements.

Let {ei} be a polygonal element partition of Ω. Let {φik} be a nodal basis for an

element ei and {v(xk)} be the nodal value of a function v(x). φk is the nodal basis

for the whole domain Ω. we denote by ṽ(x) =
∑
k v(xk)φk(x) the interpolant of v(x)

on Ω.

The weak formulation can then be rewritten as

a(ũ, ṽ) =
∑
i

∫
ei
ε(ṽ) : C(x) : ε(ũ)dx

+
1

2

∑
i

∫
ei

∑
j

∫
ej

α(x) + α(p)

2
c(‖ξ‖)(ṽ(p)− ṽ(x))(eξ ⊗ eξ)(ũ(p)− ũ(x))dpdx (3.13)

and

l(v) =
∑
i

∫
ei
b · ṽdx+

∑
i

∫
SiT

T̄ · ṽdSiT (3.14)

From this formulation, we can derive the linear system to be solved in the following

form:

[K]{u} = {F} (3.15)
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with

ũ(x) = [Φ(x)]{u} (3.16)

and

�
Φ(x)

�
=


φ1(x) 0 0 · · · φn(x) 0 0

0 φ1(x) 0 · · · 0 φn(x) 0

0 0 φ1(x) · · · 0 0 φn(x)

 (3.17)

where 3n is the total Degrees of Freedom (DoFs) of our problem, and the components

of {u} are the value of the displacement for those degrees of freedom.

The stiffness matrix is then given by:

[K] =
∑
i

∫
ei

([H][Φ(x)])T [C(x)][H][Φ(x)]dx

+
∑
i

∑
j

∫
ei

∫
ej

α(x) + α(p)

2
c(‖ξ‖)[Φ(x)]T [G][Φ(x)]dpdx

−
∑
i

∑
j

∫
ei

∫
ej

α(x) + α(p)

2
c(‖ξ‖)[Φ(x)]T [G][Φ(p)]dpdx

(3.18)

where [H] is a matrix of differential operators and [G] = eξ ⊗ eξ.

The load vector {F} is given by:

{F} =
∑
i

∫
ei

[Φ(x)]T{b}dx+
∑
i

∫
SiT

[Φ(x)]T{T}dSiT (3.19)

Integrals are estimated using a cubic Gauss-Legendre quadrature method (4 ×

4 × 4 Gauss points per element) for a better approximation of the micro-modulus

integration, although sub-optimal as we use a set of linear shape function. Note that

the discretized forms for the FEM and for the DGFEM are identical. The difference

between these two methods resides in the type of shape functions used. In the case

of DGFEM, neighboring elements do not share nodes. Shape functions are therefore

discontinuous on the nodes. We can apply the discontinuous shape function in Ω2,

where the model is purely non-local. The continuous shape functions are used in the
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remainder of the structure. The discretized domain is illustrated in figure 3.2.

It is important to note that the non-local zone can be also described in FEM, as

it was the case in the benchmark of the previous chapter, under the assumption of

derivability of the field of interest. For cases where fracture is allowed, the less regular

DGFEM should be prescribed.

Ω1	


α=1	


0<α<1	


α=0	


Su	


b	

ST	


FEM	


DGFEM	


LOCAL 	


NON LOCAL	
Ωc	


Ω2	


Figure 3.2: Discretized domain. The DGFEM is applied to elements embedded in the
domain Ω2, while the FEM is applied in the remainder of the structure.

3.2.2 Accelerated numerical solution for linear systems of

equations

Linear systems of equation in the form [K]{u} = {F} are usually encountered in

solving mechanical problems. When using a non-local model discretized in continuous

or discontinuous FEM, the same type of problem needs to be solved. However, non-

local problems are characterised by a complexity of the stiffness matrix assembly and

by a lower sparsity and conditioning of the stiffness matrix. These considerations lead

to specific numerical treatment in both serial and parallel algorithm when simulating

our hybrid local/non-local model. In this section, we present the parallel numerical

solution developed in NECA for hybrid problems.
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3.2.2.1 Comparative complexity when solving a non-local linear mechan-

ical problem

Initial parameters:	

Material, geometry and boundary 

conditions	


Build Elementary matrices	


Assemble the total matrix	


end	


Assemble the load vector and update the stiffness 
matrix	


Solve the linear system	


Start	


Stiffness matrix assembly	


Figure 3.3: A flowchart of a usual linear elastic algorithm. Some intermediary steps
are omitted

The flowchart in figure 3.3 gives the usual steps that are taken when solving a linear

mechanical problem. Those steps are exactly identical for a local or a non-local

problem discretized in finite elements. However, the complexity of the algorithm in

case of a non-local description do not rise from the same parts of the code.

Stiffness matrix assembly Stiffness matrix assembly is the process of building up

the total stiffness matrix of the system by first calculating elementary stiffness matrix,

then filling the global stiffness matrix based on the connectivity table of the system.

This step is generally straightforward for local problems and represents a small load
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in the solving process. This is possible because the elementary stiffness matrix is

generally known a priori on a reference element in local problems, and the calculation

cost only rises from calculating the actual Jacobian of each element. Filling the global

stiffness matrix is also easy for local problems and simple sparse representation of the

global stiffness matrix can be taken, because of the simple banded nature of the

global matrix. Parallelism in local stiffness assembly is generally not specified for

linear problems due to the low cost of this task compared to the solving step.

When it comes to non-local problems, stiffness matrix assembly can be more ex-

pensive than the actual system solving. Non-local horizon induces that elementary

stiffness actually depends on neighboring elements and geometry, as a result, ele-

mentary stiffness cannot be known a priori and has to be numerically estimated

during assembly. In practice, the numerical estimation of non-local elementary stiff-

ness involves calculating the integrals of [K] (in equation 3.18) using Gauss-Legendre

quadrature method. The cost of such operation is generally large and depends on the

number of Gauss points per element and the number of neighboring elements in the

non-local horizon. For example, let us consider a three-dimensional problem, where

the non-local radius is 3 elements’ length and the Gauss points number per element

is 4x4x4. The number of non-local bonds contributing to the elementary matrix is

approximatively 0.46 million per element, which represents roughly 100 million ba-

sic operations per elementary matrix calculated in case of cubic elements arranged

in a regular grid. For reference, current technology in CPU achieves figures around

50GFLOP per core in double precision which means that it would take around one

hour for a core to calculate the elementary matrices of a million elements problems.

Remember that this step is quasi instantaneous when using a local model (around

a tenth of a second for calculating elementary matrices of a million elements prob-

lem). Then you would have to actually assemble the total matrix, which here again

takes longer for a non-local problem because of the large non-local connectivity table.
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However, this step is marginal compared to the elementary assembly, solely propor-

tional to the number of elements in a non-local horizon. For the example cited in this

paragraph, it will take 114 times longer to fill the non-local global stiffness matrix

when compared to the local problem. However, For a perfect sparse stiffness matrix

format, it takes also 114 times more memory to store said matrix. Those challenges

have to be taken into account when designing a numerical solution.

Assembly of load vector Assembly of a load vector for a non-local model is in

fact straightforward, and as simple as in a local problem. However, defining the load

that we want to apply is hard, as “boundary” conditions in a non-local problem are

only specified through volumetric force. We circumvent this in our method by using a

hybrid model and only defining boundary conditions on the local partition. We then

use the same assembly process as one uses for the load vector in a local problem.

Solver When solving a linear problem in a local framework, many possible solutions

are available. The performance of each solver depends on the characteristics of the

stiffness matrix. The non-local stiffness matrix actually has the same properties as

the local stiffness matrix. The resulting matrix is still banded and symmetric, but is

impacted with a high condition number (typical values around 106) and a relatively

low sparsity. The sparsity is related to the ratio between the number of elements in

a non-local horizon and the total number of elements, and is good for small non-local

radius. The condition number is related to the number of Gauss points, the radius of

the non-local zone and the choice of the micromodulus. Conditioning worsens with

increasing Gauss points number. However, it is due to non-diagonal terms, and using

efficiently an iterative algorithm such as conjugated gradient is still possible when

used together with a preconditioner. In our work, we did not develop a non-local

specific solver as the calculation time for the solving part is still manageable, and

proportional to the number of elements in a non-local horizon.
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Summary The following table compares the effective increase in calculation time

for all the steps of a linear solver. δ is the non-local radius, le is the characteristic

length of an element and Ngp the number of Gauss points in an element.

step complexity compared example for Ngp = 64

to a local problem and δ/le = 3

elementary stiffness ∼ N2
gp

4π
3

( δ
le

)3 ∼ 4.6 · 105 times slower

stiffness matrix assembly ∼ 4π
3

( δ
le

)3 ∼ 114 times slower

load vector assembly ∼ 1 identical

solver ∼ 4π
3

( δ
le

)3 ∼ 114 times slower

3.2.2.2 Computational solution developed for Hybrid simulation

All the differences cited above have been taken into account when designing NECA.

