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ABSTRACT

Bidirectional Fano Algorithm for Lattice Coded MIMO

Channels

Hessa AlQuwaiee

Recently, lattices - a mathematical representation of infinite discrete points in the

Euclidean space, have become an e�ective way to describe and analyze communication

systems especially system those that can be modeled as linear Gaussian vector channel

model. Channel codes based on lattices are preferred due to three facts: lattice codes

have simple structure, the code can achieve the limits of the channel, and they can

be decoded e�ciently using lattice decoders which can be considered as the Closest

Lattice Point Search (CLPS).

Since the time lattice codes were introduced to Multiple Input Multiple Out-

put (MIMO) channel, Sphere Decoder (SD) has been an e�cient way to implement

lattice decoders. Sphere decoder o�ers the optimal performance at the expense of

high decoding complexity especially for low signal-to-noise ratios (SNR) and for high-

dimensional systems. On the other hand, linear and non-linear receivers, Minimum

Mean Square Error (MMSE), and MMSE Decision-Feedback Equalization (DFE),

provide the lowest decoding complexity but unfortunately with poor performance.

Several studies works have been conducted in the last years to address the problem

of designing low complexity decoders for the MIMO channel that can achieve near

optimal performance. It was found that sequential decoders using backward tree
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search can bridge the gap between SD and MMSE. The sequential decoder provides

an interesting performance-complexity trade-o� using a bias term. Yet, the sequential

decoder still su�ers from high complexity for mid-to-high SNR values.

In this work, we propose a new algorithm for Bidirectional Fano sequential Decoder

(BFD) in order to reduce the mid-to-high SNR complexity. Our algorithm consists of

first constructing a unidirectional Sequential Decoder based on forward search using

the QL decomposition. After that, BFD incorporates two searches, forward and

backward, to work simultaneously till they merge and find the closest lattice point

to the received signal. We show via computer simulations that BFD can reduce the

mid-to-high SNR complexity for the sequential decoder without changing the bias

value.
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Chapter 1

Introduction

Lately, wireless communication has witnessed a huge growth in the industry. From

satellite, cellular systems to the wireless networks. Users demand has pushed research

to develop communication systems, overcome technical challenges to replace the wired

network and to achieve the vision of the a wireless world, reliable communication links

with high data rate.

Data source Channel
Encoder

Channel

Channel
DecoderData sink

Transmitter

Receiver

Figure 1.1: Basic block diagram of a communication system

Any communication system mainly consists as shown in figure 1.1 of three el-

ements: the transmitter, the receiver, and the channel. At the transmitter side, a

message W is picked from the index set {1, 2, . . . , M}. After that, the channel en-

coder maps the message into m-tuple sequence x(W ) = [x
1

(W ), x

2

(W ), . . . , xm(W )].
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Moreover, the encoder constructs a codebook C with all m-tuples (codewords) such

that C = {x(1), x(2), . . . , x(M)}, with |C| = M where |C| is the cardinality of the

codebook. Code rate R is then given by

R = 1
m

log
2

|C| (1.1)

Next, the coded message {x(W ) : 1 Æ W Æ M} is passed into the channel. The

channel is the physical medium which exists between the two sides of the system, the

transmitter and the receiver. After the channel, the noise is introduced and it disturbs

the data sent. Once the message is detected by the receiver, the decoder recovers the

data and extracts the information with the lowest error possible, {x̂(W ) : 1 Æ W Æ

M}.

There exists two commonly used parameters to measure the performance of the

communication system. The first one is data rate which is given in (1.1). The second

one is the Decoding Error Probability, Pe. Since all codewords are transmitted with

equal probability, Pe can be defined as

Pe = Pr(x̂(i) ”= x(i)) 1 Æ W Æ M. (1.2)

Designing a low encoding/decoding complexity schemes that can achieve the fun-

damental limits of the channel has been the goal of many research works. However,

it has been shown that any enhancement to the error performance may lead to an

increase in the decoding/encoding complexity or a reduction in the data rate, R.

Here, in this work we provide a new decoding algorithm achieving close to the opti-

mal performance with reduced complexity but first, some background about di�erent

channel models were provided.
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1.1 The Linear Gaussian Vector Channel Model

Many of today’s communication systems can be described by the linear Gaussian

vector channel model which can be modeled as

yc
t = Mc

txc
t + wt

c 1 Æ t Æ T (1.3)

such that

T is the total channel uses.

yc
t œ CN◊1 is the channel output vector at time t.

xc
t œ CM◊1is the channel input vector at time t.

wc
t œ CN◊1 is the complex additive white Gaussian noise where entries are indepen-

dent identical distributed (i.i.d) Gaussian random variables with zero mean and

unit variance wi ≥ CN (0, 1).

Mc
t œ CN◊M is the channel linear mapping matrix.

A well-known channel model that can fall under (1.3) is the Additive White Gaussian

Noise (AWGN) channel which is explained next.

1.1.1 The Power-Constrained AWGN Channel

In this model, M = N = 1 and Mc
t = Ô

fl such that fl is the average signal-to-noise

ratio (SNR) at the receive antenna. The channel model (1.3) then becomes after T

channel uses as follows:

yc = Ô
fl xc + wc (1.4)

such that xc is the transmitted codeword selected from the codebook C satisfying
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the power constraint given by

1
|C|

ÿ

xcœC
ÎxcÎ2 Æ T (1.5)

yc is the received codeword and wc is the complex additive white Gaussian noise.

For such a system, it is decoded optimally using the Maximum A Posteriori Prob-

ability (MAP) as follows:

x̂c = arg max
xcœC

Pr(xc was sent|yc is received) , (1.6)

and by Bayesian rule, (1.6) becomes

x̂c = arg max
xcœC

Pr(yc is received|xc is sent) Pr(xc was sent)
Pr(yc is received) (1.7)

Since all codewords are equally probable, (1.7) becomes:

x̂c = arg max
xcœC

Pr(yc is received|xc is sent) (1.8)

This decoder always returns the optimal solution. As the noise is complex additive

white Gaussian, the conditional probability density function (pdf) of yc given xc is

expressed as

f(yc|xc) = 1Ô
2fi

exp(≠
Îyc ≠ Ô

fl xcÎ2

2‡

2

) (1.9)

To maximize (1.9), one needs to minimize the following:

x̂c = arg min
xcœC

Îyc ≠ Ô
flxcÎ2 (1.10)

(1.10) is called The Maximum Likelihood (ML) decoder.

ML decoder tends to divide the Euclidean space into subregions according to
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the distances between the codewords. ML performs an exhaustive search over the

codebook to find the codeword x̂ that maximizes (1.9). Equivalently, ML decoding

finds x̂ that has the minimum Euclidean distance to the received signal y. ML decoder

complexity grows experientially with signal dimension.

Shannon [1] has found that zero Pe can obtained if the transmission rate R becomes

below the capacity - the maximum data rate achieved by the channel, can be given

by

C = log(1 + SNR). (1.11)

This capacity is achievable only if the codeword is selected from the ensembles of

Gaussian codes that has no structure and ML is used which is impractical due to its

high complexity.

Next, Another channel model that can be described by (1.3) is discussed.

1.1.2 The Multiple-Input Multiple-Output (MIMO) Wire-

less Channel

Broadband wireless communication techniques have become an area of interest due

to the demand by mobile applications for high data rate and quality of service to

enhance real time services. This has pushed research to find ways to improve the

capacity of such systems. As an example of these techniques is MIMO technology.

MIMO technology is a mathematical model representing communication systems

employing multiple antennas in the communication system. This technology has

shown an outstanding improvements in system performance and capacity. A lot

of research has been carried out over the MIMO wireless communication systems

especially after the work done by Foschini [2] and Telatar [3].

MIMO systems have seen to outperform single-antenna-single-antenna (SISO) sys-
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tems. Also, they are commonly used to enhance the capability of the communication

system and to overcome the challenges of signal transmission that are caused by fad-

ing. Fading is a phenomena that is resulted from multi-path propagation. MIMO

technology can decrease the sensitivity to fading su�ciently by spatial diversity where

each pair of receive transmit antenna form a single path.

Diversity techniques collectively can describe any method aiming to improve error

performance by sending the same data multiple times. So at the receive side, replicas

of the same information are obtained where each replica has experienced di�erent

channel. There are multiple ways in which diversity can be achieved. Examples

include: time diversity (channel coding), Spatial (space) diversity.

Here, frequency-flat fading MIMO channel with M transmit antennas and N

receive antennas is considered. Fading can be described as flat when the coherence

bandwidth of the channel is larger than the bandwidth of the signal.

MIMO complex receive signal can be modeled as (1.3), so after T channel uses,

the channel can be mathematically expressed as

Yc = Ô
fl HcXc + Wc, (1.12)

where

Yc œ CN◊T represents the complex received signal.

fl is the average SNR at each receive antenna and defined as fl = SNR
M

.

Xc œ CM◊T represents the complex transmitted signal.