The code has been written in C++ and OpenMP has been used for parallelism. First,

we discuss the numerical choices that have been taken to solve a linear problem with

NECA with both local and non-local partitions. Parallel solution will be compared

in this section. Second, choices for the implementation of non-linear algorithms are

discussed. Application-specific algorithms are presented in the next sections.

Solving a linear hybrid problem with NECA The flowchart figure 3.4 gives

the global structure in NECA to simulate a simple linear problem.
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Initial parameters:	

Material, geometry and boundary 

conditions	


Build Elementary matrices	


Assemble the total matrix	


End	


Assemble the load vector and update the stiffness matrix	


Solve the linear system	


Start	


Stiffness matrix assembly	


Post-processor	


Pre-processor	


Figure 3.4: A flowchart of a linear elastic simulation in NECA. Some intermediary
steps are omitted

Preprocessor In this phase, input parameters are interpreted to define the

mesh, initialize variables and create a connectivity table. These operations are very

similar compared to a code simulating local linear problem. The main difference is

the definition of the mapping function α(x) which drives the partition between local

and non-local elements, as well as the FEM/DGFEM specified partition. Each node

i is specified to be in the non local region if α(xi) > 0. Each element j is specified

non-local if one of its node is non-local. The connectivity table naturally contains

the FEM or DGFEM information as a discontinuous Galerkin finite element does not

share nodes with other elements. A specific connectivity table estimates non-local

neighbouring elements for each and every non-local elements. NECA allows meshing

with a regular grid of a simple parallelepiped. Initial notches can be added to the
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geometry for numerical Compact Tension test. We also defined a mesh reader tool

compatible with .msh file format.

Stiffness matrix assembly As it is presented in the comparative analysis,

most of the matrix assembly cost comes from calculating the elementary matrices

before assembling them in the total stiffness matrix. Luckily, this part of the code

is highly parallelizable. A simple FOR loop unrolling can be used to parallelize

elementary matrix calculation in OpenMP, with a critical region when accessing the

global stiffness matrix to avoid false sharing. Note that other parallel libraries solution

can be put in place, CUDA for instance, as the elementary stiffness assembly is

globally SIMD (single instruction multiple data). Computations are further reduced

by storing redundant calculations. The Jacobian of each element is stored for multiple

use. Gauss point position is estimated only on a reference element and deduced each

time relatively to the node position of the calculated element. Similarly, since the

value of α(x) on a Gauss point is needed multiple times (proportional to the number

of Gauss points per element multiplied by the number of elements in a non-local

horizon), we store the effective values of α(x) on each Gauss point in a specific table.

These simplifications are adapted to the OpenMP parallelism as we trade shared

memory with CPU time. Such a storing strategy would be inefficient when using

MPI due to the large amount of memory required by core. For this part of the

code, parallel scalability is almost total due to the simple FOR loop unrolling. Code

acceleration obtained by storing redundant data reaches a 100 times speed-up for

Ngp = 64 and δ/le = 3. The global stiffness matrix is expressed in a sparse format

depending on the non-local connectivity, which allows a very compact transfer of

information, similar to the classical sparse format used for local simulation.

Boundary condition application Creating the load vector is similar to local

simulation. Force conditions are applied on the force vector. Fixed displacement
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conditions are determined through the substitution method (reducing the size of [K])

and non-zero displacement conditions are imposed through penalization. NECA al-

lows a vast choice of boundary and volumetric conditions by defining surfaces or zones.

Periodic and variable boundary conditions are also available.

Solver A standard conjugated gradient solver is implemented in NECA. It has

been modified to be compatible with the specific sparse format developed for the hy-

brid stiffness matrix. Parallelism and preconditioning is still under development to

accelerate the solving step. However, the solving step in NECA is not the computa-

tional bottleneck. Parallelism and preconditioning on this step is a potential area for

further developing NECA, but has little interest as an innovative algorithmic solution.

Post-processor Generated results are edited in a Tecplot compatible format.

This allows to create visually clear rendering of the results.

Summary NECA is a pragmatic rendering of the hybrid local/non-local model.

Some innovations have been implemented to satisfy the particularity of simulating a

non-local model in Finite Elements. The steps for the treatment of linear problems

have been written in a very generic manner to allow complex geometries in a near

future. Some additional developments such as tetrahedral elements and high order in-

terpolation are under process. A demonstration version of NECA for a static fracture

example is proposed upon request.

Note on non-linear problem The proposed applications for NECA are in the

field of fracture and damage. This involves non-linearity as the materials become

history-dependent. To render this effect in NECA, we iteratively update the stiffness

matrix according to the non-linear evolution law. The algorithm is implicit as we

always work in the reference configuration. Using an implicit algorithm remarkably
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reduces algorithm complexity as it does not require reassembly of the stiffness matrix,

which is the case for an explicit algorithm. This means that an implicit model can

be computationally cheaper than an explicit one.

3.3 Application to static fracture

3.3.1 State of the art

Recent advances in non-local continuum mechanics have greatly improved the simula-

tion of discontinuous processes by allowing the accurate mathematical representation

of singularities and discontinuities. Models based on this paradigm, notably based

on peridynamics, show promising results for the simulation of fracture [28, 66, 27].

The internal length scale allows these models to address localization problems of-

ten encountered in classical damage mechanics simulations. Despite these advances,

however, challenges remain in easing implementation, as well as in extending the ca-

pabilities of this approach to include various constitutive behaviors, such as plasticity,

damage mechanics, or complex heterogeneous geometries [67, 68]. This study has two

aims. We present here an adaptive approach that couples local and non-local con-

tinua to reduce the computational cost of peridynamics-based fracture simulations.

We address the cost-reduction requirement by restricting the domain of the non-local

model in the structure, while applying a classic local continuum model elsewhere.

This is achieved using a non-local-to-local coupling approach. We propose to use the

morphing method for its robustness in three dimensions and its ability to define the

coupling area by a simple mapping function, called the morphing parameter. We note

that this coupling technique is performed at the constitutive equation level and that

it does not depend on the chosen discretization scheme. Because cracks propagate

within the structure, it is essential to define an adaptive method to extend the non-

local zone during the evolution of cracks. We demonstrate here how the morphing
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parameter introduced in the morphing technique can be used as a very flexible tool

for making the hybrid local/non-local description adaptive.

3.3.2 A bond-based fracture model

We use a simple failure criterion based on the critical stretch of the bond. This model

has been introduced in [22] and has been extensively used in static and dynamic

fracture [28, 66, 69]. The elastic part of the model remains identical to the one

introduced in the previous chapter, with the following set of equations:

� Kinematic admissibility and compatibility:

ηξ(p− x) = uξ(p)− uξ(x) ∀x, p ∈ Ω (3.20)

� Static admissibility:

∫
Hδ(x)

f(p→ x)dVp + b = 0 ∀x ∈ Ω (3.21)

� Constitutive equation:

f(p→ x) =
c[x](ξ) + c[p](ξ)

2

¦
uξ(p)− uξ(x)

©
eξ ∀x, p ∈ Ω (3.22)

where eξ = ξ/‖ξ‖ and uξ(p) is the projection of the displacement at point p over the

bond (i.e., uξ(p) = u(p) · eξ).

The micromodulus, c[x](ξ), defines the stiffness parameters at point x relative

to the bond ξ. c[x](ξ) can vary with the orientation ξ to introduce some degree

of anisotropy [53]. In the reminder of this paper, we focus solely on homogeneous

isotropic models defined by:
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c[x](ξ) = c(‖ξ‖) (3.23)

where ‖ξ‖ in the Euclidean norm of ξ.

For the fracture part of the model, we assign to every bond a critical stretch,

scrit, above which the bond is broken. This breakage of the bond is irreversible. The

force density of the bond relative to its stretch is given in figure 3.5 for a constant

micromodulus. It is possible to link the critical stretch, scrit, to the critical energy

Bond force density (N.m-6)	


Stretch	
scrit	


Figure 3.5: The force density in relation to bond stretch in a perfectly brittle case.
The bond is elastic up to scrit at which point it experiences an irreversible brittle
failure.

release rate, Gc, as denoted in [22]. In the case when a crack goes through complete

horizons (figure 3.6), the relation between scrit and Gc is given by equation 3.24:

Gc =
∫ δ

0

∫ 2π

0

∫ δ

z

∫ arccos(z/ξ)

0
c(‖ξ‖)ξ4s2

crit sin(φ)dφdξdθdz (3.24)
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Figure 3.6: The reference case to estimate the link between the critical energy release
rate and the bond stretch to calculate the energy of bonds crossing a crack.

Of course, this relation is modified when the horizons are not complete, which

is the case when the crack is close to the edge of the structure. The relation is

then locally dependant on the geometry. In the reminder of this paper, we assume

that the peridynamic parameter for fracture, i.e., the critical stretch scrit, is constant

throughout the structure. The equivalent critical energy release rate, Gc, is calculated

according to scrit and according to the geometry of the structure in the following static

fracture examples.

3.3.3 Hybrid modelling by the morphing method

Our objective here is to design a technique capable of handling an adaptive hybrid

description of the structure. At a given increment, the fracture lies within a non-

local (peridynamics) domain, which is itself embedded in a classical local continuum

model. This partition should then evolve to track the extension of the crack. The

hybrid framework for this simulation remains fairly identical to the one introduced in

the previous chapter, defined by the following set of equations:
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� Kinematic admissibility and compatibility:

ε(x) =
1

2

�
∇ · u(x) +t∇ · u(x)

�
∀x ∈ Ω (3.25)

ηξ(p− x) = uξ(p)− uξ(x) ∀x, p ∈ Ω (3.26)

u = ū ∀x ∈ Su (3.27)

� Static admissibility:

divσ +
∫
Hδ(x)

f(p→ x)dVp = −b ∀x ∈ Ω (3.28)

σ · n = T̄ ∀x ∈ ST (3.29)

� Constitutive equations:

σ = C[x] : ε ∀x ∈ Ω (3.30)

f(p→ x) =
(α(x) + α(p))c(‖ξ‖)

2
ηξ(p− x)eξ∀x, p ∈ Ω (3.31)

where C[x] is the stiffness of the local continuum at any point x, and ū and T̄ are

respectively the displacement and the force boundary conditions.

Following [52], passage between local and non-local models is guaranteed by the

morphing function, α(x). The relationship between the local stiffness operator and the

micromodulus at every point x is given by an energy density conservation constraint

that leads to the following equation:

C[x] =(1− α[x])Co

+
∫
Hδ(x)

c(‖ξ‖)(α[x]− α[p])

2

ξ ⊗ ξ ⊗ ξ ⊗ ξ
2‖ξ‖2

dVp

(3.32)
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where Co is the fourth-order stiffness tensor that describes the elasticity of the mate-

rial when only the local continuum model is used. When subjected to locally uniform

strain loading (cf. [52]), Co is given by the following equation:

Co =
∫
Hδ(x)

c(‖ξ‖)ξ ⊗ ξ ⊗ ξ ⊗ ξ
2‖ξ‖2

dVp (3.33)

Note that the parameter α(x) in equation 3.53 is a mapping over the domain Ω that

completely defines if the model is local, non-local or hybrid at each and every material

point. The strength of this approach is that the coupling is done at the level of the

constitutive equation. That makes it very easy to define and modify this coupling

method from an algorithmic point of view.

3.3.4 A computational solution for the hybrid local/non-local

model

We described the structure of the hybrid model at a given increment. The challenge is

now to make this description evolve in space such that it naturally tracks the evolution

of the cracking process. The numerical simulation is conducted on NECA.

3.3.4.1 Structure of the implicit fracture algorithm

We choose an implicit algorithm for the study of fracture. External loading is spec-

ified as Ni progressive increments, i. At each increment, the linear elastic problem,

[K]{u} = {F i}, is solved. The calculated displacement field is then used to test the

bond stretch criterion. Bond breakage induces a loss of stiffness denoted by the up-

date of the stiffness matrix [K]. The linear elastic problem is iteratively calculated

until no bond is broken at the current loading increment before passing to the adap-

tive algorithm. When the last increment is reached, the simulation is ended. The

flowchart in figure 3.7 summarizes the different steps of the fracture algorithm. The
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adaptive process is described in the following section.

Di=1 ; Ni ; {F} ; 
[K]	


{F i }= i / Ni * {F}	


Solve [K]{u} = {F i }	


Break bonds for s > scrit	


Bond broken ?	


Is i = Ni ?	


Store broken bonds	


Update [K]	


Run adaptive algorithm ; 
update i 	


Yes	


No	


Yes	


No	


End fracture algorithm	


Start fracture algorithm	


Figure 3.7: Flowchart of the iterative implicit fracture algorithm.

3.3.4.2 An adaptive criterion for non-local mapping updating

We use a simple adaptive criterion that ensures that the fracture zone always remains

far enough away from the limits of the non-local zone, i.e., that any broken bond is

at least at a distance d = δ from the limits of the non-local zone. Our approach takes

advantage of the morphing parameter α(x) that defines the non-local mapping.

Two possible strategies can be used to update α(x), either between increments or

between iterations. The latter allows us to follow the cracking process without making

assumptions about the number of increments, mesh size or stability of the fracture

process but dramatically reducing the computational performance. Updating α(x)

between increments, on the other hand, supposes that the crack extension during an

increment is smaller than δ but has a low impact on the computational performance.

We therefore propose to update α(x) at each increment to follow the crack.

Updating α(x) for every single bond loss would be computationally expensive.
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Di ; {F} ; [K]; 
mesh	


Find damaged elements 	
(1)	


Modify α(x) 	
 	
              (2)	


Broken bonds 
at i ?	


Yes	


Start	


end	


Update mesh                      (3)	


Update [K] and {F}	


i = i + 1	


No	


FEM	  element	  

DGFEM	  element	  

α=1	


0<α<1	


damaged	  element	  

Ini1al	  crack	  

(1)	  

Mesh	  of	  the	  structure	  

(2)	  

(3)	  

Figure 3.8: Flowchart of the adaptive algorithm.

Rather, at each increment, we update α(x) at the scale of the elements by identifying

elements in which bonds where broken. For every new damaged element, a spherical

region centred on the centroid of this element is added to the mapping. This region

has a diameter d =

√
2

2
le + 4δ where α(x) = 1 in the center when d <

√
2

2
le + 2δ and

decreasing to zero when d >

√
2

2
le + 2δ, where le is the length of an element. This

choice guarantees that any bonds that have broken in the considered element are at

least at a distance δ from the end of the non-local zone.

During this adaptive scheme, some elements pass from being local to non-local.

At the discretization level, that means that some FEM elements pass into a DGFEM

formulation, which is conducted by an update of the mesh. This mesh update step

does not change the position or the number of elements, but it increases the DoFs by

adding discontinuous shape functions and by modifying the connectivity table.

The stiffness matrix [K] and the force vector F are then updated to take into

account the variation of α(x) and the additional DoFs.
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Figure 3.8 presents the flowchart of the adaptive algorithm.

3.3.5 Convergence study and results analysis

In this section, we study the numerical convergence of the introduced fracture al-

gorithm. This adaptive fracture algorithm requires the incremental evolution of the

local/non-local partitioning, which may introduce an error in the fracture process

depending on the quality of the coupling strategy. First, we study the convergence

of the fracture algorithm for the non-local model itself (where the partition between

local and non-local models is fixed). Then, we focus on the quality of the adaptive

simulations in the next section.

-ud	


α=1	


0<α<1	


α=0	


S1	


S2	


L w 

l 

Pre-crack	


ud	


Figure 3.9: Geometry, mapping of α(x) and boundary conditions for the cracked plate
example. The dimensions of the sample are w= 2δ, l= 8δ and L= 12δ.

In this section, we use the total dissipated energy and the critical energy release

rate as indicators for the convergence of the method. We ensure that the observed

critical energy release rate converges toward the analytical critical energy release

rate for an increasing number of increments, Ni, and a decreasing mesh size. The

convergence is studied on a simple Compact Tension (CT) test where the partition

between local/non-local models is fixed.
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Figure 3.10: Maps of dissipated energy (a), (b) and (c) for Ni = 6, 60 and 600
respectively, at the imposed displacement of 5/6ud. D denotes the value of energy
dissipated per element (×10−6J). “Blocks” denotes DGFEM elements.

3.3.5.1 Study case description

We study a CT sample in the convergence analysis. The stiffness parameters for this

benchmark are chosen as E = 300GPa and ν = 0.25. We define the micromodulus

in the following way:

c(‖ξ‖) = co‖ξ‖2e−
‖ξ‖2

l2 N.m−7 (3.34)

where l is the characteristic length of the non-local model fixed to l = 0.02µm, and

co is calculated according to the isotropic local parameters. The maximal radius of

interaction is set to δ = 0.252µm, which corresponds to the grid spacing of the coarser

mesh we use during the convergence analysis. Note that the definition of the micro-

modulus introduces a characteristic length, l, which becomes the phenomenological

parameter for fracture localization. The cut-off radius, δ, has been chosen relative to

l to reduce numerical integration errors, in such a way that bonds have a negligible

interaction when longer than δ.