Wc œ CN◊T represents the complex additive white Gaussian noise where w

c
i ≥

CN (0, 1). The complex are real parts are i.i.d real zero mean Gaussian random

variables with variance = 1

/2.

Hc œ CN◊M represents the channel fading gain matrix where each element

{hi,j : 1 Æ i Æ N , 1 Æ j Æ M} is i.i.d zero mean complex Gaussian random
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variable with variance 1

/2 per dimension, hi,j ≥ CN (0, 1). This makes each entry

hi,j has a uniformly distributed phase and Rayleigh distributed magnitude with

mean E[|hi,j|2] = 1. This makes the channel a Rayleigh Fading channel in which

the physical distance between the transmitter and the receiver has led to the

independence in the channel gains, hi,j.

According to the variability of the channel matrix, two sub-models should be

considered as explained below where each is defined with di�erent channel capacity:

• If the coe�cients of the channel matrix change with time then the channel is

considered random as well as the information rate. Then the capacity is referred

to as ergodic capacity that is defined as the average of information rate over

the distribution of the channel matrix H [3]. Mathematically, it is given by

C(fl) = EH[log det(IM + fl (H†)H)], (1.13)

which is generally di�cult to be evaluated. However, for high SNR values the

ergodic capacity [2] can be expressed as

C(fl) = min{M , N} log fl + o(1) (1.14)

such that o(1) is 1st order operations.

Clearly, at high SNR the capacity of M◊N MIMO channel increases as min{M , N} log fl

increases compared to log fl in the SISO channel case. The term min{M , N} rep-

resents the spatial degrees of freedom in the channel through which information

can be transmitted independently. Also, it is called spatial multiplexing [2].

• When the channel matrix is random but remains unchanged during the trans-

mission time, T , then the channel is called quasi-static and the capacity can not

be called ergodic anymore. In this case, there is no chance for the channel to be
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in a deep fade. Therefore, another parameter is used to measure the limits of

the system that is outage capacity - the highest rate of reliable communication

for fixed error probability. The outage capacity captures the trade-o� between

the data rate and the error probability. The trade-o� is usually evaluated by

outage probability, Pout. An outage event is declared when the transmission

rate exceeds the capacity of the channel. Pout is then defined as

Pout = Pr({Hc : Rachiv(fl, Hc) < R}) (1.15)

such that R is the transmission rate and Rachiv is the achievable rate for the

coding and decoding scheme used.

In this study, quasi-static M ◊ N Rayleigh fading channel with a prefect Channel

State Information (CSI) at the receiver side only is considered. Mathematically, (1.12)

can describe the model with the average power constraint

E[ÎXcÎF ] Æ MT (1.16)

To fully take the advantages of MIMO channel model, special space-time coding

techniques are applied.

Space-Time Coding (STC)

Space-time coding techniques increase the data rate or\and enhance the reliability of

the communication system by exploiting the spatial diversity. This technique was first

studied in [4, 5] in order to achieve spatial diversity. Also, another research focused

on designing codes that achieve high data rates [6, 7]. Vertical-Bell Laboratories

Layered Space-Time (V-BLAST) [2] was one of the approaches that was proposed to

achieve high data rate. Furthermore, V-BLAST uses the MIMO structure e�ciently

to transmit independent data streams on each individual antenna. V-BLAST o�ers
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a detection algorithm that decodes the signal using nulling and canceling steps called

Zero Forcing Decision Feedback (ZF-DFE) [8]. V-BLAST provides full symbol rate

with low decoding complexity at the expense of poor performance especially in fading

channels.

Since then, another research work has focused on di�erent space-time transmission

schemes such as space-time trellis codes [4] and space-time block code [9]. It has

been suggested that with the orthogonal space-time block codes, full diversity can

be achieved with linear ML decoding complexity [9] but it does not provide the full

capacity in MIMO channels [10].

Furthermore, Hassaibi et. al [6] studied the Linear Dispersion (LD). LD tends

to transmit a codeword that is a linear combination of special weights matrices in

order to maximize the mutual information of the LD coded MIMO system. The only

drawback of this method is the uncertainty of obtaining a good performance.

To organize the study and the assessment of the code design, Zheng and Tse [11]

have established a fundamental trade-o� between diversity that aims to reduce Pe

and the multiplexing that leads to the increase in the data rate. It is usually refer to

this trade-o� as Diversity-Multiplexing Trade-o� (DMT).

Diversity-Multiplexing Trade-o�

Due to the di�culty in evaluating the outage probability for all SNR values, the

analysis has become easier when focusing on Pout for high SNR values. In this case, it

is referred to Pout as asymptotic outage probability. For the case of random Gaussian

code and ML decoder, Pout can be given as follows

Pout(R, fl) = Pr(R > C(fl)) as fl æ Œ (1.17)

In addition, some definitions characterizing both the diversity and the multiplexing
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were provided in [11] as follows

Definition Given a space-time codes C with a certain code block length T , M and

N transmit and receive antennas respectively, rate R(fl) and Pe(fl) can achieve

multiplexing gain r and diversity gain d as follows

r = lim
flæŒ

R(fl)
log(fl) d = ≠ log Pe(fl)

log(fl) , (1.18)

using the definition above along with some mathematical analysis, they have

reached that the asymptotic outage probability can be given as

Pout(fl, r log fl) = fl

≠dú
out

(r) (1.19)

such that d

ú
out(r) is the best attainable SNR exponent and defined as

Theorem 1. For any T Ø N + M ≠ 1, the optimal diversity-multiplexing trade-o�

curve is piecewise function d

ú
out interpolating the points

r = k, d = (M ≠ k)(N ≠ k), for 0 Æ k Æ min{M , N} (1.20)

The trade-o� defined in theorem 1 describes the performance limitations of the

quasi-static MIMO channel. It shows two extreme limits of the channel. As r = 0, d =

MN , the maximum diversity gain is achieved. On the other hand, if r = min{M , N},

a full degrees of freedom is obtained but with the worst performance. The approach

used to derive such theorem su�ers from two main draw backs: the first one is that

the Gaussian codes used are unstructured. The second one is that they have assumed

using ML decoder which is impractical since its complexity increases exponentially

with the number of transmit antennas used in the system [11] .

In recent years, there has been a lot of work to find low complexity encoding/de-

coding schemes that achieve the optimal DMT of both AWGN and MIMO channels
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with performance close to ML. The work by Buda in [12] was the first to investigate

that structured codes on AWGN channel based on lattices can achieve high data rate

close to the capacity for high SNR regime. Lattices [13] - a mathematical representa-

tion of any discrete set of points in the Euclidean space, has been used to construct

most of traditional block and convolutional codes.

The attractive thing about lattice codes is the decoder design. Lattice codes can

be e�ciently decoded using lattice decoders - a decoder that maps the received signal

to the closest lattice point in the space regardless of the code. This might reduce the

complexity with near-optimal performance especially for small signal dimensions or

mid-to-high SNR values. More details about lattices and lattice coding are listed in

Chapter 2.

Furthermore, Polytrev [14] was studying the unconstrained AWGN channel with

infinite lattice channel input. The study has revealed that first, the normalized density

of the lattice is an essential parameter to analyze the performance limits of lattice

coding scheme if decoded using lattice decoders. Second, it was proved that a rate

up to log(fl) can be achieved if only finite lattice was transmitted as codewords with

fixed power constraint.

Opposing to the last two observations by Polytrev, Loeiger [15] has shown that

rates up to log(fl) can be achieved if linear lattices were employed. Linear lattices

are constructed by following construction A [13] that uses linear codes over p-prime

number of integers. Construction A will be explained further in Chapter 2.

Observing the above studies, low coding/decoding complexity design is doable but

at the expense of some degradation in the performance and that is clear from losing

the term 1 in the capacity of AWGN channel, log(1 + fl). An interesting discussion

could be established to investigate this loss, is it because of using the structured

lattice codes or due to lattice decoding. For that, some has examined this issue and

concluded that the capacity of the AWGN channel under ML decoder can be obtained
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if Spherical lattice codes were used [16].

Interestingly, Erez and Zamir [17] have clarified an important thing which is that

a rate up to log(1 + fl) can be realized when using lattice coding and decoding with

the minimum-mean square error (MMSE) estimator. In their study, nested lattices

were used to generate nested codes. This model has shown to outperform capacity-

achieving lattice codes such as spherical codes because of its low encoding complexity.

The methodologies used to study codes design for AWGN were extended to be

used on MIMO channel. Similarly, extensive research work has been carried out

to find coding/decoding schemes that achieve the optimal trade-o�. The research

conducted by El-Gamal et. in [18] has shown a fundamental result. Based on lattice

codes designed for AWGN, they have found that Lattice Space-time (LAST) coding

can achieve the optimal DMT for the MIMO channel. Another significant thing about

the LAST codes is that they can be decoded using lattice decoders. The optimal trade-

o� achievement were done by using Minimum Mean-Square Error Decision-Feedback

equalization (MMSE-DFE) [19] [20].