The geometry of the sample is given in figure 3.9. The crack is expected to propa-

gate in the central zone. We therefore choose a cylindrical non-local zone that includes

the pre-crack tip. We prescribe for S1 (respectively S2) the following boundary con-

ditions: u · z = ud (respectively u · z = −ud) = 4/5δ, and σxy = σxz = 0 (see figure

3.9) . The boundary conditions are applied as a ramp of displacement from 0 to ud in
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Ni increments. The bond fracture stretch criterion is fixed at scrit = 1.10. Due to the

geometry of the sample, the critical energy corresponding to this critical stretch is

calculated to be Gc = 530.74J.m−2 on average throughout the thickness of the sample

using equation 3.24.
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Figure 3.11: Total dissipated energy versus imposed displacement for 6 (green), 60
(blue) and 600 (red) increments.
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Figure 3.12: Absolute (a) and relative (b) difference of 6 and 60 iterations relative to
600 iterations, for increasing imposed displacements.
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Figure 3.13: Maps of dissipated energy (a) to (c) for 648, 1536 and 3000 elements
respectively, at 50 increments. D denotes the value of energy dissipated per element
(×10−6J).
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Figure 3.14: (a) Total dissipated energy versus imposed displacement for the different
mesh densities. (b) Estimation of the crack length in relation to imposed displacement
for different mesh densities. (c) Convergence of the norm max ‖G̃c−Gc‖∞ in relation
to the element size.

3.3.5.2 Convergence study

We propose to study the numerical convergence of the model according to discretiza-

tion parameters, such as the number of ramp increments, Ni, and the mesh density

(with the number of elements Ne). All data (geometry and material parameters) are

similar to those introduced in Section 5.1.

Ni-convergence We set the number of elements for this simulation at Ne = 648.

Figure 3.10 shows the maps of dissipated energy at prescribed displacement of 5/6ud,

with different choices of Ni (Ni = 6, 60, 600) . The morphology of the fracture is

identical. Figure 3.11 presents the total dissipated energy relative to the imposed

displacement. We note that the dissipation remains similar even at a low number of
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increments. A low number of increments can result in some bonds reaching the critical

stretch, scrit, contrary to the expected solution. As a result, the total dissipated energy

should be overestimated by the implicit algorithm when too few increments are used.

This is estimated by comparing the dissipated energy for different Ni at common

imposed displacement, as seen in figure 3.12. Figure 3.12 shows the difference in total

dissipated energy for Ni = 6 and Ni = 60 relative to Ni = 600. Figure 3.12 (a)

reveals a cumulative error that decreases when Ni increases. Similarly, the relative

error (figure 3.12 (b)) decreases to a low constant value (under 1%). This suggests

that Ni has a low impact on the quality of the approximation for this simulation.

Thus, for the reminder of this paper, we use Ni = 60.

Ne-convergence We set the number of increments to Ni = 60 and we study mesh

convergence on the example presented in Section 5.1, with a varying number of ele-

ments (192, 648, 1536 and 3000). We calculate analytically the critical energy release

rate, Gc, and propose to estimate the convergence using the max norm ‖G̃c −Gc‖∞,

where G̃c is the approximate critical energy release rate, calculated as the ratio be-

tween the dissipated elastic energy and the estimated surface of the crack.

Figure 3.13 shows the map of dissipated energy for different mesh densities with the

same boundary conditions. Qualitatively, we notice that localization is independent

on the mesh density, as the fracture mechanism is guided by the characteristic length

of the non-local model. Figure 3.14 (a) displays the total dissipated energy relative

to the imposed displacement. Global evolution of the dissipated energy is similar

regardless of mesh size, though increasing the mesh density decreases the height of

the jumps, and smooths the dissipated energy evolution. We notice that the jumps in

the dissipated energy curve occur when an interface between two elements is totally

broken. With this, we can evaluate the crack length and derive the apparent critical

energy release rate, G̃c. For this purpose, we evaluate the relation between crack



106

length and imposed displacement in figure 3.14 (b), based on the estimation of the

actual crack length at the jumps. It is straight forward to estimate G̃c during the

fracture process with this estimated crack length and the related dissipated energy.

We graph ‖G̃c−Gc‖∞ by the element size le on a log-log scale in figure 3.14 (c). The

rate of convergence is estimated to be O(l2e). This result suggests that the convergence

toward a smooth fracture process of our model is proportional to the crack surface

resolution for a fixed number of steps Ni. Note that when DGFEM is used, cracks

can propagate only at interfaces between elements. In all those examples, the mesh

is compatible with the expected crack location. Examples where the mesh is not

compatible might reduce the convergence rate of the expected solution.

3.3.5.3 Application of the adaptive algorithm: a simple CT test

We study the same sample as for the CT example in Section 3.3.5.1 with similar

boundary conditions. The purpose of this study is to test the quality of the adapt-

ability of the non-local-to-local mapping. An initial non-local seed is positioned at the

crack tip (see figure 3.15). Evolution of the mapping follows the mapping criterion

introduced in Section 5.
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Figure 3.15: Geometry, non-local seed and boundary conditions for the cracked plate
adaptive mesh example. The dimensions of the sample are w= 2δ, l= 8δ and L= 12δ.

Figure 3.17 shows the damage map at 1, 30 and 50 increments, and the evolution
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Figure 3.16: Evolution of the total dissipated energy in relation to the imposed dis-
placement of the adaptive model (blue curve), compared to a fixed mesh solution
(green curve).

of the mapping of the coupling parameter α(x). As expected, we can see that the

mapping follows the crack propagation. The crack propagation is similar to the test in

Section 5.1, which suggests that the fracture process is not affected by the introduction

of the adaptive mapping. This result is correlated with the evolution of the total

dissipated energy (figure 3.16). The dissipated energy graph reveals that more bonds

are broken in the adaptive scheme, but it remains consistent with the results of the

non-evolving mesh. The computational CPU time is lower for the adaptive model

compared to a non-evolving mesh generated with the same final mapping α(x) by an

order of magnitude of 30% for this example. Additionally, this method would be a

powerful tool in the study of more complex structures, in which crack propagation is

unknown.



108

Figure 3.17: Evolution of the mapping function α(x) (first column), mesh partition
(second column) and dissipated energy map (third column) for increasing increments
(1 increment in the first line, 30 increments in the second line and 50 increments in
the third line). We note that the mapping evolution follows the crack propagation.
The DGFEM, denoted by square elements is embeded within the evolving non-local
zone of the structure.

3.3.6 Keypoints

We proposed an algorithm to simulate an evolving hybrid local and non-local model

for non-local static fracture. Three main results emerge from this study:

– coupled simulation captures the fracture process precisely, even when the non-

local model is restricted to the crack evolution region
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– DGFEM can easily be used for a three-dimensional simulation of the non-local

model, with the advantage of being a conforming approach with a high conver-

gence rate.

– the simple adaptive algorithm does not introduce spurious effects on the fracture

process while reducing the computational expense.

3.4 Application to damage localization

3.4.1 General description

Evaluating severe degradation in structural analysis has become paramount for de-

signing and developing new industrial products. As empirical approaches are too

expensive for this task, new reliable simulation methods are required. Procedural

limitations are currently reducing the attractiveness of most methods, making them

either easy to use but imprecise, or difficult to use yet computationally expensive.

In this section, we propose a hybrid approach that takes advantage of two existing

methods for the study of degradation, making them work in tandem to achieve a

method that is both low cost and precise.

Damage mechanics is used as a low cost predictor to deliver damage initiation,

while non-local mechanics is used to treat localization and fracture objectively where

classical continuum mechanics fails. Doing so, each approach is employed where rele-

vant, leading to an optimized computational efficiency/quality process. This partition

of tasks allowed by the morphing coupling technique is a new pragmatic way to treat

degradation.

The hybrid method actively suppresses some spurious effects linked to damage

localization in the local framework, such as mesh dependency. It also limits the

computational cost of non-local methods, while easing boundary condition defini-
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tion. Additionally, local-to-non-local partition automatically evolves to adapt to the

problem making the method engineer-proof. The resulting approach and subsequent

algorithm provides a self adapting framework that could be use to robustly simulate

complex problems.

This section is organized as followed. The first part presents the strategy employed

to develop this local damage/non-local fracture model. The method is first described

qualitatively before the problem equations are presented. In the second part, we

present a simple numerical example and demonstrate the efficiency of the method.

The work on this model is still ongoing and an extended description and validation

will be presented in journal papers.

3.4.2 Strategy

3.4.2.1 Description of the method

In section 3.3, we described a method to follow non-local fracture with a partitioned

hybrid local/non-local model. One of the initial assumptions was a prior knowledge of

the initiation zone, which allowed us to have an initial local-to-non-local partition. In

practice, we rarely know where degradation is will appear, which creates the challenge

of finding an initial local-to-non-local partition. The best way to define this partition

is to find a local criterion to serve as predictor. This role is taken here by a local

damage mechanics model. The basic idea is to define a certain damage threshold at

which we replace the remaining local model by a non-local model.

In practice, some precautions must be taken for this non-local patching to work

without introducing spurious effects. We use the morphing method to ensure the

coupling. While the morphing method is robust enough to be updated during the

simulation, it comes to the price of some assumptions. First, the strain field should

be smooth in the coupling zone, which means that the non-local patch has to be large

enough compared to the zone where non-local fracture happens. Second, the material
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stiffness should be homogeneous and constant in the coupling zone. This second

assumption is challenging when dealing with a local damage model. Indeed, the local

damage variable evolves during the simulation, which means that the stiffness of the

material in the coupling zone might vary.