Sphere Decoder (SD) was the first lattice decoder in the literature based on Ficnke-

Pohst and Schnorr-Euchner (SE) enumerations [21, 22] . Sphere decoder o�ers the

same performance as ML decoder with lower complexity particularly for high SNR

values and for small signal dimensions. Although complexity analysis for sphere

decoder is known to be di�cult, some previous work had tried to investigate it. For

instance, the work by Hassibi and Vikalo [23,24] has focused on finding the mean and

the variance of the complexity especially for uncoded MIMO channel. Also, they have

examined the complexity distribution of SD for coded MIMO channel and reached

that the computational tail distribution falls is of a Pareto-type with tail exponent

given by N + M ≠ 1. In Chapter 2, we provide an algorithmic description of how SD

was implemented along with computer simulations.

Unluckily, Sphere decoder has been reported su�ering two critical issues: first, the
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issue of finding the optimal radius of the sphere that ensures the existence of lattice

points enclosed by the sphere. The second is that SD becomes so computational

expensive for low-to-mid SNR values and for high-dimensional systems [23].

On the other hand, another classes of decoders, linear and non linear decoders,

minimum mean-square error zero-forcing (MMSE-DFE), minimum mean-square er-

ror (MMSE), have been implemented in many practical communication systems to

substitute lattice decoders for MIMO channels [2,25,26]. These decoders o�er a very

low complexity at the expense of poor performance.

The problem of designing low-complexity receivers for the MIMO channel that

achieve optimal performance is considered challenging and has driven much research

in the past years.

The extreme approaches provided by the linear and Sphere decoders have en-

couraged research to design new decoders for MIMO channels that performs near-

optimally with low decoding complexity. It was found that Lattice sequential decod-

ing can bridge the gap between them.

It is widely known that sphere decoders can be considered as a tree search al-

gorithm to find the closest lattice point to the received signal. A unified framework

suggested by Murugan et. al. [27] analyzes and explores solutions to the closest lattice

point search (CLPS) problem. The framework has shown that sequential decoding

algorithms can also perform the search. The operation of the sequential decoder can

be done using the two well known algorithm in the literature Fano and Stack [28] [29].

In the literature, these two algorithms were designed to decode convolutional codes

in the discrete memoryless channel instead of ML. For instance, it has been shown

that Sequential decoder can reach close to the ML performance with complexity

that is linearly proportional to the constraint length only if the transmission rate is

below the cut o� rate [30]. In the same way, it was found for the uncoded MIMO

channel (V-BLAST), the maximum receive diversity is achievable along with decoding
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complexity that is linearly proportional to the signal dimension [27]. Moreover, the

optimal DMT can be achieved by the Fano sequential decoder with low decoding

complexity as shown in [31]. However, via simulations it was clear that sequential

decoder su�ers from high complexity for mid-to-high SNR values.

In this work, we propose a new decoding algorithm for the Fano sequential decoder

that is based on bidirectional tree search in the favor of reducing the complexity of the

unidirectional Fano sequential decoder especially for mid-to-high SNR. The proposed

bidirectional Fano sequential decoder has shown via computer simulations a reduction

in the complexity compared to the unidirectional decoder that can reach to 50%.

1.2 Outline

The thesis is organized as follows: in Chapter 2, we briefly describe lattice theory as

well lattice coding and decoding. We review some studies proving that LAttice Space

Time Codes (LAST) codes can achieve the optimal DMT under lattice decoding

for MIMO channel. Also, we review existing lattice decoders for the quasi-static

LAST coded MIMO, sphere decoder and Fano sequential decoder. In Chapter 3, we

provide a detailed description of the new proposed algorithm including flowcharts and

pseudo-code and providing computer simulations showing the complexity reduction

improvement compared to the unidirectional Fano sequential decoder.
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Chapter 2

Lattice Coding and Decoding

This chapter deals with the theory of lattices and how it has emerged to be the

basis of our coding scheme. The chapter can be divided into three main parts. The

first part focuses on the theory behind lattices and reviews some basic properties

that play an important rule in constructing LAST codes. The second part describes

the construction of LAST that fits the model considered in this work, the linear

Gaussian vector model. Finally, the third part discusses the existing solutions to

lattice decoding that is referred to as CLPS methods.

2.1 Lattice Theory

Lattices have graped the attention due to its simple structure. A lattice � is a

discrete point set in a Euclidean space, Rm,that are closed under vector addition [32],

i.e., { x, ⁄ œ � : x + ⁄ œ �}. Let {g
1

, g
2

, . . . . . . gm} be m-linearly independent real

vectors in Rm. Any point x in the lattice � can be seen as a linear combinations of

the vectors gi with integer coe�cients. Mathematically, it can be expressed as

x = z

1

g
1

+ z

2

g
2

+ · · · + zmgm (2.1)
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such that zi’s are the integer coe�cients. Hence, we can write (2.1) as

x = Gz, (2.2)

where G whose columns are g
1

, g
2

, . . . , gm is an m ◊ m full rank lattice generator

matrix. Thus, an m-dimensional lattice � can be defined [27] as,

� = {x = Gz : z œ Zm}, (2.3)

such that Zm is the m-dimensional integer space. Equivalently, any lattice � can be

described as a linear transformation of the integer lattice, Zm.

Figure 2.1: R2 Lattices: (left) the rectangular lattice with G =
C
1 0
0 1

D

. (right) The

hexagonal lattice with G =
C

0 1Ô
3

2

1

2

D

.

Each lattice point x œ � is associated with a bounded region, Ex œ Rm. The

bounded region E is called the fundamental region of the lattice � if each element in

Rm can be expanded distinctively as the sum of an element in Ex and a lattice point

in �. There are two well-know types of the fundamental region of the lattice �
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P

(a) Paralletope

V

(b) Voroni

Figure 2.2: Examples of the fundamental regions for the hexagonal lattice

• Paralleltope P as shown in figure 2.2.a which is defined as

P = {u

1

g
1

+ u

2

g
2

+ . . . . . . umgm} 0 Æ ui Æ 1 (2.4)

• Voroni cell Vx as shown in figure 2.2.b, which is considered in this context, can

be defined as for a lattice � generated by G, the Voroni cell is the set of all

points in Rm that are closer to x than any other lattice point ⁄. Mathematically,

it can be defined as

Vx(G) = {u œ Rm : Îx ≠ uÎ Æ Î⁄ ≠ uÎ, x ”= ⁄ œ �}. (2.5)

The fundamental region E is linked with other parameter that is the volume, Vf (�).

The volume of all fundamental regions of � is independent of the shape but rather

depends on the generator matrix, G, and given by

Vf (�) =
Ò

det(GTG). (2.6)
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Next, we review some essential properties of the lattice � whose fundamental

region is the Voroni cell V :

1. The quantization function (the nearest neighbor quantizer) of a lattice � can

be defined as

Q�(u) = arg min
⁄œ�

Î⁄ ≠ uÎ. (2.7)

The quantization function finds the closest lattice points to the point u. In

other words, the quantization function finds the points in which u lies in their

Voroni cells. Thus, (2.5) can be then rewritten as

V⁄(G) = {u œ Rm : Q�(u) = ⁄}. (2.8)

2. The modulo-lattice function of u œ Rm

[u] mod ⁄ = u ≠ Q⁄(u). (2.9)

3. The second moment per dimension of � is defined as follows

‡

2(�) = 1
m

E{ÎuÎ2} (2.10)

4. Nested Lattices: {�, �̂} is a pair of m-dimensional lattices which can be nested

if �̂ µ � and their generator matrices G, Ĝ are related in Ĝ = NG such that

N œ Zm◊m is an integral matrix with determinant greater than 1 [13].

Here in this work, one type of nested lattice is considered that is the self-similar

lattices. In these lattices, N = Q œ Z+ that can be called a scaling factor.

Thus, �̂ is seen as a scaled version of �

So far, the essential overview of lattices were provided. Next, LAST codes con-

struction is discussed.
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2.2 Lattice Coding

Many research works have been conducted to design good lattice codes especially

for the general linear Gaussian vector channel model such as quasi-static MIMO,

interference and multiple access channel. Lattice codes are preferable for three main

reasons: the low encoding complexity compared to the unstructured Gaussian codes,

its capability to achieve the fundamental limits and more significantly they can be

e�ectively decoded using lattice decoders.

Although structured lattice codes are studied, random lattice codes have been

the basis of our results. Explicit lattice codes for many communication systems can

achieve the fundamental limits and that can be seen in [33]. In any case, in this

context the main focus is not the codes construction but the decoder design. The

main objective behind this work is to design a low-complexity decoder achieving

near-optimal performance.

In the literature, lattices were used powerfully to construct both block and con-

volutional codes for the linear Gaussian vector channel model [34]. Here, linear block

codes are built based on lattice codes. Lattice code C(�c, u
0

, R) is constructed in a

simple way by the intersection of a lattice �c, called coding lattice (or a translate of

a lattice �c + u
0

), with a bounded region R.

Definition An m-dimensional lattice code C(�c, u
0

, R) is the finite subset of the

lattice �c + u
0

inside the shaping region R

C(�c, u
0

, R) = {�c + u
0

} fl R, (2.11)

where R is a bounded measurable region of Rm.

Choosing the bounding region R is according to two criterion: the input power

constraint and the transmission rate while u
0

is chosen such that the number of
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Figure 2.3: A nested code C = {�c + u
0

} fl Vs where R = Vs such that Vs is the
fundamental region of the shaping lattice �s

lattice points enclosed in R is maximized. This maximization can occur if no lattice

points exist on the boundary of R. For instance, if the self-similar nested lattice is

considered with Gs = QGc then the total number of codeword in the code C can be

evaluated as

|C| = Volume of the voroni cell of the nested lattice �s

Volume of the fundemental region of the lattice �c

= V (Vs)
Vf (�) = Qm (2.12)

and the rate can be given

R = 1
m

log |C| = log Q. (2.13)

Generally, determining u
0

for any dimension seems a di�cult problem. Therefore,

the random technique suggested by [15] is considered as follows

For any � and R, there exists u
0

such that

|C(�, u
0

, R) Ø V (R)
Vf (�) .

Furthermore, the characteristics of the shaping region R can determine the lattice

code to be constructed. For instance, if R is sphere, then the code constructed is called

Spherical lattice code. Another example is if the shaping region is the Voroni region
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of another lattice �s where �s µ �c then the constructed lattice code is called nested

lattice code and �s is called the shaping lattice.

Definition in Rm, let �c be a lattice and �s a sub-lattice of �c then the nested

lattice code defined by partitioning �
c

/�
s

can be given by

C = »c fl Vs (2.14)

such that Vs is the fundamental region of �s

In this context, nested lattice code is considered. In particular, Construction

A [13] [15] is followed where Loeliger’s ensembles of mod-p such that p is a prime

number are used. Construction A can be outlined as below

I. Generate all lattices

�p = Ÿ (C + pZm) (2.15)

given that Zm is the field of mod-p lattices, C µ Zm is a linear code over Zm

with Gp = [I PT]T, where P is the (m ≠ k) ◊ k parity check matrix. The

scaling coe�cients p æ Œ, k æ 0 are chosen such that the fundamental volume

Vf (�p) = 1

II. Considering self-similar nested lattices, find the shaping lattice as

�s = „�p (2.16)

such that „ is chosen according to the input the power constraint.

III. Finding the coding lattice �c as

�c = ’�s (2.17)

such that ’ is chosen to satisfy the transmission rate constraint.
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Interestingly, the generator matrix for �p is a lower triangular matrix defined as

Gp = Ÿ

Q

cca
I 0

P flI

R

ddb . (2.18)

In order to apply the constructed lattice codes, the model (1.12) must be vectorized

as follows:

S

WWU
Ÿ(Yc)

⁄(Yc)

T

XXV =
Û

SNR
M

S

WWU
Ÿ(Hc) ≠⁄(Hc)

⁄(Hc) Ÿ(Hc)

T

XXV

S

WWU
Ÿ(Xc)

⁄(Xc)

T

XXV +

S

WWU
Ÿ(Wc)

⁄(Wc)

T

XXV (2.19)

with

S

WWU
Ÿ(Xc)

⁄(Xc)

T

XXV =

S

WWU
Ÿ(xc

1

) . . . . . . Ÿ(xc
T )

⁄(xc
1

) . . . . . . ⁄(xT
c)

T

XXV

2M◊T

then we define x such that

x =
5
Ÿ(xc

1

) ⁄(x
1

c) . . . . . . Ÿ(xc
T ) ⁄(xT

c)
6T

2MT ◊1

In a similar fashion, y and w are as

y =
5
Ÿ(yc

1

) ⁄(y
1

c) . . . . . . Ÿ(yc
T ) ⁄(yT

c)
6T

2NT ◊1

w =
5
Ÿ(wc

1

) ⁄(w
1

c) . . . . . . Ÿ(wc
T ) ⁄(wT

c)
6T

2NT ◊1

and (2.19) becomes

y = Mx + w (2.20)

y = Bz + w (2.21)
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such that

M = IM ¢
Û

SNR
M

S

WWU
Ÿ(H) ≠⁄(H)

⁄(H) Ÿ(H)

T

XXV

B = MG

Letting m = 2MT and n = 2NT , then x œ Rm, y œ Rn, w œ Rn and M œ Rn◊m

while ¢ refers to the Kronecker Multiplication.

Any M ◊ T coding scheme can be called LAttice Space-Time (LAST) code if its

modified codebook (created by (2.20)) can be considered as a lattice code with dimen-

sion equals to m = 2MT . Moreover, space time code design implies the construction

of a new codebook C œ Rm with code rate R = 1

m
log(|C|) and the input x satisfying

the input averaging power constraint [18]

1
|C|

ÿ

xœCm

ÎxÎ2 Æ m

2 . (2.22)

2.3 Lattice Decoding

2.3.1 Introduction

Finding a low complexity decoder that provides near-optimal performance has been

under intensive research work by the information theorists. For the model used in

this context, the linear Gaussian channel, it is known that the ML decoder is the

optimal in the sense of minimizing decoding error probability by searching over all

lattice points (codewords) in the code C. It was reported that ML decoder under

random Gaussian ensembles can achieve the capacity of the channel.

ML tends to divide the Euclidean space into subareas according to the distances

between the codewords in the code C. These subareas are optimal since they are the
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reason behind the minimum error probability o�ered by ML. For the linear Gaussian

channel (2.20), ML can be defined as

x̂ = arg min
xœCm

Îy ≠ MxÎ2. (2.23)

The search over all codewords in C is done by a search algorithm (e.g., the sphere

decoder) taking the boundary of the shaping region R into account, boundary control.

This leads to significant increase in the complexity. The exponential complexity of

ML has made the practical implementation of this decoder infeasible and designing

a low-complexity decoder with near-optimal performance a challenging task.

Lattice decoders, which is believed to reduce complexity, start by relaxing the

boundary control. It has shown that relaxing the boundary control can reduce the

complexity at the expense of performance loss. Lattice decoders maps the received

signal to the closest lattice point whether it belongs to the code C or not. Thus,

(2.23) can be replaced by

x̂ = arg min
xœ�

c

Îy ≠ MxÎ2 (2.24)

Numerous research works have been done to study the information-theoretic limits

of Lattice coding and decoding over the linear Gaussian channel model (2.20) [14,

15, 17, 18, 23]. For such a channel, it was found that Lattice ambiguity decoder as

an interesting approach through which the rate achievability of lattice coding and

decoding schemes could be proven. This approach was first proposed by Loeliger [15]

and extended by El Gamal et. al. in [18] to be applied on the quasi-static MIMO

channel to find the achievable rate.

For the power constrained AWGN channel and based on the same approach, the

achievable rate can be expressed [31]

R < log fl (2.25)



36
Clearly, for high SNR values lattice coding and decoding achieves near capacity since

the capacity of AWGN is given by log(1 + fl). The absence of the term 1 in formula

causes performance loss especially for low SNR and fl < 1.

In contrast, it has been shown that lattice coding for AWGN can achieve the

capacity rate if the channel is transformed into a modulo additive noise channel

where lattice decoding is performed under MMSE [17] and the rate is given by

R < log(1 + fl) = C (2.26)

On the other hand, some research has been carried out to find the achievable rate

for the outage limited M ◊ N MIMO channel. Based on the same approach used for

AWGN, it has been found that the rate can be given as [31]

R < log det(MTM) 1

2T = log(fl(Ĥ)HĤ) (2.27)

where Ĥ = 1Ô
fl
M. It is common in the literature that the lattice decoder (2.24) is

called the naive lattice decoder. As observed in (2.27), the identify matrix IM is

omitted which causes performance degradation for all SNR values due to the channel

being in a deep fade. According to Erez and Zamir [17], the decoder (2.24) can not

achieve the optimal diversity-multiplexing trade-o� for any given values M , N and T .

At the same time, they have reported that the performance of lattice decoding for

MIMO systems can be enhanced greatly if a minimum-mean square error (MMSE)

preprocessing was applied. Moreover, using MMSE decision feedback equalization

(MMSE-DFE) before lattice decoding leads to achieving the optimal DMT of the

MIMO channel.

Through MMSE-DFE preprocessing and extending it to mod-� (see [17] and [31]
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for more details), the decoder (2.24) is reduced to

ẑ = arg min
zœZm

Îy ≠ BzÎ2 (2.28)

such that B = MG.

The attractive thing about mod-� [18] is :

• For a fixed channel matrix H, Lattice space-time codes with MMSE-DFE lattice

decoding can achieve the rate of

R

mod

(H, fl) = log det(IM + fl(H)HH) (2.29)

• Under mod-�, Nested lattice codes with block length T Æ M + N ≠ 1 can

achieve the optimal trade-o�.

2.3.2 Overview of Lattice Decoders

So far, it is clear that with LAST codes, lattice decoders which is referred to as CLPS

can achieve near-optimal performance to ML decoding problem. Finding solutions to

CLPS makes the design of near-optimal decoders with much lower complexity easier.