(1-d )E1	


E2	


ε ; σ	


Figure 3.18: A simple rheological model to explain the hybrid coupling method with
a damage model. The upper branch is a simple damage model with stiffness E1 with
a damage variable d. The lower branch is a purely elastic model with a stiffness E2.

To circumvent this difficulty, we have to make sure that the coupling exists only

between a constant homogeneous stiffness local material and the fracture non-local

model. At first glance, it appears contradictory to have a damage local model which

is also a constant stiffness local model, but a simple solution exist. Let us imagine a

rheological model with two parallel branches (see figure 3.18). On the upper branch,

we assume a damage model. On the lower branch, we assume an elastic model. In

this configuration, the damage of the upper branch will be total at certain level of

deformation. At this point, only the lower branch of the model will generate an elastic

response, as it is shown in the stress-strain diagram in figure 3.19.
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Figure 3.19: A stress/strain curve generated by the rheological model.

It is evident that both a constant stiffness model and a damage model exist to-

gether in this simple example. The straightforward solution is then to apply the local

to non-local coupling method only on the lower branch of the rheological model. If

we replace the lower branch with a non-local fracture model during the deformation,

when the damage state of the upper branch is close to critical, and with a smartly

chosen stretch criterion, we create a very efficient way to restrict the non-local model

around the expected discontinuity zone. The resulting stress-strain diagram for this

rheological model is given in figure 3.20.

σ	


ε	


E1+E2	


E2	


Start	  of	  
fracture	  

Figure 3.20: A stress/strain curve generated by the rheological model if a non-local
fracture model is added

This rheological model is used in the structural simulation. A qualitative example
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of patch process is given in figure 3.21 for a given distribution of damage. d − crit

indicates the global damage level at which the “upper branch” is completely damaged.

In the following section, we give the detail of the method and the set of equations

used for a three dimensional problem, with a simple local damage/non-local fracture

scheme.

Position x	
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Young modulus	


Ecrit	
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non	  local	  patch	  local	   local	  

local	  damage	   local	  damage	  
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zone	  

coupling	   coupling	  

Damage 	


Etotal	


Figure 3.21: A one dimension non-local patching exemple. The patching happends on
the residual local elastic part and the position of the patch is dictated by the damage
value. Here, the patch is shown for a given damage distribution.

3.4.2.2 Equation set and algorithm

Here, we present the set of equations that defines the evolving hybrid local damage /

non-local fracture model. The model remains relatively simple with few parameters

to drive fracture and damage, and the elastic part of the model is an isotropic model

such that λ = µ = Λ, where λ and µ are the Lamé coefficients.
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A modified damage model We define a simple damage model with only one

variable d, comparable to the one described in the first chapter. This variable modifies

the stiffness of the material.

Defining the strain free energy We assume a simple scalar damage model:

ψ(d) =
1

2
Λ(1− d)tr(ε)2 + Λ(1− d)tr(ε2) (3.35)

where ψ(d) is the strain free energy and tr(•) is the trace operator.

As mentioned earlier, we suppose that the damage model is solely valid when

localization is not reached. We then define a variable 0 < dcrit < 1 such that dcrit

respects the following equation.

∀ d ≤ dcrit,
δσii
δεii
≥ 0 i ∈ 1, 3 (3.36)

We suppose that if d > dcrit, localization is reached and the local damage model is

not valid any more. We can then recast the free energy equation as following.

ψ(d) = ψ̂(d, dcrit)

= ψ(dcrit) + ψ(1− dcrit + d)

=
1

2
Λ(1− dcrit)tr(ε)2 + Λ(1− dcrit)tr(ε2)

+
1

2
Λ(dcrit − d)tr(ε)2 + Λ(dcrit − d)tr(ε2)

, (3.37)

In equation 3.37, ψ(dcrit) represents the residual free energy after damage initia-

tion. This partition of the free energy allows treating damage initiation and localiza-

tion separately.
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Defining the stiffness operator From the free energy equation, we can derive

the constitutive equation that relates strain and stress:

σ = Λ(1− dcrit)tr(ε)I + 2Λ(1− dcrit)ε

+ Λ(dcrit − d)tr(ε)I + 2Λ(dcrit − d)ε

= Ko
dcrit : ε+Kd(d) : ε

(3.38)

where I is the identity matrix.

Here, we notice that we can divide the stiffness operator in two parts: the post

damage initiation stiffness tensor Ko
dcrit that is independent of the damage variable,

and the damage stiffness tensor Kd(d) that varies with d. One important result is

that when d = dcrit, we have Kd(d) = 0. We are going to use this partition later on

to introduce the non-local model in the region where d = dcrit, using the morphing

coupling method.

Defining the damage evolution law The damage evolution law with the

introduction of dcrit is globally identical to the classic evolution law during damage

initiation ( i.e., when d < dcrit). The only major change to the classical damage

model is that the domain of validity of d is restrained to 0 ≤ d ≤ dcrit, rather than

0 ≤ d ≤ 1, effectively reducing the usage of the damage model to an evolution where

it is still considered valid.

We define the pseudo-potential f that will drive damage evolution. We choose a

damage evolution law with hardening, given by the following equation.

f = Y − (k1 ∗ d+ k0), (3.39)

where k1 and k0 are positive material parameters that define the hardening and Y is

the damage force, defined according to the free energy density such as:
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Y = −∂ψ
∂d

∣∣∣∣∣
ε=const.

=
1

2
Λtr(ε)2 + Λtr(ε2)

= ψo ≥ 0.

(3.40)

The pseudo-potential is used to regulate the evolution of d by the following system

of equation:


ḋ = 1

k1
Ẏ , if d < dcrit, and f ≥ 0

ḋ = 0, if d ≥ dcrit or f < 0
(3.41)

This result is obtained by ensuring the consistency equation on the pseudo-potential

(ḟ = 0).

A non-local fracture model The second part of the model is used when the local

damage simulation is no longer relevant, i.e., when localization is reached. At this

stage of damage, we substitute the local damage model by a non-local fracture model

more suitable to represent this part of the degradation process. We propose to use a

simple non-local model with a classical bond failure model.

Definition of the non-local set of equations The set of equations that de-

fines the non-local model is identical to the set of equation introduced in the fracture

application of the hybrid model:

� Kinematic admissibility and compatibility:

ηξ(p− x) = uξ(p)− uξ(x) ∀x, p ∈ Ω (3.42)
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� Static admissibility:

∫
Hδ(x)

f(p→ x)dVp + b = 0 ∀x ∈ Ω (3.43)

� Constitutive equation:

f(p→ x) =
c[x](ξ) + c[p](ξ)

2

¦
uξ(p)− uξ(x)

©
eξ ∀x, p ∈ Ω (3.44)

where Ω is the bounded material domain,eξ = ξ/‖ξ‖ and uξ(p) is the projection of

the displacement at point p over the bond (i.e., uξ(p) = u(p) · eξ).

Defining the micromodulus The micromodulus, c[x](ξ), defines the stiffness

parameters at point x relative to the bond ξ. For an application to this local damage/

non-local fracture hybrid, we have to match the micromodulus c[x](ξ) with the post

damage initiation stiffness tensor Ko
dcrit . Since Ko

dcrit does not depend on the damage

variable, and remains homogeneous within the structure, coupling local and non-local

parts is facilitated. Using the local/non-local energy equivalence for an isotropic

model (see Appendix A), we derive the following equation defining c[x](ξ).

Λ(1− dcrit) =
2π

15

�∫ δ

0
co(r)r4dr

�
(3.45)

Note that this equation is only valid for a homogeneous c[x](ξ) = co(ξ). The depen-

dence toward x denotes the evolution of the micromodulus when fracture occur. This

means that the local/non-local equivalence is only valid when fracture is not reached.

Fracture law We use a similar fracture law as defined in the precedent section:

Non-local bonds have a spring-like behavior until an ultimate stretch, scrit, is reached,

at which point the bond is permanently severed. In the case of a local damage/non-
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local fracture hybrid model, scrit can only be reached if the critical damage level dcrit

is reached by the bond.

Set of equations Using the methodology of the morphing method, we define a new

set of equations that represent a hybrid local/non-local model:

� Kinematic admissibility and compatibility:

ε(x) =
1

2

�
∇ · u(x) +t∇ · u(x)

�
∀x ∈ Ω (3.46)

ηξ(p− x) = uξ(p)− uξ(x) ∀x, p ∈ Ω (3.47)

u = ū ∀x ∈ Su (3.48)

� Static admissibility:

divσ +
∫
Hδ(x)

f(p→ x)dVp = −b ∀x ∈ Ω (3.49)

σ · n = T̄ ∀x ∈ ST (3.50)

� Constitutive equations:

σ =
�
Kdcrit(x) +Kd(d(x))

�
: ε ∀x ∈ Ω (3.51)

f(p→ x) =
(α(x) + α(p))c(‖ξ‖)

2
ηξ(p− x)eξ∀x, p ∈ Ω (3.52)

The morphing function α(x) is used to define the morphing coupling. The relationship

that links α and Kdcrit(x) is given by an energy density conservation constraint that

leads to the following equation:
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Kdcrit(x) =(1− α(x))Ko
dcrit

+
∫
Hδ(x)

c(‖ξ‖)(α(x)− α(p))

2

ξ ⊗ ξ ⊗ ξ ⊗ ξ
2‖ξ‖2

dVp

(3.53)

As a consequence, α(x) defines the partition between the local and non-local

region. When α(p) = 0 for all p in a horizon around a material point x, the material

point x is described fully by a local damage model (f(p → x) = 0). Inversely, if

α(p) = 1, the material point x is described by a non-local fracture model and a

damageable local model ( Kdcrit(x) = 0).

Defining the coupling region We propose to define the morphing function α(x)

in relation with the damage value. As stated earlier, the morphing function should

ensure that the region where dcrit is reached should be contained within the non-

local domain. A second requirement is that the coupling zone should be far from the

fracture zone. We prescribe a linear evolution of α like it is presented in the second

chapter.

Solution algorithm We propose an implicit algorithm for the treatment of the

damage and fracture evolution. Because this hybrid model is constructed on a single

kinematics, damage and fracture are coupled. However, both variables have a mono-

tonic interdependence, which means that the increase of one induces the increase of

the other and vice versa. This is possible only because fracture and damage are not

happening in the same region. When damage increases in one region, the overall

stiffness of the material decreases, inducing a higher strain on non-local bonds in an-

other region, which might reach bond failure. Inversely, if a bond fails in one region,

stress concentration increases in other regions of the material, which induces an in-

crease of the damage force, eventually inducing damage. This phenomenon insures

that the damage level and the bonds failure converge monotonically toward a given



120

equilibrium point during an iterative algorithm, which grandly simplifies the way the

algorithm is written. Figure 3.22 defines the implicit algorithm used for fracture. In

this algorithm, at a given increment of boundary condition, we iteratively evaluate

the damage and the failed bonds. We first test damage by computing the current

pseudo-potential, we update damage and then use the new stiffness value to update

the number of broken bonds by evaluating bond stretch. This is conducted iteratively

until the damage map and bond failure stop increasing. In a second time, the new

damage map and bond failure map are used to define a new partition between local

and non-local model, and the same increment is taken again. This is done incre-

mentally until the specified boundary condition level. Notice that this algorithm is

quasi-static as we do not introduce the effect of time in the process.

Input 
parameters

; i=0	


Generate stiffness 
matrices	


Generate 
connectivity tables	


i=N?	

Yes	


No	


Start 
algorithm	


End 
algorithm	


Apply boundary 
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α or damage 
map changed?	


New 
damaged 
elements?	


Solve linear 
problem	


Update stiffness 
matrix	


Update α and 
damage map	


Damage and 
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Update u and 
connectivity; i++	
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No	
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Figure 3.22: A flowchart for a hybrid non-local fracture/local damage model.
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3.4.3 Results

In this section we present a simple setup that illustrate how the hybrid model works

as a proof of concept.

-ud.x 	
/2	


ud.x 	
/2	


30δ	

1.5δ	


5δ	


10/3δ	


Figure 3.23: Geometry and boundary conditions for the tensile test specimen

3.4.3.1 Numerical experiment setup

We study a simple traction specimen with a narrow central region. The dimension

and loading conditions are given in figure 3.23. We chose a simple isotropic material

with the following parameters:

E = 300GPa and ν = 0.25 (3.54)
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We define the micromodulus in the following way:

c(‖ξ‖) = co‖ξ‖2e−
‖ξ‖2

l2 N.m−7 (3.55)

where l is the characteristic length of the non-local model fixed to l = 0.06mm, and

co is calculated according to the isotropic local parameters. The maximal radius of

interaction is set to δ = 0.6mm, which corresponds to three times the characteristic

length of the finite elements used in this simulation. The sample is under a quasi-static

ramp traction loading ud from 0 to umax = 1.5mm in 60 increments. For the damage

parameter, we suppose a hardening law defined by k1 = 10GPa and ko = 2GPa.

Additionally we chose dcrit = 0.2 and scrit = 1.2. The choice of those parameters is

explained in the result discussion.
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3.4.3.2 results of the experiment

a	  
b	


c	


d	


Legend:	

a: start of damage	

b: introduction of a non-local zone	

c: start of fracture	

d: complete failure	

e: surface effect	
e	


Figure 3.24: Stress(kPa)-strain(Increments)-curve for the tensile test. The impor-
tant steps are noted in the legend.

Figure 3.24 gives the stress-strain curve of the tensile test, figure 3.25 gives the dis-

sipated non-local fracture energy and figures 3.26 gives an overview of some relevant

variables during important steps of the tensile response.



124

Increments	
D
iss

ip
at

ed
 e

ne
rg

y 
by

 n
on

-lo
ca

l f
ra

ct
ur

e 
10

3 .J
.m

m
-1

 	


Figure 3.25: The dissipated non-local energy with respect to the loading increments.

Note the different important points of the loading test highlighted on the stress/s-

train curve (figure 3.24). The curve originates in a purely elastic region (before point

a). At point a, damage starts and softens the material. The starting point for dam-

age is related to the value of the parameter ko, while the damage rate is related to

the variable k1. The damage map and the strain field in the principal direction at

point a are given in figure 3.26(a). At point b, some integration points reach the

critical damage value dcrit, and a non-local patch is introduced. The mapping of the

coupling parameter α and the damage map is shown in figure 3.26(b). We notice a

depression of the curve at point e after the non-local model is introduced. It is caused

by a surface effect that comes from the incompleteness of the non-local horizon. The

non-local patch is then less stiff than the local model it replaced. Although this effect

is not desirable, it can be attenuated by choosing a small horizon when compared to

the structural scale. In fact, this effect is not a consequence of the coupling algorithm

but inherent to the non-local model, and does not affect the strategy we are studying.
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Figure 3.26: Important steps in the failure process when loading the tensile sample.
(a) strain field in the major direction and damage map when damage starts. (b)
damage map and coupling mapping α when a non-local patch is introduced. (c)
damage map, α and dissipated fracture energy map when fracture start occuring. (d)
dissipated fracture energy map at total failure.

At this point, the non-local model behaves elastically until fracture starts to oc-

curs at point c. Figure 3.25 clearly shows that fracture occurs quickly leading to

the complete failure in phase d. The mapping of α, the damage map and the dissi-

pated non-local fracture energy map at point c are given in figure 3.26(c). The final

dissipated non-local fracture energy map is given in figure 3.26(d).

3.4.3.3 Discussion of the result and future development

Previous results are not comparable to any material model and are just generated to

clearly identify the different phases of the method. We notice that the choice made for
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dcrit and scrit can greatly vary the role of the model. We can identify three different

paradigm based on these choices:

Using damage mechanics solely as predictor With this strategy, we use dam-

age mechanics to define where to place the non-local seeds. Here it is of interest to

choose dcrit as small as possible and use an evolution law with a small ko and a large

k1. As a result, the damage variable influences only marginally the solution and is

only used to pilot the local-to-non-local partition. the advantage of this method is

to provide a simple criterion for the local-to-non-local partition, but with the limita-

tion of introducing a damage model with no physical sense. The resulting model is a

brittle non-local fracture model characterized by scrit with a damage predictor.

Using damage mechanics until localization and brittle non-local fracture

afterwards With this strategy, both dcrit and scrit are defined close to the localiza-

tion point. Graphically, and using figure 3.24, it corresponds to making the points

b and d coincide. In this model, the peridynamic model serves as a regularization

method to avoid localization. This model is an alternative to standard regularization

methods, but only for a limited class of materials.

Using a damage-like evolution law for the non-local bond behavior Here,

rather than using a simple fracture law on the bond, we define a damage like be-

havior. Each bond gradually softens until failure, and the non-local evolution law

is compatible to the local damage evolution law. In that case, maximizing dcrit is

interesting (as close as possible to the localization point) to limit computational cost.

This strategy is probably the most promising one, and allows a great versatility for

material models. The difficulty in this approach is to correctly match the local dam-

age evolution law with the non-local one, in order to have a smooth transition when

using local-to-non-local partition.
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3.4.4 Concluding remarks

In this section, we define a local predictor to the local/non-local partition using dam-

age mechanics. This enabled us to run complete local problems that gradually get

enriched locally by non-local patches where failure induced discontinuities might ap-

pear. This precludes regularization as localization is completely treated by the non-

local model. More developments are required to address real structural simulation,

especially by defining new non-local fracture laws.
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Chapter 4

Concluding Remarks

4.1 Summary

In this thesis, we developed a complete process to define and use a hybrid local/non-

local model to treat fracture and damage problems.