Thus, Murugan et. al. [27] have proposed a framework that listed the steps needed to

solve the decoding problem of any linear channel code, here, nested lattice space time

code is considered and the decoding problem is CLPS. So, the framework is exploited

in designing new solutions to CLPS. The framework stated that the decoding problem

can be seen as tree search algorithm, finding the optimal path in the tree means finding

nearest codeword to the received signal y.

The main theme of this framework is based on sphere decoder that constructs

a sphere of radius
Ô

r around the received signal y; if any lattice point exists in-

side the sphere, then ML solution is guaranteed. Otherwise, the radius is updated
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and the search is restarted. The framework analyzes and explores some varieties of

sphere decoding algorithms in addition to extending them to the sequential decoding

algorithms.

The framework consists of two main stages: the first one is called preprocessing

which depends mainly on the code used. As seen in the previous chapter, MMSE-

DFE is used. Also, this step allows forming the tree by decomposing the channel-code

matrix MG in (2.21) using QR decomposition via Gram-Schmidt orthogonalization

Bn◊m =
5
Q Q̂

6
S

WWU
R

0

T

XXV (2.30)

Assuming that n Ø m, Q œ Rn◊m (Q̂ œ Rn◊(n≠m)) is a unitary matrix, R œ Rm◊m

is an upper triangular matrix with positive diagonal elements and 0 is (n ≠ m) ◊ m

zero matrix. Applying (2.30) into (2.21) with m = n

y = QRz + w

Qty = Rz + Qtw

yÕ = Rz + wÕ (2.31)
S

WWWWWWWWWWU

y

Õ
1

...

...

y

Õ
m

T

XXXXXXXXXXV

=

S

WWWWWWWWWWU

r

1,1

. . . . . . r

1,m

0 . . .
ri,j

...
... 0 . . . ...

0 . . . 0 rm,m

T

XXXXXXXXXXV

S

WWWWWWWWWWU

z

1

...

...

zm

T

XXXXXXXXXXV

+

S

WWWWWWWWWWU

w

Õ
1

...

...

w

Õ
m

T

XXXXXXXXXXV

(2.32)

such that yÕ = Qty and wÕ = Qtw. Hence, (2.28) can be expressed as

ẑ = arg min
zœZm

ÎyÕ ≠ RzÕÎ (2.33)

By decomposing the matrix B, a tree of m layers (levels) is constructed. At the
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ith level, the node {zi, 1 Æ i Æ m} can take infinite values. The root node z

1

is

defined as any node belongs to the first layer of the tree. Similarly, the leaf node

zm is defined as any node belongs to the mth layer of the tree. A branch in the

tree is defined as the line connecting a pair of nodes. A tree path (zi
1

) in the tree is

defined as the line connecting multiple branches ,i.e, z

i
1

= {z

1

, . . . . . . zi} is a tree path

connecting root node to the node on the ith level. A complete path z

m
1

is defined as

the path connecting the root and the leaf nodes. Any branch ending at zk in the tree

is associated with a metric denoted by wk(zk
1

). Accordingly, each node zk is associated

with a path cost that is the sum of the branch metrics given by

kÿ

i=1

wi(zi
1

) (2.34)

Specifically, due to the form of R, an upper triangular matrix, the tree root node

found at the first layer is zm, which is the last element in the lattice point z, while the

leaf node is z

1

. Furthermore, a path in this tree is defined as z

m
i = {zi, zi+1

, . . . zm}

and the branch metric becomes equal to wi(zm
i ). Therefore, the node zk at the kth

level is associated to a path cost that is the sum of branch costs given by

mÿ

i=k

wi(zm
i ) (2.35)

where

wi(zm
i ) = |yÕ

i ≠
mÿ

j=i

ri,jzj|2 (2.36)

such that the nodes with the least distance squared (2.35) are selected.

The tree constructed by lattice codes is di�erent than the one constructed by

trellis or convolutional codes, lattice code tree consists of finite real numbers. Finally,

after constructing the tree, the second stage of the framework starts that is the tree

search. The main goal behind the search is to find the best path in the tree that



40
corresponds to the closest lattice point to the received signal y.

Checking all the nodes in the tree will result in increasing the complexity. This

contradicts the main purpose of constructing the framework, that is to lower the

complexity. Hence, to limits the number of nodes to be checked, Branch and Bound

algorithm [35, 36] was used as a basis of the tree search algorithm analyzed by the

framework. Branch and Bound algorithm (BB) is a tool that helps in solving NP-hard

optimization problems. The algorithm is based on finding the best solution among

the space of solutions. Again, searching the whole space increases the complexity

so using some bounds along with a cost function allows limiting the search to be

partially over the space.

Here in this context, BB algorithm is used such that each node is tested by com-

paring the cost function associated with the node to a bounding function. Both

functions are determined upon the search problem. A node is declared valid when

the cost function remains below the bounding function.

Based on this, multiple CLPS algorithms can emerge from a generic tree search

[27]. Three categories of search algorithms are studied, each is classified by di�erent

cost function, bounding function, and some rules related to the node generation,

tightening the bound function and lastly the order of valid nodes throughout the

search.

• Breadth-first Search:

In this category, the cost function associated with each node and the bounding

function remain constant during the search. In addition, there are no rules to

tighten the bounding function. All nodes satisfy the condition, which is the cost

function remains below the bounding function, are generated before the search

terminates.

An example of this type is Sphere decoding algorithm based on Phost enumer-
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ation [37]. The cost function can be defined as

f(zm
k ) =

mÿ

i=k

wi(zm
i ) (2.37)

where wi(zm
i ) defined as (2.36) and the bounding function is the radius of the

sphere,
Ô

r. A valid node is declared once the cost function is below the bound-

ing function that is

f(zm
k ) <

Ô
r (2.38)

All valid nodes are generated before search termination. This algorithm suits

applications that require soft outputs [38, 39]. Moreover, this algorithm can be

considered robust against changes in SNR and channel states. However, de-

coders built based on this category su�er from high complexity especially for

high SNR values. Due to this disadvantages, the following category is investi-

gated.

• Depth-First Search

Here, the cost function is defined the same as the previous one and once initial-

ized, it is never updated during the search. The di�erence between this strategy

and the previous one is, first a new rule is introduced to tighten the bounding

function along the search. The second is the order of valid nodes during the

search has changed such that the first node generated remains the last on the

list of generated nodes. Examples listed next are enough to explain the this

strategy in details.

Two of the sphere decoding algorithms can describe this strategy, Viterbo-

Boutros (VB) and Schnorr-Euchner (SE) algorithms are explained list. The

di�erence between breadth-fist search and depth-first search sphere decoding

algorithms is the bounding function, that is the radius, to be updated if the
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search fails.

Sphere Decoding

Sphere Decoding algorithm was initialized and analyzed first by Phost and

Finkce [37,40]. The algorithm has been widely used to solve NP-hard problems

and showed significant performance in many scenarios. It was first introduced

in digital communication in [41] and applied to ML in [42].

Sphere decoder was proposed to solve the ML problem to search for the closest

lattice point in the space. The idea behind the algorithm is to search over some

lattice points that are enclosed by a sphere of radius
Ô

r centered around the

received signal. Sphere decoder has been implemented [43, 44] and shown a

performance that is almost the same as ML with lower complexity.

y

Ô
r

Figure 2.4: Sphere decoder searches for the closest lattice point to y among the points
that are only enclosed by the sphere while the ML decoder has to search over the
points inside the shaping region

The Algorithm starts by constructing a sphere S(y,
Ô

r) around the received

signal y of radius
Ô

r as shown in figure 2.4. Sphere decoder addresses CLPS

that tends to search for the closest lattice points on the lattice to y. Instead
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of searching the whole lattice, the complexity is reduced by searching only the

points that are within by the sphere.

Starting the analysis from (2.21). To ensure that the search is done over all

points lying on the sphere, one can write the following condition

|y ≠ Bz| Æ
Ô

r

|y ≠ Bz|2 Æ r (2.39)

Apply (2.30) in (2.39) --------
y ≠

5
Q Q̂

6
S

WWU
R

0

T

XXV z

--------

2

Æ r

and since Q(Q̂) is a unitary matrix,

--------

S

WWU
Qt

Q̂t

T

XXV y ≠

S

WWU
R

0

T

XXV z

--------

2

Æ r

--------

S

WWU
Qty ≠ Rz

Q̂ty

T

XXV

--------

2

Æ r

|Qty ≠ Rz|2 + |Q̂ty|2 Æ r

|Qty ≠ Rz|2 Æ r ≠ |Q̂ty|2

|yÕ ≠ Rz|2 Æ r

0

(2.40)

such that yÕ = Qty and r

0

= r ≠ |Q̂ty|2 is the new radius of the sphere.
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Moreover, (2.40) can be also expressed as:

mÿ

i=1

|yÕ
i ≠

mÿ

j=i

ri,jzj|2 Æ r

0

.

The algorithm starts finding the elements of the lattice point from level m to 1.

At each level i, the algorithm constructs a range [Ai, Bi], defined in [43], consists

of all possible values for zi. Ai, Bi are found from all previous elements at higher

levels i.e {zi+1

. . . zm}. If the range is declared to be empty, then all elements

{zi . . . . . . zm} do not belong to the sphere. On the other hand, if the range

is not empty and zi was found then the search continues to find the symbol

at lower level that is zi≠1

. The algorithm outputs ẑ, the closest lattice point

to the received signal, which has the minimum distance to y compared to the

other lattice points in the sphere. If after spanning the possible values at each

level and no point was found then the search has failed and either stopped or

restarted with an updated radius.

VB and SE sphere decoding algorithms [32] di�er in the nodes generation rule.

Node generation depends mainly on the way the range [Ai, Bi] is spanned at

each level.

– The VB sphere decoding algorithm generates nodes at each level based on

Phost enumeration which can be called natural spanning. At each level i,

after finding the bounds Ai and Bi, zi possible values can be expressed as

zi œ {Ai, Ai + 1, Ai + 2, . . . , Bi}

– SE sphere decoding algorithm generates the nodes according to Schnorr-

Euchner (SE) Enumeration. SE Enumeration spans the range [Ai, Bi] in a

zig-zag way starting from a middle point am, defined in [43]. At the level
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i, SE starts evaluating am along with the term

”i = sign(yÕ
i ≠

mÿ

j=i

ri,jzj)

”i = sign(wi(zm
i ))

and the node zi possible values are

zi œ {am, am + ”i, am ≠ ”i, am + 2”i, am ≠ 2”i . . . } œ [Ai, Bi]

VB sphere algorithm was modified such that if the search fails and a new sphere

is created then the upper bounds of the intervals are updated to avoid respan-

ning of already visited nodes. Also, SE was modified to consider the boundaries

of a finite signal [43].

Simulation Results 4-QAM 2 ◊ 2 Alamouti coded MIMO system is imple-

mented and decoded the received signal using ML and the modified modified

VB sphere decoder to show the performance and the complexity of each de-

coder. Here, the complexity of each decoder is measured by the number of node

visited during the tree search.
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Figure 2.5: Performance comparison between the ML decoder and the sphere decoder
for 2 ◊ 2 Alamouti coded MIMO system
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Figure 2.6: Average computational complexity for 2◊2 Almouti coded MIMO system

As shown from figure 2.5 that sphere decoder achieves the optimal performance

with lower complexity than the ML that has an average visited nodes of 8. In
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addition, figure 2.6 shows that sphere decoder for low SNR values seems to

have higher complexity than ML but then it starts decreasing as SNR increases.

However, it becomes so computational expensive for high-dimensional signals

as to be seen in the next section.

In conclusion, depth-first sphere algorithms provide lower complexity than breadth-

first ones due to the adjustment of the bounding function along the search.

However, the order of generated nodes remains static and does not take the

advantage of any information collected during the search. This has pushed to

interestingly explore the third category.

• Best-First Search

Any search algorithm becomes a best-first search if generated nodes are ordered

ascendingly in terms of their cost function. Also, best-first search stops when-

ever it reaches the leaf node. Furthermore, the cost function of this category is

defined di�erently from the previous one which can be expressed as

f(zm
k ) =

mÿ

i=k

wi(zm
i ) ≠ bk (2.41)

where the term b œ R+, the bias, was added. This category search can provide

lower complexity than depth-first search due to the order of generated nodes.

To get more insights about the properties of this category, we would focus on

one example that is Sequential Decoding.

Sequential Decoding

So after exploring and studying the sphere decoding algorithms, it was found

that the worst situations the complexity can become exponential for high-

dimensional systems. This all has pushed research to develop or find another

methods to solve CLPS problem instead of Sphere decoder. Sequential Decoder
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o�ers a set of e�ective techniques to perform the tree search. This decoder can

achieve near-optimal performance with lower complexity than sphere decoder.

Also, it is preferred among all CLPS algorithms explored so far for two rea-

sons: First, the sequential decoder solves the issue of choosing the radius of

the sphere [45]. Second, it o�ers a good performance-complexity trade-o� by

changing the value of the bias as explained later.

The sequential decoder is considered a best-first tree search where the search

attempts a branch in the tree at a time. If the decoder is located at a particular

node, the search decides to move forward by comparing the cost function to the

bounds. If it satisfies the condition then the search is moved forward to a new

node located in upper level of the tree. If not, then the search returns back

attempting to move to another path. The search moves backward and forward

hoping that only paths with lowest cost are visited to reduce the decoding

computational e�orts.

The sequential decoder can be described by the Fano and Stack sequential

decoding algorithms [28] [29]. Both are e�ective tree search algorithms that

find the optimal path corresponds to the closest lattice point to the received

signal.

In the stack algorithm, while searching for the nodes, all examined ones are

stored in a stack such that each stack entry is associated with its path along

with the cost. A decoding steps involves expanding the top node on the stack.

Sphere decoder can be interpreted as stack sequential decoder and it was proved

that it o�ers lower complexity than sphere even for b = 0 [43].

In the Fano algorithm, no stack is needed to store the nodes and only nodes

with lowest path cost are extended. Hence, this can lead to visiting the nodes

for more than once.
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In terms of complexity, both Fano and Stack sequential decoders are equal and

generating the same list of nodes. In order to take the advantage of the reduced

complexity, they should be implemented smartly and e�ciently to avoid any

storage issues. This can be achieved by storing only one node each time and

allowing the nodes to be visited again. The Fano sequential decoder can resolve

the memory requirements mentioned above in contrast with the Stack Sequential

Decoder.

In this context, Fano Sequential Decoder is considered. Next, the pseudo-code

is provided along with the flow chart.

Start

Look forward

f(zm
i ) Æ t

i

?= 1

move forward

Exit Look Back Look forward
to the next

First Visit

Tighten t

Root node

Relax

Move
Backward

y

n

n

y

y

n

y

n

1

Figure 2.7: The flowchart of the Fano sequential decoder [46]
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Algorithm 2.1 Fano sequential decoder [27]
Input: R, yÕ, b, �
Output: ẑ
Step 1 (Initialization) k Ω 0, i Ω m, t Ω 0, ”i Ω 0
Step 2 (Look Forward)

zi Ω ÁyÕ
i

≠›
i

r
i,i

Ê
f(zm

i ) Ω qm
j=i wj(zm

j ) ≠ bi

”i Ω sign(yÕ
i ≠ ”i ≠ ri,izi)

Step 3
if f(zm

i ) Æ t then
if (i ?= 1) then ẑ Ω z

m
i return ẑ

else (Move Forward)
”i Ω qm

j=i ri≠1,jzj

k Ω k + 1 , i Ω i ≠ 1
if (f(zm

i≠2

) > t ≠ �) then Û First visit
while (f(zm

i≠1

) Æ t ≠ �) do t Ω t ≠ � Û Tighten t
end while

end if
go to Step 2

end if
else (Look Back)

if (k ?= 0 or f(zm
i≠2

) > t) then t = t + ∆ Û Relax t
go to Step 2

else (Move Back)
zi+1

Ω zi+1

≠ ”z+1

”i+1

Ω ≠”i+1

≠ sign(”i+1

)
”i Ω 0, k Ω k ≠ 1, i Ω i + 1
f(zm

i+1

) Ω qm
j=i+1

wj(zm
j ) ≠ b(i + 1)

go to Step 3
end if

end if

As observed from algorithm 2.1 some special properties are derived [34]

– The bounding function of the search which is referred to as a threshold t

is initialized at the beginning of the search by 0 and updated during the

search using the step �. It is tightened when the search visits the node

for the first time and relaxed when the search can not move back. Hence,



51
the possible values of the threshold become multiple of the step size, �

t œ {. . . , ≠2�, ≠�, 0, �, 2�, . . . }

– Tightening the threshold can occur only if the current node is visited for

the first time which keeps the validity of the node.

– Looking forward means that the search finds the best child node for the

current node.

– Moving forward occurs when the path cost of the best child satisfies t.

Then, the node is declared to be valid and the search moves one level up

in the tree. Otherwise, the search look backward.

– Looking backward is to test if the search can move back one level down

and choose another node than the current node to provide a lower cost.

– If the current node is a root node then the search can not move back. In

this case, t is relaxed and the search continues. If not, then the search

moves back one level down and look for the next best child of the current

node.

– Nodes generation follows SE enumeration.

Simulation Results Here, LAST coded MIMO system with M = N = 2, T = 3 is

implemented and decoded first using the SE sphere decoder with radius r = 12 and

second using the Fano Sequential decoder with b = 0.6
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Figure 2.8: Performance comparison between SE sphere decoder and the Fano se-
quential decoder for 2 ◊ 2 LAST coded MIMO system
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Figure 2.9: Average computational complexity comparison between sphere decoding
and lattice Fano sequential decoding for signal with dimension m = 12

As clear from figure 2.8, Sequential decoder performs closely to the sphere decoder



53
which makes sequential decoder a near-optimal decoder. On the other hand figure

2.9 shows that SD su�ers from high complexity for low SNR values compared to the

sequential.