The hybrid model paradigm was presented in the first chapter as a method to

create a generic method that handles discontinuities induced by failure. Indeed, it was

identified that non-local integral formulation models, such as peridynamics, offered

a consistent mathematical framework for the treatment of discontinuities, which is

not the case in most methods. Nevertheless, some technical limitations such as its

computational cost and its complex boundary condition impaired its effectiveness. A

coupled approach that used both a non-local model and a local model was devised in

order to take the best of both models.

In the second chapter, we gave a comprehensive description of the morphing

method, the coupling strategy we developed to blend together a local continuum

and a non-local continuum. The morphing method has been tailored by the common

features of both continua, and by its expected role in the study of failure processes.

This method has the particularity of being based on a blending of both models in

the constitutive equation, and is constrained by a conservation of the strain energy

density. The method has been verified by analytical and numerical means.
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In the last chapter, we focus on numerical implementation and on applications of

the hybrid framework to failure problems. We first give a technical description of the

numerical solutions that were developed to support hybrid problems. While solving

linear and non-linear problems in finite element is quite standard, we developed tai-

lored solution to support non-local variational descriptions. The resulting program,

NECA, is optimized in OpenMP and supports a variety of three-dimensional prob-

lems. We then focused on static fracture problems, and proposed an algorithm where

the non-local patches evolve with the fracture process. We introduced DGFEM in

order to have a conforming discretization of the problem. In the last section, we

defined a local predictor to the local/non-local partition using damage mechanics.

This enabled us to run complete local problems that gradually get enriched locally

by non-local patches where failure induced discontinuities might appear.

4.2 Future Research Work

This work is a proof of concept for new strategies involving hybrid coupled problem

to treat failure-induced discontinuities. More complex models and structures should

be considered for this method to be of interest in industrial applications:

– at the modeling level, it is of interest to enable our strategy to support more

complex behaviors for the model’s local and non-local part. For the local model,

multiple damage variables could be used according to relevant phenomenologies.

For the non-local model, a solution for the loss of stiffness near surfaces should be

found. Similarly, more relevant fracture law should be introduced to generalize

the solutions to more complex material models

– at the software level, efforts must be taken to enhance the capability of the code

to support larger problems. This means that new parallel strategies have to be

found. Additional type of elements and better integration methods should be
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designed, with the aim of simulating more complex geometry and of improving

the representation of fracture.
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APPENDICES

A Supplemental developments

Notations for a local continuum

We introduce our notation for the modeling of the equivalent local continuum. Adja-

cent material points only interact through contact forces based on the Cauchy stress

tensor σ. The infinitesimal force, dF , applied to an oriented infinitesimal surface, dS,

with unit normal vector, n, is written as follows: dF = |dS|σ · n.

Let us consider a continuous bounded regular domain, Ω (see Fig. A.1). Its

boundary, ∂Ω, is divided into two parts: Sū over which the displacements are pre-

scribed to be equal to ū, and ST̄ over which surface tractions are prescribed to be

equal to T̄ . We assume that Sū ∪ ST̄ = ∂Ω and Sū ∩ ST̄ = ∅. b is a field of body

forces. The material is linear elastic, with K(x) being the 4th-order stiffness tensor

evaluated at point x. This tensor would respect the following equation to guarantee

the equivalence with the long-range central force model introduced antecedently (see

Eq. 2.8):

K(x) =
∫
Hδ(x)

c(‖ξ‖)ξ ⊗ ξ ⊗ ξ ⊗ ξ
2‖ξ‖2

dVp (A.1)

Solving the mechanical problem (i.e., finding the displacement, u, the stress, σ,
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Figure A.1: The local continuum model. Domain Ω and notation.

and the strain, ε), requires three sets of equations that are written as follows for

infinitesimal strains:

� Kinematic admissibility and compatibility

ε =
1

2

�
∇ · u+t∇ · u

�
, ∀x ∈ Ω ; u = ū, ∀x ∈ Sū (A.2)

� Static admissibility

divσ + b = 0, ∀x ∈ Ω ; σ · n = T̄ , ∀x ∈ ST̄ (A.3)

� Constitutive equations

σ = K(x) : ε ∀x ∈ Ω (A.4)

At a point x, the strain energy density is classically obtained as:

W l(x) =
1

2
σ : ε =

1

2
ε : K(x) : ε (A.5)
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Equivalence between models for isotropic behavior

We propose to define the equivalence between local and non-local models for an

isotropic case. For that purpose, it is interesting to provide an expression that takes

advantage of the invariants of the strain tensor. By introducing (εI , εII , εIII) as

the principal values of ε associated with the principal directions (U I , U II , U III), the

spectral decomposition of ε becomes:

ε = εIU I ⊗ U I + εIIU II ⊗ U II + εIIIU III ⊗ U III (A.6)

We also define the projection of the bond vector, ξ, on the eigen basis (U I , U II , U III)

and the related polar coordinate system (r, θ, φ) such that:

ξI = U I · ξ = reI with eI = cos(φ)cos(θ) (A.7)

ξII = U II · ξ = reII with eII = cos(φ)sin(θ) (A.8)

ξIII = U III · ξ = reIII with eIII = sin(φ) (A.9)

From Eqs. A.7, A.8, A.9 and 2.8, we obtain the strain energy density of the

non-local model (Einstein summation is assumed):

W nl(x) = εiεj

∫
Hδ(x)

c(‖ξ‖) ξ
2
i ξ

2
j

4‖ξ‖2
dVp

= εiεj

�∫ δ

0
c(r)

r4

4
dr

��∫ 2π

0

∫ π
2

−π
2

e2
i e

2
jcos(φ)dθdφ

�
(A.10)

The polar integration largely simplifies the result:

∫ 2π

0

∫ π
2

−π
2

e2
i e

2
jcos(φ)dθdφ =

4π

5
if i = j (A.11)∫ 2π

0

∫ π
2

−π
2

e2
i e

2
jcos(φ)dθdφ =

4π

15
if i 6= j (A.12)
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Thus, we have:

W nl(x) =
π

15

�∫ δ

0
c(r)r4dr

��
3(ε2

I + ε2
II + ε2

III) + 2(εIεII + εIIεIII + εIIIεI)
�

(A.13)

We now consider the two first invariants of ε defined by:

I1 = ε : 1 = εI + εII + εIII (A.14)

I2 =
1

2
ε : ε =

1

2
(ε2
I + ε2

II + ε2
III) (A.15)

Then, the strain energy density of the non-local model can be rewritten as:

W nl(x) =
π

15

�∫ δ

0
c(r)r4dr

��
I2

1 + 4I2

�
(A.16)

Eq. A.16 is convenient as it clearly states that the resulting energy density is

isotropic depending only on the first and second invariants of the strains.

To define the equivalent isotropic local model, we suppose that λ and µ are the

Lame parameters of the equivalent isotropic material in the local model. Then, the

strain energy density can be written as:

W l(x) =
1

2
(λI2

1 + 4µI2) (A.17)

Eqs. A.16 and A.17 can be made compatible for any homogeneous strain state if

and only if λ = µ. We rediscover here a classical result: a central force long-range

model, in which the Cauchy-born rule is assumed, can only represent an isotropic

material with a Poisson’s ratio equal to 1
4

in three dimensions (we can prove that in

two dimensions, the Poisson’s ratio has to be equal to 1
3
). Moreover, by making Eqs.
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A.16 and A.17 equal, we have the following relation:

λ = µ =
2π

15

�∫ δ

0
c(r)r4dr

�
(A.18)

As is well known, the equivalent continuum is characterized by a single constitutive

parameter: Λ = λ = µ.

An overview of anisotropy for long-range-force non-

local models

Several methods have emerged to tackle the issue of the central symmetry in large-

range interactions based non-local models. It appears that a simple bond consisting

of a pair of potentials that depend only on the length of the bond would not be

enough to take into account the shear effects. An initial way to circumvent this issue

is to take into account multibody interactions: potentials that depend on at least two

bonds can introduce a relative rotation. This solution has been chosen, for instance,

in the state-based theory (see [25]). Another way is to further develop the bond-

based representation of forces by adding an extra rotational degree of freedom to the

material point. This solution is applied in some form to the virtual internal bond

method (VIB) (see [70]) and in the work of [71] who uses a Cosserat micro-moduli

representation. We describe these methods and evaluate their benefits.

Multibody interactions

Using multibody interactions to eliminate this symmetry has already been applied

in atomistics. Generally, in atomistics, the interaction between particles derives

from a potential energy Φ defined as a function of the position of the particles xi:

Φ(x1, . . . , xn). For instance, a potential energy that depends on the length of pairwise
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bonds can be written:

Φ =
1

2

∑
i,j

U(‖xi − xj‖) (A.19)

where U is the potential of the bond (i, j). It is clear that Eq. A.19 refers to the

stretching energy of the bonds and does not allocate any energy to their relative

angular motion. However, if we introduce three-body term potentials, such as the

Stillinger-Weber potentials ([72]), we introduce a relative rotation :

Φ =
1

2

∑
i,j

U(‖xi − xj‖) +
1

3!