Sequential decoder provides performance-complexity trade-o� such that as b æ Œ,

the average complexity tends to be equal to m nodes. Also, as b æ 0, sequential

decoder becomes so close to SD but still su�ers from high complexity for mid-to-high

SNR values.

In this work, we try to propose a new algorithm for the sequential decoder aiming

to reduce the mid-to-high SNR computational e�orts without changing the value of b

and as the same time to keep the performance a near-optimal.

Our proposed algorithm is based on bidirectional tree search which intuitionally

can reduce the complexity since two searches are exploited to decode the lattice point

from opposite directions. In the next chapter, we provide a detailed description of our

proposed algorithm and due to the di�culty in analyzing the search mathematically,

we showed our results via computer simulations.
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Chapter 3

Bidirectional Fano Algorithm

3.1 Introduction

The idea of bidirectional sequential decoder has been visited previously [46–49]. The

bidirectional sequential decoder has shown to achieve near-optimal performance with

much reduced complexity than the unidirectional sequential decoder. In Kallel et. al.

work [49], the bidirectional tree search was applied to the stack sequential algorithm

to decode convolutional codes and showed a reduction in the computational e�orts.

Two separate stacks were involved, one belongs to the Forward Search (FS) that

decodes the codeword in a forward direction while the other belongs to the Backward

Search (BS) that searches the tree from a backward direction. Since both decoders

start working in parallel to search for the correct path in the same tree, the forward

search refers to the search starting from the root and ending at the leaf node. The

decoding terminates when a path in one stack is merged with the path in the other

stack. Merging means when both searches reach the same level of the tree with the

same encoder state. Hence, the decoding complexity in this case is measured by the

sum of computational e�orts of both decoders.

The complexity of the sequential decoder is variable and random. For the stack al-

gorithm especially, the complexity can become higher than the physical limitations of

the decoder which can lead to bu�er overflow or problem erasure. Thus, Kallel found
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that bidirectional stack algorithm proposed in [49] can’t help provide an erasure-free

decoding so he proposed a new algorithm to combine the idea of bidirectional search

on the multiple stack sequential decoder [48]. Interestingly, the bidirectional decoder

outperformed the unidirectional multiple stack algorithm. Also, he found that the

idea of bidirectional multiple stack algorithm can be considered as alternative to the

Viterbi algorithm [50].

Due to the huge memory requirements by the Stack algorithm, Xu et. al. [46,47]

applied the idea of bidirectional search over the Fano sequential decoder for con-

volutional codes. They have used similar technique as Kallel’s work such that two

searches work simultaneously on the same tree to find the optimal path. Since the

Fano algorithm is used and no stacks are involved, the path history of each decoder

is stored. The search terminates whenever the decoders merge or either one of the

them reaches the leaf node, finishes decoding in its direction. Also, a new variable

g, a gap parameter, was introduced to track the movement of both decoders within

the tree and to measure the gap between the two searches. Once g goes below zero,

both searches reaches the same depth of the tree and the merging check is allowed.

The merging test is carried out after any forward movement by any of the decoders.

It is declared successful when at the same level of the tree the current state of one

search is the same as the other’s past state. In addition, the decoder tends to check

multiple states at di�erent levels of the tree and that resulted in slight improvement

in the performance.

The complexity of the bidirectional decoder was measured by summing both

searches computational e�orts. Each decoder’s computational e�ort was evaluated

by the number of computations required to calculate the path cost associated with

each node. The algorithm has shown 100% improvement in the decoding throughput

compared to the unidirectional decoder and significant reduction the decoding delay

that is defined as the number of iterations in each decoder.
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3.2 Proposed Algorithm

The structure of the tree of the convolutional codes allows to search for the correct

path over the same tree from opposite directions. However, in our case, which is

lattice codes, tree construction depends mainly on the decomposition of the matrix

B in (2.21). As seen previously, the conventional tree for the Fano sequential de-

coder is formed using the QR decomposition (2.30) and here it is referred to as the

Unidirectional Fano Decoder (UFD) using backward search.

Backward search finds the optimal path starting from the root node corresponds

zm in the codeword z and search throughout the tree for the leaf node corresponding to

z

1

that is the first element in z. In a similar fashion, forward search can be developed

such that the search starts from the root node corresponds to z

1

in z till the leaf node

zm that is the last element in z.

... ... ... ... ... ... ... ...

Level m ≠ 1

...

Level 2

Level 1

root(level 0)

· · ·

z

1

zm

... ... ... ... ... ... ... ...

· · ·

zm

z

1

Figure 3.1: Tree configuration for both searches: (left) Forward search tree, (right)
Backward search tree
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Figure 3.2: Di�erent Decoding directions

3.2.1 Unidirectional Fano Decoder: Forward search

Forward tree search (FS) can be developed by first forming the tree using the QL

decomposition of the matrix B as described below

Algorithm 3.1 QL decomposition [51]
1: procedure QL(A)
2: Q = A
3: L = 0n◊n

4: for i = n . . . 1 do
5: Li,i = ÎqiÎ
6: qi = qi/Li,i

7: for j = 1 . . . i ≠ 1 do
8: Li,j = q

H
i ◊ qj

9: qj = qj ≠ Li,j ◊ qi

10: end for
11: end for
12: return Q, L
13: end procedure

Bn◊m = QL (3.1)
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Assuming that m = n, Q is n ◊ m unitary matrix and L is m ◊ m lower triangular

matrix with positive diagonal elements. Apply (3.1) to (2.21)

y = QLz + w

QTy = Lz + QTw

yÕ = Lz + wÕ (3.2)

such that yÕ = Qúy and wÕ = Qúw.

After that the tree search can be performed using unidirectional Fano decoder

with the cost function given by
kÿ

i=1

wi(zi
1

) (3.3)

such that

wi(xi
1

) = |yi ≠
iÿ

j=1

li,jxj|2 (3.4)

(2.41) and (3.3) might appear similar but they are di�erent in the indices as FS starts

finding z

1

and the weight function is described in terms of the triangular matrix.

3.2.2 Bidirectional Fano Decoder (BFD)

Since both searches start finding the optimal path from two opposite directions, bidi-

rectional Fano sequential decoder (BFD) can be developed in which FS and BS work

simultaneously one starts finding z

1

element in the z and the other starts finding the

zm at the same time. Once both decoders merge, nodes found by each search are

combined and decoding is terminated. Merging is defined when both searches decode

on the same level of the lattice point and generate the same nodes. In this context,

decoding complexity is measured by the sum of visited nodes by all searches. Next,

BFD pseudo-code is provided along with the flow chart.
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Figure 3.3: The flow chart of bidirectional Fano sequential decoder. The Bidirectional
decoder depends mainly on Fano sequential decoder such that the process Active
search refers to label 1 in Flowchart 2.1
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Algorithm 3.2 Bidirectional Fano Decoder
Input: R, yÕ, b, �
Output: ẑ
Notations:
Û p and q are the path selected by FS and BS, respectively
Û f(ú) is path cost function.
Û i and j are the indices of the last node in the paths p and q

Û u and k are levels counters on both trees.

Step 1 (Initialization) BD Ω true, FD Ω true, · Ω 0 and g Ω m

Step 2 Active decoders starts Fano search as in Algorithm 2.1 with independent
T , ∆.

Step 3 (Merge Check)
if g < ÷ then go to Step 2
else if g œ [÷, “] then

Check the merged nodes (pj
i == q

j
i )

e Ω Number of non-matching nodes
if e > · then · = e, go to Step 2
elsego to Step 4
end if

else
if k > u then BS Ω true, FS Ω false
else if u > k then BS Ω false, FS Ω true
else

go to Step 4
end if
go to Step 2

end if

Step 4 (Combine)
P Ω (pi≠1

1

, q

m
i ) and Q Ω (pj

1

, q

m
j+1

)
if f(P) < f(Q) then ẑ = P
else ẑ = Q
end if
exit

Observing the algorithm, BFD consists of two main phases. The first phase corre-

sponds to the node generation in both trees. The second phase, merging, is considered

the core of the decoder and it takes place before both searches look forward to the
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next child of the current node. Merging aims to capture when both searches starts

decoding on the same level of the lattice point. Therefore, nodes decoded by both

searches are called merged nodes. On the second phase, merging test takes place to

check if the merged nodes are matching.

During the second phase, new variables are introduced. A new variable g is added

to track the movement of both searches; it is can be considered as a gap parameter

that measures the gap between the searches and determines the desired merging level.

This parameter is initialized by the number of the layers of the tree, m. During the

search, this parameter is updated, any forward movement by any search results in

decreasing g by one, g = g ≠ 1. Similarly, any backward movement by any search

results in increasing g by one, g = g + 1. Once g goes below zero the second phase

starts [46].

Merging test consists of checking if the merged nodes from both searches are

matching. To measure the accuracy of the merged nodes and determine the tolerable

error in them, another variable, · , was introduced. · is initialized to be zero as

expecting the merged nodes to be matching for the first time. Furthermore, It is

updated later during the search as to be mentioned later.

The new design di�ers from any previous bidirectional Fano sequential decoding

[46] such that the second phase takes place just before looking forward to the best

node in the upcoming tree level. Also, since sequential decoder is based on best-first

tree search, moving backward is expected. Therefore, we would allow the merging

test only when g reaches a certain value ÷. If g < ÷ the decoder moves to the first

phase else if g > ÷, we created a criteria to activate one search and terminates the

other and move to the first phase.

Algorithm Properties

• The value of g determines lattice point decoding gap between the two searches,
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Figure 3.4: Merging cases that might occur when decoding a signal of dimension
m = 6 using the bidirectional search.

FS and BS. g is initialized by m and updated during the search. Its possible

values are predictable. For instance, if both searches take the same movement

in their own direction then g becomes an even number. On the other hand, if

they took di�erent movements in their direction ,i.e, if one moves forward while

the other moves backward then g becomes an odd number.

• Merging means that both searches starts decoding on the same level of the

lattice point. Merging test aims to capture when both searches find the same

nodes of the optimal path.
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• Merging test is allowed only if g reaches ÷ where its possible values are ÷ œ

{0, ≠1, ≠2, . . . m}. If ÷ is chosen closer to 0, low complexity is expected but

with poor performance. The poor performance is due to two facts that first

FS and BS are best-first tree search and they may seem so close to merge but

they don’t select the same nodes. Second, if both searches merge at low level,

i.e., ÷ = 0, there is a possibility that one search moves backward to correct

some nodes. On the other hand, if ÷ is chosen to be as close as possible to m
2

,

moderate complexity saving is expected since the probability of both searches

selecting the same nodes increases as they are overlapping in ÷ levels.

• Bidirectional Fano decoder for convolutional codes has shown a significant re-

duction in the complexity due to the fact that FS and BS work simultaneously

on the same tree. Here with lattice codes, FS and BS search on di�erent trees,

each is constructed di�erently. Also, complexity is measured by summing the

decoding e�ort by each search that is defined as number of path cost calcu-

lations. In this context, the complexity is measured by the number of visited

nodes by both searches [47].

• The merging test consists of checking the merged nodes if they match or not.

An error event is defined if the merged nodes are not matching. The number

of non matching nodes, e, is then compared to · . If e Æ · , then results are

combined and the search terminates. If not, · is updated to be the number of

non-matching nodes and the search continues. Specifically, · is updated and

the search continues so when the search corrects one of the merged nodes, the

error event changes taking into account the corrected node. For instance, if

merged nodes were checked and found that e = 3 while · = 0 then an error is

declared and the search continues with updated value of · = 3. Assuming that

one of the merged nodes has been corrected and e = 2 then no error is declared
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as e Æ · , decoder terminates and the results are combined.

• To save complexity without performance loss, when g > ÷ the levels of both

searches are compared. When one search is a head of the other, we let it continue

while disabling the other one. If they are on the same level, then results are

combined.

Simulation Results Due to mathematical challenges behind the tree search, in

this work, the performance and complexity of BFD is analyzed through computer

simulations. First, LAST coded MIMO system with M = N = 2, T = 3 is consid-

ered. For comparison, we have considered the frame error probability and decoding

average complexity to compare between UFD with di�erent bias values and BFD with

b = 1. As a benchmark, the MMSE-DFE linear decoder is implemented too using

the sequential Decoder with b æ Œ. MMSE- DFE provides linear computational

complexity of m = 12 for all SNR values at the expense of losing the diversity = 1.

We have implemented our proposed algorithm and since there is still no mathemat-

ical analysis, we had to choose ÷ experimentally. In figures 3.5 and 3.6, we compare

the error performance and the decoding complexity of both BFD with di�erent ÷ val-

ues and UFD with b = 0. Figures show that BFD provides performance-complexity

trade-o� too using the term ÷. In other words, as ÷ æ m
2

, the decoder performs

closely to UFD at the expense of higher complexity. On the other hand as ÷ æ 0,

decoder computational e�ort is reduced significantly but diversity is lost. For next

results, we have considered ÷ = ≠5 since it bridges the gap between the two extremes

o�ered by the trade-o�.

In addition, as b increases, the performance of UFD gets worse as clearly shown

figure 3.7, . However, BFD exploited closer performance to UFD with b = 1 than

UFD with b = 4.

Moreover, figure 3.8 shows the decoding computational e�orts of both BFD and
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UFD with di�erent bias values. First, UFD clearly provides performance-complexity

trade-o�. Second, BFD with b = 1 and UFD with b = 4 have relatively similar

complexity. However, BFD exhibits some complexity increase for low SNR values

and that is due to the merging test to the level ÷ = 5. More importantly, BFD in

figure 3.9 provides 50% reduction in the mid-to-high SNR complexity compared to

UFD with b = 1.

From simulation results, it is clear that BFD with fixed bias provides lower com-

plexity than UFD with the same bias value especially for mid-to-high SNR values.

Also, BFD with fixed bias performs better than UFD with increased bias. In con-

clusion, UFD complexity was reduced without changing the value of bias using the

bidirectional search.
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Figure 3.5: Performance comparison between Bidirectional Fano decoder (BFD) with
di�erent values of ÷ and b = 1 and unidirectional Fano decoder (UFD) for 2◊2 LAST
coded MIMO system.



66

0 5 10 15 20 25 30 35 40
10

20

30

40

50

60

70

80

90

100

SNR(dB)

A
ve

ra
g
e
 C

o
m

p
le

xi
ty

 

 

UFD

BFD: !4

BFD: !5

BFD: !6

Figure 3.6: Average computational complexity comparison between Bidirectional
Fano decoder (BFD) with di�erent values of ÷ and b = 1 and unidirectional Fano
decoder (UFD) for signal of dimension m = 12
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Figure 3.7: Performance comparison between Bidirectional Fano decoder (BFD) with
b = 1and÷ = 5 and unidirectional Fano decoder (UFD) for 2◊2 LAST coded MIMO
system.
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Figure 3.8: Average computational complexity comparison between Bidirectional
Fano decoder (BFD) with b = 1 and ÷ = 5 and unidirectional Fano decoder (UFD)
for signal of dimension m = 12
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Figure 3.9: Complexity reduction improvement provided by BFD
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Chapter 4

Concluding Remarks

Designing a low-complexity decoders for any communication system is considered

challenging. Many research works are being conducted to find an optimal solution.

Our main objective of this work is to design a new algorithm for the Fano sequential

decoder that is based on bidirectional tree search to reduce the decoding complexity

of lattice space-time coded quasi-static MIMO channel.

In chapter 2, we have studied lattice theory and the construction of lattice space-

time codes. Nested lattice codes under MMSE-DFE preprocessing can achieve the

capacity of the channel. The attractive thing behind choosing this channel code is

due the e�cient methods of lattice decoding which can be considered as a Closest

Lattice Point Search (CLPS) problem. Using a generic framework, we have shown

that CLPS can be translated into a tree search decoding. Moreover, we have explored

tree search strategies for joint detection and decoding. First, we reviewed sphere

decoding algorithm which can be considered as depth-first branch and bound search.

Sphere decoder has been commonly used to decode systems that can be described by

the linear Gaussian Vector channel model. SD achieves ML performance for small

signal dimension and becomes computationally expensive for low SNR values for high-

dimensional signal. This has pushed researchers to find a another search strategy

that is the best-first search implemented in the Fano sequential decoder. Sequential

Decoder resolves the issue of SD with near-optimal performance and provides an
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interesting performance-complexity trade-o�. Yet, the sequential decoder introduces

high complexity for mid-to-high SNR values.

In chapter 3, we provided our proposed algorithm. The main motivation behind

our work is to reduce the complexity of the sequential decoder especially for mid-

to-high SNR values. First, we have built the unidirectional Fano sequential decoder

based on forward search using the QL decomposition rather than QR decomposition

that is used to the construct the conventional Fano decoder-backward search. Then,

bidirectional Fano decoder combines the two searches to find the optimal path that

corresponds to the closest lattice point to the received signal. The decoding terminates

when both searches merge. The decoding is performed on di�erent trees, each is

constructed by di�erent matrix decomposition. It was not easy problem to determine

when or where the searches are merging. Also, bidirectional search for best-first

strategy is challenging since they seem close to merge but they do not. For that, we

specified a merging level and through some special techniques we made the searches

merge. Otherwise the decoding is stopped to save the complexity. Due the di�culty to

tack any mathematics in this technique, we have shown our results through computer

simulations that the complexity of UFD with fixed bias value can be reduced through

BFD.

In this work, we have designed the bidirectional decoder such that independent

searches search two di�erent trees. It is suggested as a future work to design the

bidirectional decoder in abstract way such that both searches the tree jointly. Also, it

is suggested to use the bidirectional tree search algorithms and then apply them on the

Fano decoder. Finally, it is suggested to study the properties of the Fano sequential

decoder to derive a criteria determining the validity of the nodes selected to reduce

the backward movement. This can enhance the performance of the bidirectional Fano

decoder.
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