∑
i,j,k

V (‖xi − xj‖, ‖xj − xk‖, θijk) (A.20)

where θijk is the angle between the bond (i, j) and the bond (j, k). This process can

be extended to more than three particles, but it remains unclear where to truncate the

multibody interaction ([73]). A similar point of view is taken for continuum non-local

models in the state-based theory by [25]. The model presented by Silling respects the

following equations:

� Kinematic admissibility and compatibility

η(x, p) = u(p)− u(x) ∀x, p ∈ Ω (A.21)

� Static admissibility

∫
Ω
T [x] < p− x > −T [p] < x− p > dVp + b = 0 ∀x ∈ Ω (A.22)

T [x] < ξ >= 0 if ‖ξ‖ ≥ δ ∀x ∈ Ω (A.23)

� Constitutive equation

T [x] < p− x >=
∫

Ω
K[x] < p− x, q − x > η(x, q)dVq ∀x, p ∈ Ω (A.24)
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K[x] < ξ, ζ >= 0 if ‖ξ‖, ‖ζ‖ ≥ δ ∀x ∈ Ω (A.25)

where T [x] < p− x > is the force state applied at point x relative to the bond p− x

and K[x] < p− x, q − x > is the modulus state that holds the stiffness parameters at

point x relative to the bonds p − x and q − x. This system of equations defines the

force state T [x] < p − x > as the association of the direct effects of points x and p

and the indirect effect of their neighborhoods on the bond p−x (see Fig. A.2). In the

case of an homogeneous material and under homogeneous deformation, the author

gives an equivalent local model in a chosen basis of reference:

Cijkl =
∫
Hδ

∫
Hδ

K
ik
< ξ, ζ > ξjζldVζdVξ (A.26)

where Cijkl are the equivalent stiffness coefficients and Hδ is a sphere of radius δ in

the body Ω. The modulus state K is a symmetric tensor. The symmetries of the

stiffness tensor C are then the major and minor symmetries. Any classical anisotropy

can be reproduced in the non-local framework of the state-based theory.

x p
q

_ _
_

�

Figure A.2: The point q interacts indirectly with x because p is in the horizon of both
x and q

The evident downside of this method is the high calculation cost that comes from

an additional level of integration.
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The Cosserat model

Using an additional set of equations to evaluate the angular behavior of the bond has

been applied in the modified virtual internal bond method ([70]), where an additional

R-bond is introduced. This bond depends on the rotation of a pairwise bond. Another

method is introduced in the Micropolar peridynamic model presented by [71], based

on a Cosserat model. Here, we present the micropolar peridynamic model.

The micropolar peridynamic model relies on a Cosserat continuum extrapolated

to a non-local model. The Cosserat model is a contact force model built around the

introduction of couples and angles as additional static and, respectively, kinematic

variables. Static equilibrium is given by:

σji,j + bi = 0 (A.27)

mji,j + εijkσjk + ci = 0 (A.28)

where σ is the Cosserat stress tensor, m is the Cosserat couple, εijk is the permutation

tensor, bi is the body force and ci is the body couple force.

Cosserat constitutive relations are given by:

σij = Dijklekl (A.29)

mij = Mijklκkl (A.30)

where D and M are fourth-order stiffness tensors, e is the strain operator and κ is

the curvature operator. e and κ are coupled, linked through the relation:

κij = −εijkelj,k (A.31)

The author took advantage of this model to create a Cosserat-like peridynamics

approach. It increases the size of the system by adding equations on moments in the
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equilibrium:

∫
Hδ(x)

f(p→ x)dVp + b = 0 ∀x ∈ Ω (A.32)∫
Hδ(x)

m(p→ x)dVp + c = 0 ∀x ∈ Ω (A.33)

where f(p → x) ( respectively m(p → x)) is the force (respectively the couple) of p

over x.

In three dimensions, a force vector, F x,p = [f
x
,mx, fp,mp], and a kinematic vector,

Ux,p = [ux, θx, up, θp], are associated with each bond, (x, p), where ux and θx are the

displacement and rotation of node x, respectively. The constitutive equation is then

given by:

F x,p = K
x,p
Ux,p (A.34)

The stiffness tensor K
x,p

is symmetric and depends on parameters of the bond such

as its direction, length, effective section and quadratic moment of inertia. Despite

the difficulty in associating a physical meaning while choosing these parameters, this

model has enough independent variables to completely represent anisotropy in an

equivalent Cosserat continuum.
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Centrosymmetry of the micromodulus

To satisfy the conservation of linear momentum and under the choice of a centered

force, c̄ has to be centrosymmetric. Indeed, in a central force representation, the

conservation of linear momentum is obtained when:

f(p→ x) = −f(x→ p) (A.35)

Using Eqs. 2.60 and 2.62, it leads to:

c̄(θ, φ, ‖ξ‖) = c̄(π − θ, π + φ, ‖ξ‖) (A.36)

Eq. A.36 being the definition of the centrosymmetry of c̄.

By construction, c̄ defined as:

c̄(θ, φ, ‖ξ‖) =
c(θ, φ, ‖ξ‖) + c(π − θ, π + φ, ‖ξ‖)

2
(A.37)

is centrosymmetric.

Proof

Let c(θ, φ, ‖ξ‖) be an arbitrary periodical C1 function. c(θ, φ, ‖ξ‖) can be written

as the sum of a centrosymmetric function and a centroantisymmetric function:

c(θ, φ, ‖ξ‖) = cs(θ, φ, ‖ξ‖) + ca(θ, φ, ‖ξ‖) (A.38)

where

cs(θ, φ, ‖ξ‖) = cs(π − θ, π + φ, ‖ξ‖) (A.39)

and

ca(θ, φ, ‖ξ‖) = −ca(π − θ, π + φ, ‖ξ‖) (A.40)
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Using Eqs. A.37 and A.38 yields:

c̄(θ, φ, ‖ξ‖) = cs(θ, φ, ‖ξ‖) (A.41)

c̄(θ, φ, ‖ξ‖) is then always centrosymmetric for any choice of c(θ, φ, ‖ξ‖).

As a result, if we choose a centrosymmetric c(θ, φ, ‖ξ‖), we end up with c̄(θ, φ, ‖ξ‖) =

c(θ, φ, ‖ξ‖), the choice that we assume for simplification throughout this paper.
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Null coefficients in C

The symmetry property of the integrand of Eq. 2.64 leads to the null coefficient in

the stiffness tensor C. Ift we work in a specific basis (1, 2, 3), Eq. 2.64 can then be

written as:

Cijkl =
∫
Hδ(x)

c(θ, φ, ‖ξ‖)ξiξjξkξl
2‖ξ‖2

dVp ∀i, j, k, l ∈ (1, 2, 3) (A.42)

It appears that any permutation of a specific choice of (i, j, k, l) does not change

the result of the integrand. Given that there are only three orthogonal directions

(namely (1, 2, 3)), we can distinguish three major cases that are not affected by these

permutations.

i = j = k = l; i = j 6= k = l; i 6= (j, k, l) (A.43)

In the third case (i 6= (j, k, l)), it is possible to identify that the symmetry property

of the integrand will lead to null coefficients of C. Indeed, the function c(θ, φ, ‖ξ‖)

is centrosymmetric and the domain of integration is spherical, centered on x, which

leads to:

- If j 6= k = l , ξkξl is a centrosymmetric term, ξj and ξi are antisymmetric and

orthogonal, the integrand is antisymmetric: the resulting integral is null.

- If j = k = l , ξkξlξj and ξi are antisymmetric and orthogonal, the integrand is

anti-symmetric: the resulting integral is also null.

As a result, we obtain Eq. 2.69:

CP (ijkl) = 0 if i 6= (j, k, l) ∀ P (i, j, k, l) permutations of(i, j, k, l) (A.44)
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Spherical harmonics

Spherical harmonics are built using generalized Legendre polynomials (see Eqs. A.46

to A.50) to create an orthogonal base of function. The base of spherical harmonics

Sij (see Fig. A.3) is constructed as follows:

Sij = P j
i (cos(θ))(aijcos(jφ) + bijsin(jφ)) i, j ∈ N (A.45)

P 0
2 (cos(θ)) = 1

4
(1 + 3cos(2θ)) (A.46)

P 2
2 (cos(θ)) = 3sin(θ)2 (A.47)

P 0
4 (cos(θ)) = 1

64
(9 + 20cos(2θ) + 35cos(4θ)) (A.48)

P 2
4 (cos(θ)) = 15

4
(5 + 7cos(2θ)) sin(θ)2 (A.49)

P 4
4 (cos(θ)) = 105sin(θ)4 (A.50)

(a) (b) (c)

(d) (e) (f)

Figure A.3: Spherical harmonics used for the generation of non-local anisotropic
models. a) S22 with a22 = 1 and b22 = 0, b) S42 with a42 = 1 and b42 = 0, c) S44 with
a44 = 1 and b44 = 0, d) S20 with a20 = 1, e) S40 with a40 = 1, f) S00 with a00 = 1
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